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Preface

“If nature were not beautiful, it would not be worth knowing, and if

nature were not worth knowing, life would not be worth living”

-H. Poincaré

The present work represents my thesis, which has been carried out during the

four years that I have dedicated to the study of the partial control of chaotic systems.

All this work is oriented from the point of view of the control of discrete dynamical

systems with escapes under the influence of external disturbances. This thesis is

organized as follows:

1. Introduction: The main purpose of this chapter is to give a brief introduction

to the main topics of our work. The contents of this part are introduced from a his-

torical perspective where we describe briefly the first steps of Nonlinear Dynamics

and Chaos Theory. After this, we explain how the discipline of Control of dynamical

systems arose, and we review some the firsts developments of this field. We continue

explaining which are the main goals in the control of dynamical systems with tran-

sient chaos. We also review some of the early attempts that have been tried in this

area. We finish introducing the partial control method putting a special emphasis

in the main problems that tries to solve and showing its historical evolution.

The rest of the thesis is dedicated to my recent contributions to the partial

control method according to the following points.

2. Safe sets and escape times: In this chapter we study the resemblance that

ix
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exists between the safe sets found in the partial control method and the escape time

sets or the points in a region with escaping dynamics that stay in that region n

iterations or more. Due to this resemblance we study whether these sets can be

used as safe sets in the partial control method, finding that is not the case because

the mapping is not the proper one. However, we propose a basic strategy to remove

the points that are not valid and construct what we call extended safe sets. The role

that the stable manifold of the chaotic saddle plays is also analyzed. The chapter

ends showing some interesting numerical simulations.

3. Algorithm to find Safe Sets: In previous versions of the partial control method

the explicit presence of a Smale horseshoe was a fundamental requirement to find

the safe sets. In this chapter we introduce a rather sophisticated algorithm to find

the safe sets in an arbitrary system, that we call Sculpting Algorithm. The algorithm

accomplishes this goal even without knowing the exact location or appearance of the

Smale horseshoe. The algorithm does not depend on the dimension of the system

but it only works fast in the one-dimensional and two-dimensional cases. With this

new tool available we finish this chapter showing how it is now possible to find the

safe sets in two paradigmatic systems in nonlinear dynamics: the Hénon map and

the Duffing oscillator.

4. Asymptotic Safe Sets: The safe sets found with the Sculpting Algorithm can

have a very complicated structure, that makes extremely difficult to analyze the

dynamics of the systems that can be partially controlled. Not all the regions of the

safe sets are going to be visited with the same frequency when the control is applied.

In this chapter we show how to find the regions that will be visited recurrently inside

the safe sets when the system is partially controlled, defining a new kind of set, called

the Asymptotic Safe Set. we also introduce here two different algorithms to compute

the Asymptotic Safe Sets, one that “sculpts” them and another that “grows” them.
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5. Partial control frequency: In many systems it might be necessary to introduce

as few corrections as possible per time unit in order to control them, not being the

amplitude of the control to apply an important constraint. In this last chapter we

show how the partial control method works when the control is applied every k

iterations instead of every iteration. In this case the Sculpting Algorithm to find

safe sets is applied to the kth iteration of the map considered in order to find the

appropriate safe set. This procedure shows clearly how the minimum control of the

system reduces with the frequency when the level of disturbances is kept constant

with the number of iterations. Of course, this is not physically intuitive, as one would

expect that the level of disturbances in a system would grow with the number of

iterations. But this fact, combined with the reality that the level of control is going

to be limited in most applications allows us to define a minimum control frequency

in the partial control method. Several simulations of these ideas are illustrated in

this chapter by using the tent map and the Hénon map.

6. Conclusions: The main results are summarize in this section.





Chapter 1

Introduction

All stable processes, we shall predict. All unstable processes, we shall

control.

—John Von Neumann

1.1 Prediction in physics

Human beings have always been worried about the future. That is the reason

why in one way or another most of the different cultures that we can find through

the human history have always tried to devise some kind of mechanism to try to

unveil what would happen in a time to come, beforehand.

One can arguably say that one of the main goals that originated the appearance

of physics was precisely the necessity to predict the motion of physical objects.

Isaac Newton was the first to achieve this goal at the end of the 17th century.

Using the ideas of calculus that he had developed (nearly simultaneously with the

German mathematician and philosopher Gottfried Leibniz), he was able to model

the motion of physical systems with differential equations, and predict the future

position of an object if the full knowledge of its current state was available. One of

the special applications of his theory was found in a problem that had captivated

mankind from Ancient Times, that is Celestial Mechanics. Using the gravitational

interaction between the masses of different celestial objects, a set of differential

equations described their future motion based on their initial conditions. This was

1



2 Chapter 1. Introduction

one of the first examples of a dynamical system.

This method was later applied successfully to so many physical systems that

created an overoptimistic sense about the limits of predictability. This atmosphere

is perfectly summarized in the following well-known sentence of the French mathe-

matician and astronomer Pierre-Simon Laplace:

If we can imagine a consciousness great enough to know the exact locations and

velocities of all the objects in the universe at the present instant, as well as all the

forces, then there could be no secrets from this consciousness. It could calculate

anything about the past of future from the laws of cause and effect.

But the optimism did not last for long. When systems with a large number of

components began to be studied it was understood the impossibility of solving a

set of differential equations including all the components. Prediction in this kind of

systems, like gases or fluids, was doomed to fail due to the large number of variables

that had to be considered.

The confidence about the prediction for systems with a small number of compo-

nents remained unchanged some more years. But when nonlinear systems started

to be considered even for systems with a small amount of degrees of freedom, like

the three body problem, predictability again suffered a major blow. Poincaré would

be one of the first to study this kind of problems obtaining very impressive results

that would later pave the way for the development of Chaos Theory.

1.2 A very brief history of chaos

The word chaos has a very long history and can already be found in the Ancient

Greece (Greek χάoζ, khaos), although with a different meaning that the one that

we have today. But the seeds to develop the modern notion of chaos can also be

found there, in particular in Aristotle, who was already aware of something like what

we now call sensitive dependence to initial conditions. Writing about methodology

and epistemology, he observed that “the least initial deviation from the truth is

multiplied later a thousandfold” [1].
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In the recent history the Scottish physicist James Clerk Maxwell was also not

satisfied with the overoptimistic point of view of prediction and determinism of his

time. Maxwell was intrigued by the work of three Frenchmen, Boussinesq, Cournot,

and St Venant, on singular points in the solution of hydrodynamic equations which

suggested complete unpredictability of future states. In a letter to Francis Galton

he wrote:

There are certain cases in which a material system, when it comes to a phase in

which the particular path which it is describing coincides with the envelope of all

such paths may either continue in the particular path or take to the envelope

(which in these cases is also a possible path) and which course it takes is not

determined by the forces of the system (which are the same for both cases) but

when the bifurcation of path occurs, the system, ipso facto, invokes some

determining principle which is extra physical (but not extra natural) to determine

which of the two paths it is to follow.

For the most part, it seems that Maxwell thought this kind of behavior would be

found only in systems with a sufficiently large number of variables.

Some years later the French mathematician Henri Poincaré, recognized that this

same kind of behavior could be found in systems with a small number of variables

like in the three-body problem. In the study of this problem he developed several

tools like the phase space visualization or the idea of limit cycle that would create

the foundations of the modern Chaos Theory. In addition, Poincaré also noticed that

when the three bodies were started from slightly different initial positions, the orbits

would trace out drastically different, that is, the system had exponential sensitivity

to initial conditions. He wrote,

It may happen that small differences in the initial positions may lead to enormous

differences in the final phenomena. Prediction becomes impossible.

But chaos theory could not has been developed without the advent of computers

that were able to compute numerically the solutions of chaotic systems. Following
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this new approach Edward Lorenz found, while making calculations with uncon-

trolled approximations aiming at predicting the weather [2], that the idea of sensi-

tive dependence to initial conditions could also be applied there. The anecdote is

of interest: making the same calculation rounding with 3-digit rather than 6-digit

numbers did not provide the same solutions.

Interestingly, the term Chaos Theory was only later given to the phenomenon

by the American mathematician James A. Yorke, in 1975, after the publication of

the seminal paper titled Period three implies Chaos.

1.3 Control of chaos

Due to the impossibility of predicting chaotic systems, the efforts were directed

to study the possibility of controlling them. One of the first scientists to believe

that it should be possible to control chaotic systems was John Von Neumann, that

circa 1950 claimed that:

All stable processes, we shall predict. All unstable processes, we shall control.

But before the year 1990 the idea of controlling chaos was rather controversial and

many were skeptical about this possibility. In his 1985 Gifford Lectures, Freeman

Dyson expressed his opinion on the matter of chaos. In his subsequently published

words, the chapter entitled “Engineer’s Dream” contains the following statement:

A chaotic motion is generally neither predictable nor controllable. It is

unpredictable because a small disturbance will produce exponentially growing

perturbation of the motion. It is uncontrollable because small disturbances lead only

to other chaotic motions and not to any stable and predictable alternative. Von

Neumann’s mistake was to imagine that every unstable motion could be nudged

into a stable motion by small pushes and pulls applied at the right places.

As one can see, the assertion was also meant as an answer to comments made by

von Neumann who obviously held a less pessimistic point of view. Dyson’s position

represents well the traditional over the second half of the last century.
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It was not until 1990 however that Edward Ott, Celso Grebogi and James A.

Yorke [3] (OGY) addressed the question of control of chaos and described it, very

much in the spirit of von Neumann, giving the necessary theoretical steps to achieve

this goal. This work was rapidly followed by experimental verification: von Neu-

mann’s dream had become a reality.

Over the last 20 years, a lot of effort has been devoted to the study of the control

of chaotic systems. In the literature, there are two basic approaches: feedback

control and non-feedback control. In the feedback methods chaos is stabilized on

a desired unstable periodic orbit embedded in the chaotic attractor by applying

small temporal perturbations to an accessible parameter. The perturbation required

is computed at every instance and is proportional to the difference between the

actual state and the desired state. For the non-feedback control, the idea is that a

small periodic parametric perturbation can suppress chaos, being this perturbation

permanent.

The partial control method that we study through this thesis is a feedback control

method, like the OGY. But both methods have completely different philosophies to

achieve their respective goals. Thus, is is convenient to present here a brief review

of the OGY control method so that we can compare it later with the partial control

method to highlight the new ideas and challenges of this new procedure.

1.3.1 The OGY method

We show here the basic steps needed to control a chaotic system with the OGY

algorithm for a two-dimensional invertible map. The goal is to achieve a control

through small changes to a parameter µ of the map. The OGY scheme is easily

understood pictorially. Figure 1.1 depicts the unstable fixed point xf (µ) with its

stable and unstable manifolds, and also the path of the fixed point for small changes

in µ needed to control the system.

When the trajectory point xn falls into the small neighborhood of the desired

fixed point xf (µ), a small parameter perturbation ∆µ can be applied at time n to
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(a) (b)

(c) (d)

Figure 1.1. These are the necessary steps in the OGY control method.

make the fixed point shift slightly to xf (µ
′) so that at the next iteration n+1, xn+1

falls on the stable direction of xf (µ). If xn+1 falls on the stable direction of xf (µ),

we can then set the control perturbation to zero, and the trajectory for subsequent

time will approach the fixed point at a geometrical rate.

The considerations above apply only to a local small neighborhood of xf (µ).

Globally, one can specify the parameter perturbation ∆µn by setting ∆µn = 0 if the

change µ is too large, since the range of the parameter perturbation is limited.

A natural extension of the idea of control of chaos is the concept of targeting.

Targeting refers to the control goal of bringing an orbit to some desired location in

phase space. The basic idea is that since chaos is exponentially sensitive to small
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Figure 1.2. The ISEE-3 was the first spacecraft to orbit the Sun at L1, a location

in space where an object remains directly between Earth and Sun throughout its orbit.

Coordinated with the two Earth-orbiting satellites in the International Sun-Earth Explorer

(ISEE) program, ISEE-3 enabled scientists to measure solar and geomagnetic phenomena

from different points in time and space. It was the first spacecraft to monitor the solar

wind approaching Earth, and continued the investigation of cosmic rays and solar flare

emissions in the interplanetary region near Earth’s orbit.

orbit perturbations, it is possible to find a sequence of perturbations that directs

the orbit to the desired target as fast as possible. Also due to the exponential

sensitivity to initial conditions this procedure can be achieved using small controlling

adjustments of one or several available system parameters.

An early example illustrating the possibility of targeting with small controls is

illustrated by the first encounter of a spacecraft with a comet, achieved by NASA

in 1985. The key point is that the success of this project was dependent on the

existence of chaos in the free (uncontrolled) motion of the spacecraft in the presence

of the gravitational fields of the Earth and the Moon. In 1982, NASA scientists

began to plan a spacecraft encounter with the Giaccobini-Zinner comet, expected
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to arrive in mid-1985. Because it would be expensive to launch a spacecraft from

Earth for this purpose, a cheaper alternative was sought. In particular, a previously

launched probe (that had been used for another mission) was still aloft and had a

small amount of remaining fuel. Farquhar et al. [4] showed that a comet encounter

orbit, shown in Figure 2, could be designed within the fuel constraint. The orbit is

very complicated as we can see in Fig. 1.2, due to the fact that is a chaotic system.

In the final part of the orbit, it passes very close to the surface of the Moon, then

is slung out, leaving the Earth-Moon system, and travels halfway across the solar

system to make close observations of the comet.

1.4 Control of transient chaos

So far we have spoken about permanent chaos and its control. But it is not

the only phenomena found in nonlinear dynamics. Another important phenomena

is transient chaos. The main characteristic of a system showing transient chaos

is that almost all the trajectories passing through a region of phase space behave

chaotically for a while before eventually leaving it. The topological structure inside

accountable for this behavior is a zero measure set known as chaotic saddle. This

situation arises in dynamical systems that act like a horseshoe map, a situation that

is typically related to the existence of transverse homoclinic intersections, which are

quite common in nonlinear dynamical systems.

In the early stage of the control of chaos field it was always considered that the

chaotic behavior was something undesirable that should be suppressed and elimi-

nated. But this way of thinking soon started to change. There started to appear

numerous situations, specially in biology, where chaos was not something to be con-

sidered “bad” but to be considered “good” and that should be preserved or even

enhanced. There were found several situations were a sudden decrease of the com-

plexity in biological systems was associated with some kind of pathology. This fact

triggered a small effort to prevent this decrease in complexity.

At present, there are several contexts in science and engineering where it would
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be desirable to make this transient chaotic behavior permanent. In mechanics for

example, the preservation of transient chaos can prevent the appearance of undesired

resonances. In lasers, it has been shown that maintaining transient chaos can help

one to avoid undesired intensity peaks [5]. In engineering, it is known that the

thermal pulse combustor operates chaotically [6], but when one tries to achieve high

efficiency this can destroy the chaos and cause flameout. In population dynamics,

the transition from transient chaos to periodicity is usually related to pathological

situations (extinctions) [7]. These are examples that can be found in the techniques

that have been proposed over the last few years to achieve the goal of preserving

transient chaos. But two important issues must be addressed to solve this problem:

one is the repulsive nature of the chaotic saddle and the other is the environmental

noise present in many physical situations, which typically makes the orbits escape

even faster.

1.4.1 Preserving Chaos

The first serious attempt to preserve chaos in a context of transient chaos was

carried out by Yang et al. [8] in 1995. They considered a nonlinear system that

behaves chaotically when a system parameter µ is bellow some critical value, µ < µc.

But this system changes its behavior when µ increases beyond µc, where there is a

bifurcation after which the chaotic motion disappears and is replaced by periodic

motion. Obviously, the problem that they addressed here was to keep the chaotic

motion when µ > µc, using small perturbations. Expressing this in a more mathe-

matical way, consider the case of a n-dimensional map,

xn+1 = f(xn, µ, un), (1.1)

where xn represents the state of the system and un the control perturbation to be

applied, being this as small and as infrequent as possible.

The control method that Yang et al. [8] propose is based in the fact that when

there is a transition from chaotic motion to periodic motion this always happens
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through what they call a “loss region”. When an orbit falls on a “loss region” L the

upcoming dynamics of the orbit rapidly starts behaving like a periodic orbit. To

ensure chaos in this kind of situation they consider successive pre-images of L,

Lm = f−1(Lm−1, µ, 0) = f−m(L, µ, 0).

Thus, it is possible to say that Lm is the set points that in m images maps to the

“loss region” L. Due to the chaotic nature of the system as m is increased, the

width of the set Lm will shrink exponentially. Using this fact it can be defined a

strategy to control the system and avoid the periodic motion. To begin with it is

necessary to choose an appropriate value for m. Next, it is picked up a point that is

not contained in Lm+1 ∪Lm ∪ · · · ∪L1 ∪L. Finally a control un is applied whenever

the orbit of the systems enters in Lm+1. Repeating this procedure constantly it is

possible to prevent the entrance of the orbit in Lm and L.

1.4.2 Sustaining Chaos

The maintenance of chaos using the idea of computing pre-images of a “loss

region” was rather intuitive from a conceptual point of view. However, it also had

some inconvenients whose solution demanded a more sophisticated approach. One

important problem was the target of the perturbation to apply once the orbit entered

a preimage of the “loss region”. If this choice was not made carefully one might kick

the dynamics into faster escaping regions, having as a consequence the increase of

the frequency of perturbations required to maintain chaos. The other important

problem was that the presence of noise might drive the system towards the escape

without going trough neither the “loss region” nor any of its preimages.

To solve the first inconvenient Schwartz and Triandaf [9] proposed a new control

method that took advantage of the fact that the destruction of a chaotic attractor

often occurs during crises. However, after this event there is still a stable manifold

which separates the chaotic saddle (where the orbit has a chaotic behavior) and the

periodic attractor. Their algorithm was based on the existence of a “loss region”
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close to the stable manifold during a boundary crisis, that they called basin saddle,

towards which all the orbits in the chaotic transient will eventually converge, but at

different rates. Thus, the approach to maintain chaos here consisted on identifying

areas near this “loss region” (or basin saddle) with long chaotic transients and to

direct any orbit that entered the “loss region” to them.

1.5 Partial control evolution

The two methods to control transient chaos, that we have reviewed in the last

section share two serious problems. The first problem is that they can only be applied

in very specific situations, the ones for which they have been designed, covering

these a very small range of cases that we can face in transient chaos. The second

and probably more important, is that, in the presence of external disturbances all of

them fail or at least experience very serious difficulties to achieve their goals. The

partial control that we review in this thesis is a new line of research [10]–[12] in the

scope of nonlinear dynamical systems with transient chaos that attempts to solve

these two problems. It can be applied in any system showing transient chaos in

the presence of external disturbances, and it can do that with control perturbations

that are smaller than those disturbances.

The partial control method started with the Yorke’s game of survival [10]. This

problem is focused as a two-person, mathematical game between two players called

“the protagonist” and “the adversary”. The protagonist’s goal is to survive. He can

lose but cannot win; the best he can do is survive to play another round, struggling

ad infinitum. In absence of actions by either player, the dynamics diverge, leaving

a relatively safe region, and we say the protagonist loses. What makes survival

difficult is that the adversary is allowed stronger “actions” than the protagonist.

What makes survival possible is (i) the background dynamics is chaotic; and (ii)

the protagonist knows the action of the adversary in choosing his response.

This type of problem is quite different from standard control in which the goal

is to drive the trajectory to a desired point. In the OGY for example, if a external
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disturbance ξn is present (i.e., chosen at random), the control un must dominate ξn

so as to be able to drive the trajectory to a specified fixed point and keep it close to

the fixed point. In the game of survival for the tent map, there are several “safety

points” and u0 must be large enough that the protagonist can reach one of them, but

the choice of which is really determined by what un happens to be. The protagonist

is bounced between these safety points in an order determined by the sequence of

ξn.

This strategy was later extended to two-dimensional maps by Zambrano et al.

[11] in 2008. To extend the partial control method to two-dimensional maps they

made use of the fact that typically chaotic saddles arise due to the existence of a

horseshoe map in phase space. The particular geometrical action of this map is

known to imply the existence of transient chaos on the system considered. However,

they showed that precisely this geometrical action also implied the existence of

certain sets, the safe sets, that can be used to keep the trajectories close to the

saddle even if the corrections applied are smaller than the amplitude of the external

disturbances. Those sets lie in the vicinity of the chaotic saddle, and they turned

out to have a structure such that trajectories can be kept on them even if the

control applied is smaller than the effect of any external disturbance, which is a

major advantage when compared with other control schemes. Also in this work

they proposed a generic procedure to obtain these safe sets in every system with a

horseshoe map.

The next development in partial control was carried out by Sabuco et al. [13]

defining a generalization of the safe sets: the extended safe sets. They showed

there, that these sets can be built using an algorithm discarding points from another

important family of sets, the escape time sets inside Q, that corresponds to points in

the square that escape from it under different numbers of iterations. In that paper it

was also proved how these extended safe sets also allow one to keep trajectories inside

Q with a control smaller than the external disturbances, and discuss the advantages

of using these new extended. A numerical comparison showing the performance of
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the partial control method using both safe sets and extended safe sets was also made.

An interesting result is that the use of extended safe sets requires a smaller control

than the use of safe sets for certain values of the disturbances. This work implied

an important step forward in two interesting issues: the detection of extended safe

sets in dynamical systems and its generalization to higher dimensional dynamical

systems. This work will be shown in full detail in the chapter 2 of this thesis.

Using the idea that had been developed in the previous paper [13], that a safe

set could be found just discarding points of the escape time sets, the next step was

to generalize this to an arbitrary set. This goal was achieved by Sabuco et al. [14]

in 2012. This paper provided a general algorithm for computing safe sets. The

algorithm that was proposed was able to compute the safe sets for a specified region

in phase space, given the map, the maximum disturbance value, and the maximum

allowed control. They called it the Sculpting Algorithm. Its operation is analogous

to removing material while sculpting a statue. The algorithm sculpts the safe sets.

Remarkably the sculpting algorithm is independent of the dimension and is fast for

one- and two-dimensional dynamical systems. This work will be described in full

detail in the chapter 3 of this thesis.

In order to understand better the dynamics on the safe sets, Sabuco et al. pro-

posed a completely new concept, the Asymptotic Safe Set [15]. Trajectories in the

safe sets tend asymptotically to the asymptotic safe sets. To find these new asymp-

totic safe sets two new algorithms were proposed. One that sculpts them, and

another that grows them. This work will be shown in full detail in the chapter 4 of

this thesis.

Finally they studied the problem of how to minimize the frequency of control in

the partial control method [16]. They showed that the partial control method, that

allows to find the minimum control required to sustain transient chaos in presence

of disturbances, is the key to find such minimum control frequency. It was proved

for the paradigmatic tent map of slope greater than 2, that for a constant value of

the disturbances, the control required to sustain transient chaos decreases when the
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control is applied every k iterates of the map. They showed that this fact, combined

with the evidence that the effect of the disturbances grows with k, if we do not

consider it constant, implies that there is a minimum control frequency. They also

gave a procedure to compute it. This idea is fully explained in the chapter 5 of this

thesis.
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Chapter 2

Safe sets and escape

times

Obstacles to creativity come from the main leaders in the science and

arts fields because of their reluctance to accept new ideas. Even after

making a discovery that is a new, important and sound idea, you still

need to have an established reputation to overcome rejection and get your

discovery the attention it deserves.

—Stephen Smale

2.1 Introduction

We will start this chapter with a brief review of the most important results that

had been obtained in partial control of chaotic systems when we started our research

work. Intriguing discoveries had been made, like the one found in [1], that showed

that one-dimensional chaotic systems like the paradigmatic slope-three tent map

could be partially controlled. Even more surprising was the fact that partial control

could also be applied to two-dimensional chaotic systems when a horseshoe map was

present, as it was proved in [2]. These two facts combined made us believe that we

were facing a very general property of all chaotic systems and that a deeper study

should be carried out.

Despite the promising results obtained for one-dimensional and two-dimensional

chaotic maps, a lot of information was still needed to partially control any dynamical

system with transient chaos. At least it was required to know a region Q in phase

17
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space with a horseshoe map, the analytical expression of the map f and the inverse

map f−1, the bound of all possible external disturbances and the bound of the

control that we can apply to the system to get the desired behavior. It was clear

that the next step to be taken to get a wider acceptance of this new control method

should reduce somehow the number of requirements.

In order to reduce the number of the necessary requirements to apply the partial

control method, we decided to follow a line of research that we found in a rather

accidental way. We noticed that the safe sets found for the Hénon map in [2] were

rather similar in appearance to the sets with a different escape time, which are

widely used in dynamical systems with transient chaos. We thought that if it were

possible to use these escape time sets as safe sets we would obtain two important

desired goals. The first is that we would reduce the number of requirements needed

for partial control due to the fact that to compute sets with different escape time

we do not need to know f−1. The second and probably more important is that the

safe sets would be bigger than what we had previously believed.

Unfortunately, we will prove through this chapter that with the escape time sets

alone we cannot control any system with our definition of partial control, because

we would need a control bigger than the external disturbances. Nevertheless, we

introduce here a new procedure to find something that we call extended safe sets that

will allow us to partially control any dynamical system with a horseshoe map. These

new sets are obtained from the escape time sets. In particular we will show how

to get these new extended safe sets for the Hénon map with a choice of parameters

showing transient chaos.

We will also explore in this chapter how the partial control method works using

the original safe sets and the new extended safe sets and finally we will display

which is the best choice in different scenarios. Another surprising result shown in

this chapter is the dependence of the optimal extended safe sets with the strength

of the external perturbations. Depending of the external disturbances we will have

to make a choice among different possible extended safe sets finally choosing the
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one that requires the lowest bound of control. Another interesting result is that the

average of the strength of the control applied is considerably smaller in the extended

safe sets since they resulted to be of bigger size than what we thought previously.

The order of the chapter is the following. In the second and third sections we

review the main results known about partial control at the beginning of my research.

In the fourth section we study the relationship between the safe sets and the escape

time sets. In the fifth section we introduce the extended safe sets. In the sixth

section we describe the strategy to follow in the partial control of a system with

extended safe sets. We end up the chapter with a set of simulations with this new

approach for the Hénon map.

2.2 Basic setting

We consider here dynamical systems of the form pn+1 = f(pn) where pn ∈ R2.

We assume that the map f acts on a square Q like a horseshoe like-map, for details

see Ref. [3]. This implies that nearly all the trajectories inside Q (except a zero

measure set) escape from it after iterations. On the other hand, the behavior inside

the square Q is erratic due to the existence of a zero measure nonattractive set, the

chaotic saddle.

An example of this type of dynamical system is the Hénon map with an adequate

selection of the parameters. The Hénon map is a paradigmatic system in the non-

linear community and for that reason we have chosen it, from now on, to show how

the partial method works. The Hénon map is defined asxn+1 = a− byn − x2
n

yn+1 = xn.
(2.1)

For a = 2.12 and b = 0.3 we obtain one of the most famous attractors, the Hénon

attractor, shown in Fig. 2.1(a), where its basin of attraction (with fractal boundary)

and the basin of attraction of infinity are shown. This is not the situation in which

we focus here. We are interested here in the situation where a = 6 and b = 0.4.

The basin of attraction of infinity for these values of the parameters is shown in
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Figure 2.1. Basins of attraction for bounded attractors (white) and infinity (black) for

the Hénon map (a) xn+1 = 2.12 − 0.3yn − x2n, yn = xn where the attractor is shown in

grey, and (b) xn+1 = 6 − 0.4yn − x2n, yn = xn, both in the square Q = [−4, 4] × [−4, 4].

For the second set of parameters nearly all the trajectories escape. The main goal of our

control method is to avoid those escapes from Q.

Fig. 2.1(b): we can see that all trajectories (except a zero measure set) diverge to

infinity. This is due to the fact that the Hénon map f acts like a horseshoe map

on the square Q ≡ [−4, 4]× [−4, 4], as shown in Fig. 2.2. The results that we have

obtained are valid for maps acting on a square like a horseshoe map, i.e., satisfying

the Conley-Moser conditions [3]. For these values of the parameters, the Hénon map

satisfies these conditions, so we use it here both to illustrate and to numerically test

our results.

In Fig. 2.2 we also show the two fixed points of this horseshoe-like map, p∗ and

p∗∗, the former will later play an important role (remember that every horseshoe map

has associated two fixed points). The chaotic saddle responsible for transient chaos

is shown in Fig. 2.3 and it has been computed using the DYNAMICS software [4].

Due to the horseshoe mapping, this set is topologically equivalent to an intersection

of two Cantor sets of vertical and horizontal lines, as expected. Thus, nearly all the

points inside the square (except a zero measure set, the chaotic saddle and its stable
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Figure 2.2. The square Q = [−4, 4]× [−4, 4] (grey) and its image under the Hénon map

xn+1 = 6 − 0.4yn − x2n, yn = xn (black). These are the parameters used in the chapter,

for which the map acts like a horseshoe in Q. The two saddle fixed points p∗ and p∗∗ are

shown.

manifold) escape from it under iterations. The dynamics inside the set is chaotic,

but due to its nonattracting nature for a typical trajectory starting inside Q we have

transient chaos.

As we said before, we consider systems with this kind of escaping dynamics

pn+1 = f(pn) and also affected by external disturbances. This is modeled here by

adding at each iteration a random disturbance ξn ∈ R2 that we refer to as the

disturbances, that is bounded by the constant ξ0, ||ξn|| < ξ0. Thus, the system to

be controlled is pn+1 = f(pn) + ξn. The effect of the disturbances is that all the
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Figure 2.3. Chaotic saddle for the Hénon map xn+1 = 6− 0.4yn − x2n, yn = xn.

trajectories inside the square Q will now escape from it under iterations. We use

here disturbances with a uniform probability distribution but the control method

has to work for any other kind of distributions.

The control method that we propose here in order to keep trajectories in Q

is a feedback method as other methods proposed to sustain transient chaos, as for

example Ref. [5]. The idea of this type of methods is that at each iteration we apply

an accurately chosen control un ∈ R to correct the system’s trajectory considering

the joint effect of the system’s dynamics and the disturbances. The control is also

bounded, so ||un|| ≤ u0. We can express this in a mathematical way using the

formula: qn+1 = f(pn) + ξn

pn+1 = qn+1 + un,
(2.2)

This means that at each iteration the map and the disturbance act. Then, we apply a

control un that corrects slightly the trajectory and places it in its new position, pn+1.

The method that we describe here allows one to keep trajectories in an arbitrary

square Q (if there is a horseshoe map ) with u0 < ξ0.
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Before describing the partial control method that we propose here, we can notice

that different approaches could be used to keep pn inside Q. A first approach would

be to use the control un to steer the trajectories towards points inside Q with long-

lived transient chaos (close to the chaotic saddle), as in Ref. [5]. Another approach

[6] would be to use this control to steer the trajectories towards the stable manifold

of one of the saddle fixed points, for example p∗. Simple geometrical considerations

show that these two methods would only allow to keep the trajectories inside Q if

u0 ≥ ξ0. This is somehow an intuitive result: in order to control an unstable system

with disturbances one might need a control at least equal to the disturbances.

Remarkably, the partial control method that we describe below allow us to

achieve this goal even if the control is smaller than the disturbances, that is, if

u0 < ξ0. As it will become clear later, this is due to the existence of certain sets

inside the square Q: the safe sets. One of the main contributions of this work will

be to generalize these sets to some new extended safe sets.

2.3 Partial control method and safe sets

As mentioned, the partial control method was originally designed making use

of certain safe sets. We describe this here in some detail. The basic operation

giving rise to the safe sets is illustrated in Fig. 2.4. We call here vertical curves the

curves going from the top to the bottom of square Q. We call S0 the vertical curve

(segment) that divides the square Q in two halves, such that f(S0) is not on Q. The

presence of a horseshoe map guarantees (for a general system) the existence of the

safe sets Sk for k = 1, 2, ... that are defined as:

Sk = f−1(Sk−1) ∩Q = f−k(S0) ∩Q. (2.3)

The set Sk would be the preimage inside Q of Sk−1. In Fig. 2.5 the safe sets

Sk from k = 1 up to k = 4 are shown for the Hénon map. We can notice that as

k grows the sets get closer to the stable manifold. This is not surprising, provided

that by definition as k grows points on Sk take a longer time to scape from Q. In
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Figure 2.4. Basic action to generate inductively the safe sets in a map showing a

horseshoe-like behavior in the phase space. We begin with a vertical segment (S0) that

splits the square in two equal halves and we compute the preimages of that line in Q. The

intersections of the kth preimage of S0 with Q gives the set Sk, that consists of 2k curves.

this picture it is also easy to see that the basic properties of the safe sets are the

following [2], [3]:

i) Sk consists of 2k vertical curves, that can be grouped in 2k−1 consecutive pairs

of curves from left to right.

ii) There is a curve of Sk−1 between any pair of curves of Sk.

iii) The maximum distance between any of the curves of the 2k−1 pairs of curves

of Sk goes to zero as k → ∞.
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Figure 2.5. The sets S1, S2, S3 and S4 that are the result of computing the correspond-

ing preimage of S0, that would be the vertical segment splitting the square into two equal

rectangles. The set S1 consists of a pair of curves, the set S2 has one pair of curves to

the left of the square and another pair of curves to the right, the set S3 consists of four

pairs of curves, and so on. Their geometrical properties are key to the application of the

partial control method.

In order to properly describe the partial control method we need some extra

definitions, that are illustrated in Fig. 2.6 for S2. For each set Sk we define the

middle curves ζi, i = 1, ..., 2k−1, as the vertical curve equidistant to each of the

curves of a pair of Sk. Then we call δmax(i) and δmin(i), i = 1, ..., 2k−1, the maximum

and minimum distance, respectively, between each of the curves of each pair and

the corresponding middle-curve ζi.

If we label δmax as the largest δmax(i) and δmin as the smaller δmin(i), then a

partial control strategy to keep trajectories bounded with a control smaller than the

disturbances can be obtained if

ξ0 > δmax. (2.4)

With all these parameters defined we can finally introduce the partial control
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Figure 2.6. These are the parameters needed in the partial control method using the

S2 sets. The curves ζ1 and ζ2 are the curves whose points are at the same distance from a

curve of each pair of curves of S2. We can also see that δmax(i) is the maximum distance

from each pair of curves of S2 to the curves ζi as well as δmin(i) is the minimum distance.

strategy [2]: Assume that an iteration p lies on S2 and ξ0 satisfies the above condition

for S2. Then f(p) will lie on a vertical curve of S1, that has two adjacent curves of

S2 by ii). The deviation induced by the disturbance leads to q = f(p)+ξ. However,

due to property ii), no matter what the disturbance deviation is, a control such that

||u|| ≤ u0 with

u0 = max{δmax, ξ0 − δmin}, (2.5)

can make the next iteration p′ = q + u lie again on S2, and this can be repeated

each iteration. This is illustrated in Fig. 2.7. The control applied obviously satisfies

u0 < ξ0 and trajectories are kept inside Q forever.

In order to find if there are other sets in Q that can be used instead of safe

sets to keep trajectories inside Q with u0 < ξ0 we introduce in the next section an

important family of sets: the escape time sets.
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Figure 2.7. The basic idea of the partial control method. If ξ0 satisfies condition 2.4

on S2, then f(p) lies on a curve of S1 that has two adjacent curves of S2. Independently

from the disturbance deviation ξ a smaller control u can put the trajectory back on S2.

2.4 Safe sets and escape time sets

Our aim now is to show the relationship between the safe sets and the escape

time sets T n. The escape time sets are the sets of points in a square with a horseshoe

dynamics, that stay inside the square under n iterations or more, that is:

T n ≡ {p ∈ Q/fn(p) ∈ Q} = f−n(Q) ∩Q. (2.6)

By making some considerations on the inverse horseshoe map it is not difficult

to see that:

i) T n consists of 2n vertical strips, that can be grouped in 2n−1 consecutive pairs

of strips from left to right.

ii) Tm ⊂ T n if m > n.

iii) As the order n increases the width of the strips of the T n sets decreases.

The escape time set T 3 is shown in Fig. 2.8. It is clear that there is a resemblance

between T 3 and S3. In fact, the above properties are similar to those of the safe

sets sketched in the previous section. Furthermore, it is easy to see from Eqs. 2.3
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Figure 2.8. The escape time set T 3, i.e., the set of points that escape from Q after 3 or

more iterations. It consists of four pairs of strips, and it is reminiscent of S3.

and 2.6 that Sn ⊂ T n (provided that S0 ⊂ Q), as shown in Fig. 2.9 for S2 and T 2.

These similarities, however, do not imply that by using T n instead of the sets

Sn in the partial control method, trajectories can be kept inside Q with u0 < ξ0.

As we can see in Fig. 2.10 for T 2, the forward iterates of its 4 strips do not fall in

the space between each pair of curves of T 2 (including them). Simple geometrical

considerations using the ideas sketched in the previous section show that this implies

that trajectories can be kept inside Q using T 2 instead of S2 only if u0 > ξ0.

2.5 Obtaining extended safe sets from escape time sets

Considering this, clearly the escape time sets T n are not a good substitute for

safe sets Sn in the partial control method. The next question would be: which points

on T n have to be discarded so that the partial control strategy can be applied with

u0 ≤ ξ0? In this section we address this question. We describe here the maximal

extended safe set En
max, that is a subset of T n that can be used in the partial control

method so that trajectories can be kept bounded with u0 = ξ0. From these sets we
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Figure 2.9. The black curves of this figure are points of the S2 set, whereas the grey

bars represent T 2. Here we can see how the safe sets S2 are inside the space filled by T 2.

Figure 2.10. In this picture we can see in grey the set of points of T 2 (the set of points

that stay in the square under 2 or more iterations). We have also plotted in black the

images of those points under one iteration. Due to the fact that the images of the strips

do not lay between the pairs of strips, it is impossible to use the set T 2 to keep trajectories

inside Q with a control smaller than the disturbances.
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Figure 2.11. The set T 1 (light grey) is subdivided using four pieces of the stable

manifold of p∗ (black curve) so we obtain the maximal extended safe set E1
max (grey). The

image of E1
max under f is shown (black), each of its two pieces falls in the space between

the pair of strips of E1
max.

can easily define the extended safe sets En, and for any En we show that there is a

ξ0 so that trajectories can be kept inside Q with u0 < ξ0.

Recall the fixed point p∗ shown in Fig. 2.2. We call W s(p∗) its stable manifold,

and W s
L(p

∗) the vertical curve that is a piece of W s(p∗) inside Q containing p∗.

Consider now the set T 1 and the four vertical curves of f−2(W s
L(p

∗)) ∩Q shown in

Fig. 2.11. We call E1
max the set resulting of “cutting” the two strips of T 1 into two

thinner strips as these four curves indicate. The strips of E1
max are mapped as shown

in Fig. 2.11. This is due to the horseshoe mapping and to the fact that points in

the stable manifold map into points of the stable manifold under f . This is the limit

point of the “good mapping” that we are searching for: the image of each strip of

E1
max falls into the space between the pair of strips of E1

max.

Considering this, we define inductively

En+1
max = f−1(En

max) ∩Q = f−n(E1
max) ∩Q. (2.7)
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Figure 2.12. The set T 2 (light grey) is cut using eight pieces of the stable manifold of

p∗ (black curve) and gives rise to the maximal extended safe set E2
max (grey). The images

of each strip of E2
max under f are shown (black), they fall in the space between each pair

of strips of E2
max.

Figure 2.13. In this figure we can see an extended safe set E2 and the parameters

needed in the partial control method using the extended safe set E2.
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Clearly the set En
max consists of 2n strips, that also can be grouped in 2n−1 pairs

of curves from left to right. Note that by definition it will be contained in T n.

Furthermore, it can be seen that the curves that bound each vertical strip of En
max

are pieces of the stable manifold (since preimages of points of the stable manifold

also belong to the stable manifold). These sets will reproduce the good kind of

mapping observed for E1
max: The image of each strip of En

max falls in the space

between each pair of strips of En
max. This is shown for example in Fig. 2.12 for the

set E2
max. Using the geometrical considerations provided above, we can see that by

using the sets En
max instead of Sn in the partial control strategy trajectories can be

kept inside Q with u0 = ξ0.

With these elements in mind, we can define the extended safe sets En as follows:

an extended safe set En is a set of 2n vertical strips, each of them inside a different

strip of En
max, so that their vertical bounds do not intersect with the vertical bounds

of the strips of En
max. Thus, an extended safe set is obtained when the width of all

the strips of the extended safe sets is reduced. If we took zero-width strips we would

obtain safe sets as the ones described in Section 2.3. An example of an extended

safe set E2 obtained from E2
max is shown in Fig. 2.13. In the next section we show

that applying the partial control method with an extended safe sets it is possible to

keep trajectories bounded (u0 < ξ0).

Before concluding this section we would like to point out that the same procedure

that has been carried out with Hénon map to obtain the extended safes sets could

be repeated with the same level of difficulty for any dynamical system topologically

equivalent to it, i.e. a dynamical system acting as a horseshoe on a (topological)

square Q. It is important to notice that in order to find the extended safe sets one

needs to find the chaotic saddle, a square enclosing it, the escape time sets and the

stable manifold of the fixed point of the horseshoe. These can be calculated using

time series of the system, and do not require to know exactly the form of the map

f . Thus, we consider that this is a first advantage in the use of safe sets from the

point of view of applicability.
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2.6 Partial control with extended safe sets

Now that we have described the extended safe sets En we need some parameters

to describe how they can be used in the partial control method. For a set En the

curves ζi, i = 1..., 2n−1, represent the curves equidistant to any pair of strips. We

define the maximum distance δmax(i) from ζi to the inner part of the pairs of strips

for i = 1..., 2n−1. Analogously, we define the minimum distance δmin(i) from the

forward iteration of En to the outer part of the closer pair of strips (between which

it has fallen) for i = 1..., 2n−1. We can see all of them illustrated in Fig. 2.13.

If we label as δmax the largest δmax(i) among all the pairs of strips we have that

the condition required for the extended safe sets to have a control smaller than the

disturbances is the same that for the classical safe sets

ξ0 > δmax. (2.8)

The maximum control needed can also be computed in the same way if we consider

δmin as the smallest of all the δmin(i) among all the pairs of strips

u0 = max{δmax, ξ0 − δmin}. (2.9)

The partial control strategy [2] is similar to the one described for the safe sets.

Assume that p lies on E2 and ξ0 satisfies the above condition. Then f(p) will lie on

a strip of E1, that now falls in the space between two strips of E2. The deviation

induced by the disturbance leads it to q = f(p) + ξ. Now, no matter what the

disturbance deviation is, again a control such that ||u|| ≤ u0 with

u0 = max{δmax, ξ0 − δmin}, (2.10)

obviously satisfying u0 < ξ0 can make p = q + u lie again on E2, and this can be

repeated forever. This is illustrated in Fig. 2.14. In the next section we carry out a

numerical exploration of these results.
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Figure 2.14. The basic idea of the partial control method. If p lies on E2 and ξ0 satisfies

condition 2.4 on E2, then f(p) lies on a strip of E1 that has two adjacent strips of E2.

Independently from the disturbance deviation ξ a smaller control u can put the trajectory

back on E2.

2.7 Numerical results

Here we show some numerical simulations showing the performance of the partial

control method with extended safe sets and a comparison with the partial control

method with safe sets. In our numerical simulations we have used the sets E1, E2

and E3 shown in Fig. 2.15.

In Fig. 2.16 we show an example of the control needed when stabilizing an orbit

on E3 with a maximum bound of the disturbances of ξ0 = 0.25. In this figure we

show the different controls ||un|| used in 1000 iterations of the map. As we can see

for all the iterations it is satisfied that ||un|| < ξ0, i.e. the control applied is smaller

than the disturbances, as claimed.

In order to compare the performance of the method using both extended safe

sets and safe sets, we show in Fig. 2.17 a plot of the maximum control needed using

E3 and S3 for different values of the disturbances bound. This maximum control u0

is estimated as the maximum value of the control applied ||un|| when applying our
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Figure 2.15. The extended safe sets used in our numerical simulations. They can play

a role analogous to the safe sets in the partial control method, so trajectories can be kept

inside the square Q with a control smaller than the disturbances.

Figure 2.16. Control needed in 1000 iterations of the Hénon map where the bound of

the disturbances is ξ0 = 0.25. We can check that the bound of the control applied in each

iteration ||un|| is smaller than the bound of the disturbances.
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Figure 2.17. Necessary bound of the control u0 needed when using the safe set S3 and

an extended safe set E3. The value of u0 is estimated by computing the bound of the

control needed ||un|| to keep the trajectories inside Q. As we can see there is an interval

where it is more effective to use E3, after which it becomes more effective to use S3.

method for a large number of iterations.

Figures 2.17 and 2.18 illustrate well some of the basic features of the method.

First we can notice that the computed values of u0 for the extended and safe sets

are smaller than ξ0 except for some ranges of ξ0. This means that in those ranges

the requirements of Eq. 2.8 are not fulfilled. For example, we can see in Fig. 2.18

there is a ξ0 interval for which the condition u0 < ξ0 is not fulfilled for S2 or E2, but

we can see that the condition is fulfilled for S3 and E3. This illustrates the property

by which for all values of ξ0, if k is sufficiently large, trajectories can be kept on Ek

(or Sk) with u0 < ξ0. In other words, there is always a k for which the prescribed

extended safe set Ek will fulfill 2.8.

We can also see that there exists a transition point that indicates the limit

where the use of our extended safe set becomes less efficient than using the safe

set. An explanation of this fact is beyond the scope of this manuscript, but the key
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Figure 2.18. Here we show the necessary bound of the control u0 needed when using the

safe sets for a wider range of values of ξ0. The only difference is that here we get a global

point of view. Here we can check that around levels of the bound of the disturbances

between 0.14 and 0.19 E3 is the best option. From 0.19 to 0.65 S3 requires a smaller

control. We should use E2 from 0.65 to 0.85. And we should start using S2 for values of

disturbances beyond 0.85.

idea is that for some values of the bound of the disturbances ξ0 the fact that the

extended safe sets are “thicker” than the safe sets can be an advantage, whereas for

some other values of ξ0 it might be a drawback. In Fig. 2.18 we can see a more

global comparison of both methods using different safe sets and extended safe sets

which clearly shows that there are intervals where using extended safe sets requires

a smaller control than using safe sets, and that there is always an extended safe set

such that trajectories can be kept inside the square with u0 < ξ0. This feature was

also observed when using other extended safe sets (with different widths) obtained

using the procedure described above of making the strips thinner of a given maximal

extended safe set En
max. This is an improvement of the results obtained in previous

work.
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Figure 2.19. Another kind of comparison between the safe sets and the extended safe

sets using the average value of control over long runs of iterations. Here for each value

ξ0 2000 iterations of the method have been carried out and the average value of all those

iterations plotted on the figure.

Finally we have performed a simulation in order to compare both methods in

terms of the average of the control applied over a long number of iterations. This is

what we can see in Fig. 2.19, where it is possible to see that the average value of the

control needed for the En sets is smaller than for the safe sets Sn for all the values of

disturbances. This can be easily understood provided that the extended safe sets are

“thicker” so typically a smaller perturbation is needed to steer trajectories towards

them.

2.8 Conclusions

In this chapter we have shown that it is possible to apply the partial control

method using certain sets, the extended safe sets, that are deeply related with the

escape time sets, in a squareQ where a horseshoe map exists. The notion of extended

safe sets generalizes the notion of safe sets when we use these new sets in the partial
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control strategy, to keep trajectories bounded in the square, with a control smaller

than the disturbances. The procedure to obtain extended safe sets from escape time

sets has been described and it implies the cut of the escapes times using the stable

manifold of a saddle fixed point in a horseshoe map (remember that every horseshoe

map has associated two fixed points).

We have carried out numerical simulations testing this new method and showing

that it achieves our desired goal of a control smaller than the disturbances. We

have also compared the performance of the partial control method using safe sets

and extended safe sets, finding that the best choice depends on the bound of the

disturbances present in the system. We have also shown that over long series of

iterations the average of the control applied is always smaller using extended safe

sets than using safe sets.

From an experimental point of view the use of extended safe sets, being a nonzero

measure set, is advantageous. Having an area, it is easy to place trajectories on them

without making an error than when dealing with zero measure sets as the safe sets.

On the other hand, by construction they are computed from the escape time sets

and using the stable manifold of a fixed point as a guide, and this information can

be inferred from time series of the system. Finally, we believe that the use of escape

time sets might yield to extensions of this method to more general settings, as for

example to the control of nonhyperbolic transient chaos.

Throughout this chapter we have assumed that our control has no errors, that

is, for each iterate we can place the trajectory exactly where we want. However, this

is not a critical assumption. As with safe sets, it is possible to keep the condition

u0 < ξ0 using extended safe sets also if we have small control errors [3], i.e., even if

at each iteration trajectories are not placed exactly on the extended safe sets. This

tolerance to errors depends basically on the value of u0 needed in the absence of

errors, the value of ξ0 and the expansiveness of the map f , which somehow tells

us how much we are penalized if we do not apply exactly the required control. To

provide an analytical estimate of such tolerance is complicated. However, due to
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the fact that the extended safe sets are “thicker” than the safe sets, we expect that

the tolerance for the former will be bigger.

In spite of the advantages of our method, there are still some limitations. In

the current form of the method it is required that all the variables can be measured

and controlled, which might be a strong requirement in some situations, specially

in experiments. However it is possible to see how this can be achieved. First we

can notice that in the present method, due to the form of the extended safe sets,

typically corrections would be applied only in the x direction, generally speaking in

the “unstable” direction of the system. This suggests that the number of variables

that need to be controlled for our control method can be reduced. On the other hand,

the key ingredient of our method, the horseshoe mapping, is a topological feature

of the system and thus it should be possible to reproduce it using embedding of an

observable in a proper phase space. Further work on this topic should provide a

rigorous answer to these important issues.

Finally, we want to emphasize that our analysis reveals the deep relation existing

between the escape time sets and these extended safe sets, so we believe that any

algorithm implemented in order to detect extended safe sets should make use of this

relation: first, searching for the different escape time sets and then discarding the

points that are not useful. As we said, this can be helpful both for an experimental

detection of sets that can allow us to obtain partial control with u0 < ξ0 as well

as in generalizations of the partial control method to dynamical systems in higher

dimensions.
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Chapter 3

Algorithm to find Safe

Sets

Mathematics, rightly viewed, possesses not only truth, but supreme

beauty; a beauty cold and austere, like that of sculpture.

—Bertrand Russell

3.1 Introduction

In the last chapter we have reviewed two rather primitive ways to find safe sets in

a system with escapes, in order to be able to apply the partial control method. The

first was the method that was proposed by Zambrano et al. [1], that basically relied

in computing preimages of a line that divided into two, the region that contained

the chaotic saddle. The second was the use of extended safe sets that were obtained

removing points from the more general sets that we called escape time sets. Both

ways, either safe sets or extended safe sets worked pretty well for one-dimensional

maps [2] and for horseshoe maps [1]. In both cases the presence of a horseshoe in

the region Q was a necessary condition in order to find them. But this might not be

easy to find in more general dynamical systems. Even if horseshoe maps typically

arise in nonlinear dynamical systems, finding them is not always a simple task [3].

In this chapter we will introduce a much more general way to compute safe

sets with the help of an automatic algorithm, that finds the most accurate safe set

possible assuming that the map f and the bounds of the disturbances ξ0 and control

u0 are known [1], [2], [4]. The algorithm finds the maximum safe set, that is, the

43
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Figure 3.1. This is the safe set found for the Duffing oscillator ẍ + 0.15ẋ − x + x3 =

0.245 sin(t) with the smallest possible ratio.

largest safe set in Q. A surprising result is that the safe sets are geometrically more

complicated than we expected.

What safe sets look like. An example of a safe set is shown in Fig. 3.1, for

the Duffing oscillator ẍ + 0.15ẋ − x + x3 = 0.245 sin(t) with the smallest possible

allowed control. For a smaller control no safe set exists.

In the second and third sections of the chapter, we infer the main property that

the points belonging to a safe set should satisfy. This will be used to develop the

algorithm to compute safe sets. This algorithm is a recursive algorithm that seems

to find a safe set whenever there is a chaotic saddle in Q, the region of phase space

considered. In practice, we use a grid of points for the region that needs to be
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partially controlled, and find the largest safe set that will be a subset of that grid

of points.

In the fourth section we use our algorithm with the Hénon map again, with

a choice of parameters where no periodic attractor exists and all the trajectories

diverge after some iterations. Using the algorithm described in this chapter, we

have found a safe set of points for which the escape to infinity can be avoided with

a control smaller than the external disturbances. As an example of a return map of

a flow, we have chosen the forced Duffing oscillator with a choice of parameters for

which the system has three attractors and moreover its basin of attraction has the

Wada property [5]. Any initial condition in phase space is necessarily attracted to

one of these three periodic attractors. Our goal is to avoid this by using a control

smaller than the external disturbances acting on the dynamics of the nonlinear

oscillator. By using our algorithm, we have been able to find a safe set containing

initial points for which the control goal is achieved and as a consequence the system

behaves chaotically for an indefinite time.

3.2 Admissible trajectories

In systems that can be partially control we study discrete-time dynamics where

the final state is typically either a periodic state or the divergence of the system

towards ∞. The topological structure inside Q that causes this behavior is a zero-

measure set known as a chaotic saddle [6], [7]. This kind of system is usually modeled

by a continuous map f of phase space to itself,

qn+1 = f(qn), (3.1)

where qn is the state at time n and f the function that relates them. This map

can also be the stroboscopic map or the Poincaré return map of some continuous

system. The dimension of phase space is arbitrary, but realistically our tools work

quickly only in dimensions 1 and 2.
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Admissible trajectories. Thus, if we add the disturbances ξn followed by a

feedback control un, our model becomes

qn+1 = f(qn) + ξn + un for n = 1, 2, 3, . . . (3.2)

We assume throughout this chapter that

ξ0 > u0 > 0 ||ξn|| ≤ ξ0 ||un|| ≤ u0. (3.3)

We call such ξn and un admissible. Furthermore we will call a trajectory qn that

satisfies Eq. 3.2 an admissible trajectory when all ξn and un are admissible.

In this equation, we assume that feedback control un is chosen with knowledge of

qn, ξn and the function f . Notice un cannot in general cancel out ξn because the

control bound is smaller than the disturbance bound. In standard controlling-chaos

situations, we would have the reverse.

We will say a set S ⊂ Q is safe, if for each q ∈ S, the distance of f(q) + ξ from

S is at most u0. That implies there exists an admissible u such that f(q) + ξ + u

is in S. We emphasize that whether a set is safe depends heavily on u0 and ξ0. By

repeating, we find it is possible to keep the entire trajectory qn of Eq. 3.2 in S and

hence in Q. Then if q is in a safe set S ⊂ Q, the trajectories can be made to stay in

S and therefore in Q by choosing un so that qn+1 is in S.

We write ρ for the ratio u0/ξ0 and call it the safe ratio. If there is a safe set for

some choice of ξ0 and u0, then we try to decrease u0 until there is no safe set and we

report that minimum value here where there is a safe set with two-digit precision.

That is, we report the lowest ratio.

3.3 The “Sculpting Algorithm” for computing the largest safe

set

Before introducing the algorithm, we need to give a more formal definition to

characterize whether a point in phase space is safe or not, that the one that we have

given so far. The use of this rule in a recursive way will define the algorithm.
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Given a closed bounded set C and values u0 and ξ0, we declare a point p in C

“bad” (for C) if there exists an admissible ξ such that the distance of f(p) + ξ from

C is more than the distance u0 from C. Notice that such f(p)+ ξ has no admissible

control u for which f(p) + ξ + u is in C.

We define the sculpting operator Ψ that cuts away the bad part of C; that is,

Ψ(C) is the set of points in C that are not bad for C. We iterate the procedure. To

find the largest safe set in Q, write Q0 = Q, and Q1 = Ψ(Q0), discarding bad points

in Q0, and Q2 = Ψ(Q1), discarding bad point in Q1, etc, defining Qn+1 = Ψ(Qn),

discarding bad points in Qn for each n > 0. These sets are all compact since f

is continuous. It is possible that Qn is the empty set for some n, in which case

there is no safe set in Q. If all Qn are non empty, then the intersection, defined as

Q∞ =
∩

Qn is non-empty since the intersection of nested non-empty compact sets

is non-empty.

We claim Q∞ is a safe set. Let p be in Q∞. All we need to do is show that p

is not bad for Q∞. Since p will not be bad for any Qn, for each ξ, there will be some

point pn in Qn such that the dist(f(p)+ ξ, pn) ≤ u0. Since the sequence pn will have

a limit point in Q∞ (since all the sets are compact), dist(f(p) + ξ,Q∞) ≤ u0. Since

that is true for each ξ, p is in Q∞.

We claim Q∞ is the largest safe set in Q. First, notice that any safe set S

in Q is a subset of each Qn and so of Q∞, since if p is in S, then for each n, p is not

bad for any larger set such as Qn, so it is in Qn+1, so it is in Q∞.

For any set C and distance d ≥ 0, we write C + d for the set of points that are

no more than distance d from C. When C is a set of grid points, we restrict this set

C + d to grid points. For any set C and distance d ≥ 0, we write C − d for the set

of points that are in C and are at least distance d for the exterior of C. Then a set

S is safe if the set f(S) is a subset of (S + u0)− ξ0. (In practice, we use a grid and

restrict attention to points on the grid.)

Using this notation, we can now write Ψ(Qn) to be the set of points x ∈ Qn for

which f(x) is in (Qn+u0)− ξ0. Hence the problem essentially reduces to computing
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(a) (b)

Figure 3.2. (a) The set of points C + u0, is the extension of the set C in the grid of

points to include also the points that are within a distance u0 of C. (b) A set C is safe if

the set f(C) is a subset of (C + u0)− ξ0. In practice, we use a grid and restrict attention

to points on the grid.

the sets (Qn + u0)− ξ0, which is not hard in dimension one or two.

3.4 Implementation of the algorithm

In practice, we use a grid of points on Q, of some thousands of points by thou-

sands points, if phase space is two-dimensional, in a region that includes Q. In all

cases the grid size (the distance between nearest neighbor grid points) should be

small compared to u0. We will at times check grid points beyond this array but the

safe set we seek will be restricted to be in this array. We choose Q0 to be the set of

grid points in Q. At each successive step, the subsets Qn+1 = Ψ(Qn) are subsets of

the grid. Since the grid is a finite set, for some n we will have Q∞ = Qn. Indeed,

we know we have found Q∞ when Qn+1 = Qn since Qm remains the same for all

m > n.

We write [[v]] for (one of) the closest grid point to v ∈ C. Let V be the set of
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Figure 3.3. Here we can see the points of the grid that are within an admissible ξ of

[[f(p)]]. Here the small points represent the grid points. The big point is [[f(p)]] which is

the closest grid point to f(p). And the V-admissibles ξ, are those such that [[f(p)]] + ξ

are also a grid point and within the circle of radius ξ0.

grid points which are within admissible values of ξ for a given grid point [[v]]. We

will only work with admissible ξ in V and will call these V -admissible.

For a set of grid points C, we compute Ψ(C) as follows. First, we create the set

C+u0 of grid points that are within the distance u0 of C, as we show in Fig. 3.2(a).

(Here may need to include grid points that are beyond Q.) Second we create the

set (C + u0)− ξ0, that are the grid points in C + u0 with at least a distance ξ0 from

the exterior of C + u0, as shown in Fig. 3.2(b). We check each p in C as follows.

We compute [[f(p)]]. Next we determine if [[f(p)]] is in (C + u0)− ξ0. If [[f(p)]] is

not in (C + u0)− ξ0, is bad, because [[f(p)]] + ξ is too far from C to be pushed into

C by an admissible u. This is equivalent to determine if there is a V -admissible ξ

such that [[f(p)]] + ξ is not in C + u0. In Fig. 3.3, we can see schematically which
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are the V-admissible ξ for [[f(p)]]. If there is one, then p is bad because [[f(p)]] + ξ

is too far from C to be pushed into C by an admissible u. Then Ψ(C) is the set of

points p in C that are not bad, that is [[f(p)]] ∈ (C + u0)− ξ0.

The errors resulting from the use of [[f(p)]] instead of f(p). Let ϵ be

maximum distance of any point in Q from the nearest grid point. For example, in

dimension 1, that would be half the distance between consecutive grid points. Then

|[[f(p)]]− f(p)| ≤ ϵ. In the above algorithm, it is easy to adjust for such errors, so

that any point p that might possibly be bad – if we had corrected for such errors –

is declared bad. Then Ψ1(C) can be defined to be the set of points p in C that are

not bad and are not possibly bad. The set Ψ1(C) is a smaller set as a result, more

conservative, and the resulting Q∞ is reliably safe but may be smaller than the true

largest safe set in Q. And we can define Ψ2(C) to be the set of points p in C that

are definitely not bad even allowing for errors in substituting [[f(p)]] for f(p). Then

Ψ1(C) ⊂ Ψ(C) ⊂ Ψ2(C). As we sculpt using these, we get upper and lower bounds

for Q∞. That is, we can first compute Q∞ using Ψ1(C) and then Ψ2(C) separately –

using a coarse grid. Then, when we have an idea about Q∞ from the two estimates

we can refine the grid and examine points that are Ψ1(C) but not Ψ2(C). We can

iterate the process, looking at every finer grids affecting less and less space.

In our computational experiments, the typical smallest safe ratio ρ = u0/ξ0 that

we have found is usually between 0.5 and 0.6 depending on the system. A major

factor in computation speed is the number of points of the initial grid in Q0. A

finer grid means much computation. An increase in the resolution of the initial set

increases the probability of finding a safe set. However, if the number of initial

points chosen is too big, the algorithm is slowed down considerably. We believe the

true largest safe set in Q will be closely approximated by the safe set we find using

a grid. Furthermore, we note that our procedure would be valid for maps of any

dimension, although the computational effort for the application of the algorithm

increases exponentially with an increase in the number of dimensions. If such a set

exists, some originality might be required in displaying such a higher dimensional
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set. But the algorithm should be able to find it.

3.5 Some examples of safe sets

We have tested this new algorithm with three paradigmatic nonlinear dynamical

systems, namely, the slope-three tent map which is a one dimensional discrete-

time dynamical system, the Hénon map which is a two dimensional discrete-time

dynamical system, and the Duffing oscillator which is a continuous-time dynamical

system. The choice of parameters for all the systems are such that they possess a

chaotic saddle, which implies the existence of transient chaos.

Tent map. As an example of how the algorithm works, we have taken the

slope-3 tent map to show how are the safe sets. The slope-3 tent map is defined as

follows

xn+1 = 3(1− |xn|)− 1. (3.4)

For this system almost all the initial conditions in the interval [−1, 1] escape after

a finite amount of iterations [2]. The only initial conditions that stay forever in the

interval is the Cantor set associated with the only two fixed (unstable) points in the

interval with zero measure. But if we add any kind of disturbance to the system all

the initial conditions escape.

To apply the Sculpting Algorithm to this system we take as our initial set the

interval [−1, 1]. We have considered a maximum disturbance ξ = 0.3. We have

applied the Sculpting Algorithm over a grid of 100000 points equally distributed in

the interval [−1, 1], as we can see plotted as a blue straight line in Fig. 3.4(a). For

this disturbance value we have found that the smallest admissible value of control, so

that the Sculpting Algorithm converges is u0 = 0.1833, with four decimal precision.

This means a ratio ρ ≈ 0.6. In Fig. 3.4(b) we can see the result of the application

of the Sculpting Algorithm for the best possible ratio, which consists of four small

segments.

Hénon map. We consider the Hénon map with a choice of parameters close to
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(a) (b)

Figure 3.4. (a) In blue we can see the initial set considered for the tent map that we

will use to apply the Sculpting Algorithm, whereas in red we see the appearance of the

slope-3 tent map. (b) Here we show the result of the Sculpting Algorithm for the slope-3

tent map, for a disturbance value ξ = 0.3. The minimum control allowed that guarantees

the existence of a safe set is u0 = 0.1833, which means a ratio ρ ≈ 0.6.

the boundary crisis, which occurs for xn+1 = 2.12− 0.3yn − x2
n; yn+1 = xn,

xn+1 = 2.16− 0.3yn − x2
n

yn+1 = xn.
(3.5)

For this choice of parameters, we observe that almost all of the initial conditions

escape from the square Q = [−5, 5]× [−5, 5] after a finite number of iterations. The

presence of a disturbance in the system typically complicates the survival probability

of the orbits inside the square, since a small disturbance can drive the orbit outside

the square. If this happens, the orbit would go into the infinity very fast.

To apply the algorithm to the Hénon map, we have chosen this Q as the region of

the phase space from which we want to avoid the escapes. This square completely

covers the chaotic saddle formed in the parametric region which is close to the

boundary crisis.

No sink points exist inside the square, only the saddle points of the chaotic saddle
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Figure 3.5. We use a grid of 3000 × 3000 points in the square [−5, 5] × [−5, 5] as

our initial set for the Hénon map, xn+1 = 2.16 − 0.3yn − x2n; yn+1 = xn. Applying the

Sculpting Algorithm over several iterations we will obtain the desired safe set. We consider

that ξ0 = 0.3 is the worst possible disturbance that we can face.

can be found in this region. Then, using the Sculpting Algorithm recursively on the

initial set of Fig. 3.5, we find that after 12 iterations of Ψ the algorithm finally

converges to a safe set. Moreover, the safe sets are mapped in such a way that the

images are surrounded by the safe set itself, as is expected. We show the final safe

set in Fig. 3.7.

The Safe-Set Sculpting Algorithm of intermediate sets when applied to the Hénon

map is shown in Fig. 3.6. All the iterations of the algorithm are shown. As it was

mentioned earlier, there is a value of the control parameter umin
0 which corresponds

to the smallest u0 for which there is a safe set.

In the simulation that we have made with the Hénon map to obtain Fig. 3.7,

we have used a value of ξ0 = 0.3 for the bounded disturbance. For this value,

the minimum control bound (to two-digit precision) for which there is a safe set is

u0 = 0.18. Of course, if for the same value of the disturbance the control allowed

were higher, the safe set found would be a little larger. The minimum safe ratio
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

(10) (11) (12)

Figure 3.6. Hénon sculpting steps. This figure shows the sequence for creating the safe

set for the Hénon map. At each step, part of Qn is removed. The blue color represents

the part of the set that remains and the magenta the part that is to be removed. The

algorithm needs 12 steps to find the minimal safe set, i.e., it is impossible to find a safe

set with lower control.
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Figure 3.7. In this figure we can see the result of applying the Sculpting Algorithm to

the Hénon map, xn+1 = 2.16− 0.3yn − x2n; yn+1 = xn . The safe set appears in blue. The

minimum control allowed so that it exits a safe set is u0 = 0.18 for the given disturbance

of ξ0 = 0.3. This is equal to a ratio of ρ = 0.6.

obtained for this particular case is ρ = u0/ξ0 = 0.6.

Duffing oscillator. Now we demonstrate the algorithm with the Duffing oscil-

lator with this choice of parameters:

ẍ+ 0.15ẋ− x+ x3 = 0.245 sin(t). (3.6)

With these parameters, a very interesting topological property appears here.

This is the Wada property. Due to this property, every point on the boundary of

any basin is also on the boundary of the other two basins. [5]. This is what we see in

the Fig. 3.8. With this configuration, the Duffing oscillator has a region that shows

a transient chaotic behavior in the square [−2, 2] × [−2, 2] due to the presence of

a chaotic saddle. For this choice of parameters, the system possesses two period-1

orbits and one period-3 orbit. We can see this in the Fig. 3.9(a).

The idea of applying the partial control method to the Duffing oscillator is

slightly different than that of using it in the Hénon system. The region Q in this



56 Chapter 3. Algorithm to find Safe Sets

Figure 3.8. In this figure we show the complex structure of the phase space for the

Duffing oscillator ẍ + 0.15ẋ − x + x3 = 0.245 sin(t). In this system are present three

different basins of attraction (magenta, blue and green) which have the Wada property.

The invariant unstable manifold associated to the chaotic saddle appears in yellow.

case contains several attracting periodic orbits that will eventually attract almost

every trajectory. Our goal here is to have the trajectories partially controlled so that

they stay away from the attracting fixed points and the attracting periodic orbit of

period 3. The unperturbed, uncontrolled behavior of the system exhibits transient

chaotic behavior. The orbits behave chaotically, but after some time, the orbits

fall close enough to some of the stable periodic attractors, showing an intermittent

behavior in the presence of the disturbances.

The upper bound of the disturbance that we consider in this system is ξ0 = 0.08.
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Figure 3.9. (a) In this figure are represented the periodic attractors that has the Duffing

oscillator ẍ + 0.15ẋ − x + x3 = 0.245 sin(t): two period-1 attractors and one period-3

attractor. We also show with circles of radius 0.2 the region of the phase space that we

want to avoid whatever the disturbances. (b) We use a grid of 6000× 6000 points in the

square [−2, 2] × [−2, 2] as our initial set, but removing the zones that we want to avoid,

that is the circles. Applying the Sculpting Algorithm over several iterations we will obtain

the desired safe set. We let ξ0 = 0.08 be the maximum size of the vector perturbation.

The situation changes drastically if we use the partial control method. Then it is

possible to maintain the chaotic behavior indefinitely, with a control smaller than

the disturbances, avoiding the intermittency. We have found that it is possible to

achieve this with a ratio of control versus the disturbances of approximately 0.59.

For u0 significantly smaller than 0.0475, there is no safe set.

To apply the partial control method to the Duffing oscillator, we need to clarify

which is the concept of escape in this case. The region from which all the trajectories

escape will be the square [−2, 2] × [−2, 2] minus certain holes around the periodic

attractors. We say there is an escape here if a given trajectory enters one of the

circles or if it leaves the square. Then we use a grid of 6000 × 6000 points in the

square [−2, 2] × [−2, 2] as our initial set as in Fig. 3.9(b), but removing the zones
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

(10) (11) (12)

Figure 3.10. Safe set sculpting steps. This figure shows the sequence for creating the

safe set in the Duffing oscillator. At each step, part of Qn is removed. The blue color

represents the part of the set that remains and the magenta the part that is to be removed.

Only 12 iterations out of the 15 appear.
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Figure 3.11. In this figure we can see the result of applying the Sculpting Algorithm

to the Duffing oscillator ẍ + 0.15ẋ − x + x3 = 0.245 sin(t). The safe set appears in blue.

The minimum control allowed, so that it exits a safe set is u0 = 0.0475, with a maximum

disturbance of ξ0 = 0.08. This is equal to a safe ratio ρ ≈ 0.59.

that we want to avoid, that is the circles.

The Safe-Set Sculpting Algorithm of intermediate sets when applied to the time-

2π map of the Duffing oscillator is shown in Fig. 3.10, though only 12 iterations out

of the 15 appear. As it was mentioned earlier, the safe set has been computed for

the parameter umin
0 which corresponds to the smallest u0 for which there is a safe

set.

The final safe set obtained applying the Sculpting Algorithm to the initial set

plotted in Fig. 3.9(b), is shown in Fig. 3.11, where the safe set appears in blue.
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3.6 Conclusions

We present a general algorithm for finding safe sets, whenever one exists, for any

continuous bounded discrete-time dynamical system, in order to apply the partial

control method. Such safe sets can be found for example inside those regions from

which trajectories escape after having some complicated dynamical behavior. We

call it Sculpting Algorithm, as an analogy to removing material while sculpting a

statue. At this point, there is no general mathematical result that guarantees the

existence of a safe set, given a dynamical system, aside from running the Sculpt-

ing Algorithm on an example. Thus, our algorithm opens the door for a wider

application of partial control to discrete-time dynamical systems.

Our numerical simulations suggest that the safe sets are close to the invariant

stable manifold of the chaotic saddle, wherever it is hyperbolic, that is, where the

dynamics is more “similar” to that of a horseshoe map. We can guarantee that if a

safe set exists for a given situation, it can be found using our algorithm.
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Chapter 4

Asymptotic Safe Sets

The scientist knows very well that he is approaching ultimate truth

only in an asymptotic curve and is barred from ever reaching it; but at the

same time he is proudly aware of being indeed able to determine whether

a statement is a nearer or a less near approach to the truth.

—Konrad Lorenz

4.1 Introduction

In this chapter we introduce a new concept aiming at making easier the study

of the dynamics of the systems partially controlled [1], [2]. This is the asymptotic

safe set. We will also propose two different algorithms to compute them.

In the previous chapter we had defined the safe sets and how to compute them,

always trying to partially control systems with the minimum possible control. But

we had not studied the behavior inside these systems, if there is any pattern inside

those safe sets or whether the movement inside them is random. This is what we try

to answer with the asymptotic safe sets. We will see along this chapter that under the

partial control method the safe sets behave in a similar way to a basin of attraction

in a usual dynamical system. And also we will study how the asymptotic safe sets,

that are invariant by definition, would be the equivalent of a chaotic attractor [3]

under the partial control method. We can see the typical appearance of a safe set

and an asymptotic safe set for the Duffing oscillator in Fig. 4.1.

63
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Another interesting question that we study here is the dependence of the safe sets

and the asymptotic safe sets with the upper bound of the applied control. We will

show that the size of the safe sets usually increases as the applied control increases.

In addition, we will also review how the appearance of the the safe sets and the

asymptotic safe sets increases its “complexity” as we reduce the applied control

until some point below which no safe set exists.

Hénon map. To keep some kind of continuity with the previous chapter we

will also use here the Hénon map to compute and evaluate the asymptotic safe

sets with a choice of parameters close to the boundary crisis, which occurs for

xn+1 = 2.12− 0.3yn − x2
n; yn+1 = xn. We remind that the map used in the previous

chapter was:

xn+1 = 2.16− 0.3yn − x2
n

yn+1 = xn.
(4.1)

For this choice of parameters, we observe that almost all of the initial conditions

escape from the square Q = [−5, 5]× [−5, 5] after a finite number of iterations.

Duffing oscillator safe set. To test and evaluate the asymptotic safe sets in

the stroboscopic map of a forced continuous oscillator we choose again the Duffing

oscillator with the same values that in the previous chapter. It is defined as follows:

ẍ+ 0.15ẋ− x+ x3 = 0.245 sin(t). (4.2)

In this case q = (x, ẋ), and we take f(q) as the time-2π map of the Duffing oscillator.

We remind the reader that for these parameters, f had three attractors, (two fixed

points and one period 3 orbit). The approximate positions of the fixed points are

(0.815, 0.242) and (−0.933, 0.299), while the approximate positions of the period

3 are (−1.412,−0.137), (−0.354,−0.614), and (0.645,−0.464) [4]. Applying the

partial control method to this system we want to avoid the convergence of the

system to any of these periodic orbits.

Numerical calculations. All results reported in this chapter have been made

using a grid of points. In the case of the Hénon map we have used a grid of 3000
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Figure 4.1. Duffing Safe Set and an Asymptotic Safe Set. We show here the time-2π

map of the partially controlled Duffing oscillator ẍ + 0.15ẋ − x + x3 = 0.245 sin(t) and

Q = [−2, 2]×[−2, 2] minus five disks of radius 0.2 that are centered at the five points of the

three attractors (1 denotes a fixed point and 3 a period-3 point). Furthermore ξ0 = 0.08

and u0 = 0.0475. The green disk in the lower left has radius ξ0 and the smaller yellow disk

has radius u0, shown to illustrate the scale. We have used a 6000 by 6000 point grid in the

square shown. When all disturbances and control are 0, almost every trajectory appears

to asymptote to one of the attracting periodic orbits. A sample admissible trajectory

(that stays in the safe set) of 1000 iterates is shown as black dots. The red set (on which

the black dots lie) is an “asymptotic safe set”, which is described later in the chapter. It

includes the long-term parts of the trajectory.
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by 3000 points. In the case of the Duffing oscillator we have used a finer resolution

of 6000 by 6000 points, due to the fact that the disturbances considered in this case

were a lot smaller. The map f is approximated by a map f ∗ where for a grid point

p, we define f ∗(p) to be the nearest grid point to f(p). If there is more than one

closest grid point, then the one with the smallest coordinates is picked. The finer the

grid, the more accurate the calculation, and obviously it takes longer time. We only

report results that persist without significant change when we significantly increase

the grid density.

When we compute a safe set, we look for the minimum of the u0 for which there

is a safe set, which we denote as umin
0 . We are currently unable to determine the

uncertainty in the smallest umin
0 . There is of course a huge change in the safe set

as u0 is decreased past umin
0 . When it is below umin

0 , no safe set exists. We do not

know what critical event in the dynamics occurs at umin
0 .

We observe the safe set suddenly disappearing as u0 is decreased. See Fig. 4.2 to

check how the area in percentage of the Duffing oscillator reduces as we we vary the

u0 parameter. In practice it is important to keep u0 > umin
0 to avoid this numerical

discontinuity. Numerical experiments to find umin
0 will result in slightly different

values, depending on the grid size used and on the details of the implementation of

the algorithm.

The asymptotic safe sets have a behavior very similar to the safe sets with respect

to the control bound u0, as we can see in Fig. 4.2 for the Duffing oscillator. The

size in percentage decreases slowly until some umin
0 bellow which no asymptotic safe

set exists either. In this case the main difference between the safe set and the

asymptotic safe set is in the size for u0 > umin
0 , that shows clearly that the former

is much bigger than the latter, and is something that is valid for most values of u0.

4.2 Asymptotic safe sets

Recall Q denotes the set that we want admissible trajectories to stay in. Let S

denote the largest safe set in Q. We say a point p is a predecessor (or pre-image)
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Figure 4.2. Areas of sets depending on u0. See Fig. 4.1 for the map f and

parameters. Each curve represents the percentage of the area of the square [−2, 2]× [−2, 2]

that it occupies. As u0 varies, the highest curve is for the largest safe set S in Q. The

lower two are for the asymptotic safe sets. Note that they are equal except on a small part

of the range. The curves seem to be discontinuous at u0 = umin
0 , 0.0471 < umin

0 < 0.0472,

below which no region is safe and it is impossible to partially control the system. At

u0 = 0.0472 the upper curve is 35.6%, while the lower two curves are 4.1%. Recall that all

calculated numbers will vary slightly with grid size and implementation of the algorithms,

but we expect the patterns to persist.

of a point q and q is a successor of p if there exist admissible ξ and u for which

f(p) + ξ + u = q. (4.3)
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We say q is a S-successor if it is a successor of a point in S and it is in S. We say a

non-empty set A ⊂ S is an asymptotic set for Q if each p ∈ A has a predecessor

in A and each of p’s S-successors is in A. Every safe trajectory that is in A for some

time n must stay in A thereafter.

The red set in Fig. 4.1 denotes an asymptotic safe set in S, that we generated

using what we will later call a “growing” algorithm. The particular sample admis-

sible trajectory (black dots) lies in A. No admissible trajectory that starts in an

asymptotic set A can leave it unless it also leaves S.

We now give a sculpting algorithm for obtaining the largest asymptotic safe set

S∞ in S. Imagine all possible admissible trajectories qn lying entirely in S, (n > 0).

For each n > 0, write Sn for the set of all possible values that qn might have. Then

S1 = S and Sn+1 ⊂ Sn. Note that Sn+1 is the set of S-successors of points in Sn.

Write S∞ = ∩Sn. Then S∞ is an asymptotic set and it is the largest in S. The

compact sets Sn converge to S∞. Therefore for any admissible trajectory in S, the

distance of qn to S∞ goes to 0 as n → ∞. It would most likely eventually lie inside

the asymptotic set.

How do we compute the sets Sn? For a compact set C ⊂ S, let

ρS(C) := {q that are S-successors of points in C}. (4.4)

Typically S will have some points that have no predecessors in S. We now use ρS

to characterize the above defined sets Sn. We have

S1 := S; Sn+1 = ρS(Sn); S∞ = ∩nSn. (4.5)

Notice that since S is safe, each point has a successor in S, so none of these sets is

empty. Every Sn is safe. Since all Sn are compact and the sequence is nested, the

intersection S∞ is non empty. It follows that S∞ = ρS(S∞). In fact any set A that

satisfies

A = ρS(A) (4.6)

is an asymptotic set since all successors of each point in A are in A and each point

in A has a predecessor in A. Furthermore each such set is safe, because each point
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p ∈ A is also in S so every S-successor is in A.

For any admissible trajectory that lies entirely in S, it follows that the distance

dist(qn, S∞) → 0, and we may find qn ∈ S∞ for n sufficiently large. If qn ∈ S∞ for

some n, it must stay in S∞ thereafter.

Procedure of Eq. 4.5 is a “sculpting algorithm” since we start with a large set S

and successively cut parts away from S, each Sn smaller than Sn−1.

4.3 Implementing the Asymptotic Safe-Sets Algorithms

Before describing an efficient algorithm for finding an asymptotic safe set within

a safe set, we remind the reader what we call the “Safe-Set Sculpting Algorithm” be-

cause of their similarity and their differences. See [5] where it is called the “Sculpting

Algorithm”.

When we start sculpting a compact set C to find the largest safe set in C, with

specified values u0 for control and ξ0 for disturbances, we consider that there will

be good points and bad points. We say that a point p in C is “bad” (for C) if there

exists an admissible ξ such that the distance of f(p) + ξ from C is more than u0.

Such a point cannot be in a safe set in C. In that case f(p) + ξ has no admissible

control u for which f(p) + ξ + u is in C. We call the rest of the points in C “good”

(for C). We define the safe-set-sculpting operator

Ψ(C) := {good points ∈ C}. (4.7)

It cuts away and discards the bad part of C. If C is closed, so is Ψ(C). Points

may be good for C but bad for Ψ(C) and so have to be discarded in this iterative

process. The Sculpting Algorithm says that given a compact set Q, we can generate

its largest safe set Q∞ as follows.

Q1 := Q; Qn+1 := Ψ(Qn) ⊂ Qn; Q∞ := ∩∞
n=1Qn. (4.8)

For compact Q, all Qn and Q∞ are compact. We leave it to the reader to show that

Q∞ is a safe set, the largest safe set in Q. Our first numerical implementation of

this procedure required days for simple computations. Our current implementation
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is 30, 000 times faster. We find the safe set by applying our Safe-Set Sculpting

Algorithm to Q, (the square minus the five balls in Fig. 4.1); we obtain the safe set

in 15 iterations of Ψ for the specific choice of ξ0 and u0. The process stops because

we use a finite grid. A perfect calculation would take an infinite number of iterates,

but would converge to a set which looks very much like the displayed safe set.

Implementing the sculpting algorithm. An equivalent formulation of Ψ is

Ψ(C) = {p ∈ C such that f(p) ∈ (C + u0 − ξ0)}. (4.9)

Notice that this formulation does not require testing each point with every admissible

ξ, so it is much easier to implement (when restricting calculations to a grid). The

algorithm usually converges faster for values of u0 relatively larger than the minimum

control allowed umin
0 . As the value of u0 gets closer to umin

0 the shape of the shape

of the safe set becomes more and more complicated and the algorithm needs more

iterations to converge.

4.3.1 Sculpting the asymptotic safe set

It is not immediately clear from the definition of ρS how Eq. 4.4 can be imple-

mented, since it appears we must experiment with all admissible ξ for each p in the

set. Therefore we give an equivalent formulation. For a compact set C ⊂ S where S

is safe, the set of successors is f(C) + ξ0 + u0. Hence the set of successors of points

in C that lie in S is

ρS(C) = (f(C) + ξ0 + u0) ∩ S.

Here it is clear how to (approximately) compute ρS(C) when calculations are re-

stricted to a grid.

Computing an asymptotic sets. By repeating the application of Sn+1 :=

ρS(Sn) (Eq. 4.5), the algorithm “converges” in a finite number of steps (since we use

a grid) to the asymptotic safe set. That is, we come to an n for which Sn = Sn+1.

This is what we have computed with the Hénon map. See Fig. 4.3 which shows the

sculpting of the asymptotic safe set. The same approach has been followed with the
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

Figure 4.3. Where a safe trajectory can be at time k in the Hénon map. This figure

shows the sculpting sequence for creating the asymptotic safe set for the Hénon map. The

safe set is plotted in blue. We start with the whole safe set as initial set, shown in red in

panel (1). Then, we start sculpting and removing the parts of the safe set (panel 2, · · · , 8)

that are not part of the asymptotic safe set. As we iterate the sculpting algorithm, the

red set shrinks, converging toward the sculpted asymptotic safe set (shown in panel (9)).
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

Figure 4.4. Where a safe trajectory can be at time k in the Duffing oscillator. This

figure shows the sculpting sequence for creating the asymptotic safe set for the time-2π

map of the Duffing oscillator. The safe set is plotted in blue. We start with the whole

safe set as initial set, shown in red in panel (1). Then, we start sculpting and removing

the parts of the safe set (panel 2, · · · , 8) that are not part of the asymptotic safe set. As

we iterate the sculpting algorithm, the red set shrinks, converging toward the sculpted

asymptotic safe set (shown in panel (9)).
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Duffing oscillator. We start with the safe set S found (using a grid) for the Duffing

oscillator in Fig. 4.1. Then we sculpt that safe set using Eq. 4.5 until reaching its

asymptotic safe set as we show in Fig. 4.4. We stop the algorithm at the step when

no points are removed.

Asymptotic safe sets seem less dependent on the exact choice of Q as long as the

set is in Q, though the asymptotic safe set could get bigger in some cases when Q

is chosen larger.

4.3.2 Growing an asymptotic set

An asymptotic set A for a safe set S has the property

ρS(A) = A.

Suppose p ∈ S satisfies f(p) = p. Write B1 := {p}. Then since p is a fixed point,

B2 := ρS(B1) = (B1 + u0 + ξ0) ∩ S. A key property here is that B1 ⊂ B2; later we

will weaken even that property. The growing algorithm is as follows.

Assume B1 ⊂ B2; define Bn+1 := ρS(Bn); B∞ := closure of ∪n Bn. (4.10)

Then B∞ is asymptotic. The growing of an asymptotic safe set is shown in Fig. 4.6.

It is also a safe set since each of its points has an S-successor because S is safe, but

that point must be in B∞ since it is asymptotic. The same asymptotic set is shown

in red in Fig. 4.1.

Notice that we start with some closed set B1 that is a subset of ρS(B1) and a

single-point set is quite acceptable. Then Bn ⊂ Bn+1. That is, the set Bn grows

larger as n increases. Notice also that since the sets Bn are growing in size, the

asymptotic set is the closure of their union.

Potentially there could be several asymptotic sets inside one safe set, although

in most of the cases our computations show that the asymptotic safe sets could be

unique.

In practice we also compute the asymptotic safe sets using the growing algorithm

on a grid. The set function ρS used to grow an asymptotic safe set is the same one
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

Figure 4.5. Growing an asymptotic safe set. This figure shows the sequence growing the

asymptotic safe set for the Hénon map. The safe set is plotted in blue. We start with the

small red ball shown in panel (1) and we allow all the possible combinations of control and

disturbances provided the point lands in the safe set. As we iterate the growing algorithm

the red set expands until finally it converges towards the smallest possible asymptotic safe

set, given by panel (9). As we can see, formally we can only say that it starts growing

only from the step 3 onwards, because the step 2 does not cover the step 1.
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

Figure 4.6. Growing an asymptotic safe set. This figure shows the sequence growing the

asymptotic safe set for the time-2π map of the Duffing oscillator. The safe set is plotted

in blue. We start with the small red ball shown in panel (1) and we allow all the possible

combinations of control and disturbances provided the point lands in the safe set. As we

iterate the growing algorithm the red set expands until finally it converges toward the

smallest possible asymptotic safe set, given by panel (9). As we can see, formally we can

only say that it starts growing only from the step 3 onwards, because the step 2 does not

cover the step 1.
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used to sculpt it. The only difference is the initial set taken. When we sculpt an

asymptotic set, we take the initial set to be the entire safe set, while when we grow

it we take the initial set to be a small set in the safe set.

If B1 is not a subset of B2 but is a subset of Bk, then Bj ⊂ Bj+k−1, so we can set

Cn = ∪j=n+k
j=n Bj. Then Cn ⊂ Cn+1 and Cn+1 = ρS(Cn) Then defining C∞ to be the

closure of the infinite union ∪nCn is an invariant set. Notice that ∪nBn = ∪nCn.

Growing a Hénon map asymptotic safe set. Let B1 be the small red ball

that we see in Fig. 4.5(1). Then we “grow” Bn as described above, intersecting with

the safe set S on each step. Comparing Fig. 4.5(1) with Fig. 4.5(3), we see that

B1 ⊂ B3 so C1 = B1 ∪ B2 will grow with Cn ⊂ Cn+1 for all n > 0. We can see the

final result in Fig. 4.5(9). The condition “B1 ⊂ B3” will always occur if B1 consists

of a single point and that point is a period-two point.

Growing a Duffing oscillator asymptotic safe set. We obtain a very similar

result for the Duffing oscillator in Fig. 4.6, growing the small ball displayed in panel

(1). As we can see here, the asymptotic safe set found with the growing procedure

is not equal to the asymptotic safe set found with the sculpting procedure, that is,

the red set in Fig. 4.4 panel (9) is bigger (and contains) the red set in Fig. 4.6 panel

(9).

4.4 Dependence on the applied control

In this section we study the dependence of both the safe sets and the asymptotic

safe sets with the applied control.

What we get when the control parameter u0 is reduced is that as a whole the

size of the safe set starts shrinking until we reach the minimum value umin
0 , below

which no safe set exists. It is also very interesting how the topology of the safe sets

also gets more and more complicated as we approach the critical value umin
0 , as we

can see in Fig. 4.7 with the Hénon map and more clearly in Fig. 4.8 with the Duffing

oscillator.

We also want to highlight that the dependence of the safe sets area with the
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Figure 4.7. The safe and asymptotic safe sets as u0 decreases. The safe set is the non

white region, blue + red. This figure shows in red the asymptotic growing safe sets and the

asymptotic sculpting safe sets for the Hénon map. In this case the asymptotic sculpting

safe set and the asymptotic growing safe set are exactly equal for all the different values

of control represented. In all the panels the disturbance term that has been considered is

ξ = 0.3. As we reduce the control term we can appreciate a notable reduction of the size

of the safe sets while a marginal reduction of the asymptotic safe sets until we reach the

value umin
0 , below which no safe set or asymptotic safe set exists. As usual, in every panel

of this figure the light green disc represents the disturbance and the yellow disc represents

the control used to compute the respective safe sets and asymptotic safe sets.
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Figure 4.8. The safe and asymptotic safe sets as u0 decreases for the Duffing oscillator

ẍ+0.15ẋ−x+x3 = 0.245 sin(t). The safe set is the non white region, blue + red + green.

This figure shows in red the asymptotic growing safe set. The growing asymptotic set is

sometimes smaller than the sculpting asymptotic set, and sometimes equal. When they are

not equal, the part of the sculpting set that is not in the growing asymptotic set is shown

in dark green. At u0 = 0.0471 no asymptotic safe set exists. As it is shown the asymptotic

sculpting safe set is equal to the asymptotic growing safe set from u0 = 0.049 onwards.

As usual, in every panel of this figure the light green disc represents the disturbance and

the the yellow disc represents the control used to compute the respective safe sets and

asymptotic safe sets.
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applied control seems to be more sensitive than the asymptotic safe sets. This fact

can be easily checked in the panels of Fig. 4.7 with the Hénon map, where we see

how the blue region shrinks as the applied control is reduced, while the reduction

of the area of the asymptotic safe sets seems to be marginal in comparison. We can

see this even more clear in the case of the Duffing oscillator in the panels of Fig. 4.8

where the jumps in the size of the area are rather big compared with the uniform

reduction of the size of the asymptotic safe sets, which we had already shown in

Fig. 4.2.

At this point we cannot explain fully the reason why in the Duffing oscillator the

asymptotic sculpting safe set do not coincide with the asymptotic growing safe set

for values of the applied control below u = 0.0485. But we believe that it represents

an important change in the dynamics of the partial control.

4.5 Simulations

We have also run long admissible trajectories in the safe sets found for the Duffing

oscillator. In each step of the simulations we have chosen a particular point on the

safe set to put the admissible trajectory with the proper control. We have run the

simulations using a grid of points, trying to create the largest set that can be visited.

To achieve this goal in each iteration of a given point q ∈ S of the system, we

have computed all the points of S that were within a distance u0 of f(q)+ξ, being ξ a

random disturbance. Then we have picked the point of the next iteration randomly

among those who had not been visited yet. If in some iteration all the points of S

within a distance u0 of f(q) + ξ had already been visited, then we have chosen the

point of the next iteration randomly among all within a distance u0 of f(q) + ξ.

We can see the results of these simulations in Fig. 4.9. An admissible trajectory

of 106 iterations has been plotted in black on the asymptotic safe set in red and

the safe set in blue. As we can notice the trajectory is completely contained in

the asymptotic safe set. The longer the admissible trajectory is, the larger gets the

black area, being the limit the asymptotic safe set. We find also of interest the fact
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Figure 4.9. In black we can see the admissible trajectory of a partially controlled Duffing

oscillator ẍ+ 0.15ẋ− x+ x3 = 0.245 sin(t) of 1000000 iterations. In each iteration of the

admissible trajectory, we have computed all the points of S that were within a distance

u0 of f(q)+ ξ, being ξ a random disturbance, choosing as the target of the control, points

in the safe set that had not been visited previously.

that it seems that there are points of the asymptotic safe sets that are more likely

to be visited than others, since the trajectory plus disturbances tends to go to some

particular areas. This fact makes us believe that systems partially controlled might

also have strong ergodic properties.
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4.6 Conclusions

We hope that this work will launch efforts to understand how it is possible to use

small controls in chaotic (or even stochastic) environments to defeat large occasional

disturbances.
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Chapter 5

Partial control frequency

If you want to find the secrets of the universe, think in terms of

energy, frequency and vibration.

—Nikola Tesla

5.1 Introduction

Together with the strength of the applied control, another important issue in any

control problem is the control frequency, understood as the inverse of the maximum

time between two consecutive applications of control (keeping the system controlled).

For example, when trying to control the trajectory of a spacecraft, i.e., trying to

make it reach certain target, the amplitude of control is determined by the maximum

change in the velocity that we can obtain using the engines. The control frequency

will determine how long we will be able to keep the spacecraft controlled, provided

that we have a limited amount of fuel. Thus, in general, it is desirable to have

the minimum possible control frequency, see [1]–[3]. In absence of disturbances, the

required frequency depends basically on how precise our knowledge of the state of

the system is, and in principle it can be made as low as desired. However, the

presence of disturbances makes things more difficult, as long as increasing the time

between two consecutive applications of control implies an increase of the degree of

uncertainty on the future state of the system.

We address here this problem in the context of control of transient chaos. Using
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ideas of the partial control method, we show that if there is a maximum value of the

control that we can apply, say umax, there is a minimum control frequency to keep

trajectories inside the region of interest Q, thus sustaining the chaotic behavior.

The chapter is organized as follows: In Section 5.2 we show that this problem

can be understood in terms of partial control of the k−th iterate of a map with

escapes and we describe the model that we use to derive our main results: the

tent map. In Section 5.3 we show analytically that if we keep the value of the

disturbances constant the control/disturbances ratio required to keep trajectories

partially controlled decreases with k. In Section 5.4 we show that this, combined

with the fact that the effect of disturbances increases with k, implies that there

is a minimum control frequency determined by the minimum control/disturbances

ratio that the partial control method provides, together with the maximum control

that can be applied, umax. Evidences of the generality of our results are provided

in Section 5.5, where we show that similar features can also be reproduced with the

paradigmatic Hénon map. In Section 5.6 we draw the main conclusions of our work.

5.2 Applying partial control every k iterates

5.2.1 Problem Statement

Consider that we are trying to control a dynamical system with transient chaos,

i.e., to prevent the escapes from a region Q where there is transient complex dynam-

ics. The system might be affected by disturbances, and have equations of motion of

the form q̇ = f(q)+ξ(t), where ξ(t) is some type of stochastic process of intensity σ.

If the dynamics of a time-τ map or the Poincaré map in absence of disturbances are

given by qτ+1 = f(qτ ), in presence of disturbances it will be perturbed by a (random)

amount ξ(qτ , σ), so qτ+1 = f(qτ ) + ξτ (qτ , σ, τ) ≡ f(qτ ) + ξτ . In most situations, for

moderate σ values, such ξτ will be bounded by a constant ξ0.

We are interested in applying infrequent control perturbations to the system or,

using the terminology given above, to apply perturbations every k iterates of the

map with k as large as possible. If we consider the time-k · τ map or the k−th
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iterate of the associate Poincaré map, then the perturbed dynamics will be given

by qτ+k = fk(qτ ) + ξkτ (qτ , ξ, k) ≡ fk(qτ ) + ξkτ where ξkτ will now be bounded by

certain ξ0(k), so |ξkτ | ≤ ξ0(k). We are not interested in the precise form of ξkτ , we

just need to know that the higher k is, the bigger ξ0(k) will be. By redefining the

time index τ by an index n such that n = k · τ , we have that

qn+1 = fk(qn) + ξn, (5.1)

where the new index n is the index that accounts for the dynamics of every k

iterates of the map. Thus, applying control every k iterations can be represented

mathematically as:

qn+1 = fk(qn) + ξn + un

where |ξn| ≤ ξ0(k)

where |un| ≤ u0(k),
(5.2)

where un is the control that we apply to put the trajectory again on a safe set, that

is a control applied every k iterates and that we assume that will depend on k, so

we consider it bounded by certain constant u0(k). We say that a set S ⊂ Q is safe,

if for each q ∈ S, the distance of fk(q) + ξ from S is at most u0. Note that if f is a

map with a chaotic saddle in a region Q from which nearly all trajectories escape,

the same applies for fk. As we said, if f was the map associated to a flow with

disturbances as sketched in the introduction, or a map where disturbances act every

iteration, the effect of the disturbances will depend on k, and this dependence is

represented by ξ0(k), so |ξn| ≤ ξ0(k). Note that ξ0(1) ≡ ξ0. In order to understand

the effect of applying control every k iterations, first we are going to consider the

effect of varying k while keeping ξ0(k) constant in a simple example of a dynamical

system with escapes and transient chaos: the tent map.

5.2.2 Our model: the tent map

We consider here in detail the effect of applying the control scheme provided in

Eq. (5.2) to the k−th iterate of the tent map of slope λ > 2, T (x) = λ(1− |x|)− 1.

From now on, we keep λ = 3 fixed: the resulting map is shown in Fig. 5.1. Recall
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Figure 5.1. The tent map with escapes xn+1 = T (xn) where T (x) = λ(1− |x|)− 1 and

λ = 3. There is a chaotic saddle in the [-1,1] interval, from which nearly all trajectories

(except a zero-measure set) escape under iterations.

that points that do not diverge to infinity in the limit k → ∞ under T k form the

“middle-third” Cantor set built using the [−1, 1] interval as initial segment: these

points are the chaotic saddle of this system.

The map T is a good example of a map for which partial control can be applied.

This map presents escapes from a region Q, the [−1, 1] interval, that encloses a

chaotic saddle with a well-characterized complex dynamics.

We want to study the role of applying the control every k iterates. As we said

above, this is equivalent to the following control problem:

qn+1 = T k(qn) + ξn + un, (5.3)

with |ξn| ≤ ξ0(k) and |un| ≤ u0(k). In what follows, we are going to consider the

role of k in this control problem.

5.3 Partial control of the k iterate of the tent map

5.3.1 The k = 1 case

The k = 1 case of Eq. (5.3) was thoroughly studied in Ref. [4]. There is shown

that the sets Sm ≡ T−m(0) work as suitable safe sets for different values of ξ0.
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This means that trajectories of points {qn}∞n=1 can be kept close to this set with

u0(1) < ξ0(1). The points of the safe set Sm are of the form:

±2

3
± 2

32
± 2

33
± ...± 2

3m
. (5.4)

The key property, that makes them safe sets, is that each point of Sm−1 has one

point of Sm placed 2/3m away to its left, and a point of Sm placed 2/3m to its right

(those given for the last “±” sign).

In Ref. [4] is shown that for ξ0 = 4/3m the safe set that minimizes the required

u0 is given by Sm. In order to see this, consider for example that ξ0 = 4/3. As we

said, this implies that the adequate safe set is S1, which reads

S1 = T−1(0) = {−2

3
,
2

3
}. (5.5)

The points of S1 are displayed in Fig. 5.2(a). Note that T (S1) = 0, so the image of

S1 under T has one point of S1 to its left, −2/3, and another to its right, 2/3. This

property of the image of the safe set being “surrounded” by the safe set itself is the

good property that allows one to keep trajectories on them with a control smaller

than the disturbances. The reason is the following: assume that the first point of

the trajectory q1 is on S1. Then no matter what the disturbances ξ1 is, a control u1

smaller than ξ0(1) can put the trajectory back on S1. In particular:

• If 0 ≤ |ξ1| ≤ 2
3
, a correction of amplitude |u1| ≤ 2

3
− |ξ1| ≤ 2

3
can steer the

trajectory to a point on S1.

• If 2
3
≤ |ξ1| ≤ 4

3
, a correction of amplitude |u1| ≤ ξ0 − 2

3
≤ 2

3
can take the

trajectory to a point on S1.

These situations are illustrated in Fig. 5.2(a). After applying the accurate cor-

rection u1, we can make q2 lie in S1 and this can be repeated forever. Thus, we can

estimate from the above considerations the control/disturbances ratio required to

keep trajectories in [−1, 1] for λ = 3 and k = 1 iterates of the map,

u0(1)

ξ0(1)
|ξ0(1)=4/3 =

max(|u1|)
max(|ξ1|)

=
1

2
. (5.6)
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Figure 5.2. Examples of situations that can arise by applying the partial control strategy

for the slope-three tent map and for ξ0 = 4/3. Points belonging to safe sets are marked

with a ‘×’, the zero is marked with a ’◦’. (a) Control needed (blue arrows) to get the

trajectories back on the safe set S1 for k = 1, or ξ0 = 4/3 in two extreme situations, with

maximum disturbances (red arrow) and no disturbances. (b) The same but for the k = 4

case, using as a safe set S4. Note that in both cases the control needed is smaller than

the disturbance ξ0, but that for k = 4 the control needed is smaller than for k = 1.

We will show later that this is actually the minimum control/disturbances ratio

for ξ0(1) = 4/3. Due to the self-similarities of the sets Sm (Sm consists of two

small-scale copies of Sm−1, etc...) we can see that for ξ0(1) = 4/3m trajectories

can be kept inside Q with a control that is exactly half the value of disturbances,

bounded by u0(1) = 2/3m. On the other hand, for large values of the disturbances,

(larger than the typical size of the chaotic saddle) the control/disturbances ratio is

also smaller than one, and tends asymptotically to one as we increase the value of

the disturbances.

We want to point out that for values other than ξ0(1) = 4/3, it is also possible to

keep trajectories bounded with a control that is smaller than the disturbances. This

typically requires though other safe sets different from S1, that can be computed

making use of our Sculpting Algorithm [5]. These sets turn out to be preimages of

an interval around 0. Using this simple idea, we can see that the result using other
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Figure 5.3. Numerical estimation of the minimum control/disturbances ratio

u0(k)/ξ0(k) needed to keep trajectories bounded for the k−th iteration of the tent map

for values of the slope λ = 3 (◦), λ = 2.1 (+) and λ = 2.01 (×). For each value of λ

considered a constant disturbance ξ0(k) = 2− 2/λ is used. Solid lines correspond to the-

oretical values. The asymptotic value obtained decreases as we get closer to the critical

value λ = 2. Similar results are obtained for other values of the disturbances.

disturbances values will be qualitatively similar to the one observed for ξ0(1) = 4/3

and trajectories can be kept bounded with u0(1) < ξ0(1).

5.3.2 The k ≥ 1 case

We consider now how to apply the partial control method for k ≥ 1 and for the

value of ξ0(k) = 4/3, the same that for k = 1. A good guess would be to use the

set Sk = T−k(0). First, because by definition, we can see that the points of Sk are

mapped under T k to 0, a point that again has points of the set Sk to its left, and

points of the set Sk to its right. Thus, as in the k = 1 case, the image under T k of

Sk, T k(Sk) = 0, is “surrounded” by Sk, so Sk is an adequate safe set. The strategy

with this set would be the following: We choose q1 in Sn, then T k(q1) = 0. No

matter what the value of the disturbances ξ1 is, we only have these possibilities:
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• If 0 ≤ |ξ1| ≤ 2
3
− 2

32
− 2

33
− ... − 2

3k
= 1

3
+ 1

3k
, a correction of amplitude

|u1| ≤ 1
3
+ 1

3k
− |ξ1| ≤ 1

3
+ 1

3k
can steer the trajectory to a point on Sk.

• If 1
3
+ 1

3k
≤ |ξ1| ≤ 2

3
+ 2

32
+ 2

33
+ ...+ 2

3k
= 1− 1

3k
, a correction of amplitude either

2
3k

or 4
3k

(the two possible values of half the distance between two consecutive

negative or positive points of Sk) can take the trajectory to a point on Sk.

• If 1 − 1
3k

≤ |ξ1| ≤ 4
3
, a correction of amplitude |u1| ≤ ξ0 − (1 − 1

3k
) ≤ 1

3
+ 1

3k

can take the trajectory to a point on Sk.

Two of these possibilities are illustrated in Fig. 5.2(b) for k = 4. Thus, again,

after applying the control u1, smaller than ξ0(k), we can make the next point of the

trajectory q2 to lie on a point on the safe set Sk and this can be repeated forever.

Using the above considerations the control/disturbances ratio u0(k)/ξ0(k) needed

to keep the trajectories bounded for the k iterate of the tent map of slope λ = 3

and for ξ0(k) = 4/3 is

u0(k)

ξ0(k)
|ξ0(k)=4/3 =

max(|u1|)
max(|ξ1|)

=
1
3
+ 1

3k

4
3

=
1

4
+

1

4 · 3k−1
. (5.7)

Clearly, its value decreases with k. In particular, we can see that as k → ∞

lim
k→∞

u0(k)

ξ0(k)
|ξ0(k)=4/3 =

1

4
. (5.8)

Thus, we can see that by increasing k while keeping ξ0(k) constant, the con-

trol/disturbances ratio required to sustain transient chaos decreases, and for high k

values trajectories can be partially controlled with a control u0(k) that is 25% of the

disturbances ξ0(k). We have calculated numerically the minimum control/disturbances

ratio needed for each value of k by using the Sculpting Algorithm [5] for the value

ξ0(k) = 4/3 and we have compared with the theoretical value given by Eq. (5.7). The

results are shown in Fig. 5.3, showing a very good agreement with our theoretical

result.

As for k = 1, we can discuss now briefly the effect of using other values of the

disturbances. As in the k = 1 case, due to the self-similarities of the safe sets it
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can be seen that for values of ξ0(k) = 4/3m the relation given by Eq. (5.7) holds. A

similar behavior would be observed for other values of the disturbances, so we can

conclude that the decrease of u0(k)/ξ0(k) with k seen in Fig. 5.3 will be observed

for any value of ξ0(k). In what follows we investigate further the generality of this

result.

5.3.3 The effect of changing the slope

The results above hold for the tent map of slope λ = 3. It is not very diffi-

cult to see that similar results hold for values of λ above the critical value λ = 2,

where the map possesses a boundary crisis. In particular, a decrease on the con-

trol/disturbances ratio needed to sustain transient chaos at ξ0(k) will also be ob-

served. The way to see this is that, as for λ = 3, for a given λ > 2 and for values of

the disturbances ξ0(k) = (2λ−2)/λ the sets Sk = T−k(0) are safe sets. Furthermore,

it can be proved that the asymptotic value of the ratio as k increases depends on

the slope λ

lim
k→∞

u0(k)

ξ0(k)
|ξ0(k)=2−2/λ =

λ− 2

2λ− 2
. (5.9)

This is confirmed again in Fig. 5.3, where the minimum control/disturbances ratio

obtained theoretically using these safe sets for different λ values and those calculated

numerically with the Sculpting Algorithm [5] are shown. Note that this implies that

as λ approaches 2, the ratio goes to zero. The main reason for this is the fact that as

λ gets close to 2, the gap through which trajectories escape from the interval [−1, 1],

that is the interval(s) that is(are) mapped out of it under T (T k) becomes narrower

and points in the safe sets are closer from each other as k increases. This result is

also confirmed by the intuition that a slower escaping dynamics should imply that

the control/disturbances ratio needed to avoid escapes is smaller.

For other values of the disturbances, we can see that due to the self-similarity

properties of the safe sets the above results will hold for disturbances of the form

ξ0(k) = (2λ−2)/λm and that qualitatively similar results would hold for other values

of ξ0(k) (although, as for λ = 3 they will require other safe sets). With this idea in
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Figure 5.4. Numerical estimation of the ratio ξ0(k)/ξ0 vs the number of iterations k.

Notice that the ξ0(k)/ξ0 axis is in logarithmic scale. We have used the values ξ0 = 10−2

(‘◦’), ξ0 = 10−1 (‘+’)and ξ0 = 1 (‘×’) in the slope-three tent map. The solid line indicates

the numerical estimation given by Eq. (5.11).

mind, we can address the implications of these results.

5.4 A minimum control frequency

The above results characterize the behavior of the ratio u0(k)/ξ0(k) assuming

that our control problem is as described by Eq. (5.3) and taking ξ0(k) constant,

i.e., ξ0(k) does not depend on k for different values of k. We have concluded that

this ratio decreases with k to an asymptotic value that depends only on the system’s

parameters. However, as we noted in Section 5.2, ξ0(k) is not constant when we have

a system influenced by disturbances such as noise, that might act on the system

every iteration. This implies that the choice of k, the number of iterates of our

map (or the number of time−τ maps considered, or the number of intersections of

the Poincaré sections considered in our flow) will have an influence in the value of
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ξ0(k), something that we represented by the dependence on k of ξ0(k). For a given

dynamical system with a largest Lyapunov exponent L, we can expect the behavior

of ξ0(k) with k to be

ξ0(k) ∝ ekL. (5.10)

In fact, we have verified that this is exactly the case when considering the slope-λ

tent map. For this map the largest Lyapunov exponent is log λ so the above equation

becomes

ξ0(k) ≈ ξ0λ
k−1. (5.11)

In Fig. 5.4 we show the numerical estimates of ξ0(k) for different ξ0 values, computed

as the maximum divergence of the uncontrolled trajectories from their deterministic

path for every k. We see that the above expression provides a good estimate of ξ0(k)

and confirms that it grows exponentially with k.

With all these ingredients, we can derive now the main practical implication of

our result: that if the maximum control that we can apply on the system is umax,

using the partial control strategy we can derive the minimum control frequency. The

way to determine that minimum control frequency is the following: we know that

the control/disturbances ratio at fixed ξ0 decreases with k. On the other hand, we

know that the value of ξ0(k) grows with k. Thus, for every value of k we need an

estimate of ξ0(k). With this value, we calculate the minimum control required to

keep the trajectories bounded for this value of ξ0(k), i.e., the required u0(k) using

the partial control strategy. We recall that this can be done automatically with our

Sculpting Algorithm [5]. Then, the minimum control frequency will be determined

by the bigger k such that

u0(k) ≤ umax, (5.12)

where umax is the maximum control that we can apply to our system. If we apply our

controlling perturbation u every k iterates we can be sure that transient chaos can

be sustained in our system. We want to emphasize that provided that the partial

control method gives the minimum control/disturbances ratio u0(k)/ξ0(k) needed

to keep trajectories bounded (i.e., for every k we get the smaller u0(k) needed) we
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Figure 5.5. Numerical estimation of u0(k), the control needed when applying a control

every k iterations (‘×’), vs the number of iterations k. We use here ξ0 = 0.01. The value

of u0(k) is determined using the partial control scheme for the corresponding ξ0(k), that

as we know grows with k. The red line indicates the maximum control allowed in the

example considered in the text. This implies that the minimum control frequency occurs

when we apply the control every k = 5 iterations, as long as for k > 5 a control bigger

than umax would be necessary.

can be sure that the control frequency that we obtain following this procedure is the

minimum possible one.

As an example of the above procedure, consider that we are dealing with the

slope 3 tent map and that the maximum control that we can apply is umax =

0.5. Consider as well that every iteration the map is affected by a disturbance

bounded by ξ0 = 0.01. Of course, it would not be difficult to keep trajectories

bounded with frequent perturbations, i.e., applying a control every iteration to the

system. However, we want to know what is the smallest frequency allowing us to keep

trajectories controlled using always a control that is smaller than our bigger allowed

control, umax. To do this, we can use our estimate of the effect of disturbances after

k iterations, ξ0(k), that we already have shown in Fig. 5.4. Then, with each value
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Figure 5.6. A controlled trajectory of the tent map with a disturbance ξ0 = 0.01 when

applying the control every k = 5 iterations (the minimum control frequency) (a) and

applied control (b). Note that the applied control is always smaller than the maximum

allowed control in this example, umax = 1.

of ξ0(k) we have to compute the safe set that requires the minimum u0(k) using the

Sculpting Algorithm [5]. The result for this example is shown in Fig. 5.5. From this

figure we can infer that the minimum control frequency allowed to sustain transient

chaos is to apply a control every k = 5 iterations, provided that for k = 6 a control

bigger than umax = 1 would be needed. We can see an example of the controlled

trajectory in Fig. 5.6(a), whereas in Fig. 5.6(b) we can see the control applied, that

is clearly smaller than the maximum prescribed value umax. Thus, by using partial

control we have found a way to keep the system’s trajectories bounded by applying

a control smaller than the maximum value allowed and as unfrequently as possible.

We note that given umax and by using any other strategy to sustain transient chaos,

that would require a bigger u0(k) given ξ0(k), a higher control frequency would

be required. Thus, our reasoning above provides a way to minimize the control

frequency needed to sustain transient chaos.

Note that this procedure works as long as the ratio u0(k)/ξ0(k) at a constant

value of ξ0(k) decreases with k, something that we have just proved for the tent

map. In the following section we show that this property also holds for the Hénon

map, which suggests that this result is of a general nature and thus our procedure

to minimize the control frequency when sustaining transient chaos could be applied

to any dynamical system.
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5.5 Results for the Hénon map

In order to investigate the generality of our results, we consider now the Hénon

map, defined as xn+1 = a− byn − x2
n

yn+1 = xn.
(5.13)

As we have already seen in the previous chapters, if we fix the parameter b = 0.3

and we take a value of a > 2.12 almost all the initial conditions escape after a

finite amount of time from the square Q = [−5, 5] × [−5, 5]. The behavior of the

trajectories while they are inside the square Q = [−5, 5] × [−5, 5] is chaotic, but

not permanent. That means that after a finite time of complex behavior inside

that square, almost all the deterministic trajectories escape, and in the presence of

disturbances all trajectories escape.

The goal here is to check if for this map there is a decrease in the control ratio

as a function of k for a fixed value of ξ0(k), that as we have shown above is the

key to minimize the control frequency. For that reason, we have computed the safe

sets associated for k = 1, 2, 3, 4, 5 and 6 iterates of the Hénon map using a constant

disturbance amplitude ξ0(k) = 0.3 in all the simulations. For the safe sets computed,

we have always looked for the minimum control u0(k). That means that for every

k the safe sets found have been computed with a u0 below which no safe set exists.

The precision in the value of u0(k) is of three decimals.

The resolution that we have used for the computation of the safe sets has been

a challenge since what seemed to be right for k = 1, 2, 3 was clearly not enough for

k = 4, 5, 6. The reason for this phenomenon is that with every k the complexity of

each safe set seems to increase considerably. That is why the computations of the

safe sets for k = 1, 2, 3 have been done with a resolution of 9000× 9000 points while

those of k = 4, 5, 6 with a resolution of 12000 × 12000. The methodology that we

have followed to choose an appropriate resolution was to increase recurrently the

resolution used with the Sculpting Algorithm until we got two different resolutions

in which the difference between the minimum u0(k) computed were rather small.
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Interestingly, for these resolutions the appearance of the safe sets was always almost

identical.

In Fig. 5.7 we show the safe sets that we have computed for the Hénon map with

parameters a = 2.16 and b = 0.3 and constant ξ0(k) = 0.3. For these parameters the

state of the system is very close to the boundary crisis that appears when a = 2.12,

so we expect the rate of escape to be low. An interesting feature that we can see in

this figure is that as we increase the value of k the shape of the safe sets becomes

more and more complex. But the main result that this figure shows is that at a

constant disturbance the control needed to keep the trajectories bounded is severely

reduced as is increased k.

We have also done another set of simulations for the Hénon map with a value

a = 3, that can be considered to be far away from the crisis. We can see the safe

sets computed for different k values in this situation again for constant ξ0(k) = 0.3

in Fig. 5.8. In this case the escape rate is bigger than in the previous example and

the trajectories will leave Q much faster. Again, here it is possible to observe that

as k is increased the minimum control needed to avoid escapes decreases, but not

as fast as for a = 2.16. This is confirmed by the segments in Fig. 5.9(a), where the

ratios u0(k)/ξ0(k) for fixed ξ0(k) = 0.3 are shown. There we can see that this ratio

decreases with k in both cases and that the values are smaller for a = 2.16, closer

to the crisis, than for a = 3, a feature that we also observed for the tent map.

As an example of how the control would work in this case, in Fig. 5.9(b) we

show a time series of x for a controlled trajectory of the Hénon map with a = 2.16,

where we have chosen to apply control every k = 6 iterations and with a disturbance

ξ0(6) = 0.3. In Fig. 5.9(c) we show the control applied: we can see that it is applied

every k = 6 iterations and it is well below the maximum disturbance ξ0(6) = 0.3,

that is highlighted with the red line.

Summarizing, we have seen that the features previously observed for the tent

map also apply for the Hénon map, which implies that for this system we could

also minimize the control frequency once the value of umax is known. This suggest
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Figure 5.7. We show here in blue the safe sets for the Hénon map for a = 2.16 for

different values of k. The green ball is the maximum admissible disturbance and the

yellow ball the maximum admissible control, which clearly decreases with k.



5.5. Results for the Hénon map 101

Figure 5.8. We show here in blue the safe sets for the Hénon map for a = 3 for different

values of k. The green ball is the maximum admissible disturbance and the yellow ball

the maximum admissible control, which clearly decreases with k.
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Figure 5.9. (a) Ratio u0(k)/ξ0(k) computed for constant ξ0(k) = 0.3 for k iterates of the

Hénon map with a = 2.16 (line) and a = 3 (segments). As expected the ratio decreases

faster in the case of a = 2.16 due to the fact that the size of the escaping region is smaller.

(b) Time series of the x variable of a controlled trajectory with k = 6 and ξ0(6) = 0.3 and

(c) the control applied in this case, which is clearly smaller than the noise value ξ0(6) = 0.3

(shown with a red line).
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that our ideas are of general nature and might well be applied to other dynamical

systems

5.6 Conclusions

In this chapter we have investigated what is the minimum control frequency

needed to sustain transient chaos in a system in presence of disturbances, showing

that the partial control method gives a way to minimize such frequency. We have

shown that this is possible due to the fact that, at constant disturbances, the min-

imum control/disturbances ratio required decreases with the number of iterates k

towards an asymptotic value. Furthermore, we have shown that this value is smaller

as we get closer to the parameter values for which the chaotic saddle arises. Our

results are exact for the tent map and we have shown that they also hold for the

Hénon map, so we believe that in principle they would hold for any dynamical sys-

tem with a chaotic saddle, although an exact result on the generality of our results

for any system would require further theoretical investigation. Our work also shows

that the main advantage of the partial control method, its ability to minimize the

control needed to sustain transient chaos in presence of disturbances, can also be

used (in a more indirect way) to achieve other valuable control goals.
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Chapter 6

Conclusions

I think and think for months and years. Ninety-nine times, the con-

clusion is false. The hundredth time I am right.

—Albert Einstein

The main results of this thesis constitutes a significant progress of the partial

control method. We can articulate them around four different topics: (1) the rela-

tionship between the escape time sets and the safe sets, (2) the Sculpting Algorithm,

(3) the study of the dynamics of the systems partially controlled and (4) the analysis

of the control frequency in order to optimize the results for partial control.

1. Extended safe sets

We have defined the extended safe sets as a new step forward for the application

of the partial control method. We have proposed a basic scheme to remove

points of the escape time sets in order to obtain the new extended safe sets.

We also have shown the important role that the stable manifold of the chaotic

saddle found inside the set Q plays in the partial control method and how it

could be used to remove the points of the escape time sets. Finally, we have

carried out several numerical simulations using these new extended safe sets

showing that for different scenarios the control required is even smaller.

2. Sculpting Algorithm

We have shown a new generic algorithm to compute safe sets in arbitrary

107
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chaotic nonlinear dynamical systems in the presence of external disturbances.

We call it the Sculpting Algorithm. The algorithm only requires the map and

the maximum strength of the applied external disturbance. We have shown

that there is a lower bound in the control below which no safe set exists. We

have found safe sets with the new algorithm in several paradigmatic nonlinear

dynamical systems, such as the tent map, the Hénon map and the 2π time

map associated to the Duffing oscillator.

3. Trajectories partially controlled

We have studied the dynamics of the systems partially controlled. For that

purpose, we have defined the Asymptotic Safe Sets. Two different algorithms

have been used to compute these sets: the sculpting algorithm by which we

sculpt it from the safe set and the growing algorithm by which we grow it

out of a small subset of the safe set. We have computed the asymptotic safe

sets for the Hénon map and for the 2π time map associated to the Duffing

oscillator with the surprising result that no matter which algorithm is used

the asymptotic safe set seems to be the same in almost all the situations.

4. Minimum frequency

We have studied which is the minimum frequency needed to partially control

a chaotic system. We have computed safe sets for dynamical systems, such

as the tent map and the Hénon map, where the control is applied only every

k > 1 iterations. We have checked that the sculpting algorithm is also able

to construct safe sets under this condition. We have found that the control

needed for the partial control method decreases as the number of iterations k

increases, keeping constant the disturbances. We have also found that for a

given bound of the applied control, if the strength of the disturbances grows

with the number of iterations k, it is possible to define a minimum control

frequency beyond which the method does not work.
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Resumen

Introducción y antecedentes

El trabajo de investigación desarrollado en esta tesis se centra fundamentalmente

en el “Control de Transitorios Caóticos”. Generalmente se entiende por sistema

caótico a aquel que presenta un objeto atractivo en el espacio de fases, un atractor

caótico, dentro del cual las trayectorias son caóticas. Sin embargo existen situa-

ciones en las cuales existe un conjunto en el espacio de las fases dentro del cual

las trayectorias son caóticas pero no es atractivo. La existencia de estos conjuntos,

conocidos como sillas caóticas o conjuntos caóticos no atractivos, implica que las

trayectorias que pasan cerca se comportan de modo caótico durante una cantidad

finita de tiempo, y luego acaban cayendo en otro atractor fuera de la región donde

se encuentra dicho conjunto. Este comportamiento se conoce como caos transitorio.

El caos transitorio es tan frecuente como el caos permanente, dado que en ocasiones

basta con alterar levemente un parámetro del sistema para que (a través de una bi-

furcación) un atractor caótico se convierta en una silla caótica. Durante los últimos

años el control del caos permanente, una idea que fue introducida en el art́ıculo pio-

nero (Ott, Grebogi & Yorke, 1990), ha sido estudiado con gran detalle, pero apenas

se han dedicado esfuerzos al control del caos transitorio. Por otro lado, este tipo

de control puede tener importantes aplicaciones en ciencia e ingenieŕıa (Dhamala

et al. 1999). En años precedentes, se hab́ıa conseguido mostrar que la trayectoria

de un sistema dinámico con transitorios caóticos puede ser controlada incluso si el

control aplicado es menor que el ruido. Esta idea fue mostrada primero en un sen-

cillo sistema unidimensional (Aguirre et al. 2004), para ser más tarde generalizada

a una gran variedad de sistemas dinámicos: aquellos que presentan una herradura

de Smale, que estira y dobla regiones del espacio de fases (Zambrano et al. 2008,

Zambrano et al. 2009). Una importante tarea que quedaba pendiente era mejorar

la aplicabilidad de estas ideas y mostrar que este método es implementable en un

sistema arbitrario con caos transitorio.
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Metodoloǵıa del Control Parcial

En nuestras vidas, usualmente caóticas, normalmente evitamos planificar con

excesivo detalle, ya que en caso de que lo hagamos nos veremos obligados a re-

alizar frecuentes modificaciones y adaptaciones. Cada vez que hacemos planes para

conseguir lo que queremos lograr, tenemos que tener en cuenta aquellas situaciones

indeseables y molestas que queremos evitar. Existen numerosas situaciones fuera

de nuestro control que intervienen en el curso de nuestros planes, de modo que nos

vemos obligados a adaptarnos a nuevas situaciones y nuevos escenarios. Podŕıamos

simplemente decir que únicamente tenemos un control parcial sobre nuestro futuro.

El objetivo fundamental del Método del Control Parcial consiste en suministrar un

método completamente nuevo de control mediante el uso de ejemplos y alegoŕıas

de situaciones caóticas donde intentamos evitar desastres, de modo que nos vemos

forzados a revisar continuamente nuestras trayectorias. Desde un punto de vista

matemático, el método del control parcial de sistemas caóticos, es un nuevo tipo de

control de sistemas dinámicos caóticos en presencia de perturbaciones de cualquier

naturaleza. Por tanto, el objetivo fundamental del método de control parcial es

evitar ciertos comportamientos indeseables sin poder determinar una trayectoria es-

pećıfica. La sorprendente ventaja de este método de control es que en ocasiones

resulta posible evitar dichos comportamientos indeseables incluso cuando el con-

trol aplicado es menor que las perturbaciones externas que actúan sobre un sistema

dinámico dado. Esta novedosa ĺınea de investigación se viene desarrollando desde

hace años por varios investigadores del Grupo de Dinámica No Lineal, Teoŕıa del

Caos y Sistemas Complejos del Departamento de F́ısica de la Universidad Rey Juan

Carlos, donde he realizado mi tesis, en colaboración con el Prof. James Yorke de

la Universidad de Maryland; pionero en los estudios de la teoŕıa del caos y de los

métodos de control del caos, quien mereció el Japan Prize en 2003 por sus contribu-

ciones a las ciencias de la complejidad.

La investigación realizada durante esta tesis es de naturaleza eminentemente

teórico-computacional, si bien la implementación de los resultados en algún sistema
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f́ısico es un añadido que siempre resulta deseable. Por todo ello el trabajo real-

izado se sustenta principalmente en el cálculo numérico. Para llevarlo a cabo se ha

usado lenguajes de programación como C, que permiten cálculos rápidos de inte-

gración numérica de ecuaciones diferenciales, asimismo como el entorno de trabajo

de Matlab. Sin embargo, en Dinámica No Lineal y Teoŕıa del Caos, en ocasiones

se hace necesario aproximarse al problema estudiado desde un punto de vista más

geométrico, lo cual sólo es posible si representamos gráficamente distintas carac-

teŕısticas del sistema: el atractor en el espacio de fases, los diagramas de bifurcación,

las variedades estable e inestable, etc... Para hacer todo este tipo de análisis gráfico

se ha usado un software más elaborado como es el de Matlab u otras herramientas

del mismo tipo, que permiten una visualización rápida y eficiente de los datos con

apenas esfuerzo.

Objetivos y Conclusiones

1. Estudiar la relación entre los tiempos de escape y los

conjuntos seguros.

En las regiones del espacio de fases con escapes en sistemas dinámicos deter-

ministas, cada punto va a tener asociado un determinado tiempo de escape. Dicho

tiempo de escape viene definido como el tiempo empleado si tomamos la condición

inicial en dicho punto y iteramos el sistema hasta que escapa. Utilizando esta

definición es posible agrupar los diferentes puntos de la región con escapes en con-

juntos con puntos que se mantienen en la región de interés durante al menos un

tiempo determinado. Es a esto a lo que llamamos “conjuntos de escape temporales”.

Sorprendentemente estos conjuntos temporales con escapes son enormemente pare-

cidos a los conjuntos seguros utilizados en la técnica del control parcial. Es por eso

que en una primera aproximación estudié si era posible estudiar este tipo de con-

juntos temporales en lugar de los conjuntos seguros en la técnica de control parcial.

Lamentablemente como se prueba en primera parte de la tesis esto no es posible
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debido a que el mapeo de estos conjuntos no es el adecuado para poder utilizar con-

trol menor que ruido. Sin embargo, propongo en esta primera parte de la tesis una

procedimiento básico para eliminar de estos conjuntos escape temporales los puntos

que no son válidos para el control parcial. Básicamente consiste en recortar aquellas

zonas que no tienen un mapeo adecuado. Tras efectuar esta operación obtenemos un

conjunto válido para el control parcial al que llamamos conjunto seguro extendido.

También estudio en este apartado la relación existente entre las variedades estables

presentes en todo sistema con una herradura de Smale con estos nuevos conjuntos

seguros extendidos. Finalmente muestro como funciona todo este nuevo conjunto

de ideas aplicándolas al mapa de Hénon.

2. El Algoritmo del Escultor

El ingrediente básico de la técnica de control Parcial son los conjuntos seguros.

Con los conjuntos seguros extendidos se probaba que estos conjuntos eran en prin-

cipio mucho más grandes de lo que se pensaba. Pero el método para obtenerlos

segúıa siendo bastante rudimentario y además necesitaba de la presencia en el espa-

cio de las fases de una herradura de Smale, que puede ser en muchos casos bastante

dif́ıcil de encontrar. En esta segunda parte de la tesis presento un algoritmo, al que

llamamos Algoritmo del Escultor, que permite encontrar de forma automática con-

juntos seguros en sistemas dinámicos con escapes, únicamente conociendo el mapa

(o la sección de Poincaré si se trata de un sistema continuo) y el valor de la máxima

perturbación externa presente en el sistema. Aplicando dicho algoritmo recursiva-

mente para diferentes valores de control se pueden ir obteniendo diferentes conjuntos

seguros. Pero no todos los valores de control van a permitir la existencia de un con-

junto seguro. Parece haber un valor mı́nimo por debajo del cual no existen conjuntos

seguros. En esta parte también muestro como funciona este nuevo algoritmo con dos

sistemas paradigmáticos en Dinámica No Lineal: el mapa de Hénon y el oscilador

de Duffing.

3. Dinámica del control parcial
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En este apartado analizo el comportamiento de los sistemas parcialmente con-

trolados. Con la introducción del Algoritmo del Escultor se haćıa posible encontrar

conjuntos seguros en prácticamente cualquier sistema. Pero poco o nada se sab́ıa

de la dinámica del sistema una vez que se empezaba aplicar control. Realizando

simulaciones largas en sistemas con control parcial se descubre rápidamente que las

trayectorias no visitan con igual regularidad todas las zonas de los conjuntos se-

guros. Es más, hay zonas que no se visitan jamás. Es por esto, que en esta parte

defino lo que llamamos conjuntos seguros asintóticos. A estos conjuntos van a ten-

der asintóticamente todas las trayectorias dentro de los conjuntos seguros conforme

va avanzando el tiempo. Para hallar estos nuevos conjuntos, propongo nuevos algo-

ritmos que utilizan como base al conjunto seguro encontrado con el Algoritmo del

Escultor. El primero de ellos es también un algoritmo de escultura que va eliminando

puntos del conjunto seguro de acuerdo a una determinada condición. El segundo

de ellos realiza la operación contraria, es un algoritmo de moldeado. Tomando un

conjunto de condiciones iniciales dentro del conjunto seguro encontrado con el Algo-

ritmo del Escultor y utilizándolo como modelo va añadiendo nuevas parte conforme

se van visitando nuevas zonas. Curiosamente la mayoŕıa de las veces los conjuntos

asintóticos encontrados utilizando ambos algoritmos son iguales, lo que hace pensar

que esos sean únicos en la mayoŕıa de sistemas. En particular, muestro en esta parte

como funciona todo este nuevo marco conceptual con el oscilador de Duffing.

4. Minimizando la frecuencia del Control Parcial

En cualquier sistema de control lo que siempre se intenta es minimizar al máximo

el control aplicado en cada iteración aśı como la frecuencia con las que se tiene que

aplicar. En esta parte muestro esta segunda aproximación. Estudio que ocurre

cuando en vez de aplicar control durante cada iteración del sistema la aplico cada

k iteraciones. Como resultado destacable muestro en esta parte que asumiendo un

nivel de perturbaciones externas constante con k iteraciones del sistema, es decir que

las perturbaciones no aumentan con cada iteración, el control necesario para evitar
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comportamientos indeseados va disminuyendo asintóticamente. También muestro

como esta convergencia asintótica depende del tamaño de la región de escape que

se encuentre en el sistema o que se haya definido artificialmente. Si el tamaño de la

región de escape es muy pequeño o nulo el control converge asintóticamente a 0 según

se aumenta k. Por el contrario, si la región por la que hay escapes es muy grande

la convergencia asintótica del control ya no es a 0, si no que será a un valor finito

distinto de 0, que será proporcional al tamaño de la región de escape. Por otro lado

asumir que el nivel de las perturbaciones externas no aumenta con cada iteración,

es decir que no se va a ir amplificando, no parece muy realista. Pero utilizando

este hecho fundamental con el hecho de que el control necesario va disminuyendo

conforme se aumenta el número de iteraciones si este es constante nos permite definir

una frecuencia mı́nima de control. Esto es que asumiendo que únicamente podemos

aplicar una determinada cantidad de control máxima podemos hacerlo de tal forma

que podemos minimizar la frecuencia con la que efectuamos esta acción. En este

apartado también muestro como aplicar todas estas ideas fundamentalmente a la

aplicación tienda para luego generalizarlo todo en el mapa de Hénon.


