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Preface
“If nature were not beautiful, it would not be worth knowing, and if
nature were not worth knowing, life would not be worth living”
-Henri Poincaré (1854-1912)
The present work represents my thesis, which has been carried out during the
past ﬁve years. In this thesis the relationship between classical chaos and quantum
entanglement is explored. All this work is oriented from the point of view that
classical chaos and quantum entanglement is related even though these phenomena
are appearing in diﬀerent scales.
This thesis is organized as follows:
1. Introduction: In this chapter a brief introduction to the main topics of our
work is given. The Chaos Theory and Quantum Mechanics is brieﬂy described and
the main tools used to quantify classical chaos and quantum entanglement are also
explained.
The rest of the thesis is dedicated to explaining my recent contributions according
to the following points.
2. Chaotic maps and the phase control method: In this chapter we study the pure
classical chaos using a two-dimensional map. We also show that a chaos control
method called the phase control method can be applied to nonlinear maps. The
physical systems that we have studied are very simple to understand but they show
rich classical dynamical behavior. For example, we can easily see that the rich
xiii
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structures are appearing in simple nonlinear systems like the bouncing ball system.
Our ultimate aim to understand, how these rich classical dynamical behaviors gets
modiﬁed in the quantum context.
3. Short time entanglement in the coupled oscillator systems: In this chapter
we analytically study the continuous variable quantum entanglement in coupled oscillator systems. The eﬀect of squeezing on the short time quantum entanglement
is analytically explored. In this analytical calculation we use a general interaction
potential λxm y n which is suitable to describe the linearly coupled harmonic oscillator, the Barbanis-Contopoulos Hamiltonian, the Hénon-Heiles Hamiltonian and the
Pullen-Edmonds Hamiltonian. These two dimensional Hamiltonians are selected
since it has already been explored to study the classical chaotic behavior. We explore the ~-dependence of the short time linear entropy of the entanglement and the
eﬀect of squeezing on the entanglement dynamics.
4. Entanglement and chaos in the Pullen-Edmonds Hamiltonian: In the previous
chapter we have seen that the chaos can arise in very simple systems and it can be
controlled. In addition to that, the previous chapter explains the short time behavior of the quantum entanglement in a coupled oscillator system. In this chapter we
combine those ideas of the classical chaos and quantum entanglement, to explore
the relationship between the entanglement and chaos in the Pullen-Edmonds Hamiltonian. Contrary to our previous case, here we explore hamiltonian chaos since we
study conservative system. The nature of quantum entanglement is explored in
relation to the local structure of the classical phase-space.
5. Entanglement enhancement and chaos in the Hénon-Heiles Hamiltonian: In
the previous chapters we have seen that the chaos can be controlled. In addition to that, we have found the nature of the entanglement enhancement in the
Pullen-Edmonds Hamiltonain and its relation to chaos. In this chapter we ﬁnd the
relationship between entanglement and chaos using the Fastest Lyapunov Indicator.
We explore the inﬂuence of the degree of chaos on the entanglement enhancement

Preface
in the Hénon-Heiles system.
6. Conclusions: The main results are summarized in this section.
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Chapter 1

Introduction

“I should like only to say this: the determinism of classical physics
turns out to be an illusion, created by overrating mathematico-logical
concepts.It is an idol, not an ideal in scientific research and cannot,
therefore, be used as an objection to the essentially indeterministic
statistical interpretation of quantum mechanics”
-Max Born (1882-1970).

Quantum Mechanics is the most successful theory available to us to describe
atomic phenomena, but it has provided much controversy in its philosophical interpretations. The philosophy of Quantum Mechanics was extraordinary and revolutionary and at the same time, it contradicts many of the accepted concepts of
classical physics. Interestingly, all the mathematical predictions of the theory in
small scales always coincide with observations.
The key ingredient in the classical theory is determinism. The idea that the
casually bound prior state of any object or event completely determines its later
states is called determinism. Classical Mechanics is entirely based on this philosophical concept of the ability of predictability of the behavior of a system from its
initial state. In the quantum regime this determinism is absent. Einstein was the
ﬁrst person who raised his objections against these philosophical issues in Quantum
Mechanics which eventually lead him to the discovery of the quantum entanglement
[1]. In the last few decades many advances happened in the classical physics and the
1
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chaos theory is one of the greatest achievements in classical physics. In chaos theory
the determinism is preserved but the predictability depends on our observational
time. Hence the nondeterministic quantum nature must be possible to explain in
terms of classical physics. Recently, the modern ideas of nonlinear dynamics and
chaos theory is used to interpret Quantum Mechanics. There are many attempts in
this direction, even though it is a slight digression, it is worthwhile to describe some
of those lines of researches. Nobel laurate Gerard ’t Hooft believes that there should
be a deterministic classical theory underlying Quantum Mechanics. He is attempting to explain Quantum Mechanics from the more fundamental levels of classical
physics called the deterministic cellular automata model [2]. Another theory called
the Scale Relativity by Laurent Nottale, try to explain that Quantum Mechanics
can emerge from the non-diﬀerential nature of the space-time. In the Feynman path
integral formulation, a microscopic particle can take all the possible paths. Nottale
argues that this is due to the fact that the space-time is a non-diﬀerential manifold
and the geodesic densities on this manifold can describe the wavefunction [3]. These
lines of research are entirely diﬀerent from Quantum Chaos. Quantum Chaos is
a research area which focuses on the study of the quantum dynamics of a system
whose classical counterpart shows the chaotic behavior. It is well known that in
the quantum regime, chaos is absent but the manifestation of classical chaos in the
corresponding quantum system can be studied. Usually the hard core theoretical
researches in Quantum Chaos is focused on the Hilbert and Pólya conjecture, they
have put forwarded the idea that the zeros of the Riemann zeta function may have a
spectral origin. Later Berry and Keating had conjectured that a classical Hamiltonian H = xp can give the zeros of the Riemann zeta, if it can be properly quantized
[4]. Another area of research incorporates the Random Matrix Theory(R.M.T). It
was Wigner who found that the statistical properties of the energy levels of the quantum system can be modeled using random matrices [5]. He was concerned about the
neutron excitation spectra of the heavy nuclei. Due to the many particle nature of
the nuclei, he assumed that the Hamiltonian matrix can be a random matrix. Years
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later, researchers have found that, even a simple one particle system can show the
statistical properties of the random matrix, if the corresponding classical system is
chaotic in nature. Random matrix theory itself is a well established mathematical
topic and more details can be seen in Mehta’s book on random matrices [6].
In our research, we take a diﬀerent route. Our research speciﬁcally focus on
the relationship between the quantum entanglement and classical chaos. The quantum entanglement is a unique quantum property but its classical counterpart is
not known. Recent researches in the area of Quantum Chaos had revealed the
fact that the quantum entanglement can be considered as the quantum manifestation of classical chaos [7]–[14]. We adopt this point of view and we explore the
relationship between the quantum entanglement and classical chaos using squeezed
coherent states. We study the eﬀect of squeezing on the entanglement dynamics and
its quantum-classical correspondence. Our research has revealed many interesting
properties which can be used to enhance entanglement in a quantum system. In
order to have a better understanding on our research it is necessary to have a clear
idea of Classical Chaos and Quantum Entanglement. Hence in this chapter, we
make a small overview of these topics.

1.1

Introduction to Classical Chaos

In a classical system the dynamics is determined by the ordinary diﬀerential
equations and once the particle position and its velocity is known, its future states
can be easily predicted. Due to the discovery of the Lorenz’s butterﬂy eﬀect, our
understanding about the predictability and determinism is completely overturned.
Even a small diﬀerence on the initial conditions can give entirely diﬀerent behavior
for a classical system. Hence in classical mechanics the system behavior is predictable in the short-time regime, as time proceeds this predictability vanishes due
to the error that we commit in the measurement of the initial conditions. (a) The
sensitive dependence on the initial conditions is one of the important properties of
a chaotic system. A chaotic system must have two important additional properties

4
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(b) it must be topologically mixing and (c) it must have dense periodic orbits.
Chaos is classiﬁed mainly into two diﬀerent categories, the ﬁrst one is known
as the Hamiltonian chaos and the other one might be called simply the dissipative
chaos. In the dissipative chaos there is a deﬁnite chaotic attractor called the strange
attractor which is fractal in nature. But in the Hamiltonian chaos, no chaotic
attractor is present but it can generate strange fractal sets called fat fractals.
A classical dynamical system can be described by a set of ﬁrst order ordinary
diﬀerential equations which is given by,
ẋt = ft (xt , p),

(1.1)

where xt , ft are vectors of the m−dimensional phase space at any instant time t,
and p is the parameter vector of the system.

1.1.1

Classical Poincaré Section

Consider the Eq. 1.1 with a periodic solution x̄t . We can construct an m − 1
dimensional transversal Σ to the corresponding closed orbit Γ. Let a be the point
where Γ intersects Σ. For an orbit φ(x0 ) starting at x0 ∈ Σ close to a, the phase
ﬂow will return to Σ. The ﬁrst return Poincaré map P : U ⊂ Σ → Σ is deﬁned by
P (x0 ) = φ(τ ; x0 ). It is to be noted that a is a ﬁxed point of the map P . Hence the
Poincaré section P reduces the study of the stability of a periodic orbit x̄(t) to the
study of the stability of a ﬁxed point a.
The Poincaré return map P(x), can be written as a d − 1 dimensional map of
the form
x′ = P (x) = f τ (x) (x);

x′ , x ∈ P.

(1.2)

Here the ﬁrst return function τ (x) sometimes referred to as the ceiling function. It
is the time of ﬂight to the next section for a trajectory starting at x. The choice
of the Poincaré section hypersurface P is altogether arbitrary. This hypersurface
can be speciﬁed implicitly by a single condition, through a function U(x) that is
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zero whenever a point x is on the Poincaré section, x ∈ P iﬀ U(x) = 0. Hence the
Poincaré section can also be written as,
U(xn+1 ) = U(xn ) = 0, n ∈ Z+

xn+1 = P (xn ),

(1.3)

The gradient U deﬁnes the orientation of the hypersurface P , in addition to that
the ﬂow can also be oriented. Hence a periodic orbit can pierce P twice, traversing
it in either positive and negative direction. Hence in the deﬁnition of the Poincaré
return map P (x) an orientation condition is needed and it is given by,

d
X

vj (xn )∂j U(xn ) > 0.

(1.4)

j=1

A detailed explanation of these ideas can be seen in references [15] and [16].

1.1.2

Lyapunov Exponent

Lyapunov exponent or Lyapunov characteristic exponent of a dynamical system
is a quantity that characterizes the rate of separation of inﬁnitesimally close trajectories. Quantitatively, two trajectories in phase space with initial separation δx0
diverge at a rate given by |δx(t)| ≈ eλt |δx0 | where λ is called the Lyapunov exponent.
If all points in a neighborhood of a trajectory converge toward the same orbit, the
attractor is a ﬁxed point or a limit cycle. However, if the attractor is strange, any two
trajectories x(t) = ft (x0 ) and x(t)+δx(t) = ft (x0 +δx0 ) that start out inﬁnitesimally
close to each other separate exponentially with time, and in a ﬁnite time their
separation attains the size of the accessible state space. This rate of separation can
be diﬀerent for diﬀerent orientations of the initial separation vector. Thus, there
is a spectrum of Lyapunov exponents equal in number to the dimensionality of the
phase space. The Largest Lyapunov exponent associated to an orbit x(t) can be
written as
λ = lim

t→∞

1
||δx(t)||
log
.
t
||δx(0)||

(1.5)

6

Chapter 1. Introduction
Usually the Largest Lyapunov exponent or the Maximal Lyapunov exponent

(MLE), determines the notion of predictability of a dynamical system. The positive
value of the Largest Lyapunov is an indicator of the chaotic behavior of the system.
It is important to note that an arbitrary vector of the initial separation will typically
contain some component in the direction associated with the MLE, and due to the
exponential growth, the information of the eﬀect of the other exponents will be
wiped out over time. Hence special numerical techniques like the Gram-Schmidt
Orthogonalization scheme is implemented to determine the entire Lyapunov spectra.

1.2

Introduction to Quantum Mechanics

In the mathematical framework of Quantum Mechanics, a Hilbert space H is
associated to any physical system. The state of a system |ψi is described by a unit
vector in the Hilbert space and the measurements on the system are described by
the operators acting on the state vector |ψi. In the non-relativistic case, the state
vectors obey the Schrödinger equation and it can be written as,
i~

∂
|ψi = Ĥ|ψi,
∂t

(1.6)

where Ĥ is the Hamiltonian operator.

1.2.1

The wavefunction formulation

Projecting the state vector |ψi into the continuous basis |xi we can write,
i~

∂
ψ(x, t) = H(x)ψ(x, t).
∂t

(1.7)

Now using the two-dimensional continuous basis representation, we can write the
Schrödinger equation as,
i~

−~2 2
∂
ψ(x, y, t) =
∇ ψ(x, y, t) + V (x, y)ψ(x, y, t)
∂t
2m

(1.8)

where hx|ψi = ψ(x, y, t) is the state vector projected in the continuous basis representation and V (x, y) is the two-dimensional potential. Time evolution of the state
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vector is described by the unitary operator Û and the time evolution of the quantum
state ψ(x, y, t) is given by,
ψ(x, y, t) = Û (t)ψ(x, y, 0),

(1.9)
2

where the time evolution operator is given by Û(t) = exp ( −it
[ −~
∇2 + V (x, y)]).
~
2m

1.2.2

The Schrödinger equation in matrix form

Consider the Schrödinger equation in a discrete basis, then an arbitrary wavefunction |ψi can be expanded in terms of the linear combination of eigenstates |ni
|ψi =

X

cn (t)|ni.

(1.10)

n

Now left multiply the Schrödinger equation with hm| then the Schrödinger equation becomes,
i~

X
∂
cm (t) =
Hm n cn (t)
∂t
n

(1.11)

where Hm n = hm|Ĥ|ni is the (m, n) element of the Hamiltonian operator in the
matrix form. It can be clearly seen that the left hand side shows the matrix multiplication and cn gives the elements of the column vector. For time independent
∂
problems we have i~ ∂t
cn = E cn , and the Eq. 1.11 becomes,

X

H m n cn = E cn .

(1.12)

n

This is a matrix eigenvalue equation where Hm n is a square matrix and cm is an
eigenvector with an eigenvalue E. Hence the time independent quantum problem
is reduced to a matrix diagonalization problem. This establishes the equivalence
of Schrödinger’s wavefunction formulation and the matrix formulation of Quantum
Mechanics developed by Werner Heisenberg in 1925. In the matrix formulation each
mechanical observable such as the position X̂, momentum P̂ , or Hamiltonian Ĥ is
mathematically represented by a matrix also known as “an operator”. For a system
with N basis states “an operator” will be an N × N square Hermitian matrix at the
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same time a quantum state |ψi is mathematically represented by an N × 1 column
matrix.

1.2.3

The Density Matrix Formulation

The density matrix or density operator is an alternate representation of the
state of a quantum system. It was introduced independently by von Neumann
and Landau. The impossibility of describing a subsystem of a composite quantum
system by a state vector led Landau to introduce the density matrix. On the other
hand, von Neumann introduced the density matrix in connection with quantum
statistical mechanics and quantum measurements. Describing a quantum system
with the density matrix is equivalent to using the wavefunction. There are signiﬁcant
practical advantages using the density matrix for certain type of quantum problems.
The density matrix is formally deﬁned as the outer product of the wavefunction and
its conjugate
ρ̂ = |ψihψ|.

(1.13)

The state of the system is completely speciﬁed by this self-adjoint, positive, unittrace density operator ρ̂. It can also be written as a convex mixture of projectors,
that is,
ρ̂ =

N
X
k=1

pk |φk ihφk |,

(1.14)

where pk s are the probability distribution and φk s are the normalized state vectors
but it need not be orthogonal. Evolution of the density matrix is determined by the
following equation
ρ̂(t) = Û (t) ρ̂(0) Û † (t),

(1.15)

where Û is the time evolution operator as described earlier.
The von Neumann entropy
The von Neumann entropy of a state ρ̂ is deﬁned as,
S(ρ̂) = −Tr(ρ̂ log ρ̂),

(1.16)
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which is a proper extension of the Gibbs entropy (up to a factor kB ) and the Shannon
entropy to the quantum case. To compute S(ρ̂) it is convenient to compute the eigen
P
decomposition of ρ̂ = j λj |jihj|. Then the von Neumann entropy can be written
as,

S(ρ̂) = −

X

λj ln λj .

(1.17)

j

The von Neumann entropy codiﬁes the degree of mixing of the state describing a
given ﬁnite system. In the latter section we speak about the use of von Neumann
entropy to quantify the quantum entanglement.
The linear entropy
The linear entropy is a lowest order approximation to the von Neumann entropy.
The linear entropy is obtained by expanding the logarithm of the density matrix
log ρ̂ = log (1 − (1 − ρ̂)), i.e, expanding in terms of the non-negative matrix 1 − ρ
and retaining only the leading term 1−ρ, we get the expression for the linear entropy
δ(t) = 1 − Tr(ρ̂2 ),

(1.18)

where we have used the normalization condition Tr(ρ̂) = 1. The linear entropy is a
similar measure of the degree of entanglement of a state, and the main advantage
is that, it can be calculated easily since it does not require diagonalization of the
density matrix.

1.3

Quantification of quantum entanglement

Quantum entanglement is a quantum mechanical correlation between two or
more quantum states. This correlation persists even if the individual state are spatially separated. As a result, measurements performed on one system seem to be
instantaneously inﬂuencing other systems entangled with it. This peculiar quantum
property has potential application in the emerging technological areas like the quantum computing and quantum cryptography. Quantum entanglement is even used in
quantum teleportation.
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In 1935, Albert Einstein, Boris Podolsky and Nathan Rosen attempted to show

that the quantum mechanical theory was incomplete [1]. Through their thought experiment they had found counterintuitive predictions of Quantum Mechanics about
strongly correlated systems which is later known as the EPR paradox. Their article
generated signiﬁcant interest among physicists and inspired much discussion about
the foundations of Quantum Mechanics. Later, John Bell had extended their work
and found an inequality based on the local realism. He found that, for certain entangled state Quantum Mechanics violates this inequality. Later, many experiments
have shown the same fact.

1.3.1

Entangled states

Consider two systems A and B with associated Hilbert spaces HA and HB
respectively. Suppose that the systems A and B interact for a while, such that
we can no longer describe them as independent states ρ̂A and ρ̂B . We can write
the combined density matrix of the system as ρ̂AB which is acting on the joint
Hilbert space HA ⊗ HB . Now the question is how to retrieve the information of
the subsystems A and B from the total system. This can be done though a simple
mathematical operation called the partial trace operation. Hence, we can have
the density matrix of subsystem A by performing partial trace operation on the
combined density matrix ρ̂AB . Hence we have,
ρ̂A = TrB (ρ̂AB ),

(1.19)

where ρ̂A is called the reduced density matrix of the subsystem A. Similarly we
can write the reduced density matrix of the subsystem B which is given by, ρ̂B =
TrA (ρ̂AB ). We can say that the states are not entangled if we can write the density
matrix or the wave function of the total system as a tensor product state of the
subsystems, i.e, ρ̂AB = ρ̂A ⊗ ρ̂B . On the other hand, we can say that an entangled
state is the one which cannot be written as a simple tensor product of the subsystems.
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Schmidt decomposition and quantification of the
entanglement

It is possible to show that any pure bipartite state can be written in the form,
|ψiAB =

d
X
p
j

λj |uj i ⊗ |vj i,

(1.20)

where {λj }j=1,2,..,d is a probability distribution, and {|uj i}j=1,2,..,d and {|vj i}j=1,2,..,d
are orthonormal bases of HA and HB respectively. This is called the Schmidt
decomposition of the bipartite state. We can deduce the density matrix easily from
this expression, which is given by,
ρ̂A =

d
X
j=1

λj |uj ihuj | and ρ̂B =

d
X
j=1

λj |vj ihvj |.

(1.21)

In order to quantify entanglement we can calculate the von Neumann entropy or
the linear entropy of the reduced density matrix. Hence we have,

S(ρ̂A ) = −

X

λj ln λj .

(1.22)

j

and
δ(t) = 1 − TrA (ρ̂2A ).

(1.23)

When the von Neumann entropy or the linear entropy is zero, we can express the
combined state as a tensor product state, hence the entanglement is zero in that
case. There are many other ways to quantify the entanglement, but for our purposes
the von Neumann entropy and the linear entropy is suﬃcient. Another advantage of
these entropies is that, we can easily extend these entropies for the inﬁnite dimensional case without any problem. Hence this will serve to quantify the entanglement
in a ﬁnite dimensional Hilbert space (spin system) as well as inﬁnite dimensional
Hilbert space (continuous variable entanglement of photons). In this thesis, we
completely focus on the continuous variable (CV) quantum entanglement.
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1.4

Connection between classical chaos and quantum
entanglement

The correspondence between quantum physics and its classical counterparts has
been well-established for decades [7], [17]–[19]. In the recent decade, there has been
an increased interest in correlating the quantum entanglement and classical chaos
[7]–[14]. Recently the research on the relationship between the entanglement dynamics and classical chaos have been widely noticed due to an experimental breakthrough
made by Poul Jessen’s group at the University of Arizona. Quantum entanglement
and classical chaos are among the hottest topics in physics. The hidden partnership between these two phenomenon could provide many interesting features of the
quantum to classical transition. Usually, chaos is a large-scale phenomenon associated with classical physics which is absent in the microscopic quantum regime. Poul
Jessen and his collaborators have found experimentally the ﬁngerprints of chaos in
a quantum system. They have searched for signs of chaos within a set of cooled
Cesium atoms to realize the model of the quantum kicked top. They were able to
show that when the electron spin direction of the system changes chaotically, it can
rapidly get entangled with the nuclear spin.
In this thesis, we use the squeezed coherent state to uncover the mysterious relationship between entanglement and chaos. In the quantum information community
the squeezed coherent state is widely used for the information processing. Our main
aim is to identify the relationship between the mode squeezing and quantum entanglement and its relation to classical chaos. Our research will be an asset to gain a
better understanding of quantum entanglement and classical chaos.
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Chapter 2

Chaotic maps and the
phase control method

“All stable processes, we shall predict. All unstable processes, we
shall control”
-John von Neumann (1903-1957).

2.1

Introduction

In this chapter we give a brief introduction to the dissipative chaotic maps and
a method to control chaos arising in a dynamical system. A dynamical system can
be usually described by chaotic maps which are very simple to understand. This
chapter will show us how a simple dynamical system can exhibit rich dynamical
behavior and the way exploit it. This chapter will also help us to understand the
key features of the chaotic dynamics like the crisis induced intermittency.
One of the important characteristic of a chaotic dynamical system is the sensitive
dependence on the initial conditions, which means that an arbitrary close trajectory
can diverge with time at a ﬁnite distance, thus the long term predictions are impossible. This is what is known popularly as the butterﬂy eﬀect as concocted by Philip
Merilees “Does the ﬂap of butterﬂy’s wings in Brazil set oﬀ tornado in Texas ?”
One of the pioneering methods of chaos control, the OGY controlling chaos
method [1], consists on the fact that a very small variation of a system parameter
by means of a feedback, can transform a chaotic trajectory into a periodic one and
vice versa.
15
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The idea that chaos could be controlled, instead that chaos could not be fore-

casted, gave rise to an explosive interest to researchers. Despite numerous publications on this ﬁeld, only some few strict facts were established, while many issues
remained open. In view of the wide scope of possible applications, this area is of
interest both to dynamical systems theorists and control engineers [2]–[5].

2.1.1

Phase control method

Chaos control methods are usually classiﬁed within two main categories, depending on how they interact with the chaotic system. The ﬁrst category corresponds to
feedback methods, which are aimed to stabilize one of the stable orbits that lie in the
chaotic attractor by applying small perturbations that depend on the time-varying
state of the system. The experimental implementation of the feedback methods
are hard to achieve since it demands a fast response to the time variation of the
system state. For this reason, non-feedback methods have appeared more useful in
many practical cases. The non-feedback methods allow to switch between diﬀerent
dynamical behaviors by applying either parameter perturbations or external forcing
signals that do not depend on the current state of the system [6]–[8].
Here, we are focusing on a non-feedback control technique called phase control
method [4]. This technique has been used to control the chaotic behavior of a Duﬃng
oscillator [9], to control intermittencies [10] and to avoid escapes in a nonlinear
oscillator [11], among others. Similar ideas have been also applied in the context
of Josephson junctions [12], [13] and in population dynamics in theoretical ecology
[14].
Non-feedback methods have been mainly used to suppress chaos in periodically
driven dynamical systems.
ẋ = f(x, p) + F cos(ωt),

(2.1)

where x, f and F are vectors of the m−dimensional phase space, and p is the parameter vector of the system. The main idea of these non-feedback methods is to
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apply a harmonic perturbation either to some of the parameters of the system
ẋ = f(x, pi (1 + ǫ cos(rωt + φ)), pj ) + F cos(ωt)

(2.2)

for j = 1 . . . n being j 6= i, or as an external additional forcing to the system,
ẋ = f(x, p) + F cos(ωt) + ǫu cos(rωt + φ),

(2.3)

where u is conveniently chosen as a unitary vector. Here r determines the ratio
between the frequency of the forcing and the natural frequency of the system, and
φ is the phase diﬀerence between the natural oscillation and the forcing signal.
In resonant parametric perturbation methods, the numerical and experimental
explorations have been essentially focused on the role played by the perturbation
amplitude ǫ and the resonance condition r, but the role of the phase diﬀerence φ has
hardly been explored. However, it is observed that the phase diﬀerence φ between
the periodic forcing and the perturbation have certain inﬂuence on the dynamical
behavior of the system. The type of control based on varying the phase diﬀerence φ
in search of a desired dynamical behavior is known as the phase control technique.

2.2

Dissipative maps

In dissipative maps the phase space volume is not conserved. The phase space
volume shrinks as time proceed. Hence the value of the Jacobian is less than one.
In area-preserving maps the value of the Jacobian is unity. In area-preserving maps
we cannot observe a deﬁnite chaotic attractor. However in a dissipative map we can
observe a deﬁnite chaotic attractor. We are going to study two diﬀerent dissipative
chaotic maps called, the dissipative bouncing ball map and the Hénon map which
are two simple paradigmatic models of dissipative maps.

2.2.1

Bouncing ball map

An acceleration mechanism of cosmic ray particles interacting with the timedependent magnetic ﬁeld was proposed by Enrico Fermi in 1949 [15]. This phenomenon was explained later in terms of a simple classical model by Stanislaw
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Ulam [16]. Afterward this model became popular as the Fermi-Ulam model [17]
and several modiﬁed versions were proposed over the years because of its interesting
dynamical properties [18], [19]. Among the diﬀerent models, the simplest one that
displays chaotic behavior is the system with one ball bouncing on a vibrating table
under the action of gravity. This is widely known as the bouncing ball system [20],
[21].
In the simple bouncing ball model, a ball is bouncing on a sinusoidally vibrating
table under the action of gravity. The evolution of the bouncing ball system is a
mix of continuous and discrete evolution. In between the collisions the evolution
of the system is continuous but it is discontinuous at the time of collision. Using
this property, we can easily make a discrete map of the system by analyzing the
impact time series. Let X(t) be the position of the ball with respect to the ground
reference frame then the series X(t0 ), X(t1 ), X(t2 ), ..., X(tn ), represents the impact
time position series of the ball.
Next we follow the derivation of the bouncing ball map as it was introduced in
Ref. [20]. Let V̄k be the velocity of the ball with respect to the ﬁxed reference frame,
′

just after the impact time tk and V̄k be the velocity just before the impact time tk .
The nature of the impact is relevant, so that if the impact between table and the
ball is inelastic we have
′

V̄k = −αV̄k ,

(2.4)

where α is the coeﬃcient of restitution 0 < α ≤ 1, when α = 1 the collision is
completely elastic. We are interested in the quantities which are in the ground
frame of reference. Considering the k + 1 collision, consequently we will get
′

V̄k+1 = −αV̄k+1 ,

(2.5)

V̄k+1 = Vk+1 − Uk+1 ,

(2.6)

′

′

V̄k+1 = Vk+1 − Uk+1 ,

(2.7)

where Uk+1 is the velocity of the vibrating table at the k+1-th collision. Substituting
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Eq. (2.6) and Eq. (2.7) in Eq. (2.5) we get
′

Vk+1 − Uk+1 = −α(Vk+1 − Uk+1 ),
′

Vk+1 = (1 + α)Uk+1 − αVk+1.

(2.8)

The variable t represents the instantaneous time between two adjacent collisions
(tk ≤ t ≤ tk+1 ), where tk is the time of the k-th impact on the table, and tk+1 is the
time of the (k + 1)-th one. Let X(t) be the vertical position of the ball in the ground
frame of reference, then according to Newton’s law the instantaneous position of the
ball is given by,
X(t) = Xk + Vk (t − tk ) − 21 g(t − tk )2

(2.9)

and the velocity of the table is given by
Vk+1 =

dX
|t=tk+1 .
dt

(2.10)

Now we can compute the impact velocity equation. The table position is given by
s(t) = A sin(ωt + θ0 ), so that our table velocity is given by
Uk+1 =

ds
|t=t .
dt k+1

(2.11)

The instantaneous distance between the table and the ball is given by d(t) = x(t) −
s(t). We can ﬁnd the impact time by solving d(tk+1 ) = 0 since an impact occurs
when the distance between the table and the ball goes to zero. Therefore
1
Xk + Vk (tk+1 − tk ) − g(tk+1 − tk )2
2
−A sin(ωtk+1 + θ0 ) = 0.

(2.12)

The above equation is called the time recurrence equation. If we substitute Uk =
′

Aω cos(ωtk + θ0 ) and Vk+1 = Vk − g(tk+1 − tk ) in Eq. (2.8), we can obtain Eq. (2.13),
which is the recurrence velocity equation
Vk+1 =(1 + α)Aω cos(ωtk+1 + θ0 )
− α[Vk − g(tk+1 − tk )].

(2.13)
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The complete recurrence equations are given by
1
Xk + Vk (tk+1 − tk ) − g(tk+1 − tk )2
2
−A sin(ωtk+1 + θ0 ) = 0,

(2.14)

Vk+1 =(1 + α)Aω cos(ωtk+1 + θ0 )
− α[Vk − g(tk+1 − tk )].

(2.15)

These are the exact time and velocity recurrence equations, respectively. But one
of them is explicit and another one is implicit. Since we want to construct a nonlinear map out of these equations, we need both equations to be explicit. To solve
this problem we make use of an approximation, which is called the high bounce
approximation.
High bounce approximation
In this approximation we assume that the bouncing height of the ball is large
compared with the vibration of the table. Thus, we say that the velocity of the ball
simply change its sign for the k + 1-th collision, therefore
V

′

k+1

= −Vk .

(2.16)

But using the equation of motion we have,
′

Vk+1 = Vk − g(tk+1 − tk ).

(2.17)

Substituting Eq. (2.16) in Eq. (2.17) we have,
tk+1 = tk +

2Vk
.
g

(2.18)

Thus the approximated explicit recurrence equations are given by
2Vk
,
g
= (1 + α)Aω cos(ωt + θ0 ) − α[Vk − g(tk+1 − tk )].

tk+1 = tk +
Vk+1

(2.19)
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If we transform Eq. (2.19) and Eq. (2.20) to make them dimensionless by changing
variables as xk = ωtk + θ0 ,

yk = (2ω/g)Vk ,

β = (2ω 2A/g)(1 + α) we get,

xk+1 = xk + yk

(2.20)

yk+1 = β cos xk+1 − α[yk − 2(xk+1 − xk )].
If we substitute the phase equation xk+1 = xk +yk in Eq. (2.20), we get the complete
approximated explicit recurrence equations, which are given by,
xn+1 = xn + yn

(2.21)

yn+1 = αyn + β cos(xn + yn )
Here x is associated with the time interval between collisions and y is associated with
the velocity of the ball just after the impact. Here α is the coeﬃcient of restitution
and β is related to the frequency and amplitude of the table. The Jacobian matrix
of a two dimensional map is deﬁned by
J=

∂(xi+1 , yi+1 )
,
∂(xi , yi )

(2.22)

so that the Jacobian matrix of the bouncing ball map is given by,


1
1

J =
βS α + βS

,

where S = sin(xk + yk ). In order to calculate the dissipation eﬀect, let us take the
determinant of the Jacobian matrix, which is given by,
|J| =

1

1

β sin(xk + yk ) α + β sin(xk + yk )
|J| = α

(2.23)

Here in the dissipative bouncing ball model we are considering the inelastic collisions
of the ball with the table. Hence the energy is not conserved. The energy loss
is determined by the dissipation coeﬃcient α. Hence, it is evident that α is the
dissipation coeﬃcient so here α gives the measure of the contraction of phase space.
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The eigenvalues of the Jacobian matrix are given by,
Λ2 − Λ T r(J) + |J| = 0,

(2.24)
(2.25)

where T r(J) means the trace of the matrix J. Thus, by solving this equation,
p
1
Λ = [ (1 + α + βS) ± (1 + α + βS)2 − 4α],
2

(2.26)

where S = sin(Xk + Yk ), and Λ are the local Lyapunov exponents. The global
Lyapunov exponents are deﬁned as,
1
ln |Λj |,
n→∞ n

λj = lim
where Λj are the eigenvalues of M =

n
Y

j = 1, 2,

(2.27)

Ji (Xi , Y i). If the value of λj is positive, then

i=1

the phase space trajectories diverge exponentially, which in turn gives the chaotic
behavior in the system.
Since the bouncing ball system is dissipative, there exist a chaotic attractor,
which is shown in Fig. 2.1. Here the width of the attractor depends on the dissipation
coeﬃcient α. If the value of α is closer to zero, the width of the attractor is minimum
and the width is maximum when the value of the alpha is closer to unity. If the
value of the dissipation coeﬃcient α reaches unity, then the speciﬁc chaotic attractor
vanishes and the system shows a sort of Hamiltonian chaos.
Standard map
If the coeﬃcient of restitution is unity, then the dissipative bouncing ball map
reduces to the standard map.
xn+1 = xn + yn

(2.28)

yn+1 = yn + β cos(xn + yn )
This is an area-preserving map since the determinant of the Jacobian matrix is
unity. This is one of the important chaotic maps studied in connection with the
kicked rotor.
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Figure 2.1. The figure shows the chaotic attractor of the dissipative bouncing ball map.
Here we have taken the parameter values α = 0.1 and β = 6.56.

2.2.2

Hénon map

The Lorenz system consists of a system of three ﬁrst-order ordinary diﬀerential
equations, whose solutions for an appropriate choice of parameters tend towards a
strange attractor called the Lorenz attractor. Hénon’s original idea was to replace
these ﬁrst-order ordinary diﬀerential equations by a simple two dimensional map
which shows the same properties of the Lorenz system.
We are going to consider Hénon’s original derivation of the map [22]. Consider
a region elongated along the x axis, we begin the folding by,

′

′

′

T : x = x, y = y + 1 − ax2 .

(2.29)
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We complete the folding by a contraction along the x axis,
′′

′′

′

′′

′

T : x = bx , y = y .

(2.30)

Finally we come back to the orientation along the x axis by,
T

′′′

′′′

′′

′′′

′′

:x =y , y =x .
′′′

(2.31)
′′

′

The ﬁnal map will be deﬁned as the product T = T T T . If we write (xn , yn ) for
′′′

′′′

(x, y) and (xn+1 , yn+1 ) for (x , y ) Then we have,
xn+1 = yn + 1 − ax2n

(2.32)

yn+1 = bxn
The above map is called the Hénon map, but we use a slightly diﬀerent version
of the Hénon map, which is given by,
xn+1 = A + Byn − x2n

(2.33)

yn+1 = xn
This is one of the paradigmatic examples of discrete dynamical systems that exhibit
chaotic behavior, where A and B are the parameters of the map. The Jacobian of
the map is given by,

|J| =

−2xn B
1

0

so that,
|J| = −B,

(2.34)

This makes that −B is a measure of the contraction of the phase space.
The chaotic attractor for the Hénon map is shown in Fig. 2.2.

2.3

Phase control of chaos

Now we are going to apply the phase control method on nonlinear chaotic maps
such as the dissipative bouncing ball map and the Hénon map. The key idea of the
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Figure 2.2. The figure shows the chaotic attractor for the Hénon map. Here we take
the parameter values A = 1.3 and B = 0.285

phase control method is to apply a harmonic external perturbation to one of the
variables of the map. It is possible to control chaos in the system by simply tuning
the phase of the external perturbation.

2.3.1

Control of chaos in the bouncing ball map

We apply the phase control method on the bouncing ball map Eq. (2.21), by
adding an external harmonic perturbation to the parameter β. Finally, the equation
used for the numerical exploration of our technique reads,
xn+1 =

xn + yn

yn+1 = αyn + β(1 + ǫ sin(2πrn + φ)) .
× cos(xn + yn ),

(2.35)
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where ǫ, φ and r are used as free parameters, and α = 0.1 is ﬁxed. When the forcing
amplitude ǫ is zero, this map reduces to the simple bouncing ball map.
One of the key ideas of this control technique consists in assuming that the
external perturbation is of small amplitude, so that once we may ﬁx r and for a
considerably small value of parameter ǫ, we may use only φ as a free parameter
to control the system. Physically it means that we are adding an external small
sinusoidal perturbation on the table frequency and changing only the phase of the
applied control signal.
In order to analyze the eﬀect of the phase control on the bouncing ball system,
ﬁrst we have to observe the dynamics of the system without the control.
We have analyzed the bifurcation diagram of the unperturbed bouncing ball
system by changing the value of parameter β. This is shown in the Fig. 2.3, where we
can see some regions of chaotic behavior and some periodic windows. For example,
the one centered at β = 6 and the one centered at β = 10.3.

By applying our

phase control method, it is possible to change the behavior of the system from
chaotic to periodic and vice versa. Thus, we simply start with parameter values
which give chaotic dynamics in the unperturbed bouncing ball system. In order to
evaluate in a detailed way the role of ǫ and φ, we calculate the largest Lyapunov
exponent over every point in a 200 × 200 grid in the rectangle of the parameter
plane 0.02 ≤ ǫ ≤ 0.07, 0 ≤ φ ≤ 2π, ﬁxing r for each computation, which is shown
in Fig. 2.4. We consider that the perturbation acting on the system is small, and
consequently this requires small values of ǫ. As we are searching for areas in the
parameter plane where the transition between chaotic and regular motion takes
place, we take care of transient states by waiting for a suﬃciently long time to ﬁx
the corresponding stable regime. We plot the results of several integer and half
integer r values. The black and white color associated to each point in the (ǫ, φ)
plane indicate the sign of the largest Lyapunov exponent. If it is greater than zero
(white region), then the dynamics is chaotic; and if it is less than zero (black region),
then the system shows a regular periodic behavior.
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Figure 2.3. The figure shows the bifurcation diagram of the bouncing ball system, by
varying the parameter β. Here we can observe two wide periodic windows at β = 6 and
at β = 10.3.

Figure 2.4 shows that there exist wide regions of the (ǫ, φ) plane where λ is smaller
than zero, and therefore chaos is suppressed. We note that the controlled regions,
far from having a trivial or irregular shape, present a symmetry that depends on the
parity of the r parameter. The systems has π symmetry when r is an odd multiple
of 0.5 and 2π symmetry when r takes even multiples of 0.5. The most interesting
feature is the role of the phase φ in selecting the ﬁnal state of the system. From
Fig. 2.4(a), we can see that we have a periodic behavior for the parameter value at
φ = π/2, ǫ = 0.03, so that we ﬁx these values and search for the system behavior.
Thus, we have plotted the bifurcation diagram Fig. 2.5 by ﬁxing φ = π/2, ǫ = 0.03,
and α = 0.1. It is observed that by a proper choice of the frequency of the controlling
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Figure 2.4. The figure shows the sign of the largest Lyapunov exponent λ computed
at every point of a 200 × 200 grid of (ǫ, φ) values. The range of variation is 0 ≤ φ ≤
2π, 0.02 ≤ ǫ ≤ 0.07 for different values of the resonant condition, (a) : r = 0.5, (b) : r =
1.0, (c) : r = 1.5, (d) : r = 2.0. The Lyapunov exponent is negative in the black regions.
These regions have a structure that follows the expected symmetry around φ = π when r
is an odd multiple of 0.5 and the trivial symmetry around φ = 2π for an even multiple of
0.5. We set the parameters β = 6.56, α = 0.1 .

signal and a suitable phase diﬀerence φ it is possible to avoid chaos in the bouncing
ball system.
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Figure 2.5. The figure shows the bifurcation diagram of the bouncing ball system when
the phase control is applied. On the y-axis we have the velocity of the bouncing ball. We
see that a new periodic window arises under perturbation when β = 4, at the same time
the periodic window centered at β = 10.3 disappears. Here the perturbation parameters
are taken as α = 0.1, r = 0.5, ǫ = 0.03 and φ = π/2.

We can observe other interesting phenomena like the appearance as well as the
disappearance of periodic windows in the bifurcation diagram. Next, we compare
the bifurcation diagram without the perturbation (Fig. 2.3) with the bifurcation
diagram when the perturbation is applied (Fig. 2.5). Thus we can observe that, in
Fig. 2.5 a new periodic window arises around β = 4 and at the same time we can
observe that the periodic window centered at β = 10.3 is vanished. This interesting
phenomenon is particularly useful to generate chaos as well as to suppress chaos
in a dynamical system. If we operate our system near the parameter range where
new periodic windows arise when a periodic perturbation is applied, we can easily
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control chaos. If the system is operating in a periodic window which vanishes under
the action of the periodic perturbation, then we can generate chaos in the system.
In this way, we can switch the system behavior from chaotic to periodic and vice
versa.

Figure 2.6. The figure shows the period two attractor in the phase space of the bouncing
ball system when the periodic perturbation is applied. When the periodic perturbation is
absent, the bouncing ball map shows a chaotic attractor which is shown in Fig. 2.1. Here
we take the parameter values α = 0.1, β = 6.56, ǫ = 0.03, r = 0.5, φ = 1.57.

2.3.2

Control of chaos in the Hénon map

In order to apply our phase control technique in the Hénon map Eq. (2.21),
we add a harmonic perturbation ǫ sin(2πrn + φ) to the parameter B. Finally the
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Figure 2.7. The figure shows the sign of the largest Lyapunov exponent λ computed
at every point of a 200 × 200 grid of (ǫ, φ) values. The range of variation is 0 ≤ φ ≤
2π, 0.003 ≤ ǫ ≤ 0.006 for different values of the resonant condition, (a) : r = 0.5, (b) : r =
1.0, (c) : r = 1.5, (d) : r = 2.0. The Lyapunov exponent is negative in the black regions.
These regions have a structure that follows the expected symmetry around φ = π when r
is an odd multiple of 0.5 and the trivial symmetry around φ = 2π for an even multiple of
0.5. Here we take A = 1.3, B = 0.285

equation used for the numerical exploration of the technique reads,
xn+1 = A + B(1 + ǫ sin(2πrn + φ))yn − x2n

(2.36)

yn+1 = xn
In order to suppress chaos, we have to search for the suitable ǫ, φ values in the
Eq. (2.36). To analyze the eﬀect of phase control on the Hénon map, we simply
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Figure 2.8. The figure shows the period 14 attractor when the external periodic perturbation is applied. When the external perturbation is absent, the system shows a
chaotic attractor which is shown in Fig. 2.2. Here we have taken the parameter values
A = 1.3, B = 0.285, ǫ = 0.00475, φ = π/2 and r = 0.5

start with parameter values for which there is chaotic dynamics in the unperturbed
Hénon map.
After-wards, to evaluate in a detailed way the role of ǫ and φ, we calculate the
largest Lyapunov exponent over every point in a 200 × 200 grid in the rectangle of
the parameter plane 0.003 ≤ ǫ ≤ 0.006, 0 ≤ φ ≤ 2π, ﬁxing r for each computation,
which is shown in Fig. 2.7. Note that as we explained before, we consider that the
perturbation acting on the system is small, and consequently this requires small
values of ǫ.
As we are searching for areas in the parameter plane where the transition between
chaotic and regular motion takes place, we take care of transient states by waiting
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for a suﬃciently long time to ﬁx the corresponding stable regime. We plot the results
of several integer and half integer r values. The black and white color associated to
each point in the (ǫ, φ) plane indicate the sign of the largest Lyapunov exponent. If
it is greater than zero (white region), then the dynamics is chaotic; and if it is less
than zero (black region), then the system shows a regular periodic behavior.
Figure 2.7 shows that there exist wide regions of the (ǫ, φ) plane where λ is
smaller than zero, and therefore chaos is suppressed. The control regions, far from
having a trivial or irregular shape, present a symmetry that depends on the parity of
the r parameter. The most interesting feature is the role of the phase φ in selecting
the ﬁnal state of the system. From Fig. 2.7(a), we can see that we have a periodic
behavior for the parameter value at φ = π/2, ǫ = 0.00475. Consequently we ﬁx these
values and search for the system behavior, so that we have plotted the phase space
diagram in Fig. 2.8 by ﬁxing A = 1.3, B = 0.285, φ = π/2, ǫ = 0.00475. Here we
can see that the chaotic Hénon attractor (shown in Fig. 2.2) turned into an orbit of
period 14 (shown in Fig. 2.8). As a result, it is possible to avoid chaos in the Hénon
map by a proper choice of the phase diﬀerence φ.

2.4

Phase dependent intermittency and crisis

When the control parameter is modiﬁed, a chaotic attractor can touch an unstable periodic orbit inside its basin of attraction, then a sudden expansion of the
chaotic attractor is observed. This phenomenon is called an interior crisis [23].
Beyond the crisis, the system preserves a memory of the former situation, thus a
fraction of the time is spent in the region corresponding to the pre-crisis attractor,
and during the rest of the time excursions around the formerly unstable periodic
orbit take place. This behavior is known as crisis induced intermittency. Before the
crisis, such excursions cannot take place unless noise or an external perturbation
induces them. We show that the intermittency at an interior crisis can be controlled
by our phase control method. We give a numerical evidence that if we choose a
proper parameter value it can be used to enhance the crisis. An experimental and
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theoretical study of phase control of intermittency was already tested successfully
in a laser system by Zambrano et al. [10].

2.4.1

Intermittency in the bouncing ball map

Figure 2.9. The figure shows the average value of the relative maxima of the velocity,
< H >, computed at every point of a 200 × 200 grid of (ǫ, φ) values in the region 0 ≤
φ ≤ 2π, 0.02 ≤ ǫ ≤ 0.07 for the perturbed bouncing ball map. The white region shows
the sudden expansion in the attractor. Here we set the parameters α = 0.1, β = 4.05 and
r = 0.5.

In order to analyze the eﬀect of the phase φ and the forcing amplitude ǫ on
the crisis, we are scanning over the possible φ and ǫ values to determine the region
where the crisis is induced. A good indicator to discriminate between the diﬀerent
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dynamical states of the system for diﬀerent values of the parameter is
< H >=< max(yn ) >|yn >y0 ,

(2.37)

where < H > gives the average value of the maximum of the time series of yn . In
other words < H > is the average value of the relative maximum velocity of the
bouncing ball just after the impact. The value of y0 is chosen in such a way that <
H > enables us to distinguish between the chaos and the intermittent regime. In the
numerical simulations, we have observed that taking y0 = 10−6 , that is, neglecting
only extremely small peaks of the signal, is suﬃcient for this discrimination.
In Fig. 2.9 the wide symmetrical white regions shows that there is an expansion in
the attractor. But that exist only for some speciﬁc values of the parameters. We can
see that there is a range of phase values (white regions) that give a sudden expansion
in the attractor, which in turn leads to intermittency. There exist a symmetry in
the phase value of the applied signal which induces the internal crisis in the system.
This can be explained in terms of the symmetry of the map under the transformation
φ → φ + π/2. This symmetry depends on the frequency ratio r. In order to gain a
deeper insight into the role of φ in nonlinear systems, we study the eﬀect of phase on
the perturbed map close to an interior crisis. From Fig. 2.10(a) and Fig. 2.10(b), we
can observe the sudden expansion of the attractor. Actually, the dense points in the
enlarged attractor gives the attractor in the pre-crisis regime and the enlarged dotted
region gives the intermittency, as can be observed in Fig. 2.10(b). The dotted region
gives the leaking trajectories from one piece of the attractor to another, and the
phase change enhances the crisis in the system which in turn induces intermittency.
One of the interesting aspects to study is the scaling property of the phase close
to the critical point after the occurrence of the crisis. In this post-crisis regime the
dynamics describing the evolution of the system is intermittent. A scaling law for
the mean time that a chaotic orbit spends in the region of the precrisis attractor
(< τ >), as the control parameter (φ) is varied had been proposed by Grebogi
et al. [24]. It is found that < τ > decreases according to the scaling relation
< τ > ∼ | φ − φc |−γ where γ is the scaling exponent describing the scaling of
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Figure 2.10. (a) Shows the chaotic three piece attractor just before (φ = 0.27650) the
interior crisis. (b) Shows the enlarged attractor just after interior crisis (φ = 0.27660).
Thus the system has an interior crisis at φc ≈ 0.27655. The dense points in the enlarged
attractor gives the attractor in the pre-crisis regime and the enlarged dotted region gives
the intermittency. Here we fix α = 0.1, β = 10.4, and ǫ = 0.03

< τ > with a parameter φ. The behavior of the Lyapunov exponents near the crisis
point for the dissipative standard map had been studied by B. Pompe and R. W.
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Figure 2.11. The figure shows the graph of the log (λ − λc ) versus log (φ − φc ). The
slope of the linear best fit yields the value of the scaling exponent γ = 0.15 with a norm
of residuals 0.07. Here the phase of the control signal gives the same scaling behavior
like a normal parameter. Here we vary φ from 0.276615 to 0.276800 with an increment of
5 × 10−6 .

Leven [25]. According to them, the increase of the largest Lyapunov exponent near
the crisis is a consequence of the rapid growth of the transition probability. Thus,
we can say that the mean time that a chaotic orbit spends in the region < τ >
is inversely proportional to the Lyapunov exponents. In other words, the size of
the attractor is related to the Lyapunov exponent via the Kaplan-Yorke dimension.
Thus the new scaling equation reads,
λ(φ) − λ(φc ) ∼ | φ − φc |γ

(2.38)

In our case as we know, the phase can enhance the crisis. Thus we analyze the
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validity of the scaling law of averaged Lyapunov exponent versus the phase of the
applied signal near the crisis regime. Behaviour of the Lyapunov exponents near
the crisis regime had been studied by several authors [26], [27]. Here we calculate
the average Lyapunov exponents using 102 initial conditions calculated over an orbit
length of 104 iterations. The slope of the linear best ﬁt gives the value of the scaling
exponent γ = 0.15 with the norm of residuals 0.07.

2.5

Concluding remarks

In this chapter we have demonstrated the key ingredients of chaos theory, in
addition to that the chaos control technique is demonstrated using bouncing ball
map and the Hénon map. We have seen that an appropriate choice of the phase φ
can lead the system from a chaotic state to a periodic state. Through an extensive
exploration of the parameter space, we have explored zones of chaos suppression for
diﬀerent values of ǫ and φ, detecting some interesting patterns. This pattern preserves certain kind of symmetry in the bouncing ball map as well as in the Hénon
map. We have observed a strong eﬀect of the phase of the control signal in suppressing and generating chaotic behavior in the bouncing ball map and in the Hénon
map. Another aspect, that we have also analyzed is the eﬀect of the phase in inducing the intermittent behavior near a crisis in the bouncing ball map. Our analysis
shows that the phase actually may help to enhance the size of the attractor and to
contribute to the crisis induced phenomenon in the bouncing ball map. Finally, we
have analyzed the scaling behavior of the crisis in the bouncing ball map by varying
the phase. These results in classical chaos are really interesting, though our aim
is to contribute to the relationship between the entanglement and chaos. In this
chapter we have only given an idea about the classical chaos using chaotic maps and
in the following chapters we will explore the quantum entanglement and its relation
to classical chaos.
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Chapter 3

Short-time entanglement
in the coupled oscillator
systems
“The career of young theoretical physicist consists of treating the
harmonic oscillator in ever-increasing levels of abstraction”
-Sidney Coleman (1937-2007).

3.1

Introduction

In this chapter we analytically compute the entanglement dynamics in a coupled
oscillator system which has a coupling term λxm y n . Our aim is to ﬁnd an analytical
expression of the short time linear entropy and its dependence on the single mode
squeezing. In addition to that, for this class of systems we would like to know the
dependence of the linear entropy of entanglement on the Planck constant ~. It is to
be noted that the interaction potential that we have chosen is more general and it is
applicable to chaotic Hamiltonians like the Barbanis-Contopoulos, the Hénon-Heiles
and the Pullen-Edmonds Hamiltonian.
The study of short time entanglement has importance in uncovering the underlying mechanisms where a fast rate of entanglement production occurs. Such a study
has been performed by Angelo and Furuya [1] through the analysis of the semiclassical limit of the entanglement in the Dicke model and the coupled Kerr oscillator. In
a similar context, Žnidarič and Prosen [2] have analyzed the generation of entanglement in a regular system by using the echo operator. In addition, by performing a
semiclassical analysis on entanglement generation within bipartite quantum system,
43
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Jacquod [3] had found that for the short-ranged interaction potential, the entanglement production is exponentially fast in chaotic systems, while algebraic in regular
systems. In many other related works, the entanglement production at the initial
short time is found to be a good indicator of the regular-to-chaotic transition [4]–[9].
From a practical point of view, entanglement is known to be an important resource for the purpose of quantum information processing [10]–[12]. For example,
the ability to exert control on the rate of entanglement generation would enable the
secure transmission of information against the most general coherent attacks [13].
An extremely useful approach to generate continuous variable entanglement is that
of two-mode squeezing. If we were to perform single-mode squeezing prior to the
two-mode squeezing, it has been shown via diverse quantum systems that the generation of entanglement can be enhanced. This notion has been demonstrated in the
Jaynes-Cummings model where a stronger entanglement between a two-level atom
and an electromagnetic ﬁeld mode is attained by employing a squeezed state rather
than a coherent state as the initial photon state [14]. Note that the enhancement
only arises when the initial state of the ﬁeld mode is suﬃciently squeezed. Similar
threshold has also been observed in systems of coupled harmonic oscillators [15].
In these cases, the maximum entanglement is observed to grow steadily with an
increase in the initial squeezing parameter beyond the threshold. In fact, the enhancement in entanglement can also be studied by performing unequal single-mode
squeezing separately on the two ﬁeld modes [16]. Notably, entanglement is found to
persist even in a decohering environment with high temperature when the normal
modes are squeezed [17]. In addition to that, Wang and Sanders [18] have analyzed
symmetric multiqubit states and they have found a clear relationship between spin
squeezing and pairwise entanglement. More recently, Beduini and Mitchell [19] have
extended the results of Ref. [18] to optical ﬁelds and they have found a spin-squeezing
inequality for photons.
The consideration of these works has led us to the question of whether initial
squeezing has the eﬀect of enhancing the rate of entanglement production in the short
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time regime. In this chapter, we aim to answer this question both analytically and
numerically through quantifying entanglement by the linear entropy and studying
its dynamics. Moreover, we will explore the general result of ~ dependence in the
short time regime. We shall consider a general interaction potential of the form
Vλ = λ xm yn since it is applicable to a wide range of nonlinear chaotic oscillators.
In particular, we investigate into the linearly coupled harmonic oscillators, and the
Barbanis-Contopoulos [20], [21], the Hénon-Heiles [22]–[28] and the Pullen-Edmonds
Hamiltonian [29]–[33] in this chapter. The interest in exploring these systems lie in
their intrinsic rich and contrasting classical and quantum dynamical behaviour. In
addition, there is as yet no research being performed to understand the relationship
between entanglement dynamics and the initial squeezing eﬀect in the short time
regime for these systems. For this purpose, we shall employ the tensor product of a
squeezed vacuum state to initiate the entanglement dynamics. Our restriction to the
consideration of initial squeezed vacuum state instead of generic squeezed coherent
state results from analytical tractability in the derivation of our ﬁnal results. In
summary, our main focus in this chapter is to analyze the relationship between initial
squeezing and the short time entanglement dynamics as well as its ~ dependence in
the short time regime.
This chapter is organized as follows. First, we perform a mathematical analysis
on the short time entanglement for the case of a general interaction potential Vλ =
λxm yn when the initial state is a tensor product of squeezed vacuum state. This
allows us to determine the analytical expression of the linear entropy of the resulting
short time entanglement dynamics. Then, we apply these results to the linearly
coupled harmonic oscillator, and the Barbanis-Contopoulos, the Hénon-Heiles and
the Pullen-Edmonds Hamiltonian, where a good agreement is found between our
numerical and analytical results.
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3.2

Model description

We consider a general two-dimensional classical Hamiltonian of the form:
1
1
H = (p2x + p2y ) + (x2 + y 2 ) + λ xm y n .
2
2

(3.1)

In the quantum case, the corresponding Schrödinger equation can be written as

i~

−~2 2
∂
ψ(x, y, t) =
∇ ψ(x, y, t) + V (x, y)ψ(x, y, t),
∂t
2m

(3.2)

where V (x, y) = 12 (x2 + y2 ) + λ xm yn is the two-dimensional potential with λ being
the coupling constant. For analytical purposes, we shall split the Hamiltonian into
a sum of uncoupled harmonic oscillator Hamiltonian and an interaction potential.
Hence, the Schrödinger equation can be rewritten as
i~
where Ĥ0 =

−~2 2
∇
2m

∂
ψ(x, y, t) = (Ĥ0 + Vˆλ )ψ(x, y, t),
∂t

(3.3)

+ 21 (x2 + y2 ) and Vˆλ = λ xm yn .

The time evolution of the quantum state ψ(x, y, t) is given by
ψ(x, y, t) = Û(t)ψ(x, y, 0),

(3.4)

where the time evolution operator is given by


−it
ˆ
(Ĥ0 + Vλ ) .
Û (t) = exp
~
In our numerical computations, the time evolution of the wave function is performed by means of the second-order split operator technique. Feit et al. [34],
[35] have done a detailed analysis on the time evolution of the wave packet in the
Hénon-Heiles potential and we have followed their approach in this work. By using the general quantum Hamiltonian given by Eq. 3.3, we now proceed to study
the short time continuous variable entanglement in the semiclassical regime both
analytically and numerically.
First, we write a pure continuous bipartite state as follow:
Z
|ψi12 = ψ(x, y)|xi|yidx dy,

(3.5)
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where |xi and |yi are the continuous basis representation of the position operators
of the ﬁrst and second particle, respectively. The reduced density function of the
ﬁrst subsystem ρ1 can be obtained by summing over the second ﬁeld mode, and it
can be expressed in terms of the bipartite wave function ψ(x, y), i.e,
Z
ρ1 (x, z) = ψ(x, y)ψ ∗ (z, y)dy ,

(3.6)

where ρ1 (x, z) is the reduced density function of the ﬁrst subsystem in the continuous
position basis representation.
To quantify the continuous variable entanglement, we use the linear entropy of
entanglement based on numerical methods proposed in Refs. [36], [37]. The linear
entropy of entanglement δ(t) is deﬁned as
δ(t) = 1 −

X

λ2i ,

(3.7)

i

where λi are the eigenvalues of the Hermitian kernel ρ1 (x, z). These eigenvalues are
numerically computed from the Fredholm type I integral equation of ρ1 (x, z), which
is given by
Z

ρ1 (x, z)φi (z)dz = λi φi (x),

(3.8)

where λi are the eigenvalues with the corresponding Schmidt eigenfunctions φi (x).
Note that there exist another deﬁnition of the linear entropy in terms of the continuous basis representation, and it can be written as
2

δ(t) = 1 − T r(ρ1 ) = 1 −

Z

∞

−∞

Z

∞

ρ1 (x, z)ρ1 (z, x)dx dz .

(3.9)

−∞

This deﬁnition is well suited for analytical calculation of the linear entropy. Hence,
for numerical computation, we shall use the deﬁnition of linear entropy given by
Eq. 3.7 while for theoretical analysis, we use the deﬁnition given by Eq. 3.9.

3.3

The squeezed coherent state

Since we are treating our system in terms of the continuous position basis, we
have to represent the squeezed coherent state in terms of the coordinate representation. A year after the discovery by Rai and Mehta’s on the coordinate representation
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of the squeezed coherent state [38], Hong-Yi and Vanderlinde [39] have found another analytical expression of the same wave function. Nonetheless, we prefer the
one proposed by Møller, Jørgensen and Dahl [40] due to the relative simplicity of
the wave function. These authors have followed Hollenhorst [41] and Caves’s [42]
deﬁnition of the displacement and squeezing operators, which is given by
D̂(αk ) = exp (αk aˆk † − αk∗ aˆk )

(3.10)

1
1
2
Ŝ(ζk ) = exp ( ζk aˆk † − ζk ∗ aˆk 2 ) .
2
2

(3.11)

and

The squeezed coherent state is thus deﬁned as
|αk , ζk i = D̂(αk )Ŝ(ζk )|0i .

(3.12)

Here αk = |αk |eiφk and ζk = rk eiθk are complex numbers. αk is related to the phase
space variables (qk , pk ), which is given by
1
αk = √ (qk + ipk ),
2~

(3.13)

where k = 1, 2, respectively. According to Møller, Jørgensen and Dahl, the squeezed
coherent state in the position basis can be written as
 1/4
1
−1/2
ψ(x, αk , ζk ) =
(cosh rk + eiθ sinh rk )
π~




1 cosh rk − eiθ sinh rk
i
2
exp −
(x − qk ) + pk (x − qk /2)
2~ cosh rk + eiθ sinh rk
~
.

(3.14)

In our theoretical and numerical analysis, we shall use the tensor product state of
this wave function with αk = 0 to study the quantum entanglement dynamics for
diﬀerent squeezing parameter values.

3.4

Short time entanglement of the squeezed vacuum

In order to calculate the time evolution of the wave function, we shall make use
of the Zassenhaus formula [43], which is the dual of the Campbell-Baker-Hausdorﬀ
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formula. Zassenhaus formula can be written as
t2

et(X+Y ) = etX etY e− 2 [X,Y ] · · ·

(3.15)

The short time evolution of the wave function is obtained through the evaluation of
Zassenhaus formula followed by truncating all the higher order terms in t, with the
time evolution operator expressed in the following way:
Û (t) = exp(

−i∆t
−i∆t ˆ
−i∆t
Ĥ) ≈ exp(
Vλ ) exp(
Ĥ0 ) .
~
~
~

(3.16)

Consider the squeezed coherent wave function associated with the x variable in
the position basis ψ(x, α1 , ζ1 ), as given in Eq. 3.14. Here, α1 is the center of the
Gaussian wave packet and ζ1 is the squeezing parameter. Similarly, we consider the
squeezed coherent wave function associated with the y variable in the position basis
which is ψ(y, α2 , ζ2). Hence, the tensor product state at time t = 0 can be written
as
ψ(x, y, 0) = ψ(x, α1 , ζ1) ψ(y, α2 , ζ2 ).

(3.17)

Now, we treat the tensor product of the squeezed vacuum state by taking α1 = α2 =
0. Hence, the initial wave packet at time t = 0 is given by,
ψ(x, y, 0) =



1
π~

1/2

N1 N2 exp




−(x2 /η1 + y2 /η2 )
,
2~

(3.18)

where
Nk = (cosh rk + eiθk sinh rk )

−1/2

and
ηk =



cosh rk + eiθk sinh rk
cosh rk − eiθk sinh rk



with k = 1, 2.
The time evolution of the wave packet is then calculated by substituting Eqs. 3.16
and 3.18 into Eq. 3.4. This leads to


1
ψ(x, y,∆t) =
π~

1/2

exp(

−i∆t
−i∆t ˆ
Vλ ) exp(
Ĥ0 )ψ(x, y, 0) .
~
~

(3.19)
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In order to calculate ψ(x, y,∆t), we make the assumption that the action of the
unitary operator involving Ĥ0 on ψ(x, y, 0) gives only a phase factor. This is an
approximation since while the vacuum state is an eigenfunction of Ĥ0 , the squeezed
vacuum state is not. However, if we consider a slightly squeezed vacuum state
with rk small, the error made in the approximation is small, which will be duly
veriﬁed through results determined from numerical computation. Hence, we have
the following expression for the short time evolved wave packet:


1/2


i
ψ(x, y,∆t) ≈
N1 N2 exp − Φ ∆t
~




−(x2 /η1 + y2 /η2 )
−i∆t ˆ
Vλ exp
,
× exp
~
2~
1
π~



(3.20)

where exp (−iΦ ∆t/~) is the phase factor resulting from the above assumption. Note
that we will ignore this phase factor in our subsequent calculation since it has no
bearing on the results of linear entropy.

3.5

Linear entropy under the general interaction potential

Next, let us substitute the general expression of the interaction term Vˆλ = λ xm yn
into Eq. 3.20. We get


1
π~

1/2



−i∆t
ψ(x, y,∆t) =
λ xm yn
N1 N2 exp
~


2
2
−(x /η1 + y /η2 )
.
× exp
2~



The reduced density function of subsystem 1 is then given by



−(x2 /η1 + z2 /η1∗ )
1
2
2
|N1 | |N2 | exp
ρ1 (x, z) =
π~
2~
 2



Z ∞
−y
−i ∆t λ m
∗
m
n
exp
(1/η2 + 1/η2 ) exp
(x − z )y dy.
2~
~
−∞
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Expanding the exponential term containing yn , we obtain



1
−(x2 /η1 + z2 /η1∗ )
2
2
ρ1 (x, z) =
|N1 | |N2 | exp
π~
2~


Z
∞
∞
X 1 −iλ∆t k
−ℜ(η2 )y2 n k
m
m k
y dy.
(
) (x − z )
exp
k!
~
~|η2 |2
−∞
k=0


The y integral gives a non-zero contribution only when nk is an even number or zero.
Here, ℜ(η2 ) denotes the real part of the variable η2 . By evaluating the standard
Gaussian integral, we obtain the reduced density function of subsystem 1 which is
associated with the variable x as follow:

ρ1 (x, z) =






1
−(x2 /η1 + z2 /η1∗ )
2
2
|N1 | |N2 | exp
π~
2~

∞
X
(n k+1)
1 −iλ∆t k m
(
) (x − zm )k ~ 2
k!
~
k=0

|η2 |2
ℜ(η2 )

! (n k+1)


2
nk + 1
Γ
.
2

It has already been mentioned that the linear entropy δ(t) of the reduced density
function ρ1 (x, z) can also be deﬁned as a double integral (see Eq. 3.9). This deﬁnition
is best suited for analytical calculation of the linear entropy of entanglement. Thus,
to ﬁnd the linear entropy, it is necessary to ﬁrst ﬁnd the trace of the square of
ρ1 (x, z):

Tr(ρ21 (x, z))

=



1
π~

2


k+k′
1
−iλ∆t
(−1)
|N1 | |N2 |
k!k ′ !
~
′
k,k =0
4

4

2

∞
X

k′

k′ +1)
! (n k+1+n
2


  ′

|η2 |
nk + 1
nk + 1
2
~
Γ
Γ
ℜ(η2 )
2
2


Z ∞Z ∞
′
(x2 + z2 ) ℜ(η1 )
(xm − zm )k+k dx dz. (3.21)
exp −
2
~
|η1 |
−∞ −∞
n k+1+nk′ +1

In order to evaluate the double integral in Eq. 3.21, we are required to perform a
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Cartesian to polar-coordinate transformation. This leads to the following result:
Tr(ρ21 (x, z))

=



1
π~

2

∞
X

′

1 −iλ∆t k+k n k+1+nk′ +1
2
(−1)
(
)
|N1 | |N2 |
~
′!
k!k
~
k,k ′ =0

2

4

4

′ +1
! n k+1+nk
2

k′

  ′

nk + 1
nk + 1
Γ
Γ
2
2
 2

Z ∞
−r ℜ(η1 ) m(k+k′ )+1
exp
r
dr
~|η1 |2
0
Z 2π
′
(cosm φ − sinm φ)k+k dφ.
|η2 |
ℜ(η2 )



(3.22)

0

After solving the Gaussian integral, we obtain
 2
1
2
|N1 |4 |N2 |4
Tr(ρ1 (x, z)) =
π

|η1 |2 |η2 |2
ℜ(η1 )ℜ(η2 )

!

′
∞
X
′ 1
(−1)k
′
(−iλ∆t)k+k ~((n+m)/2−1)(k+k ))
′
k!k !
2
k,k ′ =0

2

′)
! m(k+k
2

2

′)
! n(k+k
2

|η2 |
|η1 |
ℜ(η1 )
ℜ(η2 )

  ′
 

nk + 1
nk + 1
m(k + k ′ )
Γ
Γ
Γ
+ 1 Im,k+k′ , (3.23)
2
2
2
where Im,k+k′ is a φ integral given by
Im,k+k′ =

Z

2π

0

′

(cosm φ − sinm φ)k+k dφ.

(3.24)

Since Im,k+k′ is independent of ~ and also independent of the variables η1 and η2 , it
is not necessary to evaluate this integral to ﬁnd the ~-dependence of the short time
entanglement. Furthermore, by using basic trigonometric and hyperbolic identities,
it can be easily shown that
|N1 |4 |N2 |4

|η1 |2 |η2 |2
ℜ(η1 )ℜ(η2 )

!

= 1.

(3.25)

The linear entropy can be evaluated by substituting Eq. 3.23 into Eq. 3.9, and
we can clearly see that the ﬁrst term in the summation, i.e., k = k ′ = 0, gives unity
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and it will cancel with the +1 term in the deﬁnition of δ(t). Hence, we have the
following expression for the linear entropy:
 2
1
δ(t) =
π

∞
X

′

i (k+k )

k,k ′ =0,(k=k ′ 6=0)

(−1)(k+1)
k!k ′ !

1 ((n+m)/2−1)(k+k′ ))
~
2
′)
′)
! m(k+k
! n(k+k
2
2
2
2
|η1 |
|η2 |
ℜ(η1 )
ℜ(η2 )
  ′
 


nk + 1
m(k + k ′ )
nk + 1
Γ
Γ
+1
Γ
2
2
2
Im,k+k′ .
(λ∆t)k+k

′

(3.26)

Now, we have to determine the lowest power of ~ within δ(t). We have already
known that to get a nonzero contribution, nk should be an even number. Similarly,
for the second summation index k ′ , to get a nonzero term, nk ′ should also be an even
number. Hence, the constraints to yield nonzero values of the integrals imply that
nk ′ and nk should be even integers or zero. Moreover, based on the real positive
deﬁniteness property of the linear entropy and using the sign of i (k+k ) (−1)(k+1) ,
′

we realize the conditions: k + k ′ must be even, and k + k ′ ≥ 2. After considering

all the possible options for the smallest values of k and k ′ depending on the nature
of m and n, we come to the conclusion that the k and k ′ which obey k + k ′ = 2
shall give the non-vanishing lowest order terms for ~. This tells us that the lowest
order exponent for the time interval in the short time semiclassical regime is two,
i.e., k + k ′ = 2. At the same time, this implies that the minimum power of the ~
term in the expression for δ(t) is given by
minimum power of ~ = m + n − 2.

(3.27)

Hence, the general short time entanglement for the squeezed vacuum state under
the interaction potential λ xm yn takes the form
2 2 m+n−2

δ(t) = κ ∆t λ ~

|η1 |2
ℜ(η1 )

!m

|η2 |2
ℜ(η2 )

!n

,

(3.28)
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where the coeﬃcient κ is given by
i(k+k ) (−1)k+1
κ=
2π 2 k!k ′ !
k,k ′ ,(k+k ′ =2)

  ′
 

nk + 1
nk + 1
m(k + k ′ )
Γ
Γ
Γ
+1
2
2
2
Im,k+k′ .
′

X

(3.29)
Then, by taking k ′ = k − 2, we can replace the double summation with a single
dummy summation with index j such that
X
κ=
κj .

(3.30)

j

If we were to consider the special case θ1 = θ2 = 0, the squeezing parameters are

real and consequently η1 and η2 are also real. Hence, for real squeezing parameters,
our expression of the linear entropy reduces to
δ(t) = κ t2 λ2 ~m+n−2 |η1 |m |η2 |n .

(3.31)

In the case of coherent vacuum state, we have |η1 | = 1 and |η2 | = 1, and Eq. 3.31 of
the linear entropy reduces to
δ(t) = κ t2 λ2 ~m+n−2 .

(3.32)

From these results, it can be clearly seen that the ~ dependence of short time
entanglement entropy depends on the nature of the interaction potential. More
speciﬁcally, if the degree m and n have orders higher than unity, an ~ dependent
short time entanglement dynamics is to be expected.
The type of interaction potentials that we have studied appears in many models,
especially the interaction potential λ x y occurs in the study on the entanglement
dynamics of the coupled Kerr oscillator [1]. Instead of exploring this system, we
shall investigate into the coupled harmonic oscillators with the interaction term
λ x y. Furthermore, our general result on the linear entropy can be easily applied
to diverse coupled oscillator systems such as the Barbanis-Contopulos, the HénonHeiles and the Pullen-Edmonds.
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Application of analytical results to coupled oscillator
systems

In this section we analyze the validity of our theoretical results by comparing it
against the numerical result. Our numerical exploration starts from the linearly coupled harmonic oscillator to the Barbanis-Contopoulos Hamiltonian. All the Hamiltonian that we explore shows chaotic behavior in the classical limit except for the
linearly coupled oscillator.

3.6.1

Squeezed vacuum under the linearly coupled harmonic
oscillator

Let us ﬁrst consider the following Hamiltonian with a linear interaction term in
x and y:
1
1
H = (p2x + p2y ) + (x2 + y 2) + λ x y.
2
2

(3.33)

Applying our earlier theoretical analysis, we found that the value of the coeﬃcient
κ = 21 . Hence, the expression for the linear entropy given by Eq. 3.28 becomes
1
δ(t) = ∆t2 λ2
2

|η1 |2
ℜ(η1 )

!

|η2 |2
ℜ(η2 )

!

.

(3.34)

For real squeezing parameter, this expression reduces to
δ(t) =

1 2 2
∆t λ |η1 ||η2 |.
2

(3.35)

For coherent vacuum state, |η1 | = 1 and |η2 | = 1. The linear entropy of Eq. 3.35
then further simpliﬁes to
δ(t) =

1 2 2
∆t λ .
2

(3.36)

This result clearly shows that for interaction potential Vˆλ = λ x y, the short time
linear entropy of entanglement is independent of the Planck constant ~.
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3.6.2

Squeezed vacuum under the Barbanis-Contopoulos
Hamiltonian

This Hamiltonian was introduced by the astronomers Contopoulos and Barbanis
[20], [21]. It is written in the following form:
1
1
H = (p2x + p2y ) + (x2 + y 2 ) + λ x2 y.
2
2

(3.37)

The linear entropy for this system can be obtained by employing Eq. 3.28 directly
with m = 2 and n = 1. This leads to the short time linear entropy:
|η1 |2
1 2 2
δ(t) = ∆t λ ~
2
ℜ(η1 )

!2

|η2 |2
ℜ(η2 )

!

.

(3.38)

For real squeezing parameters, i.e., θ1 = θ2 = 0, the linear entropy reduces to
δ(t) =

1 2 2
∆t λ ~|η1 |2 |η2 |.
2

(3.39)

For the coherent vacuum state |η1 | = 1 and |η2 | = 1, the linear entropy in Eq. 3.39
becomes
δ(t) =

3.6.3

1 2 2
∆t λ ~.
2

(3.40)

Squeezed vacuum under the Hénon-Heiles Hamiltonian

The Hénon-Heiles system was ﬁrst studied by the astronomers Hénon and Heiles
in 1964 [22] in the context of analyzing the constants of motion in galactic dynamics.
Due to its simplicity and rich dynamical properties, chaos theorists had extensively
explored diﬀerent classical dynamical aspects of this system [23]–[27]. The HénonHeiles Hamiltonian can be written as
1
1
y3
H = (p2x + p2y ) + (x2 + y 2 ) + λ(x2 y − ).
2
2
3

(3.41)

Unlike the earlier Hamiltonian, the Hénon-Heiles system’s interaction potenital Vˆλ =
λ (x2 y − y3 /3) possesses an extra term y3 /3. By means of the same theoretical
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arguments as given in Section 4, we arrive at the reduced density function of the
ﬁrst subsystem ρ1 as follow:


 
1
−(x2 /η1 + z2 /η1 ∗ )
2
2
|N1 | |N2 | exp
ρ1 (x, z) =
π~
2~

 2
Z ∞
−y ℜ(η2 ) iλ∆t 2
2
−
(x − z )y dy.
exp
~|η2 |2
~
−∞

(3.42)

Here, we notice that the y3 term vanishes in the reduced density function and it
does not contribute to the entanglement in the short time regime. Hence, we can
directly apply our general expression given by Eq. 3.28 to obtain the linear entropy:
!2
!
1 2 2
|η2 |2
|η1 |2
δ(t) = ∆t λ ~
.
(3.43)
2
ℜ(η1 )
ℜ(η2 )
Again, for real squeezing parameters, the linear entropy reduces to
δ(t) =

1 2 2
∆t λ ~|η1 |2 |η2 |.
2

(3.44)

For the coherent vacuum state, the linear entropy in Eq. 3.44 becomes
δ(t) =

1 2 2
∆t λ ~.
2

(3.45)

Here, the short time linear entropy is identical to the Barbanis-Contopoulos Hamiltonian since both systems share the same interaction potential x2 y.

3.6.4

Squeezed vacuum under the Pullen-Edmonds
Hamiltonian

The Pullen-Edmonds Hamiltonian can be written as
1
1
H = (p2x + p2y ) + (x2 + y 2) + λ x2 y 2.
2
2

(3.46)

Pullen and Edmonds had shown that the classical dynamical behaviour of this model
can range from purely regular, to a mixture of regular and chaos, and to fully chaotic
[29]. This Hamiltonian had been used extensively in many works related to classical

58

Chapter 3. Short-time entanglement in the coupled oscillator systems
Table 3.1.

Hamiltonian

Squeezed Vaccum
 2  2 
|η1 |
|η2 |
.
Linearly coupled
δ(t) = 21 ∆t2 λ2 ℜ(η
ℜ(η2 )
1)
 2 2  2 
|η1 |
|η2 |
Barbanis-Contopoulos δ(t) = 21 ~ ∆t2 λ2 ℜ(η
ℜ(η2 )
1)
 2 2  2 
|η1 |
|η2 |
Hénon-Heiles
δ(t) = 12 ~∆t2 λ2 ℜ(η
ℜ(η2 )
1)
 2 2  2 2
|η1 |
|η2 |
Pullen-Edmonds
δ(t) = 12 ~2 ∆t2 λ2 ℜ(η
ℜ(η2 )
1)

Coherent Vaccum (θ = 0)
1
2

δ(t) =

∆t2 λ2 .

δ(t) = 12 ~∆t2 λ2
δ(t) =

1
2

~∆t2 λ2 .

δ(t) =

1
2

~2 ∆t2 λ2

and quantum dynamics [30]–[32], [44], [45]. By employing our general analytical
expression given by Eq. 3.28 with m = 2 and n = 2, the short time linear entropy
of entanglement for the squeezed vacuum state in the Pullen-Edmonds Hamiltonian
is given by
1
δ(t) = ∆t2 λ2 ~2
2

|η1 |2
ℜ(η1 )

!2

|η2 |2
ℜ(η2 )

!2

.

(3.47)

For the squeezed vacuum state with zero squeezing angles, this expression becomes
δ(t) =

1 2 2 2 2 2
∆t λ ~ |η1 | |η2 | .
2

(3.48)

Also for the coherent vacuum state |η1 | = 1 and |η2 | = 1, the linear entropy reduces
to
δ(t) =

1 2 2 2
∆t λ ~ .
2

(3.49)

Finally, we summarize our results for all the above systems in Table 1 for the sake
of comparison. From Table 1, we clearly see that the entanglement dynamics is
independent of the Planck constant for the linearly coupled oscillator. For all the
generic Hamiltonians which possess chaotic behavior, there is an ~ dependent entanglement dynamics according to the degree of their interaction term. It is important
to mention that these theoretical results are valid only in the short time regime and
the squeezing on the vacuum state is assumed to be small.
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Figure 3.1. Plots of the entanglement entropy δ(t) versus short time ∆t, where curves of
different colors indicate initial vacuum states with different squeezing parameters ζ1 and
ζ2 . The figures clearly show that initial squeezing enhances the entanglement entropy for
all the three systems. Note that similar results are found for the Barbanis-Contopoulos
Hamiltonian although they are not illustrated. We have employed ~ = 1 in all the plots
in this figure.
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Figure 3.2. Plots of the entanglement entropy δ(t) versus the short time ∆t for different
values of the Planck constant ~. It can be observed from these figures that as ~ → 0, the
linear entropy of entanglement tends to zero for the Barbanis-Contopoulos, the HénonHeiles and the Pullen-Edmonds Hamiltonian. However, for the linearly coupled harmonic
oscillator, δ(t) is observed to be independent of ~. This can be discerned through the
different curves overlapping on each other to form a single line such that different markers
have to be used to distinguish between them. Note that these results are consistent with
our theoretical prediction. We have employed ζ1 = ζ2 = 0.0 for all the plots in this figure.
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Figure 3.3. Plots of the linear entropy of entanglement δ(t) versus short time ∆t for
initial coherent vacuum state. The solid blue curve and the dashed red curve shows the
entanglement entropy evaluated numerically and analytically respectively. The plots show
that both the analytical and numerical results are in good agreement within the short
time regime. Note that we have employed the following parameter values: ζ1 = ζ2 = 0,
and ~ = 1.

3.7

Theoretical and numerical comparison of the short time
linear entropy.

In this section, we detail our results from numerical computations and compare them against our analytical results. First, we study the entanglement dynam-
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ics of the coherent vacuum state for the linearly coupled harmonic oscillators, the
Barbanis- Contopoulos, the Hénon-Heiles and the Pullen-Edmonds Hamiltonian, respectively. Then, we focus on the entanglement of the squeezed vacuum state, and
ﬁnally we explore the ~ dependence of the entanglement for these systems.

3.7.1

Coherent vacuum state and the linear entropy

It is worthwhile to ﬁrst observe the validity of our theoretical results against
the numerical results for the case of vacuum state. For this purpose, Fig. 1 plots
the linear entropy against time for the four systems of interest. Note that the
solid blue curve and the dashed red curve show the entanglement entropy evaluated
numerically and theoretically, respectively. The results in Fig. 1 clearly demonstrate
the close agreement between the analytical and numerical results in the short time
regime. In fact, a similar ∆t2 dependence of the entanglement has been observed in
previous works [1], [2] and a similar behavior has also been found for the idempotency
defect in a dissipative system [46].
It can be observed from Fig. 1 that the diﬀerence between the theoretical and
numerical results increases with time. This is due to the theoretical assumption
that the time evolution operator containing Ĥ0 gives only a phase factor, with the
error from this assumption increasing with time. In addition, the truncation of the
Zassenhaus formula and δ(t) given by Eq. 3.28 where higher order terms are dropped
also introduces error that increases with time. This explains the observed diﬀerence
between the theoretical and the numerical results in the long time regime.

3.7.2

Squeezed vacuum state and the linear entropy

In Fig. 3.1, the numerical and theoretical linear entropy of entanglement for the
squeezed vacuum state is shown for three diﬀerent Hamiltonians. It is observed that
these results of linear entropy of entanglement for the squeezed vacuum state is in
good agreement with the theoretical prediction in the short time regime. It has
already been noted that squeezing can enhance entanglement and our result clearly
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demonstrates this phenomenon. In fact, Eq. 3.28 clearly indicates that the linear
entropy depends on the values of η1 and η2 as well as the exponents of the interaction
terms, i.e., m and n. As the values of m and n become larger, we expect the
entanglement growth via squeezing to become larger. Moreover, it can be ascertained
that the entanglement growth is higher when both modes of the wave function are
simultaneously squeezed, i.e., ζ1 and ζ2 are nonzero. It is apparent that initial
squeezed state always leads to higher entanglement compared to initial coherent
vacuum state within the short time regime. For the Hénon-Heiles Hamiltonian,
there occurs the interesting situation where the exponents of η1 and η2 as shown in
Eq. 3.44 are not symmetric. This asymmetry in the exponent of η1 and η2 comes
from the asymmetry of the Hénon-Heiles interaction term x2 y. This asymmetry
can bring about a unique property: swapping of the squeezing parameter ζ1 and
ζ2 of the initial squeezed wave function can give rise to a diﬀerent entanglement.
Speciﬁcally, if one aims to attain a higher rate of entanglement growth for this case,
it would be better to squeeze the ﬁeld modes associated with the x variable than
the y variable. This fact can be easily established from Fig. 3.1(c) and Fig. 3.1(d).
Indeed, these ﬁgures clearly show that the red curve, where the x variable is squeezed
(ζ1 = 0.5, ζ2 = 0.0), has a higher entanglement compared to the green curve where
the y variable is squeezed (ζ1 = 0.0, ζ2 = 0.5). Both the numerical and theoretical
results illustrate the same outcome. In the case of symmetric interaction, such a
swapping of squeezing parameter would not cause any changes to the entanglement
dynamics, which have been veriﬁed by us both analytically and numerically.

3.7.3

Dependence of linear entropy on the Planck constant

Theoretically, we have observed that the short time entanglement is directly
proportional to the Planck constant for the Barbanis-Contopoulos and the HénonHeiles Hamiltonian. As for the Pullen-Edmonds Hamiltonian, we obtain instead a
~2 dependence. On the other hand, the short time linear entropy is found to be
independent of ~ for the linearly coupled harmonic oscillator. In Fig. 3, we have
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plotted the dynamics of linear entropy initiated by the coherent vacuum state for
diﬀerent values of the Planck constant ~. These plots were obtained numerically
for each of the four systems. From Figs. 3.2(b), 3.2(c) and 3.2(d), we observe that
as ~ → 0, the linear entropy of entanglement tends to zero in accordance with our
theoretical prediction. On the contrary, the linearly coupled harmonic oscillator
displays an ~ independence of the linear entropy as indicated by our theoretical
analysis. Thus, these results aﬃrm the fact that the linear entropy should tend to
zero as ~ → 0 if the interaction potential has a sum of degree that is higher than
two, since theoretically the power of ~ is given by m + n − 2.
It is important to note that in our ﬁnal result the linear entropy always depends
on the square of the time interval ∆t at the short time regime in accordance with
previous works [1], [2], except for the ~ dependence. However, we would like to emphasize that our results for the ~ dependence of the linear entropy do not contradict
with this previous general results. In fact, the ~ independent entanglement entropy
that we obtain for the linearly coupled harmonic oscillator is identical to that of
Ref. [1]. The expression of the semiclassical linear entropy consists of a product
of the square of the short time interval and the summation of ~ terms of diﬀerent
order. More precisely, there exist nonzero values for the ~ terms with nonnegative
exponents, and in the semiclassical limit, the zeroth order term of ~ dominates. For
certain potentials, like the potentials that we have investigated, the zeroth order
term of ~ can vanish. In consequence, a higher order term of ~ gives the dominant
contribution, resulting in an ~ dependent entanglement dynamics.

3.8

Conclusion

We have analyzed the short time quantum entanglement of the squeezed vacuum for a general interaction potential of the form Vλ = λ xm yn . We have applied our general results to the speciﬁc cases of linearly coupled harmonic oscillator,
the Barbanis-Contopoulos, the Hénon-Heiles and the Pullen-Edmonds Hamiltonian,
where we have explored both the initial coherent and squeezed coherent vacuum
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state. We have found a good correspondence between the analytical and numerical
results within the short time regime. More signiﬁcantly, we have uncovered that
initial squeezing invariably enhances the entanglement in this regime. It is interesting that for the Hénon-Heiles as well as the Barbanis-Contopoulos Hamiltonian,
the linear entropy of entanglement has an asymmetric dependence on the squeezing
parameters for the x and y modes. Hence, a swapping of the squeezing parameter
of the initial wave function can give rise to a diﬀerent entanglement dynamics. For
the linearly coupled harmonic oscillator, the entanglement dynamics is found to be
independent of the Planck constant ~. Conversely, for the Barbanis-Contopoulos,
the Hénon-Heiles and the Pullen-Edmonds Hamiltonian, the short time entanglement entropy tends to zero in the semiclassical limit where the Planck constant goes
to zero. As a general result, we have found that the short time linear entropy of
entanglement depends on ~ raised to an exponent that is the sum of the degree of
the interaction term minus two.
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Chapter 4

Entanglement and chaos
in the Pullen-Edmonds
Hamiltonian
“The measure of greatness in a scientific idea is the extent to which
it stimulates thought and opens up new lines of research”
-P. A. M. Dirac (1902-1984).

4.1

Introduction

In this chapter, we combine the ideas that we gained from the previous chapter to explore the connection between quantum entanglement and chaos theory.
We already know that the quantum entanglement between two ﬁeld modes can be
achieved through the collective squeezing of the two respective modes. Our aim in
this chapter is to understand the eﬀect of single-mode squeezing on the enhancement
of entanglement production and its connection to classical chaos. The occurrence
of this enhancement can be used to understand the local dynamical behavior of the
corresponding classical system. In this chapter, we also explore the entanglement
generation in the context of quantum chaos and we ask a valid question that whether
the entanglement enhancement via initial squeezing can serve as a useful indicator
of quantum chaotic behavior.
During the last decades, a number of quantum information protocols which utilizes continuous-variable (CV) entanglement have been developed [1]–[3]. The performance of these protocols is often constrained by the achievable degree of the
entanglement that is being produced. In particular, a stable control of entangle73
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ment generation is necessary before quantum cryptography with a ﬁnite number of
samples can be secured against the most general coherent attacks [4]. It is noteworthy that while various schemes of generating controllable CV entanglement have
been proposed, a major scheme of interest is that of two-mode squeezing. In fact, it
has been shown via diverse quantum systems that the generation of entanglement
can be enhanced by performing single-mode squeezing prior to two-mode squeezing. In the Jaynes-Cummings model for example, it has been demonstrated that a
stronger entanglement between a two-level atom and an electromagnetic ﬁeld mode
can be achieved by using a squeezed state rather than a coherent state as the initial
photon state [5]. Note that in this case the enhancement is observed only when the
initial state of the ﬁeld mode is suﬃciently squeezed. Similar threshold has also
been observed in systems of coupled harmonic oscillators [6]. Beyond the threshold,
the maximum attainable entanglement is found to grow steadily with an increase in
the initial squeezing parameter. In another interesting investigation, the enhancement in entanglement via unequal single-mode squeezing performed separately on
the two ﬁeld modes was studied [7]. Notably, entanglement was found to persist
even in a decohering environment with high temperature when the normal modes
are squeezed [8].
Experimental schemes for generating CV entanglement was ﬁrst proposed and
realized in non-degenerate parametric ampliﬁers [9], [10]. Later, a non-degenerate
three-level cascade laser was suggested as an alternative optical system for the experimental generation of an entangled quantum state. For this setup, an enhancement
of intra-cavity quadrature squeezing was observed by coupling the cavity mode to
a squeezed vacuum reservoir. The eﬀect of the squeezed vacuum was studied and
the result is a large enhancement of the intra-cavity squeezing and entanglement in
the two-mode light [11]. Further investigations on this topic were focused on the
search for eﬀective ways to increase the initial single-mode squeezing with easily
implementable schemes that can generate a high degree of squeezing and entanglement. On the other hand, our interest is to examine into new schemes which could
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exploit the eﬀectiveness of initial single-mode squeezing on entanglement enhancement beyond the control of the amplitude and orientation of prior squeezing or the
existence of a critical squeezing parameter. A particular novel idea is to employ the
fundamental physics of quantum-to-classical correspondence to guide the process of
entanglement enhancement with initial squeezing through the perspective of classical dynamics. The potential eﬀectiveness of this new approach would be surprising
and counter-intuitive since both squeezing and entanglement are purely quantum
phenomena.
Indeed, the correspondence between the physics of quantum systems and its classical counterparts has been well-established for decades [12]–[15]. Notable examples
include the manifestation of chaos in the energy-level distribution [12] of atomic
systems, as well as the wave patterns that are exhibited in quantum chaotic systems which are known as ‘scars’ [13]. In recent years, there has been an increasing
interest in correlating the entanglement production of a quantum system with the
corresponding dynamical behaviour in the classical domain. For example, the dynamical production of entanglement was studied on the N-atoms Jaynes-Cummings
model [14] for initial coherent states whose centers lie in diﬀerent regions of the
corresponding classical phase space. The entanglement production was found to be
a good indicator of the regular-to-chaotic transition that happens in the classical
domain. Similar studies were undertaken for kicked tops [16]–[21], the 4D standard
maps [22], nonlinear oscillators [23], [24], the Dicke model [25], Rydberg molecule
[26], triatomic molecules [27], [28], integrable dimers [29] and interacting spins [30].
In this chapter, we shall show the eﬀectiveness of entanglement enhancement through
initial squeezing, and more importantly, demonstrate its dependence on the local dynamical behavior of the corresponding classical phase space. Interestingly, for initial
coherent states whose centers lie in the regular regimes of the classical phase space,
the maximum attainable entanglement can be enhanced signiﬁcantly by performing
prior single-mode squeezing. In addition, the amount of entanglement enhancement
is found to increase monotonically with the degree of prior squeezing. Conversely,
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for initial coherent states whose centers lie in chaotic regions of the classical phase
space, prior single-mode squeezing is observed to have negligible eﬀects in enhancing
the quantum entanglement [31].

4.2

Model

In this study, we consider bipartite system composed of two coupled anharmonic
oscillators [32]–[34]. Speciﬁcally, we focus on the following Hamiltonian:
H=

p21 p22 1 2 1 2
+
+ q1 + q2 + λq12 q22 .
2
2
2
2

(4.1)

In the equation, p1 and p2 denote the kinetic momenta, while q1 and q2 denote the
oscillators’ positions, with λ being the coupling parameter. The classical dynamics
of this model has been shown to range from regular, to mixed regular, and chaotic
[32]. Upon quantization, the corresponding dynamical production of entanglement
with initial separable coherent states was found to relate closely to the classical
trajectories [23]. Speciﬁcally, the maximum value of the entanglement production is
found to correspond systematically to the classical invariant tori and is the largest
when the initial state lies at the edge of the regular islands or in the chaotic sea.
The initial state is chosen to be a tensor product of the coherent state, |ψ(0)i =
|α1 i ⊗ |α2 i, whose center lies precisely on a classical phase point (q1 , p1 , q2 , p2 ) with
√
αk = (qk + ipk )/ 2, where k = 1, 2. In other words, the classical phase point
(q1 , p1 , q2 , p2 ) gives the center of the initial coherent state. Prior to the dynamical
generation of entanglement through the Hamiltonian given by Eq.(4.1), single-mode
squeezing is performed individually on each subsystem initial state by the following
squeezing operator:
1

Ŝ(ζk ) = e 2 ζk

∗

2

aˆk † − 21 ζk aˆk 2

.

(4.2)

The result is a product state of single-mode squeezed coherent state: |ψ(0)i =
|α1 , ζ1 i ⊗ |α2 , ζ2 i where
|αk , ζk i = Ŝ(ζk )|αk i ,
(4.3)
√
with k = 1, 2. Note that âk = (q̂k + ip̂k )/ 2, with q̂k and p̂k being the position and
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momentum operators respectively. Also, ζk = |ζk | exp(i2θk ) denotes the squeezing
parameter for mode k which quantiﬁes the degree of single-mode squeezing.
The time evolution of the quantum state |ψ(t)i is given by
|ψ(t)i = Û (t)|ψ(0)i ,

(4.4)

where the time evolution operator Û (t) is given by Û (t) = e−iĤt/~ , with Ĥ being
the quantized Hamiltonian:
1
1
λ
Ĥ = (â†1 â1 + ) + (â†2 â2 + ) + (â†1 + â1 )2 (â†2 + â2 )2
2
2
4

(4.5)

of Eq. (4.1). The time evolved density matrix is then determined as follow:
†

ρ(t) = Û(t)ρ(0)Û (t) ,

(4.6)

where ρ(0) = |ψ(0)ihψ(0)|. By taking the partial trace of ρ(t) over the l-th subsystem, the reduced density matrix ρl (t) is obtained. The von Neumann entropy of
entanglement Svn (t) is then evaluated via
Svn (t) = −Tr [ρl (t) log2 ρl (t)] = −

N
X

λi log2 λi ,

(4.7)

i=1

where l = 1 or 2 and N is the basis size employed in the numerical simulation.

4.3

Effect of squeezing on entanglement enhancement

To probe the dependence on local classical dynamics, we consider speciﬁcally
the eﬀect of prior single-mode squeezing on entanglement enhancement for the situation when the classical phase space exhibits both a mixture of regular and chaotic
behaviour. For this, the energy E = 150.75 and the coupling constant λ = 0.0075
is selected. The Poincaré surface is shown in Fig. 4.1 where we observe groups of
regular islands within a sea of chaos. Speciﬁcally, the dynamics displayed by the
trajectories of this system is very diﬀerent depending on the initial condition. While
a regular orbit is restricted within a small region of the regular tori, the temporal
position of a chaotic trajectory spreads out unpredictably within the chaotic sea. In
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Figure 4.1. A plot of the Poincaré section of the classical mixed phase space on the
q1 -p1 plane with q2 =

√
5 and p2 > 0. The parameters used are E = 150.75 and λ =

0.0075. The cross markers show the initial conditions chosen to study the entanglement
dynamics. They represent the centers of the initial coherent states: (q1 , p1 ) = (0, 0) ,
√
√
√
√
√
(q1 , p1 ) = ( 10/4, 0), (q1 , p1 ) = ( 10/4, 1.9102 10) and (q1 , p1 ) = ( 10/4, 2.2427 10)
employed in our numerical simulations. In addition, they are the initial conditions that
lead to the subplots (a), (b), (c) and (d) respectively in the subsequent figures. Note that
the inset show the variance ellipses for the squeezed (green ellipse) and non-squeezed (blue
circle) case to illustrate the size of the initial wave packet.

Fig. 4.2, we show entanglement dynamics of four initial coherent states with centers lie at diﬀerent positions of this classical mixed phase space. For each coherent
state, a single-mode squeezing is performed on both the oscillator ﬁeld modes (with
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Figure 4.2. Entanglement dynamics for initial coherent states with centers sampled
from different parts of the classical mixed phase space shown in Fig. 4.1. The classical
dynamics are: (a) regular, (b) regular, (c) at the edge of regular and chaotic regimes, and
(d) chaotic. Solid lines show entanglement dynamics for initial coherent states without
prior single-mode squeezing while dashed lines with circles show entanglement dynamics
for initial coherent states subjected to prior single-mode squeezing with ζ1 = ζ2 = ζ = 1.

ζ1 = ζ2 = ζ) before the dynamical generation of quantum entanglement. Interestingly, the enhancement of entanglement production is not uniform for the four chosen
initial coherent states although each of them is subjected to the same amplitude of
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Figure 4.3. Dependence of the entanglement entropy at saturation on the amplitude of
prior squeezing for the four initial states used in Fig. 4.2. Here the dot and the star markers denote the regular initial conditions. The cross marker denotes the initial condition
selected from the boarder of the chaotic sea and the KAM island. The square markers
show the entanglement maxima of the point selected from the middle of the chaotic sea.
The parameters employed are E = 150.75 and λ = 0.0075.

single-mode squeezing prior to two-mode squeezing which generates entanglement.
In particular, entanglement production is found to be higher for initial states with
centers lie in the chaotic region compared to the regular region. When equal amount
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Figure 4.4. A plot of the quantum power density spectrum which corresponds to the
initial state selected in Fig. 4.2. The left column is for spectral obtained via initial coherent
state and the right column for that determined from initial squeezed coherent state with
ζ = 1. The first row (a) and (e) is for regular orbit; the second row (b) and (f) is for
another regular orbit; the third row (c) and (g) is for the case at the border of regular and
chaotic orbit; while the last row (d) and (h) is for chaotic orbit.

of prior single-mode squeezing are performed on the initial states, enhancement of
entanglement is found to be larger for quantization of the regular orbit versus that
of the chaotic orbit (see Fig. 4.2). In addition, we found that entanglement can
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Figure 4.5. A plot of the entanglement entropy against time t for the classically chaotic
orbits. The dashed and dotted curves show the entanglement dynamics of the chaotic
initial condition with (ζ1 = ζ2 = ζ = 1.0) and without prior single mode squeezing
respectively. The upper solid curve illustrates the entanglement dynamics for an initial
maximally entangled state with Schmidt mode number Nm = 108. Here, the chosen
system parameters are: E = 150.75 and λ = 0.0075.

be eﬀectively enhanced when a higher degree of single-mode squeezing is injected
prior to the dynamical generation of entanglement as shown in Fig. 4.3. However,
prior squeezing has minimal enhancement eﬀect on entanglement generation when
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Figure 4.6. A plot of the average classical power spectral density which corresponds to
the quantum power density spectrum of Fig.4.4. Note that both the ensemble size used
for the Gaussian and squeezed Gaussian ensemble is 50. The left column is obtained via
the initial Gaussian ensemble while the right column from the initial squeezed Gaussian
ensemble with δ = 2. The first row (a) and (e) is for regular orbit; the second row (b) and
(f) is for another regular orbit; the third row (c) and (g) is for the case at the border of
regular and chaotic orbit; while the last row (d) and (h) is for chaotic orbit.

the center of the initial state lies in the chaotic regime of the classical counterpart.
Note that similar results are obtained for numerical computation performed for prior
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Figure 4.7. Dependence of the classical entropy of entanglement at saturation on the
amplitude of prior squeezing for the four initial classical distribution which correspond to
the quantum state used in Fig. 4.2. The classical dynamics are: (a) regular, (b) regular,
(c) at the edge of regular and chaotic regimes, and (d) chaotic. The parameters employed
are M = 10000, δ = 2.0, E = 150.75 and λ = 0.0075.

squeezing with diﬀerent angles (θ = π/4, π/2 and 3π/4).

4.4

Dependence of entanglement enhancement on local
classical dynamical behaviour

While the correspondence between the quantum system and its classical counterpart has been witnessed in various contexts, this is the ﬁrst illustration of its
manifestation via the eﬀect of initial squeezing on entanglement enhancement. In-
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Figure 4.8. The time evolution of the classical distribution centered on a regular initial
condition is plotted at different instants of time in the projected phase-space q1 − p1.
Figures (a), (b) and (c) show coherent distribution with r = 0.0 at time t = 0,t = 30 and
t = 100 respectively. On the other hand, figures (d), (e) and (f) illustrate time evolution
of a squeezed distribution with r = 1.0 at time t = 0, t = 30 and t = 100 respectively.
Here, the ensemble size used is M = 10, 000 and the parameters employed are E = 150.75
and λ = 0.0075.

deed, such enhancement can be a good indicator of regular-to-chaotic transition in
the mixed phase space regime. Speciﬁcally, while the generation of entanglement is
insensitive to the squeezing of initial states whose center lie in the chaotic region of
the mixed phase space, the squeezing of initial states whose center lie in the regular
part has a positive impact on the enhancement of entanglement. This observation can be discerned through a detailed numerical analysis based on the quantum
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Figures (a), (b) and (c) show coherent distribution with r = 0.0 at time t = 0,t = 30 and
t = 100 respectively. On the other hand, figures (d), (e) and (f) illustrate time evolution
of a squeezed distribution with r = 1.0 at time t = 0, t = 30 and t = 100 respectively.
Here, the ensemble size used is M = 10, 000 and the parameters employed are E = 150.75
and λ = 0.0075.

density spectrum as shown in Fig. 4.4, which is obtained by yielding the diagonal
elements of the density matrix of the coupled system evaluated at the eigenstates
of the Hamiltonian given by Eq. (4.1) [23]. In fact, the calculation of the quantum
density spectrum can also be performed by taking the Fourier transform of the au-
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tocorrelation hψ(t)|ψ(0)i, which is more eﬃcient. The upshot is that the degree of
entanglement of the system is closely related to the number of signiﬁcant components of the quantum density spectrum. Indeed, we observe that the quantum states
which correspond to the chaotic regime possess more spectral elements (Fig. 4.4(d))
and have a larger entanglement relative to that of the regular regime (Fig. 4.4(a)
or 4.4(b)). More importantly, we uncovered that the inclusion of an initial squeezing has the eﬀect of increasing the number of components in the quantum density
spectrum, as depicted in Figs. 4.4(e) to 4.4(f). The increase is larger for the regular
case and the case that borders between regularity and chaos than the chaotic case,
which is consistent with our earlier result that a larger entanglement enhancement
occurs within the regular tori versus that of the chaotic sea.
In the coupled kicked top model, dynamically generated entanglement is found
to be bounded by a ﬁnite value [16]. In particular, for initial states that lie within
the chaotic sea, entanglement production is observed to saturate within a short time.
Interestingly, by starting from a maximally entangled initial state, time evolution
would partially disentangle the state such that in the long time limit, entanglement
would reach the same saturation value. Now, the results in the previous section
seem to suggest that entanglement between two oscillators generated by quantum
chaos cannot be increased beyond a certain limit by prior squeezing. Here, we shall
examine into the ‘entanglement bound’ by evolving a ‘maximally entangled’ state:
|ψi = √

Nm −1
1 X
|mi[1] ⊗ |mi[2] ,
Nm m=0

(4.8)

where |mi[1] and |mi[2] are the one dimensional harmonic oscillator eigenfunctions of
subsystem 1 and 2. Note that Eq. 4.8 takes the form of the Schmidt decomposition
of |ψi, and in our case, we need to ensure that the average energy hψ|Ĥ|ψi given by
this state is close to the energy associated with the chaotic initial condition, which
is E = 150.75. By means of numerical calculation, the number of Schmidt modes is
determined to be Nm ≈ 108. We next examine the entanglement dynamics with this
maximally entangled initial state based on the Hamiltonian given by Eq. 5.2. As time
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increases, we observe that the entanglement entropy reduces from its maximum value
to a stationary saturated value as shown in Fig. 4.5. We shall take this stationary
value as the upper bound of the entanglement entropy in accordance with Ref. [16].
We observe that the entanglement entropy for the quantization of classically chaotic
trajectory at the steady state is close to this bound. Interestingly, it seems that
prior single-mode squeezing is not able to generate entanglement that surpasses
this entanglement bound. In consequence, there is no signiﬁcant enhancement in
entanglement generation when prior single-mode squeezing is applied to a coherent
state with center lies in the chaotic sea. On the other hand, for quantization of
regular orbits, the entanglement entropy is far below the entanglement bound and
hence is not constrained by it.
Finally, we explore the quantum to classical correspondence by ﬁrst deﬁning a
classical Gaussian ensemble in the four dimensional phase space with a mean value
µ = (q1 , p1 , q2 , p2 ) which corresponds to the initial quantum coherent state. Note
that a sample of M initial points is considered in this ensemble. Then, the time
evolution of the initial ensemble is then calculated using the classical Hamilton
equations. On the other hand, for the case with prior squeezing, we shall create a
squeezed ensemble of the M samples from the above Gaussian ensemble using the
covariance matrix


exp(−2r1 )



δ
Sq = 
4



0

0

0

exp(2r1 )

0

0

0

0

exp(−2r2 )

0

0

0

0

exp(2r2 )










before subjecting it to time evolution from the Hamilton’s equation. Here δ is the
classical analog of the Planck constant ~. r1 and r2 is analogous to the squeezing
parameter ζ1 and ζ2 respectively. For the i-th trajectory q1i (t) from either of these
ensembles, we compute the classical power spectral density [23]:
I1i (ω)

1
1
=
lim
T
→∞
2π
T

Z

0

2

T

dtq1i (t) exp(−iωt)

,

(4.9)
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from which we obtain the average classical power spectral density
M
1 X i
¯
I (ω) .
I1 (ω) =
M i=1 1

(4.10)

A plot of I¯1 (ω) against ω is given in Fig. 4.6 where the left column corresponds to the
initial Gaussian ensemble while the right column to the squeezed initial Gaussian
ensemble. Like the quantum density spectrum, the number of signiﬁcant average
classical power spectral density components is larger for initial Gaussian ensemble in
the chaotic sea than in the regular tori. In addition, prior squeezing of the Gaussian
ensemble has the eﬀect of increasing the number of spectral components, with a
larger enhancement for the regular initial states than the chaotic counterparts just
like the quantum case.
Next, we plot the classical entropy of entanglement introduced by Casati et al.
[35] in Fig. 7. For this, we partition the two-dimensional phase plane q1 -p1 with
√
square cells of side δ. The classical entropy is deﬁned as
Scl (δ, t) = −

X wi (t)
i

M

ln

wi (t)
,
M

(4.11)

where wi (t) is the number of phase points in the ith cell at time t. Casati et al.
[35] had found that this classical entropy would approximate the entropy of the
quantum reduced ensemble at the semiclassical limit. In Fig. 4.7, we have plotted
the classical entropy for the squeezed and non-squeezed ensemble for all the four
initial states. From the ﬁgure, it is obvious that the enhancement in saturation
value of the classical entropy is smaller for the chaotic case in comparison to the
regular case. This is exactly in accordance with the results based on the von Neumann entropy of entanglement. In addition, we have analyzed the time evolution of
classical distributions which correspond to the initial coherent and initial squeezed
states. Our results are plotted in Figs. 4.8 and 4.9 for the regular and chaotic orbits
respectively. The ﬁgures show that the phase space region occupied by the distributions increase as time progresses. For the regular orbits as shown in Fig. 4.8, the
phase space region occupied by the evolved distribution is small which is expected
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from the observed lower value of the classical entropy. Note that Figs. 4.8(a), (b)
and (c) are for initial classical distributions with a non-squeezed ensemble, while
Figs. 4.8(d), (e) and (f) are for distributions that begin with a squeezed ensemble
of r = 1.0. Notice that initial squeezing has led to an increase in phase space region
accessed by the evolved distribution. On the other hand, Fig. 4.9 shows that the
time evolved distribution of the chaotic orbits occupy a larger phase space which
explains its larger entropies. While initial squeezing in this case does increase the
accessible region of the phase space as illustrated via Figs. 4.9(c) and (f), the relative
increase is observed to be smaller than that between Figs. 4.8(c) and (f) for the regular case. This is because the squeezed and non-squeezed ensemble for the chaotic
case has already accessed almost all parts of phase space and any increase in accessible regions through squeezing can give only a small contribution. This explains the
negligible enhancement of the classical entropy via squeezing for the chaotic initial
conditions, and also account for the results displayed in the classical power spectra.
In summary, the initial conditions from the squeezed ensemble in the regular domain has led to a sampling of a larger range of regular tori in the phase space than
the non-squeezed case. The consequence is the addition of new quasi-periodic frequency components to the average classical power density spectrum. On the other
hand, for the chaotic case, trajectories from initial conditions that originate from
the squeezed or non-squeezed ensemble are found to sample a very similar chaotic
phase space. Thus, we expect a very similar average classical power spectral density
with a similar number of frequency components. Since the average classical power
spectral density indicates the energy levels that are involved in the corresponding
quantum evolution [23], [36], [37], this explains the analogous results displayed by
the quantum density spectrum. With the number of components in the quantum
density spectrum being directly related to the amount of entanglement production,
our results aﬃrm the idea of quantum-classical correspondence and demonstrates
concretely the dependence between entanglement production and the local classical
dynamical behaviour.

4.5. Conclusion
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Conclusion

When single-mode squeezing is injected into the initial separable coherent states
prior to the entanglement generation process, it is possible to obtain highly entangled CV quantum states. These highly entangled CV quantum states are resources
that are invaluable for the implementation of various quantum protocols employed in
quantum cryptography [4] and quantum telecloning [38]. The maximum attainable
entanglement depends on both the orientation and amplitude of the prior singlemode squeezing. In this chapter, we show that the enhancement of entanglement
by prior squeezing can be inﬂuenced by the local dynamical behavior of the system’s classical counterpart. For initial coherent states whose centers lie in the regular regimes of the classical phase space, the maximum attainable entanglement
can be enhanced signiﬁcantly by performing prior single-mode squeezing. On the
other hand, for initial coherent states whose centers lie in chaotic regimes of the
classical phase space, prior single-mode squeezing has minimal eﬀects on quantum
entanglement enhancement. This result suggests the application of entanglement
enhancement via initial squeezing as an indicator of quantum chaotic behaviour.
Indeed, in the literature, there are various indicators of quantum chaos, such as
the ﬁdelity measure between two quantum states [39]–[41], the Kullback-Leibler
quantum divergence [42], and the purity of quantum states [43]. The quantum signature of chaos can also be identiﬁed using the universal correspondence between
the eigenvalue and eigenvector statistics of quantized classically chaotic system and
the canonical ensembles of random matrix theory [44]–[46]. A more visual approach
would employ a quantum distribution function where the quantum manifestations
of classical chaos in phase space can be discerned through the Wigner or the Husimi
distribution function [47]. While quantum entanglement has been known to act as
a signature of quantum chaos [18], [48], the inclusion of an initial squeezing has
the advantage of detecting local quantum chaotic behaviour without the need to
make a comparison between the entanglement entropy of the chaotic and regular
quantum states. In other words, the detection is performed by probing a quantum
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chaotic system with an initial coherent and an initial squeezed state, and examining
the consequential entanglement enhancement. The magnitude of the enhancement
shall indicate whether the quantum chaotic system resides in the regular or chaotic
regime. Our ﬁndings here is general and could be applicable to other quantum
chaotic systems. In the following chapter we will analyze these eﬀects in connection
with the Hénon-Heiles Hamiltonian.

Bibliography
[1] U. L. Andersen, G. Leuchs, and C. Silberhorn, “Continuous-variable quantum
information processing”, Laser Photonics Rev. 4, 337 (2010).
[2] S. L. Braunstein and P. van Loock, “Quantum information with continuous
variables”, Rev. Mod. Phys. 77, 513 (2003).
[3] C. Weedbrook, S. Pirandola, R. Garcia-Patron, N. J. Cerf, T. C. Ralph, J. H.
Shapiro, and S. Lloyd, “Gaussian quantum information”, Rev. Mod. Phys. 84,
621 (2012).
[4] F. Furrer, T. Franz, M. Berta, A. Leverrier, V. Scholz, M. Tomamichel, and R.
Werner, “Continuous variable quantum key distribution: ﬁnite-key analysis of
composable security against coherent attacks”, Phys. Rev. Lett. 109, 100502
(2012).
[5] S. Furuichi and A. A. Mahmoud, “Entanglement in a squeezed two-level
atom”, J. Phys. A: Math. Gen. 34, 6851 (2001).
[6] C. H. Er, N. N. Chung, and L. Y. Chew, “Threshold eﬀect and entanglement
enhancement through local squeezing of initial separable states in continuousvariable systems”, Phys. Scripta 87, 025001 (2013).
[7] B. Shao, S. Xiang, and K. Song, “Quantum entanglement and nonlocality
properties of two-mode Gaussian squeezed states”, Chin. Phys. B 18, 418
(2009).
[8] F. Galve, L. A. Pachón, and D. Zueco, “Bringing entanglement to the high
temperature limit”, Phys. Rev. Lett. 105, 180501 (2010).
93

94

BIBLIOGRAPHY

[9] M. Reid and P. Drummond, “Quantum correlations of phase in nondegenerate
parametric oscillation”, Phys. Rev. Lett. 60, 2731 (1988).
[10] Y. Zhang, H. Wang, X. Li, J. Jing, C. Xie, and K. Peng, “Experimental generation of bright two-mode quadrature squeezed light from a narrow-band
nondegenerate optical parametric ampliﬁer”, Phys. Rev. A 62, 023813 (2000).
[11] E. Alebachew, “Enhanced squeezing and entanglement in a non-degenerate
three-level cascade laser with injected squeezed light”, Opt. Commun. 280,
133 (2007).
[12] M. Tomiya, N. Yoshinaga, S. Sakamoto, and A. Hirai, “A large testnumber of
higher-energy eigenvalues of a huge dimensional matrix for a quantum chaotic
study of a quartic potential”, Comput. Phys. Commun. 169, 313 –316 (2005).
[13] M. V. Berry, “Quantum scars of classical closed orbits in phase space”, Proc.
R. Soc. Lond. A 423, 219–231 (1989).
[14] K. Furuya, M. C. Nemes, and G. Q. Pellegrino, “Quantum dynamical manifestation of chaotic behavior in the process of entanglement”, Phys. Rev. Lett.
80, 5524–5527 (1998).
[15] A. Matzkin, M. Raoult, and D. Gauyacq, “Observation of diﬀractive orbits in
the spectrum of excited NO in a magnetic ﬁeld”, Phys. Rev. A 68, 061401
(2003).
[16] J. N. Bandyopadhyay and A. Lakshminarayan, “Testing statistical bounds on
entanglement using quantum chaos”, Phys. Rev. Lett. 89, 060402 (2002).
[17] J. N. Bandyopadhyay and A. Lakshminarayan, “Entanglement production in
coupled chaotic systems: Case of the kicked tops”, Phys. Rev. E 69, 016201
(2004).
[18] P. A. Miller and S. Sarkar, “Signatures of chaos in the entanglement of two
coupled quantum kicked tops”, Phys. Rev. E 60, 1542–1550 (1999).
[19] H. Fujisaki, T. Miyadera, and A. Tanaka, “Dynamical aspects of quantum entanglement for weakly coupled kicked tops”, Phys. Rev. E 67, 066201 (2003).

BIBLIOGRAPHY

95

[20] S. Chaudhury, A. Smith, B. E. Anderson, S. Ghose, and P. S. Jessen, “Quantum signs of chaos in a kicked top”, Nature 461, 768–771 (2009).
[21] M. Lombardi and A. Matzkin, “Entanglement and chaos in the kicked top”,
Phys. Rev. E 83, 016207 (2011).
[22] A. Lakshminarayan, “Entangling power of quantized chaotic systems”, Phys.
Rev. E 64, 036207 (2001).
[23] S.-H. Zhang and Q.-L. Jie, “Quantum-classical correspondence in entanglement production: Entropy and classical tori”, Phys. Rev. A 77, 012312 (2008).
[24] N. N. Chung and L. Y. Chew, “Dependence of entanglement dynamics on the
global classical dynamical regime”, Phys. Rev. E 80, 016204 (2009).
[25] L. Song, X. Wang, D. Yan, and Z. Zong, “Entanglement Dynamics and Chaos
in the Dicke Model”, Int. J. Theor. Phys. 47, 2635–2644 (2008).
[26] M. Lombardi and A. Matzkin, “Dynamical entanglement and chaos: The case
of Rydberg molecules”, Phys. Rev. A 73, 062335 (2006).
[27] X.-W. Hou, J.-H. Chen, and Z.-Q. Ma, “Dynamical entanglement of vibrations
in an algebraic model”, Phys. Rev. A 74, 062513 (2006).
[28] L.-J. Zhai, Y.-J. Zheng, and S.-L. Ding, Front. Phys. 7, 514 (2012).
[29] X.-W. Hou, J.-H. Chen, and B. Hu, “Entanglement and bifurcation in the
integrable dimer”, Phys. Rev. A 71, 034302 (2005).
[30] “Entanglement dynamics for two interacting spins”, Annals of Physics 318,
no. 2, 308 –315 (2005).
[31] S. K. Joseph, L. Y. Chew, and M. A. F. Sanjuán, “Impact of quantumclassical correspondence on entanglement enhancement by single-mode squeezing”, Phys. Lett. A 378, 2603–2610 (2014).
[32] R. A. Pullen and A. R. Edmonds, “Comparison of classical and quantum
spectra for a totally bound potential”, J. Phys. A: Math. Gen. 14, L477 (1981).

96

BIBLIOGRAPHY

[33] N. N. Chung and L. Y. Chew, “Energy eigenvalues and squeezing properties
of general systems of coupled quantum anharmonic oscillators”, Phys. Rev. A
76, 032113 (2007).
[34] N. N. Chung and L. Y. Chew, “Two-step approach to the dynamics of coupled
anharmonic oscillators”, Phys. Rev. A 80, 012103 (2009).
[35] G. Casati, I. Guarneri, and J. Reslen, “Classical dynamics of quantum entanglement”, Phys. Rev. E 85, 036208 (2012).
[36] M. Gutzwiller, Chaos in Classical and Quantum Mechanics. Springer-Verlag,
1990.
[37] S. Ghose and B. C. Sanders, “Entanglement dynamics in chaotic systems”,
Phys. Rev. A 70, 062315 (2004).
[38] P. van Loock and S. Braunstein, “Unconditional teleportation of continuousvariable entanglement”, Phys. Rev. Lett. 87, 247901 (2001).
[39] A. Peres, “Stability of quantum motion in chaotic and regular systems”, Phys.
Rev. A 30, 1610–1615 (1984).
[40] J. Emerson, Y. S. Weinstein, S. Lloyd, and D. G. Cory, “Fidelity decay as an
eﬃcient indicator of quantum chaos”, Phys. Rev. Lett. 89, 284102 (2002).
[41] A. Kowalewska-Kudlaszyk, J. Kalaga, and W. Leoński, “Long-time ﬁdelity
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Chapter 5

Quantum entanglement
and chaos in the
Hénon-Heiles Hamiltonian
“What we observe is not nature itself, but nature exposed to our
method of questioning”
-Werner Heisenberg (1901-1976).

5.1

Introduction

In this chapter, we gather all the ideas that we have gained from the previous
chapters in order to explore the connection between the Fastest Lyapunov Indicator
and the entanglement enhancement. We already know that, for the highly chaotic
orbits the entanglement enhancement is smaller, while it is larger for the regular
orbits. Hence the natural question is, whether there is any relationship between
the degree of chaos and the entanglement enhancement. In this chapter we aim to
understand the eﬀect of single-mode squeezing on the enhancement of entanglement
production and its connection to the degree of chaos. The occurrence of this enhancement can be used to measure the degree of chaos present in the system. Hence
we would like to know the connection between the Fastest Lyapunov Indicator and
entanglement enhancement using the Hénon-Heiles system.
The Hénon-Heiles system was ﬁrst studied by the astronomers Michel Hénon
and Carl Heiles in 1964, in the context of analyzing the third integral of motion
in galactic dynamics [1]. This is one of the simplest systems which shows rich
dynamical behavior including chaos and escaping dynamics for certain range of
99
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energy values. Due to its simplicity and its rich dynamical properties, chaos theorists
have extensively explored diﬀerent classical dynamical aspects of this system [2]–[5].
In the quantum chemistry community, the Hénon-Heiles system is widely used
also to model the polyatomic vibrational spectra and to study the quantum classical
correspondence [6]. The initial research work on the quantum Hénon-Heiles system
starts from the Percival’s postulate on the existence of the two kinds of energy
levels for a bounded system: one for the regular orbits and the other one for the
chaotic orbits [7]. Further research in this area has clearly established the existence
of diﬀerent types of energy levels termed as “irregular spectrum” and “regular spectrum” which corresponds to chaotic and regular orbits respectively [6], [8]. In the
Hénon-Heiles system, Davis, Stechel and Heller [9] had analyzed the time evolution
of a tensor product coherent state for the chaotic and the regular initial conditions.
They have found a clear distinction between the correlation function of the wave
function for the chaotic initial condition and the regular initial condition. In the
celebrated article of Feit, Fleck and Steiger [10], they had proposed an extremely efﬁcient computational method to determine the eigenvalues and eigenfunctions of the
Schrödinger equation and they have computed the eigenvalues and eigenfunctions of
an asymmetric double-well potential and the Hénon-Heiles system with extreme accuracy. In addition to that, Feit and Fleck [11] had also analyzed the correspondence
between the wavepacket dynamics and chaos in the quantum Hénon-Heiles system.
Their split operator algorithm is memory eﬃcient and extremely faster compared
with the matrix method. Due to this reason, we use their algorithm to ﬁnd the time
evolution of the initial tensor product squeezed coherent state.
Recently, there is an increased interest in the squeezed quantum states in connection with the quantum information processing. In the Jaynes-Cummings model
for example, it has been demonstrated that a stronger entanglement between a twolevel atom and an electromagnetic ﬁeld mode can be achieved by using a squeezed
state rather than a coherent state as the initial photon state [12]. Interestingly, the
entanglement enhancement is observed only when the initial state of the ﬁeld mode
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is suﬃciently squeezed. In other interesting investigations, the enhancement in entanglement via unequal single-mode squeezing performed separately on the two ﬁeld
modes is studied [13], [14]. It is also found that the entanglement persist even in a
decohering environment with high temperature when the normal modes are squeezed
[15]. In addition to that, Wang and Sanders [16] have analyzed symmetric multiqubit states and they have found a clear relationship between spin squeezing and
pairwise entanglement. Most recently, Beduini and Mitchell [17] have extended the
results of Ref. [16] to optical ﬁelds and they have found a spin-squeezing inequality
for photons.
Taking these works into account, it is worthwhile to analyze the eﬀect of squeezing on the entanglement enhancement in the Hénon-Heiles system. Even though the
Hénon-Heiles system is widely explored and shows a rich classical dynamical behavior ranging from bounded motion to chaotic and escaping behavior, this system has
not been explored in connection with the entanglement dynamics. Hence, our goal
in this chapter is the following. We focus on the the entanglement enhancement due
to the local squeezing of the wavefunction and its quantum-classical correspondence.
It is already known that chaotic orbits can give higher entanglement maxima, while
regular orbits give a smaller value [18]. Hence the entanglement maxima depends
on the nature of the underlying classical dynamics. In this chapter, we answer the
question of entanglement enhancement and its dependency on the underlying regular
and chaotic dynamics .
This chapter is organized as follows. First, we give a brief theoretical description
of the system and a short explanation of all the used numerical tools. Secondly,
the classical dynamics of the Hénon-Heiles Hamiltonian is studied in a completely
regular phase-space regime and the corresponding quantum entanglement for the
squeezed coherent state is analyzed. Finally, the Hénon-Heiles Hamiltonian in the
predominantly chaotic phase-space regime is analyzed along with the corresponding
quantum entanglement dynamics.
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5.2

Model Description

The classical Hamiltonian of the Hénon-Heiles system can be written as
1
H = (p2x + p2y ) + V (x, y),
2
where V (x, y) =

1
(x2
2

+ y 2) + λ(x2 y −

y3
)
3

(5.1)

is the two dimensional Hénon-Heiles

potential and λ gives the coupling strength.
In the quantum case, the corresponding Schrödinger equation can be written as:

i~

∂
−~2 2
ψ(x, y, t) =
∇ ψ(x, y, t) + V (x, y)ψ(x, y, t).
∂t
2m

(5.2)

The time evolution of the quantum state ψ(x, y, t) is given by
ψ(x, y, t) = Û (t)ψ(x, y, 0),

(5.3)
2

where the time evolution operator is given by Û (t) = exp ( −it
[ −~
∇2 + V (x, y)]).
~
2m
The time evolution of the wave function is performed numerically using the second
order split operator technique. Feit et al. [10], [11] have done a detailed analysis of
the time evolution of the wavepacket in the Hénon-Heiles potential and we follow
their approach.
Since we study the continuous variable entanglement in quantum Hénon-Heiles
system, a pure continuous bipartite state can be written as

|ψi12 =

Z

ψ(x, y)|xi|yidx dy,

(5.4)

where |xi and |yi are the continuous basis representation of the position operators
of the ﬁrst and second particle respectively. The reduced density matrix of the ﬁrst
subsystem ρ1 can be obtained by summing over the second ﬁeld mode, and it can
be represented in terms of the bipartite wave function ψ(x, y), i.e
Z
′
′
ρ1 (x, x ) = ψ(x, y)ψ ∗ (x , y)dy ,

(5.5)

where ρ1 (x, y) is the reduced density matrix of the ﬁrst subsystem in the continuous
position basis representation.
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To quantify the continuous variable entanglement, we use the von Neumann
entropy of the entanglement using the numerical methods proposed by Parker et
al. [19] and Bogdanov et al. [20]. The von Neumann entanglement entropy of the
reduced density matrix is given by
Svn (t) = −

X

λi log(λi ),

(5.6)
′

where λi are the eigenvalues of the Hermitian kernel ρ1 (x, x ). The eigenvalues are
′

computed from the Fredholm type I integral equation of ρ1 (x, x ), which is given by
Z

′

′

′

ρ1 (x, x )φi (x )dx = λi φi (x),

(5.7)

where λi is the eigenvalue of the corresponding Schmidt eigenfunction φi (x).

5.3

The Squeezed Coherent State

Since our numerical computation is performed using the split operator method,
the wavefunction has to be represented in the position basis. Hence, the coordinate
representation of the squeezed coherent state is used. A year after the discovery of
Rai and Mehta’s [21] coordinate representation of squeezed coherent state, Hong-Yi
and Vanderlinde [22] had found another analytical expression for the same wavefunction. Because of the numerical stability for the higher values of the squeezing
parameter and due to the simplicity of the wavefunction, we prefer the one proposed
by Møller, Jørgensen and Dahl [23]. These authors have followed the Hollenhorst
[24] and Caves [25] deﬁnition of the displacement and squeezing operators, which is
given by

D̂(αk ) = exp (αk aˆk † − αk∗ aˆk ) ,
1
1
2
Ŝ(ζk ) = exp ( ζk aˆk † − ζk ∗ aˆk 2 ) .
2
2

(5.8)
(5.9)

Then, the squeezed coherent state is deﬁned as
|αk , ζk i = D̂(αk )Ŝ(ζk )|0i ,

(5.10)
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where, αk = |αk |eiφk and ζk = |rk | eiθk are complex numbers and αk are related to
the phase-space variables (qk , pk ), in the following manner
1
αk = √ (qk + ipk ),
2~

(5.11)

where k = 1, 2, respectively. According to Møller, Jørgensen and Dahl [23], the
squeezed coherent state in the position basis can be written as
1/4
1
−1/2
ψ(x, αk , ζk ) =
(cosh rk + eiθ sinh rk )
π~




i
1 cosh rk − eiθ sinh rk
2
(x − q1 ) + p1 (x − q1 /2) .
× exp −
2~ cosh rk + eiθ sinh rk
~


(5.12)

In our numerical computation, we use the tensor product state of this wavefunction
to study the quantum entanglement dynamics for diﬀerent squeezing parameter
values.

5.4

The Fastest Lyapunov Indicator

In order to measure the degree of chaos associated to a classical initial condition,
the Fastest Lyapunov Indicator (FLI) is computed numerically. A dynamical system
evolving under the continuous time t obeys the following diﬀerential equation
d~x
= f (~x, t).
dt

(5.13)

The variation vector ξ~ associated with a given trajectory ~x(t) obeys the linear differential equation

dξ~
~ t).
= Df (ξ,
dt

(5.14)

The FLI was introduced by Froeschlé and Lega [26] and it is deﬁned as
~
~
FLI(~x(0), ξ(0),
tf ) = sup ln ||ξ(t)||,

(5.15)

0<t<tf

where tf is the stopping time. A detailed description on the application of the FLI
can be found in [4] and the references therein.
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Quantum Poincaré Section in the Coherent State
Representation

The quantum Poincaré section is deﬁned as the two particle Hussimi distribution
under the constraint condition that the α1 and α2 parameters of a tensor product
coherent state is determined by the classical energy conservation equations of the
phase-space variables. In the two dimensional classical Hamiltonian, there exist a
one-to-one correspondence between the classical phase-space variables (x, px , y, py )
and the coherent state parameters (α1 (x, px ), α2 (y, py )). Since the classical Poincaré
section obeys an energy conservation equation, ﬁxing the Poincaré plane x = 0.0
uniquely determines the value of the variable px . Thus, the independent variables
are y and py . Due the one-to-one correspondence between the classical phase-space
variables and the coherent state parameters, we can easily ﬁnd a quantum Poincaré
section. Hence, in the two-dimensional system, the plot of the quantum Poincaré
section is constructed using the coherent state representation with the restriction
that the centers of the wavepackets are conﬁned on the classical surface of constant
energy.
Hence the deﬁnition of the quantum Poincaré section of the two-particle wavefunction |ψi is given by
Q(y, py ) =

1
|hα1 (x, px ), α2 (y, py )|ψi|2,
π2

(5.16)

where x = k deﬁnes the Poincaré plane and the momentum variable px is given
by the function px = g(E, x, px , y, py ). Once the classical energy E is known, there
exist a unique value of px for each pair of (y, py ). Hence, the classical equations
restrict the possible values of α1 and α2 . Ying-Xin and Kai-Fen [27] had already
analyzed the quantum Poincaré section in the Hénon-Heiles Hamiltonian and they
have found a good correspondence between the classical and quantum Poincaré
section for low energy wavefunctions. Here, we explore the quantum Poincaré section
of the entangled wavefunction to analyze the amount of phase-space area covering
in the Poincaré section.
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5.6

Quantum Entanglement and the Classical phase-space
Structure

In order to explore the connection between the classical chaos and quantum entanglement in the Hénon-Heiles Hamiltonian, the Poincaré sections of phase-space
with energy Eλ = 6.6666 and Eλ = 13.3333 are plotted in Fig. 5.1(a) and Fig. 5.2(a)
respectively. Red markers shown inside the Poincaré section indicate the coordinates of the classically centered initial coherent state (CICS). For the notational
convenience of the parameters of the CICS, a single parameter ζ is occasionally
used to denote the squeezing parameters (ζ1 = ζ2 ) of the equally squeezed tensor
product coherent state. From the previous research works, it can be seen that the
classical dynamics of the Hénon-Heiles Hamiltonian is usually studied with the coupling constant λ = 1, while in the quantum chemistry community the value of the
√
coupling constant λ = 1/ 80 is widely used to study the corresponding quantum
system. This is due to the fact that the quantum system is usually analyzed with
perturbation theory, so that a small value of the coupling constant λ is preferred
to obtain a better numerical accuracy. In our case, we do not use the perturbation
theory to study the quantum system, so that the small value of λ is not a numerical
constraint here, but for a better accuracy of the split operator algorithm we simply
follow the tradition. It is known that the Hénon-Heiles Hamiltonian obeys a scaling
invariance under the phase-space variable transformation Q1 = λ x and P1 = λ px ,
Q2 = λ y and P2 = λ py , and the energy will be scaled like Eλ = E/λ2 . Here
Eλ corresponds to the energy associated with the Hamiltonian H(px , qx , py , qy , λ)
(see Eq. 5.1) while E corresponds to the energy associated with the Hamiltonian
H(P1 , Q1 , P2 , Q2 , λ = 1) which is extensively explored by the classical chaos community. Hence Eλ = 6.6666 corresponds to E = 1/12 and Eλ = 13.3333 corresponds
to E = 1/6, which are the numerical values widely used by the classical chaos
community.
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Regular Phase-Space and Quantum Entanglement

We ﬁrst look into the entanglement dynamics in the regular phase-space case.
√
For the classical energy Eλ = 6.6666 and coupling constant λ = 1/ 80, the classical
phase-space of the Hénon-Heiles system is regular, and the Poincaré section consists
of tori of diﬀerent sizes (see Fig. 5.1(a)). This has already been pointed out by Hénon
and Heiles [1]. In the quantum regime we choose a tensor product squeezed coherent
state centered around the markers given inside the Poincaré section. Then, the
entanglement dynamics is analyzed during the time evolution of these wavepackets
and the entanglement maxima are plotted in Fig. 5.1(b). It is observed that the
entanglement maxima increase as we go from the smaller inner classical tori to
the bigger outer tori. In other words, the entanglement production depends on the
nature of the underlying classical trajectory. This can be easily seen from Fig. 5.1(b),
and it is clear that the entanglement production is larger for the larger tori and
smaller for smaller tori. These results are in accordance with the result of the
Pullen-Edmonds Hamiltonian as pointed out by Zhang and Jie [18]. In their analysis,
they already had shown that for the coherent states the entanglement maximum is
directly associated with the size of the classical tori. Here, we can clearly see that
those results are not only true for the coherent states but also true for the squeezed
coherent state in the Hénon-Heiles system. In addition to that, as the tori size
increase the entanglement enhancement via squeezing get smaller.

5.6.2

Chaotic Phase-Space and Quantum Entanglement

Here, a detailed analysis on the entanglement dynamics and its quantum classical
correspondence is performed on the chaotic phase-space. It is widely known that,
√
for energy Eλ = 13.3333 and coupling constant λ = 1/ 80, the classical phase-space
of the Hénon-Heiles system is predominantly chaotic. In the Poincaré section shown
in Fig. 5.2(a), the classical tori ﬁll only a small region of the phase-space. This
has already been pointed out by Hénon and Heiles [1]. It can be seen that in the
quantum regime, an initial tensor product coherent state becomes entangled during
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Figure 5.1. The Poincaré section of the Hénon-Heiles system with energy E = 6.6666
√
and λ = 1/ 80 taken at the plane x = 0 is shown in (a). The cross symbols inside the
Poincaré section denote the initial values of the coherent states which had been chosen
to study the entanglement dynamics and the numbers denote the orbit numbers. Hence
the entanglement dynamics of a total of 11 orbits are studied. Entanglement dynamics
of different classical trajectories are plotted in (b). Blue circles shown in (b) indicate the
maximum value of the entanglement for the coherent states and the rest of the different
markers show the maximum of the entanglement for the squeezed coherent states. It can
be clearly seen that, as the size of the classical orbit decreases, the maximum of quantum
entanglement entropy decreases and reaches to a minimum for the orbit 7 . As we move
to the right from the orbit 7 to the orbit 8 until the orbit 11, the size of the classical tori
increases, so that the maximum of entanglement again starts to increase.
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Figure 5.2. The Poincaré section of the Hénon-Heiles system with energy Eλ = 13.3333

√
and coupling constant λ = 1/ 80 taken at the plane x = 0 is shown in (a). The cross
markers inside the Poincaré section denote the initial values of the coherent state which
had been chosen to study the entanglement dynamics and the numbers denote the corresponding orbit numbers. Here the orbits from 1 to 4 are regular and the rest of the orbits
(from 5 to 7) are chaotic. Blue circles shown in (b) indicate the maximum value of the
entanglement for the coherent state and the rest of the different markers show the entanglement maxima for the squeezed coherent states. We can clearly see that for the squeezed
coherent state, the chaotic orbit has the higher entanglement maximum compared to the
regular ones. In addition to that, the highly chaotic orbit 7 has a negligible entanglement
enhancement compared to the weakly chaotic orbits and the regular orbits .
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5

(a)
4

3

Sv n

ζ = −0.75
ζ = −0.50

2

ζ = −0.25
ζ = 0.0

1

0
0

100

200

t

300

400

(a) Regular Orbit 1
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(b) Chaotic Orbit 7

Figure 5.3. The entanglement dynamics of the squeezed coherent state of the regular
orbit (orbit 1) and the chaotic orbit (orbit 7) are shown in (a) and (b) respectively. Note
that both orbits have the classical energy Eλ = 13.3333. From these figures, it can be
seen that the entanglement enhancement via squeezing is negligible for the chaotic orbit
as compared to the regular orbit.
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Figure 5.4. This figure shows the Fastest Lyapunov Indicator with the stopping time
tf = 400 for all the initial conditions shown in Fig. 5.2(a). It can be clearly seen that FLI
is higher for the chaotic orbit and smaller for the regular orbit. In addition to that, orbit
7 has the higher values FLI compared to the other chaotic orbits 5 and 6. This clearly
explains the observed quantum entanglement maxima of the chaotic orbits.

the time evolution under the quantized Hamiltonian, consequently the value of the
von Neumann entropy saturates after a speciﬁc interval of time. In Fig. 5.2(b) the
entanglement maxima are plotted for the squeezed coherent states corresponding to
diﬀerent classical orbits . From Fig. 5.2(b) it can be seen that, the entanglement
maxima are higher for the chaotic orbit and smaller for the regular orbit. In other
words, the entanglement production depends on the dynamical nature of the underlying classical trajectory. These results are again in accordance with the result
pointed out by Zhang and Jie [18] on the Pullen-Edmonds Hamiltonian. In addition
to that, it can be seen from Fig. 5.2(b) that the orbits 5, 6 and 7 are in the middle of
the chaotic sea, thus the enhancement of entanglement due to squeezing is smaller
in these cases, compared with the rest of the regular orbits. We can also see that
the enhancement of entanglement via squeezing is higher in regular orbits (orbits 1
to 4) compared to the rest of the chaotic orbits. For the highly chaotic orbit 7, the
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Figure 5.5. Figures show the quantum density spectrum for the squeezed coherent
√
state with classical energy E = 13.3333 and coupling constant λ = 1/ 80. Figures (a)
and (b) shows the density spectrum for the regular orbit 1 with the squeezing parameters
ζ = 0.0 and ζ = −0.75 respectively. At the same time, figures (c) and (d) show the
density spectrum for the chaotic orbit 7 with the squeezing parameters ζ = 0.0 and
ζ = −0.75 respectively. The quantum density of the entangled coherent state contains
lesser frequency components, which is shown in (a). When the squeezing is applied, more
additional frequencies appear in the quantum density spectrum, which is shown in (b) .
The same is true for the classically chaotic orbit 7 shown in figures (c) and (d).

enhancement of entanglement is extremely smaller compared with all other orbits.
Even chaotic orbits 5 and 6 have larger entanglement enhancement due to squeezing,
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(a) Regular Orbit 1: ζ = 0.0

(b) Regular Orbit 1: ζ = −0.75

(c) Chaotic Orbit 7: ζ = 0.0

(d) Chaotic Orbit 7: ζ = −0.75

Figure 5.6. Figures (a) and (b) show the quantum Poincaré section of the regular orbit
1 taken at the plane x = 0 for the initial squeezed coherent state with ζ = 0.0 and ζ = 0.75
respectively. At the same time, figures (c) and (d) shows the quantum Poincaré section of
the chaotic orbit 7 taken at the plane x = 0 with ζ = 0.0 and ζ = 0.75 respectively. The
chosen parameter values are the classical energy Eλ = 13.3333 and λ =

√1 .
80

compared to the highly chaotic orbit 7.
To have a clear picture of the diﬀerence in entanglement enhancement, orbit 1
and orbit 7 from the mixed phase-space is plotted in Fig. 5.3. It can be seen from
Fig. 5.3(a) that the entanglement enhancement via squeezing is higher for the regular
orbit 1 as compared to the highly chaotic orbit 7 shown in Fig. 5.3(b). This crucial
diﬀerence in the entanglement enhancement in the chaotic orbits can be understood
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in terms of the degree of chaos present in these individual orbits.
Since FLI is a good tool to measure the degree of chaos, in Fig. 5.4 the FLI is
plotted for all the seven orbits of the chaotic phase-space (see Fig. 5.2(a)). It is
important to mention that, FLI simply measures the maximum of the divergence
of the nearby trajectories in the phase-space for a given time interval tf , hence
it is always a positive deﬁnite quantity. It is already known that FLI increases
linearly with respect to time for a regular orbit while there exist an exponential
growth for a chaotic orbit. From Fig. 5.4, it can be seen that orbit 7 has a higher
degree of chaos, since FLI is higher in this case. Hence, it can be argued that
the entanglement maximum is directly related to the degree of chaos present in the
classical trajectory. Note that we can have a one-to-one correspondence between the
FLI in Fig. 5.4 and the entanglement maximum shown in Fig. 5.2(b). In each orbit
the FLI and the entanglement are increasing gradually. From this observation, it
can be easily explained the observed diﬀerence in the entanglement enhancement of
the chaotic orbits. It is observed that the Møller’s wavefunction can give a position
squeezed coherent state for the negative values of the squeezing parameter. Since
the position squeezed wavefunction is more localized in the conﬁguration space, it
is more closer to the classical description of the system than the coherent state.
Thus, there is a good one-to one correspondence between FLI and the entanglement
maxima of the squeezed coherent states as compared to the coherent state.
It is important to note that the highly chaotic orbit 7 can give a higher value
of entanglement maximum even without squeezing. It is already known that the
quantum chaos can deﬁne an upper bound in the entanglement dynamics. Thus,
the obtained dynamical entanglement of the highly chaotic orbit 7 is closer to the
upper bound. Further application of the squeezing operation does not enhance
the entanglement beyond this value. This will explain the negligible entanglement
enhancement of the chaotic orbit 7. While in the case of chaotic orbits 5 and 6, the
degree of chaos is smaller and the entanglement maximum is not closer to the upper
bound. Thus, applying the squeezing can enhance the entanglement in these orbits

5.6. Quantum Entanglement and the Classical phase-space Structure

115

up to the allowed upper bound. It is to be noted that the chaotic orbits always have
a higher entanglement maximum compared to the regular orbit and the quantum
classical correspondence is always maintained.
These results can also be understood in terms of the quantum density spectrum
of the squeezed coherent state. The quantum density spectrum ρnn is computed from
the Fourier transform of the autocorrelation function of the time evolved wavefunction. In Fig. 5.5, the quantum density spectrum of the squeezed coherent state
√
is plotted with classical energy E = 13.3333 and coupling constant λ = 1/ 80.
Figures 5.5(a) and 5.5(b) show the density spectrum for the regular orbit 1 with
the squeezing parameters ζ = 0.0 and ζ = −0.75 respectively. At the same time
Fig. 5.5(c) and Fig. 5.5(d) shows the density spectrum for the regular orbit 7 with
the squeezing parameters ζ = 0.0 and ζ = −0.75 respectively. It can be seen that,
in Fig. 5.5(a) the quantum density contains less number of frequency components,
when the squeezing is applied the density spectrum contains more additional frequencies with a smaller amplitude. The same is true for the classically chaotic orbit
7 shown in Fig. 5.5(c) and Fig. 5.5(d). Hence it is clear that the squeezing operation
can increase the number of frequency components in the quantum density spectrum.
Since the chaotic orbit already contains many frequency components, the increased
number of frequency component due to squeezing operation in the chaotic case is
minimal compared to the regular ones. This again explains the observed diﬀerence in
the entanglement enhancement. Hence, we can easily say that, for the regular orbit
the entanglement enhancement via squeezing is higher compared to the chaotic orbit
and if the orbit is highly chaotic, then the entanglement enhancement is negligible.
Feingold and Peres [28] had explored the propagators associated to the chaotic
and regular orbits. They had found that the rms time average of a chaotic propagator is nearly uniformly spread in the Hilbert space. On the other hand the
propagator from a regular state is localized in a subset of states and it almost does
not reach other parts of the Hilbert space. In the context of the wavepacket dynamics a chaotic initial condition can visit more regions in the Hilbert space compared
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to a regular initial condition. In the pure classical regime, it is already known
that the chaotic initial condition contain more spectral components in the Fourier
transform of the classical trajectory than the regular one [18]. Martens and Ezra
[29] had computed the semi-classical energy levels and the action variables using
EBK quantization based upon the Fourier representation of the invariant tori in the
quasiperiodic regime. Hence, in the classical regime, the classical frequency components are intriguingly related to the underlying classical tori [18]. As the number
of frequency components increases, the accessible phase-space region increases for
the corresponding classical initial condition. This is evident due to the fact that the
chaotic orbit has the more accessible phase-space region. Hence, it is worthwhile to
check the classical phase-space region occupied by the entangled wavefunction and
the modiﬁcation of the phase-space region due to the squeezing operation.
In order to clarify our arguments, the quantum Poincaré section of the entangled
wavefuntions is plotted in Fig. 5.6 . Especially, Fig. 5.6(a) shows the quantum
Poincaré section of a CICS corresponding to the regular orbit 1 with the squeezing
parameter ζ = 0.0. It can be seen that, the quantum Poincaré section of the
regular orbit 1 shows a localized phase-space density in the origin as well as near
to the bounding curve, where the classical tori are located. Squeezing operation
delocalize this phase-space density distribution and it occupies more regions inside
the bounding curve which is shown in Fig. 5.6(b). The same scenario is present
in Fig. 5.6(c) and Fig. 5.6(d). Especially Fig. 5.6(c) shows an already delocalized
probability density and the squeezing operation can again delocalize the density
which is shown in Fig. 5.6(d) , but this diﬀerence is minimal compared to the regular
orbit. This scenario indicates that, there is an upper bound on the total available
phase-space region that the wavefunction can access. If the chaotic orbit is near to
this upper bound, then the further enhancement of entanglement is negligible. This
also explains the observation that a CICS centered on a highly chaotic orbit gives
negligible entanglement enhancement.

5.7. Conclusions

5.7
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Conclusions

We have analyzed the quantum entanglement of the squeezed coherent state in
the Hénon-Heiles Hamiltonian. In a completely regular phase-space the entanglement maximum depends on the size of the underlying classical tori. In addition to
that, the entanglement enhancement is higher for smaller tori and the converse is
true for the biggest tori. In the case of chaotic phase-space, it is found that the
squeezing can considerably enhance the entanglement of the regular initial conditions compared to the chaotic initial condition. At the same time, for the highly
chaotic initial conditions the enhancement of entanglement is negligible compared
to the regular and less chaotic orbits. We also have found a clear correspondence
between the von Neumann entropy of entanglement and the Fastest Lyapunov Indicator. These observed phenomena of the entanglement enhancement is explained in
terms of the number of frequency components in the quantum density spectra and
also in terms of the available phase-space area in the quantum Poincaré section.
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Chapter 6

Conclusions

“If there is something very slightly wrong in our definition of the
theories, then the full mathematical rigor may convert these errors into
ridiculous conclusions”
-Richard P. Feynman (1918-1988).
We have explored the relationship between the entanglement and chaos in this
PhD thesis. We can articulate our results into four diﬀerent topics: (1) Chaotic
map and the phase control method, (2) The short-time semi-classical entanglement
dynamics, (3) Mode squeezing and entanglement and its relation to chaos in PullenEdmonds Hamiltonian (4) Degree of chaos and entanglement in the Hénon-Heiles
Hamiltonian.
1. Chaotic maps and the phase control method
We have analyzed the bouncing ball system and explored the associated nonlinear chaotic map, in addition to that the Hénon map is also explored. We
have seen that using the phase of the control signal the chaotic behavior in the
system can be controlled. In addition to that, we have explored the bifurcation
digram and the intermittency in the system and its dependence on the phase
of the external control signal.
2. The short-time semi-classical entanglement dynamics
In order to study the short-time entanglement dynamics a special class of
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coupled oscillator system is chosen. It can be seen that the simple chaotic
hamiltonians have an interaction potential of the form λ xm y n . Hence we have
selected this class of hamiltonians to analyze the short time semiclassical entanglement and its ~-dependence. In the earlier studies it is not clear how
the entanglement dynamics becomes ~ dependent or ~ dependent based on
the interaction hamiltonian. By an analytical treatment we have resolved the
~ dependency by showing that the short time linear entropy can depends on
~ with a power m + n − 2. In addition to that we have explored the entanglement enhancement due to squeezing of the initial state and an analytical
expression is obtained in terms of Planck constant, the coupling strength and
the squeezing parameters.

3. Mode squeezing and entanglement and its relation to Chaos in Pullen-Edmonds
Hamiltonian
We have explored the single mode squeezed coherent state to explore the entanglement dynamics in the pullen-Edmonds Hamiltonian. We have found
that the chaotic orbit always gives a higher amount of entanglement and the
entanglement enhancement via squeezing in this case is negligible compared
to the entanglement enhancement of the regular orbit. In addition to that
we have seen that the entanglement maxima of chaotic orbit is closer to the
value predicted by the Random Matrix theory. In the case of regular orbit
the entanglement maxima is smaller for the coherent state and the squeezing
can enhance the entanglement considerably. Hence there is a clear connection
between the entanglement dynamics and classical chaos.
4. Degree of Chaos and Entanglement in the Hénon-Heiles Hamiltonian.
We have studied the entanglement enhancement in the Hénon-Heiles Hamiltonian with the help of the Fastest Lyapunov Indicator (FLI). We have found
that the entanglement maxima and the FLI shows a one to one correspondence.
This is a clear indication of the relationship between the degree of chaos and
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entanglement dynamics. We have seen that when the degree of Chaos increases gradually the entanglement enhancement via squeezing reduced. This
is a more general result of our previous observation.
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Resumen
Introducción y antecedentes
El trabajo de investigación desarrollado en esta tesis se centra fundamentalmente
en la relación entre el “Caos y el Entrelazamiento”. La primera deﬁnición de caos
cuántico se debe a M. V. Berry, fı́sico teórico de la Universidad de Bristol, que en
1987 propuso deﬁnirlo como el estudio de las manifestaciones cuánticas del caos
clásico. Recientemente se ha abierto una nueva lı́nea de investigación sobre el tema
conocida como “La relación entre caos y el entrelazamiento”. Cuando el sistema
clásico es más caótico, el sistema correspondiente cúantizado exhibe más entrelazamiento y posee una mayor producción de entrelazamiento. Estas investigaciones
han encontrado que el comportamiento del entrelazamiento cuántico depende de la
estructura dinámica local, del espacio de fases clásico correspondiente.

Metodologı́a
Uno de los objetivos fundamentales del caos cuántico es el estudio de las relaciones que existen entre los sistemas caóticos y los sistemas cuánticos. El principio de
correspondencia establece que la mecánica clásica es un aproximación de la mecánica
cuántica en grades escalas. Bajo esta hipótesis, deberı́an de existir manifestaciones
a nivel cuántico asociadas al comportamiento caótico a nivel clásico. Por su parte
la teorı́a del caos describe cómo pequeños cambios en las condiciones iniciales de
un sistema pueden acarrear consecuencias dramáticas en su desarrollo a tiempos
largos. Por otro lado, el entrelazamiento es una propiedad puramente cuántica
donde multitud de partı́culas pueden llegar a estar entrelazadas de tal modo que
un pequeño cambio en uno de ellos provoca cambios instantáneos a las partı́culas
entrelazados. La relación entre la teorı́a del caos y el entrelazamiento puede aportar
pistas acerca de la conexión estrecha entre el mundo clásico y el mundo cuántico.
La conexión aparentemente oculta entre el entrelazamiento cuántico y la teorı́a del
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caos ha sido desvelada recientemente por una serie de ingeniosos experimentos con
átomos de Cesio que han sido llevados a cabo por Poul Jessen y sus colaboradores
en la Universidad de Arizona. Nuestro objetivo es analizar la relación existente
entre el entrelazamiento de un estado coherente exprimido y el caos en sistemas de
osciladores acoplados. Este tipo de estudio puede tener importantes aplicaciones en
ciencia e ingenierı́a . En años precedentes, se consiguió mostrar la relación entre
caos y entrelazamiento de los estados coherentes. una idea similar fue mostrada
primero en un sencillo sistema como el “Coupled quantum kicked tops”.
Generalmente se entiende por sistema caótico a aquel que presenta un objeto
atractivo en el espacio de fases, un atractor caótico, dentro del cual las trayectorias
son caóticas. Sin embargo existen situaciones en las cuales no existe un atractor
caótico deﬁnido. Este tipo de sistema se conocen como sistema hamiltoniano. Estudiaremos el espacio de fases clásico a través de la sección de Poincaré y de la
distribución de los exponentes de Lyapunov, que nos darán una medida del caos en
el sistema clásico. El entrelazamiento cuántico del estado coherente exprimido se
estudia mediante la ayuda de la entropı́a lineal del subsistema o de la entropı́a de
von Neumann reducida. En un sistema clásico estudiaremos la entropı́a de Boltzmann y Shannon en espacio de las fases reducida para encontrar su relación con la
entropı́a de von Neumann reducida.
Además estudiaremos el efecto del estado cuántico inicial en el crecimiento inicial
del entrelazamiento. Para ello tomaremos un estado coherente exprimido como
estado cuántico inicial y analizaremos el crecimiento incial del entrelazamiento del
sistema. Posteriamente exploraremos la forma de exprimir estado coherentes, para
mejorar el entrelazamiento en un sistema cuántica y su correspondencia con caos
clásico . La investigación realizada durante esta tesis es de naturaleza analitico y
teórico-computacional. Para llevarla a cabo se han usado lenguajes de programación
como C, que permiten cálculos rápidos de integración numérica de ecuaciones parcial
diferenciales (ecuación de Schrödinger), asimismo como el entorno de trabajo de
Matlab.
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Objetivos y Conclusiones
1. Mapas cáoticos y phase control.
Estudiamos los sistemas caóticos con mapas caóticos bi-dimensionales y explorado sus propiedades básicas. El método de “phase control” se aplica para controlar
la dynamica caótica del sistema. Para ello exploramos fase de la señal de control
para controlar el comportamiento del sistema caótico. También hemos explorado el
efecto de fase en situaciones de intermitencia y crisis.

2. Entrelazamiento semi-classical y exprimido cúantica
Estudiamos analı́ticamente el entrelazamiento en un sistema de osciladores no
lineal acoplado con un potencial de interación de la forma λxn y m . Esta tipo de potencial de interación es muy general para explicar osciladores caóticos hamiltonianos.
También estudiado analiticamente la entropia lineal de entrelazamiento en las osciladores de Pullen-Edmonds, Hénon-Heiles, Barbanis-Contopoulos e.t.c. También
hemos demostrado de forma analı́tica la dependencia de la entropı́a lineal de entrelazamiento con ~. Además hemos demostrado que el exprimido cuántico tiene
un efecto que a mejora el entrelazamiento, monstrando que cuando el parametro de
exprimido cuántico es grande el valore maximó de entropı́a lineal es grande. Esta
efecto es proporcional al exponente del potencial de interacción.

3. Correspondencia entre caos y entrelazamiento
Unos de los objetivos de esta tesis es analizar el entrelazamiento de un estado
cuántico coherente cuando el sistema clásico correspondiente es caótico o periódico.
Hemos analizado el crecimiento inicial del entrelazamiento usando un estado inicial
coherente exprimido. Para cálcular el valor del entrelazamiento en cualquier instante
de tiempo, hemos calculado la entropı́a lineal o la entropı́a de von Neumann reducida
de uno de los estados posibles del sistema. También hemos analizado el espacio
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de fases clásico para encontrar la relación entre el exprimido cuántico y el caos
clásico. Nuestro interés también se ha centrada en la correspondiencia entre de las
transiciones caóticas en el estado clásico y el comportamiento del entrelazamiento
en un estado coherente exprimido.

4. Caos clásico y el incremento del entrelazamiento
La correspondiencia entre comportamiento clásico y la mejora del entrelazamiento es analizado con el estado coherente exprimido. Cuando el sistema clasico es
caótico el incremento del entrelazamiento es pequeño, porque este ya se encuentra
cerca de su máximo. Este valor máximo del entrelazamiento se apróxima al valor
obtenido con la “Teorı́a de Matrices Aleatorias”. En un espacio de fases totalmente
regular, el valore máximo del entrelazamiento depende con el tamaño del toro clásico.
Además, el incremento de entrelazamiento es mayor para los toros más pequeños y lo
contrario ocure para las toros más grandes. En el caso de comportamiento regular,
el estado coherente exprimido cuántico se puede aumentar considerablemente el entrelazamiento en comparación con el comportamiento caótico. Para las condiciones
iniciales altamente caóticos el incremento del entrelazamiento es insigniﬁcante en
comparación con las órbitas regulares y menos caóticas. También hemos encontrado
una clara correspondencia entre la entropı́ade entrelazamiento de von Neumann y el
“Fastest Lyapunov Indicator(FLI)”. De esta forma hemos explorado la relación existente entre el estado coherente exprimido entrelazado y su correspondiente sistema
clásico.
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