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Preface

“Begin at the beginning, said the king gravely, and go till you come

to the end: then stop”

-Lewis Carrol

This thesis describes the work carried out in the Departamento de F́ısica of
the Universidad Rey Juan Carlos in the field of nonlinear dynamics and chaotic
dynamics, focused in particular in galactic dynamics.

The research done aims to develop numerical tecniques to characterise the pre-
dictability of galactic models. So far, several indicators have been sucessfully applied
to the characterization of the chaoticity of a given system, although such indicators
have not been able to characterize the predictability and they have also presented
some inconveniences when dealing with the timescales and number of dimensions
found in realistic galactic models.

So, the first objective of this thesis has been the development and study of nu-
merical techniques that could characterise both the chaoticity and the predictability
of a dynamical flow. The main tool has been the calculation of distributions of
finite-time Lyapunov exponents. These distributions have been applied to a variety
of dynamical systems. The returned results have been analyzed and the computa-
tional schemes have been tested and improved while searching for the limitations
of the method. We have focused our analysis on the astronomical domain. But we
have applied these techniques to more general dynamical systems, for its validation
in well-known systems. Taking advantage of this exercise and of the fundamental
interdisciplinary nature of the nonlinear dynamics techniques, we have reached in-
teresting conclusions in a variety of physical problems, such as fluid flow dynamical
systems or dissipative coupled oscillators.

The second objective of this thesis has been the use of such distributions for the
specific goal of characterising the predictability in a set of galactic models, mainly
meridional plane potentials, that despite of being relatively simple potentials, they
are realistic enough to show the required complex orbit behavior allowing to check
the validity of our techniques. In the last chapter of this thesis, we have applied these
techniques to derive the predictability properties of a more realistic and complete
model of a galactic potential. This is, in the end, the main goal of our work.

The structure of this thesis is the following:

vii
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Chapter 1 : Introduction

In order to properly present this thesis, we begin with an introduction to the exist-
ing link between Astronomy and Nonlinear Dynamics. We focus in presenting how
chaos theory can be applied to the galactic dynamics domain.

Chapter 2: Wada basins in the Hénon-Heiles system

This chapter introduces the role of chaos in the Hénon-Heiles Hamiltonian system,
one example of axisymmetric galactic potential, with movements restricted to be
in one meridional plane. We address this system in order to present the complex
dynamics found in galactic potentials. This is a paradigmatic Hamiltonian with
a phase space which shows a very rich fractal structure for a certain range of en-
ergy values. This system is numerically studied in the context of chaotic scattering,
within a range of energies which lead to some orbits to escape from the system.
We show how the basins of the system verify the Wada property, a strong topologi-
cal property related to the unpredictability of the evolution of the system with time.

Chapter 3: Stability and Chaos in open Hamiltonians

After computing different orbits and basins in the open case of the Hénon-Heiles
potential, this thesis continues with the calculation of the chaos stability in open
Hamiltonians, or how the chaoticity of the orbits is affected when some control pa-
rameters are modified. The system we study is one system that presents the transient
chaos phenomenon, as the Hénon-Heiles does. We study here a two-dimensional fluid
flow past a cylinder. We will check the generality of the computational algorithms
by addressing this problem using a Hamiltonian formalism that allows its study us-
ing the same techniques that will be applied to the galactic systems. Regardless of
this, this system is of interest by itself because despite the fact that this problem
has been widely studied in the past, is still under intensive research today as it may
be considered a paradigm of pattern formation and transient chaos, with many of
the involved physical mechanisms not still well known. The goal of this chapter
is to analyze under which circumstances the chaoticity in the wake of the cylinder
might be modified or even supressed. This has been achieved with the help of some
complexity indicators. We have analysed how these indicators are modified as the
cylindrical obstacle rotates or oscillates.

Chapter 4: Finite-time exponents in the Hénon-Heiles system

One of the main goals of this thesis is the characterisation of the chaoticity and pre-
dictability of galactic models through the calculation of distributions of finite-time
Lyapunov exponents. So this chapter presents the most relevant concepts involved
in the calculation of these distributions. Asymptotic and finite-time Lyapunov expo-
nents are a well known diagnostic tool for analysing chaotic motions, and this chapter
deals with the different results obtained from the calculation of those distributions
depending on the selection of the finite intervals lengths and total integration times.
Several prototypical distributions of the finite-time Lyapunov exponents have been
computed for the two degrees-of-freedom Hénon-Heiles Hamiltonian. The different
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factors which modify those distributions have been analysed. Even when we ob-
serve an evolution in the morphology of the distributions, when we use the smallest
finite-time intervals, the shapes of these distributions can serve for characterising
the dynamical state of the system.

Chapter 5: Predictability in two-degrees-of-freedom Hamiltonian systems

By using finite-time Lyapunov exponents, we get insight into both the local and
global properties of a dynamical flow, including its nonhyperbolic behavior. We
have extended the results from previous chapters and we have computed several dis-
tributions of finite-time Lyapunov exponents in two prototypical four-dimensional
Hamiltonian systems. The first one is again the Hénon-Heiles system. The sec-
ond one is the Contopoulos system. The finite-time exponents have been computed
from the growth rates of a set of arbitrarily oriented orthogonal axes. These axes
are allowed to tend to the largest stretching directions. Depending on the specific
timescales of the dynamics, the resulting distributions can trace the local and global
flow properties. We also introduce in this chapter the predictability index, and we
present how this index can be derived from the calculation of the finite-time distri-
butions.

Chapter 6: Predictability in coupled systems

Realistic galactic models have three degrees-of-freedom. As test bed about how
the finite-time Lyapunov exponents allow us to derive the shadowing properties in
six-dimensional systems, the above mentioned techniques have been computed in a
system formed by two coupled Rössler oscillators. The distributions of finite-time
exponents is a general technique that can be applied to dissipative systems in addi-
tion to conservative ones. So we have analysed the dependence of the predictability
index on the coupling strength and the internal nature of the oscillators. The main
focus rests on the dependence of these results on the length of the finite time inter-
vals and the computation of the most appropiate interval for a better forecast. We
emphasize the importance of extracting information from all relevant exponents to
get insight into the sources of the nonhyperbolicity of the system.

Chapter 7: The forecast of predictability in galactic models

Realistic galactic models impose some constraints to the available total integration
times, as the model may lose its physical meaning beyond certain timescales. The
finite-time Lyapunov exponents distribution techniques have been applied to these
conservative galactic models where no attractors are present and every orbit have
its own dynamical timescales. We have derived the predictability indexes from the
computation of distributions of finite-time Lyapunov exponents. In addition, by
analysing the evolution of the shapes of the distributions with the finite-time in-
tervals sizes, we have got insight into the timescales of the model where the flow
properties evolve from the local dynamics to global dynamics. Finally, we have
tested these techniques in a realistic model of our Galaxy based in three compo-
nents: a bulge, a disk and a dark matter halo.
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Chapter 8: Conclusions I finish this thesis summarising the main results.
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2.3 Exit basins in the Hénon-Heiles Hamiltonian . . . . . . . . . . . 14
2.4 Basins of Wada . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4.1 Computational conditions to verify the Wada property 17
2.4.2 Verification of the Wada property . . . . . . . . . . . 18

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Stability and Chaos in open Hamiltonians 21

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 Flow past a static cylinder . . . . . . . . . . . . . . . . . . . . . 23
3.3 Flow past a rotating cylinder . . . . . . . . . . . . . . . . . . . . 25
3.4 Flow past an oscillating cylinder . . . . . . . . . . . . . . . . . . 28
3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Finite-time exponents in the Hénon-Heiles system 33
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Cuencas de Wada en el sistema de Hénon-Heiles . . . . . . . . . . . . . . 149
Estabilidad y Caos en Hamiltonianos abiertos . . . . . . . . . . . . . . . 150
Exponentes finitos de Lyapunov en el sistema de Hénon-Heiles . . . . . . 150
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Chapter 1

Introduction

“The gravitational N-body problem is a simple problem that remains

fascinating and incompletely understood after three centuries of intense

study by generations of illustrious physicists and mathematicians

including Laplace, Lagrange, Gauss and Poincaré. It inspired the

modern subjects of nonlinear dynamics and chaos theory, and remains

one of the oldest unsolved problems in physics”

-Scott Tremaine

1.1 Astronomy

Mankind has always been concerned with the desire of understanding the Universe,
knowing the ultimate reasons behind past events, and having the ability of forecast-
ing the future ones. Astronomers played a crucial role in this duty along the history,
in all cultures, compiling the several observed phenomena in the skies and trying
to figure out what was going to be observed in the future. Indeed, Astronomy is
considered sometimes the most ancient science. From the earliest times, the study
of natural cycles was needed for a successful harvest. Because those cycles were
marked by the movement of the skies, the study and prediction of these cycles took
place since the very beginning of the History.

Up to the end of the 19th century, the main task of the astronomers was patiently
annotating and predicting the positions of celestial bodies, independently of the
physics behind. French Philosopher Auguste Comte compiled in 1842 examples
of knowledge which were to be uncertain to humans forever. And in this list he
cited the composition of the stars. The clear reason was that they would not be
never reachable by any mean to be properly analysed. In his book “The Positive
Philosophy” [38], he claimed,

Of all objects, the planets are those which appear to us under the least
varied aspect. We see how we may determine their forms, their distances,
their bulk, and their motions, but we can never know anything of their
chemical or mineralogical structure; and, much less, that of organized
beings living on their surface ...

1



2 Chapter 1. Introduction

Indeed, Comte refered to the planets in the quotation above; he believed that
we could learn even less about the stars,

On the subject of stars, all investigations which are not ultimately
reducible to simple visual observations are ... necessarily denied to us.
While we can conceive of the possibility of determining their shapes,
their sizes, and their motions, we shall never be able by any means
to study their chemical composition or their mineralogical structure ...
Our knowledge concerning their gaseous envelopes is necessarily limited
to their existence, size ... and refractive power, we shall not at all be
able to determine their chemical composition or even their density... I
regard any notion concerning the true mean temperature of the various
stars as forever denied to us.

But in 1859, the German physicist Gustav Kirchhoff discovered that the chemical
composition of a gas could be deduced from its electromagnetic spectrum viewed
from an arbitrary distance [96]. And seven year after Comte died, in 1864, this
method was extended to astronomical bodies by the English astronomer William
Huggins, who first attached a spectrograph to a telescope. Since then, Astronomy
was not any longer limited to just dealing with positions and brightness compilations.
Since then, it begun to deal with the study of dynamics, composition and physical
conditions of any celestial body. The Astronomy converted onto Astrophysics.

It is still anyhow true that conversely to the majority of experimental sciences,
Astrophysics recollects information of observed objects without the possibility of
having direct access to them. It is not possible to alter the key parameters of
the studied objects and to study their later evolution. The astrophysicist has all
available evolutionary states of the subject of study scattered along the night sky.
The task is to build a valid physical model from those scattered visions. An added
difficulty is that the timescales applicable to the skies are generally out of the human
lives timescales, and the whole picture must be assembled from the observation of
the individually observed frozen-like states.

As a consequence, a key issue is to study the subject of observation through
numerical simulations. Astrophysics (as many other disciplines) has seen how the
simulations have gained in relevance. They usually conform an intermediate state
between the theory and experimentation, confronting the theory with observations,
and also in charge of exploring the consequences of varying parameters in the phys-
ical models.

The numerical simulation begun at the same time the computers were born. In
1941 Swedish astronomer Erik Holmberg carried out in United States one simulation
for analysing the gravitational interaction of an ensemble of 74 particles, intended
to model two galaxies [74]. Every mass element was represented by a small light
bulb, the light being proportional to the mass, and the total light along the x and
y axes being measured by a combination of a photodiode and a galvanometer. The
calculations and integration were done by using ”hands”, in desks located in one
hangar.
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Figure 1.1. Results of the pioneering simulation run by Holmberg in 1941, a collision
between two galaxies, each one modellated as 37 particles. Left: the two disk galaxies
approaching. Right: the two galaxies after the collision. Image taken from Ref. [74].

With the advent of the programable computer in 1946, this scenario changed.
Two decades after this pioneering work, the first paper on an N -body simulation was
published [73]. Today, the number of simulations and particles follow the famous
Moore’s law that governs the increasing available computational power [130].

With the widespread usage of computer simulations to solve complex dynamical
systems, the reliability of the numerical calculations is of increasing interest. This
reliability is directly related to the regularity and instability properties of studied
orbits. In this scenario the modelling of galactic systems is an interdisciplinary field,
where the astrophysics field provides the simulated models, the nonlinear dynamics
field provides their chaoticity and instability properties and the computational sci-
ences provide the actual numerical implementation. The work done in this thesis
deals with this link between the models used in the galactic astronomy and their
predictability characterisation based on the concepts derived from Nonlinear Dy-
namics.
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Figure 1.2. Results of a simulation based on plain Newtonian physics, and 20000 disk
and 40000 halo particles in total, run by the author. It models a collision between two
galaxies. The initial setup is provided as part of the distribution of a modern N -body
engine, Gadget 2.0.7 [192]. This picture plots the galaxies after the collision and can be
compared with the antennae galaxies depicted in Fig. 1.3.

1.2 Nonlinear Dynamics

One of the fundamentals of the scientific method is the possibility of making pre-
dictions from observations. One model can only be considered valid if can make
predictions which can be confronted with reality.

Predictability refers to the assessment of the likely errors in a forecast, either
qualitatively or quantitatively. It seems rather natural to think that with an ade-
quate increase in numerical computational facilities, the errors could be neglected
and that from a set of initial conditions known with enough precision, one could
predict the future state of a dynamical system.

Up to the end of 19th century, science relied in the concept of determinism. Such
a concept was nicely described by French mathematician and astronomer Pierre
Simon Laplace in 1776, in his book “A philosophical essay on probabilities” [107],

We ought then to regard the present state of the universe as the
effect of its anterior state and as cause of the one which is to follow.
Given for one instant an intelligence which could comprehend all the
forces by which nature is animated and the respective situation of the
beings who compose it -an intelligence sufficiently vast to submit these
data to analysis- it would embrace in the same formula the movements
of the greatest bodies of the universe and those of the lightest atom; for
it, nothing would be uncertain and the future, as the past, would be
present to its eyes.

And it follows,

The human mind offers, in the perfection which it has been able
to give to astronomy, a feeble idea of this intelligence. Its discoveries in
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mechanics and geometry, added to that of universal gravity, have enabled
it to comprehend in the same analytical expressions the past and future
states of the system of the world.

At the time those lines were written, it was already known that an absolute error
free precision in the initial measurements was unreachable in practice. But it was
thought that close enough initial conditions would lead to final similar solutions,
close enough as well.

With the advent of the study of nonlinear systems, the previous solid schema
begun to be modified. When nonlinearity is present, one prediction can be destroyed
by an initial error, even by a very small one. And a deterministic dynamics can lead
to very complex movements. The first work where this view was exposed was a
memory of French mathematician and physicist Henri Poincaré, published in 1890,
“On the three-body problem and the equations of dynamics” [164].

The physical systems which show this behaviour of strong dependence to initial
conditions, making them unpredictable, are nowadays called “chaotic systems”. As a
brief history on the subject, in 1963 the American mathematician and meteorologist
Edward Lorenz made the first study of a nonlinear system with a chaotic movement
within a “strange attractor”, as it was labeled later on, by David Ruelle and Floris
Takens in 1971 [175]. In 1975, Tien-Yien Li and James Yorke published the classic
paper “Period Three Implies Chaos” [113], where the term “chaos” was used by first
time. Finally, the concept of “chaos control” was born in 1990, as a branch of chaos
theory pioneered by J.A. Yorke, with Edward Ott and Celso Grebogi.

A chaotic system is not a stochastic system. Dynamical systems with many
degrees-of-freedom are sometimes classified as ”random” or ”stochastic”, and they
are analysed with statistical tools. A chaotic system is a different class of dy-
namics. It is a deterministic system that shows strong dependency to the initial
conditions. This implies that even when they are low dimensional, they show a
complex, stochastic-like behavior.

Regarding dynamical flows, a system trajectory is chaotic if it shows at least
one positive Lyapunov exponent, the movement is confined within certain limited
region, and the ω-limit set is not periodic neither composed of equilibrium points
[4].

We can take a model, or set of equations describing the system, and integrate it
during a certain time interval. How valid is the resulting forecast? Obviously, two
initial points may diverge, or not, due to the presence of strong sensitivity to initial
conditions. The larger this sensitivity, the larger the likelihood that a computed
orbit will diverge from the real one. Even the best method will diverge from the
true orbit beyond certain timescales. Certainly, this is due to the fact that all
numerical calculations have inherent inaccuracies.

When the trajectories tend to a certain confined region of the phase space, this
region is named “attractor”. From Poincaré-Bendixon theorem, in continuous flows
of second order, attractors can only be of four types: sources, sinks, connexion arcs
and limit cycles. But in higher dimensional systems, the attractors can be more
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complex. They are named in these cases “strange attractors”, and they present
many times a fractal geometry. The presence of strange attractors in a system is a
clear sign of the intrinsic complexity of the movement.

Many of these ideas have been applied to the Astronomy and Astrophysics. See,
for instance, Ref. [172] for a general review, or Ref. [45] for the specific area of the
Dynamical Astronomy. The results got have provided many insights. But they have
also opened many other questions. Among others, these concepts have demostrated
to be of interest in the following areas:

• Analysis of orbits and rotations of planets, asteroids or satellites. See for
example [22] [108] [125] [136] [174] [212].

• Time series analyses as, among others, the study of solar activity curves [168],
light curves of variable stars in the visible [28] [25] [99] [184], in the X-rays
domain [115] [202], pulsars emission [70] or active galactic nuclei emission [100]
[110] [112].

• Studies of the fractal geometry of the Universe at large scale [63] [213].

• Studies of the dynamics of stellar globular clusters [124].

• Studies of the dynamics of galaxies. This is the main topic of this thesis and
we expand it in the following section.

1.3 Galactic Astronomy

There is no strict agreed definition on what a galaxy is, even when everybody agrees
in which you know is a galaxy when you see it. One may think that a galaxy is
simply a large group of stars. A few stars may be a group, and a hundred or more,
a cluster. The point where the a cluster becomes a galaxy is the point that is still
under debate, specially after the discovery of the ultra-compact dwarfs or ultra-faint
dwarf spheroidal galaxies, that are similar to galaxies in mass, but similar to clusters
in appearance.

A valid definition would be a self-graviting system composed of three compo-
nents: stars (in broad sense, including compact objects), dark matter and Inter-
Stellar Medium (ISM). Regarding the stars, it is expected that a galaxy will host
a variety of different types of stars. Regarding the ISM, it includes a variety of
material such as hot ionised gas, warm gas, cold gas and dust. And finally, it seems
it should be hold together by the dark matter. We will not discuss here on the
composition of the dark matter, which is currently unknown and under debate. The
presence of the dark matter is proven because of its gravitational influence. But
it does not emit any type of known radiation, making it undetectable to current
devices. Dark matter could be composed of stellar remnants, black holes, brown
dwarfs, or even more exotic elementary particles.
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Figure 1.3. Examples of classical morphological classification of galaxies. Left: Spiral
galaxy NGC4414 (Freedman W. and Hubble Heritage Team AURA/ STScI/ NASA).
Middle: Elliptical galaxy M87 (Cuillandre J.C. and Canada-France-Hawaii Telescope).
Right: The Antennae, Irregular galaxies suffering collision (Coverta D. and Hubble Legacy
Archive).

Classically, astronomers classified galaxies according to their morphology. Fol-
lowing the scheme initially conceived by the American astronomer Edwin Hubble
[78], they divided the galaxies in three classes:

• Spirals, which consist of a flattened disk, with stars forming a spiral structure,
and a central concentration of stars known as the bulge. Sometimes they
present a bar-like in the disk, and they are known as barred spirals galaxies.

• Elliptical, which presents smooth and featureless light distributions and ap-
pears as ellipses in images. These are mainly triaxial systems.

• Irregulars, which embrace all those do not fit in the above.

This morphological classification is somehow subjective, because there is no clear
border among the classes, and it may be a continous evolution from one type to
the other. This is the case of lenticular galaxies, for instance, consisting of a bright
bulge with extended disk but no spiral structure. Moreover, galaxies are not isolated
entities and the collisions between them are very frequent. Many merger or galaxies
pairs are also found, with complex shapes and interesting phenomena (cannibalism)
leading to double core galaxies, for instance.

As a consequence, nowadays astronomers classify galaxies according to mea-
sured physical parameters, as kinematics information (velocity curves), photometric
information (bright curves or surfaces), mass flows, star formation rate and energy
production.

The main goal of the galactic dynamics is modelling the dynamics and morphol-
ogy of the observed galaxies. The most important aspect to keep in mind is that
galaxies are mutable entities which evolve. In addition to the frequent collisions be-
tween galaxies, the components of a typical galaxy are not fixed along their lifetime.
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The stars within a galaxy can be in any of their evolutionary states, which includes
main sequence stars, white dwarfs, neutron stars and compact massive objects as
black holes. This means that the stars are born, live and die during the galaxy
lifetime, and this implies in turn an interchange of mass between the three compo-
nents (stellar material, dark matter and ISM). Evolution means that gas can convert
into stars. And when stars die, are converted into gas and may become collapsed
objects. The collapsed objects can accrete the gas, or modify mass flows, which
lead to gas condensations, which will create, in turn, new stars. Depending on their
composition, we find Population I stars, the current population, and Population II
stars, the previous generation, much poor in metal composition.

The presence of changes with time lead to the problem of relaxation, or evolu-
tion towards a stationary state. This is a key issue when considering the temporal
timescales applicable to a dynamical model of a galaxy. Indeed, the time spent for
relaxation could be as long as the timescales of the evolution of the Universe. As a
consequence, the galaxies can be considered complex systems. Indeed, following a
complex system approach as the one applied to environmental problems, one would
be tempted to find similar parameters to those of living beings, because as these
ones, galaxies are born, live, are interdependent of others individuals during their
lives, and finally, die.

In galactic astronomy, as any other science, one makes observations, establishes
a model, and try to make predictions based on it. The important point here is that
one can not modify the observed parameters when studying galaxies, but conversely,
one is constrained to observe a variety of galaxies apparently frozen in a different
stage of their evolution.

As a consequence, the resolution of realistic enough models is a fundamental
aspect in galactic astronomy and quite often, scientists working in this field are seen
as model constructors.

One approximation to the problem is to solve the gravitational N-body prob-
lem. The galaxy is modelled as a self graviting model containing many point-like
masses associated to the star component. Additional masses model the gas and
the dark matter. The problem will consist in solving a 6N dimension system. One
obstacle that any N-body simulation must face is that even the most modest galaxy
contains around 1011 stars, not counting the gas and dark matter. This number is
well below current capabilities of the modern computational facilities (around 108

particles). This means that the gravitational potential must be artificially modified
and smoothed by adding some scaling parameters to the model.

One alternative is to describe the galaxy by a mass distribution function, also
called fine distribution function. This distribution function provides the star masses
within a phase space volume at a given time. The self consistent approach derives
the potential a given particle sees from this function by solving the non-colissional
Boltzmann equation. This equation provides the evolution in time of the distribution
function as the sum of the external forces and the difussion of particles.

When modelling galaxies one must take into account that the stars within galax-
ies are extremely far away one from another, so they can be considered non collisional
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systems. The dynamics can be considered as formed by independent trajectories
within a global potential, where the movement of each star is just driven by a con-
tinuous smooth potential. A dynamical model usually describes a given system by
a mathematical expression, with a potential like a function of the distance from the
center of the galaxy. The system to solve is then a 6 dimensional system.

The Jeans theorem specifies that the density of the distribution can be calculated
using only integrals of movement, based on the ergodic property of the orbits. The
first studies on galactic dynamics focused in integrable or near-integrable systems,
searching for invariants in equilibrium and isolated systems. It was observed that
those systems supported both regular and chaotic orbits. Some of these studies
analysed the standard application [159], and others searched for generic properties
using simple and numerically reasonable potentials, imposing certain axisymmetric
properties [117].

Later on, more sophisticated self-consistent models were built, with time-dependant
and time-independent solutions to the non-colissional Boltzman equation. Analytic,
non-trivial solutions such as Stäckel integrable models are of interest [24] [41], but
in the general case, it is mandatory to use the numerical calculus approach.

1.4 Chaos in Galactic Astronomy

Galactic models are usually near-integrable. In general non-integrable systems there
is a lack of general proof of ergodicity for irregular orbits and the Jeans theorem
is not applicable any longer. When the number of integrals change from one point
to another, the phase space population is not uniform and the orbits can be semi-
ergodic, as it happens when the stickiness phenomenon is present.

The Jeans theorem must be reformulated for taking into account time dependen-
cies and turbulent flows. Indeed, the non-colissional hypothesis is no valid when we
take into account the masses interchange with the ISM. Nowadays galactic models
are modelled following a full Boltzmann equation, adding discreteness effects such
as dynamical friction and noise. This noise can be in form of random kicks, or in
form of multiplicative noise, when it is dependant both on velocity and position.

The gas clouds can be modelled in a continous approximation by a Navier-Stokes
equation, but in a discrete approximation, they can be seen as points around the
galaxy which suffer dissipation and drag. For modelling this dissipation one can use
the Chandrasekhar dynamical friction or dissipation laws proportional to vn [161]
[67].

Rotating triaxial models, barred spirals galaxies, axisymmetric galaxies with
bulges with strong density peaks, or inter-actuating galaxies, are examples where
the presence of chaos has been confirmed. As a general result, the regular orbits
build the skeleton of the mass distribution function generating the potential. And
the chaotic orbits populate regions of the phase space which are not accessible to
the regular orbits. These chaotic orbits can support some observed structures such
as the bars and explain the creation of bulges and thick disks. They can also
explain some phenomena as the disk heating and the mass flows through the bars,
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accelerating the relaxation process towards a stationary state [46] [144] [161] [162].
Semiergodic orbits can lead to turbulences in the stellar flow (velocities field). These
chaotic orbits seems to be more dependant on the perturbations. So, the differences
between the smooth potential and the real model can grow in times shorter than
the relaxation time [160]. A non-solved problem is the fact that chaotic confined
orbits can be not confined because of the Arnold diffusion. This diffusion can be
accelerated because of triaxility or noise. So, the number of available orbits could
be reduced.

The variety of shapes of dark matter halos indicates their structure plays an
important role in the dynamics of the galaxies. In general, as the galaxy disk masses
are larger, the amount of chaos increases. Spherically symmetric halos reduce this
chaoticity. But nearly all computed perturbations, such as density concentrations,
flattening and departures from ellipticity, increase the degree of stochasticity in these
potentials [206] [235].

Triaxial halos introduce nonlinear coupling that affect the chaoticity. The studies
of the role of triaxial dark halos are of special interest. One of predictions of the Cold
Dark Matter (CDM) models is that galaxy-scale dark matter halos are described by
triaxial density ellipsoids. The characteristic axial ratios of these halos are typically
predicted to be far from spherical [109]. Depending on the degree of triaxility, the
phase space of a logarithmic potential can be occupied to a large extent by chaotic
orbits [29] [31] [150] [234] [238] [239].

Observations of individual galaxies have not yet fully confirmed this point, as
gravitational lensing and X-ray observations are sensitive just to the integral of the
density profile along the line of sight, without providing full three-dimensional infor-
mation. So simulations are a key element in these studies and, as a consequence, the
analysis of the predictability of these models are of interest. The following chapters
of this thesis present and study some numerical techniques aimed to characterise
both the chaoticity and the predictability of these underlying models.



Chapter 2

Wada basins in the

Hénon-Heiles system

“Be patient, for the world is broad and wide.”

-Edwin A. Abbot

2.1 Introduction

This chapter introduces the role of chaos in the Hénon-Heiles system. This is one
example of axisymmetric galactic galaxy, with motions restricted to be in one merid-
ional plane.

Meridional plane potentials are those of the form V (x, y) = V (R, z), being R and
z the cylindrical coordinates, corresponding to an axisymmetric galaxy [18]. These
are relatively simple potentials that can show complex behaviours, which are found
in more realistic galactic-type potentials.

The motion in the meridional plane can be described by an effective potential:

Veff(R, z) = V (R, z) +
Lz

2

2R2
, (2.1)

where R and z are the cylindrical coordinates. For each orbit, the energy E =
E(x, y, vx, vy) is an integral of motion. Once E is fixed, only three of the four
coordinates are independent and define the initial condition for the integrator.

If the energy E and the z-component of the angular momentum Lz are the only
two isolating integrals, an orbit would visit all points within the zero-velocity curve,
defined as E = Veff . Sometimes, there are limiting surfaces that forbid the orbit
to fill this volume, implying the existence of a third integral of motion, whose form
cannot be explicitly written. In this case, the particle is confined to a 3 − torus.
Alternatively, there are some axisymmetric potentials where the orbits can indeed
fill the meridional plane. These are irregular (or ergodic) orbits, which are only
limited by two integrals of motion.

The Hénon-Heiles system is one of these meridional potentials systems, and it
was one of the first models used to show how a very simple system posseses highly
complicated dynamics [72]. This model has been used as a paradigm in Hamiltonian
nonlinear dynamics. It is a system with two degrees-of-freedom that in spite of its

11
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simplicity, it shows a very rich fractal structure in phase space.
The main goal of the first chapter of this thesis is to address the complexity of

these systems. This work lies in the context of chaotic scattering, within a range
of energies which lead to some orbits to escape. We analyse the topology of the
invariant sets, and show how the Wada property appears in phase space. This is
a strong topological property related to the unpredictability of the evolution of the
system.

The phenomenon of chaotic scattering is usually associated with the dynamics
of open Hamiltonian systems possessing transient chaotic properties. One of the
basic attributes of these Hamiltonian systems is the possibility of an orbit to escape
from the attraction of the potential. Typically, a particle bounces back and forth
for a certain time in a bounded area called the scattering region, and eventually
leaves it through one of the several exits, escaping towards infinity. Many recent
studies have focused in the analysis of these Hamiltonians in two dimensions, the
main reason for this interest is that they are being used to model a wide range of
phenomena in very different fields. Some applications are the analysis of the escape
of stars from galaxies [40] [42], the dynamics of ions in electromagnetic traps [76],
the interaction between the Earth´s magnetotail and the solar wind [34], and the
study of geodesics in gravitational waves [214], to cite just a few. From a wide point
of view, all these applications are varied manifestations of chaotic scattering, which
mainly consists of the interaction of a particle with a system that scatters it, in a
way that the final conditions of speed and direction depend on the initial conditions
in an extremely sensitive way (see [182] and references therein for a detailed study
of this phenomenon).

For energies below a certain threshold value, which is commonly called the escape
energy, the orbits are bounded and the test particles cannot leave the scattering
region, but if the energy is above this threshold value, several exits may appear
and it is possible to escape towards infinity through anyone of them. Since we are
considering a conservative Hamiltonian system, the total energy is conserved, and
thus, we cannot speak about attractors nor basins of attraction. A basin of attraction
is defined as the set of points that, taken as initial conditions, are attracted to a
specific attractor. When there are two different attractors in a certain region of
phase space, two basins exist, which are separated by a basin boundary. This basin
boundary can be a smooth curve or can be instead a fractal curve. While we cannot
talk about attractors in Hamiltonian systems, we can however define exit basins in an
analogous way to the basins of attraction in a dissipative system. In our case, an exit
basin is the set of initial conditions that lead to a certain exit. In particular, we have
focused our attention on the analysis of exit basins of the Hénon-Heiles Hamiltonian,
It is a two-degrees-of-freedom time-independent dynamical system and it has three
different exits for orbits over the escape energy. It has been shown in [19] that
when two or more escapes are possible in Hamiltonian systems, fractal boundaries
typically appear. Hence, the dynamics of the system is in some sense unpredictable,
as the boundary that separates one basin from another one is not clearly defined.
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2.2 Description of the model

The Hénon-Heiles system was first studied by the astronomers Hénon and Heiles in
1964 [72], in the context of analyzing if there exists two or three constants of motion
in the galactic dynamics. A system with a galactic potential that is axisymmetrical
and time independent, possesses a 6D phase space. As there are six variables, we can
find five independent conservative integrals, some of them being isolating and other
nonisolating (which are physically meaningless). The question that Hénon and Heiles
tried to answer is which part of this 6D phase space is filled by the trajectories of a
star after very long times. By that time, it was obvious that both the total energy
ET and the z component of the angular momentum Lz were isolating integrals,
while another two were usually nonisolating. Therefore, the real target became to
find a third conserved quantity. In order to solve this problem, Hénon and Heiles
proposed a 2D potential. Their result was that a third isolating integral may be
found for only some few initial conditions. In fact, the Hénon-Heiles Hamiltonian
is one of the first examples used to show how very simple systems might possess
highly complicated dynamics, and since then, it has been extensively studied as a
paradigm for two-degrees-of-freedom time-independent Hamiltonians.

The Hénon-Heiles Hamiltonian contains two, properly weighted, coupling terms,
x2y and y3, leading to a Hamiltonian with a 2π/3 rotation symmetry and three exits
in the potential well. It is written as,

H =
1

2
(p2x + p2y) +

1

2
(x2 + y2 + 2x2y − 2

3
y3). (2.2)

This Hamiltonian has been extensively studied for the range of energy values
below the escape energy, where orbits are bounded and a variety of chaotic and
periodic motions exist. On the other hand, if the energy is higher than this threshold
value, the escape energy Ee , the trajectories may escape from the bounded region
and go on to infinity through three different exits. This fact can be clearly seen in
Fig.2.1, where its isopotential lines are plotted.

Due to its symmetry properties, the exits are separated by an angle 2π/3 radians,
and for the sake of clarity we call exit 1 the upper exit (y → ∞ ), exit 2, the left
exit (y → −∞ , x → −∞), and exit 3, the right exit (y → −∞ , x → +∞).
The Hénon-Heiles potential has four terms. The first two terms x2 and y2 form a
potential well, which is responsible for the oscillations of the particle, while the third
and fourth terms x2y and 1/3y are responsible for the existence of the 3 exits. In
fact, the third term x2y creates exits 2 and 3. However, it does not affect exit 1. If
it disappears, then E2 → ∞ and E3 → ∞ and we obtain a Hamiltonian where only
exit 1 is possible. On the other hand, the fourth term (1/3)y3 is only responsible
for exit 1. Without it, E1 → ∞, exit 1 disappears and we find a chaotic scattering
problem with only two symmetric escapes, exits 2 and 3.

To calculate each escape energy, it is necessary to find the value of the energy in
the maxima of the potential. We obtain the same value for all three exits. There is
a triangular symmetry, and E1 = E2 = E3 = 1/6 = 0.1666. As we are interested in
the general behavior of the two-degrees-of-freedom time-independent Hamiltonians
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Figure 2.1. Isopotential curves for the Henon-Heiles potential. They are closed for
energies under Ee = 1/6, but they show three exits if the energy is higher than this
threshold value.

with escapes, we have only considered values of the energy above this escape energy.
In general, the particles wander to and for a certain time in the scattering region

until they cross one of the three frontiers and escape to infinity. The time they spend
in the bounded region is named escape time. These frontiers are extremely unstable
periodic orbits, known as Lyapunov orbits [40]. These Lyapunov orbits exist for all
energies over Ee . When any orbit crosses one of them in the outer direction, that
is, its velocity components pointing outwards, then the particle is forced to escape
to infinity and it never comes back. As the system has three exits, there are three of
these orbits. As it can be easily understood, the higher the energy, the shorter escape
times are found. However, even if the energy is high enough to allow escaping (i.e.,
if E > Ee ) , there are several orbits that remain in the scattering region forever,
being some of them periodic, some aperiodic, and some quasiperiodic.

2.3 Exit basins in the Hénon-Heiles Hamiltonian

As we have mentioned before, in Hamiltonian systems, we cannot talk about at-
tractors or basins of attraction. However, if our system has several escapes, we may
define exit basins in a similar way to the basins of attraction in dissipative systems,
saying that an exit basin is the set of initial conditions that lead to a certain exit.
This means that we are able to construct an exit basin diagram for our system that
gives us information about how the system might behave according to its initial
conditions. In order to obtain the exit basin diagram for the Hénon-Heiles Hamilto-
nian, we must calculate each trajectory solving the differential equations of motion
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for a fine grid of initial conditions. We follow each orbit until it escapes from the
scattering region crossing one of the three exits. If it escapes through exit 1, its
initial conditions will belong to the exit 1 basin, and the same applies for exits 2
and 3. In order to visualize it, we plot each initial condition with a different color,
according to the exit they have used to escape to infinity. The color code we have
chosen is black for exit 1, dark gray for exit 2, and pale gray for exit 3. White
represents the initial conditions that are not allowed for that particular value of the
energy.

As we are studying a two-degrees-of-freedom time-independent Hamiltonian, the
phase space depends on (x, y, ẋ, ẏ) and a conserved quantity, which is the energy.
For this reason, the phase space is three dimensional, and consequently, we must
fix three variables to define a trajectory. Throughout this chapter, we will use a
Poincaré surface of section to show our results, and the initial velocity is generically
expressed by:

vi =
√

ẋ2 + ẏ2 =

√

2E − xi2 − yi2 − 2xi2yi +
2

3
yi3. (2.3)

Among the many ways of choosing the initial conditions, it is very convenient to
do it in a way that includes a Lyapunov orbit. As will be seen in the following section,
in order to demonstrate that the Hénon-Heiles Hamiltonian verifies the property of
Wada, it is necessary to find an accessible unstable periodic orbit (a saddle point)
and plot its associated manifolds. The Lyapunov orbits verify all these conditions.
A boundary point P is accessible from a basin B if it is possible to draw a finite
curve from an interior point in B to P in a way that it contains no boundary points
but P.

In Fig.2.2 we can see the fixed initial conditions x = 0, y = (ymin, y > yLO)
and θ = (0, 2π). θ is the shooting angle, or in other words, the angle that vi forms
with the positive y axis, in the counterclockwise sense. The value yLO, which is the
distance between the origin of coordinates (0, 0) and the position of each Lyapunov
orbit, depends on the energy and is calculated numerically in the next section.

The Poincaré map is defined by the plane x = 0 and ẋ > 0, and for this choice
of initial conditions, Eq. 2.3 becomes vi =

√

2E − y2i + (2/3)y3i. As the radicand
must be positive, the range of allowed values of yi is bounded from below and must
be bigger than ymin , where ymin is the real solution of 2E − yi

2 + (2/3)yi
3 > 0.

We can plot the exit diagram using the choice (y, ẏ) as initial conditions in
Fig.2.3. There is no symmetry at all, because cosθ = cos(θ + π) and two different
values of θi correspond to one ẏi. Only the Lyapunov orbit related to exit 1 (LO1) is
included in Fig.2.3. Its coordinates will be (yLO, θ = π/2) and (yLO, ẏi = 0), where
yLO depends on the energy.

The obtained basin boundaries are clearly fractal. We have computed several exit
basin diagrams varying the value of the energy, and it is evident that for E = 1/6
the fractality is maximum, while it decreases when E gets higher, results that were
first obtained in [134]. The fractal regions that occupy most of the phase space for
low energies, get narrower when E increases and are difficult to recognize for E > 1,
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Figure 2.2. Choice for the initial conditions when plotting the exit basin diagrams,
plotting (y, ẏ).

Figure 2.3. Exit basin diagrams with 1000 x 1000 initial conditions and E= 1/4, where
y = (ymin, y > yLO) and θ = (0, 2π). The initial conditions are plotted black if their orbits
escape through exit 1, dark gray for exit 2 and pale gray for exit 3. Only LO1 is defined
with these initial conditions.

although the fractality is maintained for all values of E. The fractal dimension of the
invariant sets of the Hénon-Heiles Hamiltonian are thoroughly analyzed in Ref. [2].
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2.4 Basins of Wada

The main goal of this work is to show that the exit basins of the Hénon-Heiles
Hamiltonian and other related chaotic scattering problems are not only fractal, but
they also verify the property of Wada. Although it is hard to imagine, it is possible
to have three or more regions sharing the same boundary. Usually, three regions in
two dimensions, for example, three countries, may only coincide in one point, but
topologically, this is not necessarily true for open sets. If we talk about basins, a
basin B verifies the property of Wada if any initial condition that is on the boundary
of one basin is also simultaneously on the boundary of three (or more) basins. In
other words, every open neighborhood of a point x belonging to a Wada basin
boundary has a nonempty intersection with at least three different basins. The first
example of a system with this property was given by Yoneyama in 1917 [232], who
attributed it to Wada, from whom it took the name. The Lakes of Wada are a useful
example of how to construct three regions that verify this condition, and they are
widely explained in [94]. Logically, the boundaries of these sets must verify unusual
topological properties. Topologically, the Wada property is associated to the concept
of indecomposable continuum [94] [95] [177]. Such indecomposable sets are compact,
metric, and connected sets with the strange property that when one attempts to
divide them into two pieces, they split up into infinitely many pieces. Therefore,
if a dynamical system verifies the property of Wada, the unpredictability is even
stronger than if it only had fractal basin boundaries. If a trajectory starts close to
any point in the boundary, it will not be possible to predict its future behavior, as its
initial conditions could belong to any of the three basins. This particular property
is verified by several dynamical systems, such as the forced damped pendulum or
the Hénon map for certain values of the parameters [94] [142].

The study of two-degrees-of-freedom Hamiltonians recently has attracted the
interest of numerous scientists from different disciplines. It has been shown that the
existence of fractal basin boundaries is typical in them [19], and Ref. [165] proved
that they are indeed Wada in a billiard problem. In this sense, we have obtained
numerical evidence that confirms that the Wada property is verified by the Hénon-
Heiles Hamiltonian, and we conjecture that it is a general property of other related
two-degrees-of-freedom time-independent Hamiltonians with escapes, very widely
used in the modelization of astrophysical systems.

2.4.1 Computational conditions to verify the Wada property

Although it might be easy to visualize from an intuitive point of view whether or not
a dynamical system verifies the Wada property, the numerical verification presents
several difficulties that must be solved, as the topology behind this property is
not trivial. A thorough analysis of this subject was done in [94] [142], and some
computational conditions were found to assure that a basin is Wada, which for the
sake of clarity we sketch in the following:

a. Main condition: Let P be an unstable periodic orbit, accessible from a basin
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B. It must be verified that its unstable manifold intersects every basin.
b. Secondary conditions: If such a saddle point exists, the basin B verifies the

property of Wada if any of the following next points are true:
(1) The stable manifold of the saddle point P is dense in the boundary of the

three regions.
(2) The periodic orbit P is the only accessible orbit from basin B. In case there

exists more than one accessible periodic orbit, every unstable manifold must intersect
all basins (Theorem 1 of [142]).

(3) The periodic orbit P generates a basin cell (Theorem 2 of [142]).
The basin cells were first introduced by Nusse and Yorke [142]. However, before

introducing the concept of a basin cell, it is necessary to define a trapping region.
A trapping region A is a compact region formed by initial conditions that, after
iterations, become a different region B that belongs to A and is smaller than A.
Formally, A is a trapping region ⇔ F (A) ⊂ A and F (A) 6= A. Therefore, if the
particle enters the trapping region, it will never be able to escape from it. A basin
cell is a trapping region constructed in a way that its boundary is made out of n
pieces of stable and unstable manifolds of a n-periodic orbit that also lies on the
boundary of the trapping region.

2.4.2 Verification of the Wada property

In order to do all the computations and show the results in the simplest way, we make
the choice of initial conditions (y, ẏ), although the conclusions are extensible to any
other choice. Therefore, the initial conditions are the ones defined in Fig. 2.2, and
the exit basin diagram is the one shown in Fig. 2.3. Recall that for this particular
choice, only the Lyapunov orbit related to exit 1 (the upper one) is plotted [see
Fig. 2.3]. As it has been sufficiently explained, an accessible unstable periodic orbit
is needed. The period-1 Lyapunov orbit related to exit 1 fulfills this condition, and
hence, we compute it with very high precision. LO1 is symmetric with respect to
the y axis. For that reason, we know that just when x = 0 the trajectory must
be perpendicular to the y axis (tangent slope zero), and so the initial value for y
is known without any ambiguity and equal to 0. As the phase space variables are
(y, ẏ), the LO1 coordinates are yLO = f(E), ẏ = 0. Therefore, it would be necessary
to find the relation between yLO and the value of the energy, but for our purposes, it
is enough to have it for a certain energy. We have computed it for E = 1/4, and the
result is yLO = 1.024611462679. We have computed it with twelve digits, since the
algorithm used later to calculate its stable and unstable manifolds requires very high
precision. Several authors have used quadruple precision for calculating LO in very
similar Hamiltonians [40], but our aim is to draw part of its unstable manifold, and
for this purpose, double precision is enough. This orbit is accessible by construction,
as we are sure that if instead of the yLO value for LO1 we had yLO + ǫ, (with the
same ẏ = 0) the particle would clearly belong to basin 1, escaping through exit 1,
and not even being able to enter the scattering region [see Fig. 2.3]. For the same
reason, if instead of ẏ = 0 , we had ẏ = ǫ , the particle would be shot towards outside
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Figure 2.4. The unstable manifold of the only accessible unstable periodic orbit (LO1)
crosses all the basins in this zoom of Fig.2.3. Therefore, the Henon-Heiles Hamiltonian
verifies the property of Wada.

of the scattering region, and therefore it would never return. In order to draw the
stable and the unstable manifold of P (LO1), we use the algorithm explained in [233]
based on plotting several iterations of points very close to P in the direction of the
eigenvectors. We show in Fig. 2.4, that the Hénon-Heiles Hamiltonian verifies the
first and basic hypothesis, as the unstable manifold of an accessible periodic orbit
indeed crosses all three basins.

However, although this fact is a strong point in favor of our assumption, we
should check conditions 1, 2, or 3. Unfortunately, this is not an easy task, as it is
computationally very difficult to authenticate any of them. First of all, it is hard
to confirm that the unstable manifold is dense (condition 1) using computational
tools, and it is already shown with a similar system in [165]. On the other hand, it
is even more complicated to assure that our periodic orbit is the only one accessible
from basin 1 (condition 2). We can find as many periodic orbits as we want, but
we will never be absolutely sure that we have not lost any in the numerical search,
specially for very high periods. Finally, it is not possible to build a basin cell with the
invariant manifolds of P, as we are not working with attractors and the manifolds
do not cross as we would like to. The attractors are now in the infinity, where
y = ∞ and ẏ = ∞. What we see is that the unstable manifold twice intersects the
same branch of the stable manifold, but never the other one, and this is a necessary
condition to create a basin cell. In summary, this is only possible for dissipative
systems.

Both conditions 1 and 2 are possible, and we have decided to work with the
latter, showing that LO1 is the only unstable periodic orbit that is also accessible
from the exit 1 basin. We use an argument based on [3], where it is proved that if
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all the periodic points in the boundary of a basin are hyperbolic, and there exists
an accessible periodic point of minimum period q, then every accessible point in the
basin boundary either is a periodic point of minimum period q or is in the stable
manifold of such a periodic point. From here, we may assume that in our boundary,
only period-1 orbits may be found. This theorem provides us with a very powerful
tool to verify condition 2, as there are no big problems in finding period-1 orbits
in the boundary of basin 1. A few periodic orbits for E = 1/4 have been found,
although none of them were in the boundary. Therefore, we have obtained enough
numerical evidence to affirm that basin 1, formed by the initial conditions of the
orbits that escape towards y → ∞, satisfies the property of Wada. For the other
two basins, the same reasoning can be followed, as the Hénon-Heiles Hamiltonian
has a 2π/3 symmetry. The only difference would be to change the initial conditions
in a way that the new y axis forms a 2π/3 angle with the former one, and therefore
contains a different Lyapunov orbit.

2.5 Conclusions

We have studied in detail the dynamics of the Hénon-Heiles Hamiltonian in the range
of energy values higher than the escape energy Ee = 1/6, where consequently, exits
are present. We have analyzed the different nature of the orbits, focusing on the case
E = 1/4, and paid special attention to the computation of the exit basin diagrams,
which show a rich pattern of fractal structures. The main conclusion has been to
show that the Hénon-Heiles system possesses Wada basins, meaning that any initial
condition that is on the boundary of a basin, is also simultaneously on the boundary
of the other two basins. Furthermore, a detailed summary of the conditions to be
verified for a system to have the Wada property is presented. We believe it may be
useful as a general procedure for conservative and dissipative systems.



Chapter 3

Stability and Chaos in

open Hamiltonians

“1.- To not accept anything as true unless one clearly knows it to be

true .

2.-To analyze every problem into as many parts as are necessary to

resolve the problem.

3.-To conduct one’s thoughts in an orderly manner, from the most

easily known simple objects to the most difficultly known complex

objects.

4.-To make every inference so complete and thorough that one is

confident no item is omitted in analysis.”

-René Descartes

3.1 Introduction

In the previous chapter we have computed different orbits and basins in the open case
of the Hénon-Heiles potential, in the context of chaotic scattering. The next issue
that this thesis deals with is the calculation of the chaos stability in open Hamilto-
nians, or how the chaoticity of the orbits is affected when some control parameters
are modified. The system we study is one system that presents the transient chaos
phenomenon, as the Hénon-Heiles does. We study here a two-dimensional fluid flow
past a cylinder. We will check the generality of the computational algorithms by
addressing this problem using a Hamiltonian formalism that allows its study using
the same techniques that will be applied to the galactic systems.

Regardless of this, this problem is of interest by itself. Despite of the fact that
the flow past a cylinder has been studied for well over one hundred years, and that
the geometrical configuration is a particularly simple one, this problem is still under
intensive research today [154]. Much attention has been paid to this problem also
because it might be considered a paradigm of pattern formation and transient chaos.
The principal motivation for the study of this problem here lies at the question of
under which circumstances the transient chaos at the wake of the cylinder might be
reduced or even suppressed. Therefore the main objectives of the present chapter
are to investigate how a rotation or a transversal vibration affects the flow of an in-
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compressible, viscid, time-dependent fluid flow past a cylinder in the laminar vortex
shedding regime and to understand the mechanisms of the vortex shedding suppres-
sion. The Lagrangian dynamics provides a good approach to study the structure of
the flow. Unlike the Eulerian description, which characterizes the velocity field, the
Lagrangian one emphasizes the motion of the individual fluid particles by following
them along the pathlines.

This means that using a proper stream function, ψ, a Hamiltonian approach can
be used and, assuming incompressibility, the equations of the motion for a passive
advected dye particle in the x-y plane have the form:

u(x, y, t) =
dx(t)

dt
=
∂ψ(x, y, t)

∂y
(3.1)

v(x, y, t) =
dy(t)

dt
= −∂ψ(x, y, t)

∂x

For a steady flow the pathlines of the individual fluid particles coincide with
the streamlines of the flow. However this is not so for a time-dependent stream
function. Even for simple two-dimensional flows, such as time periodic flows, the
trajectories can be very complicated. This phenomenon has been termed chaotic
advection or Lagrangian turbulence, and it can be analyzed using the appropriate
techniques from Hamiltonian nonlinear dynamics. In fact what appears at the wake
of the cylinder, when the two vortices are acting periodically, is a sort of transient
chaos from the nonlinear dynamics point of view, since the flow is an open flow.

Hence, in this chapter we analyze a fluid flow past a cylinder in a laminar regime
with Reynolds number Re ≈ 200. And in particular, our work has been focused on
the analysis of how the chaoticity in the wake of the cylinder is modified or even
suppressed when a rotation or a transversal vibration on the cylinder is considered.

The basic idea of flow control is to look for situations where there are sharp
gradients or rapid variations. In such scenarios, properly applied small perturbations
can lead to huge changes and, therefore, opportunities for controlling the flow arise.
A typical region is the shear layer, the region where, due to the viscous effects, there
is a velocity gradient (or profile) perpendicular to the streamlines, and, depending
on this profile, an instability can be found. Additional regions where flow control can
be carried out are vortices, which contain steep gradients of velocity and pressure,
and areas of interaction of vortices with physical surfaces.

Several revelant problems are affected by such instabilities. Fluctuating forces
may enhance mixing in chemical processes or cause structural vibrations, triggering
structure failures. In fact, these oscillations due to the shedding turbulent vortices
induced in a periodic manner has been reported to one plausible reason to the
Tacoma Narrows Bridge collapse, as stated for instance in [17] (even when there is
an alternative explanation based in flutter mechanism).

In order to understand under which circumstances the complexity of the trajec-
tories of passive tracers in a fluid flow past a cylinder is reduced or even suppressed,
we analyze two control mechanisms. The first one consists of moving the cylinder
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in a rotational way, whereas the second one consists of moving it in a direction
perpendicular to the incoming flow. A physical experiment concerning these ideas
and showing the possibility of reducing the velocity fluctuations in a Kármán vortex
street, by introducing mechanical vibrations with the right amplitude and phase, is
described by Wehrmann in [225].

The remaining of the chapter is organized as follows. In section 3.2, we briefly
describe the well-studied case of a fluid flow past a static cylinder by using an
appropriate stream function, and where the Hamiltonian dynamics techniques are
used. In section 3.3, we will describe how a clockwise rotation of the cylinder
might modify the chaotic region in the wake of the cylinder. Analogous results can
be obtained by making the cylinder oscillate in a single direction, as described in
section 3.4. Finally, we present a discussion of our results.

3.2 Flow past a static cylinder

When a circular cylinder is placed with its axis perpendicular to the flow direction,
depending on the Reynolds number, it is possible to observe a periodic shedding of
vortices in the wake of the cylinder (i.e., the turbulent area behind the cylinder).
This area is where the viscosity is truly important.

At low Re (Re < 47) the wake behind a static cylinder comprises a steady
recirculation region with two vortices symmetrically attached to the cylinder, whose
size grows when Re is increased.

When Re increases but it is still Re < 200, vortex shedding occurs in the near
wake behind the cylinder accompanying a periodically oscillating lift force. Each
half of the period a vortex breaks off, so the surface pressure distribution around the
cylinder changes dramaticaly as the cylinder experiences a sudden impulse. These
vortices generate alternating high and low pressure regions on the lee side of the body
in such a way that the cylinder experiences a periodic net force. This oscillation
may amplify the vortex shedding, because now the cylinder itself is moving in the
flow, forcing the vortex street to occur with large amplitude. The frequency of the
vortices is given by the so called Strouhal number St, and the vortices produced in
this manner are termed Strouhal vortices.

Finally, when Re > 200, the flow becomes three-dimensional and turbulent.
We are going to focus on the two-dimensional shedding regime of Re ≈ 200,

where the experimental relationship between Strouhal and Reynolds numbers is
quite well determined (St ≈ 0.2) and the two-dimensional model is still valid. In
our study we have used the advective approach described in [81]. It is known that
when solving numerically the Navier-Stokes equations for the flow past a cylinder,
one must take into account that there is a difficulty with the setup of the boundary
conditions due to the special configuration of the problem. Depending on their
treatment at large distance of the cylinder, the value of many physical properties
such as lift and drag coefficients can vary. However, by applying Eq. 3.1, we can
get accurate numerical results, taking advantage of the fact that the same results
can be easily obtained by letting a test particle evolve in the system. A major point
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is to realize that this approach actually leads to the same results as the Navier-
Stokes equations. In a strict sense, the stream function should be derived from
the Navier-Stokes equations and, indeed, it can be numerically calculated from the
Navier-Stokes velocity field. However, by using a proper analytical stream function
that fits the properties of the real solution, it is expected that the obtained advective
behavior be close enough to the real one. The main point is, therefore, to model
the real conditions of the problem with a suitable ad hoc stream function, in order
to simulate the cylinder, the incoming flow and the asymmetric periodic break off
of the vortices.

As a starting point we will take the analytical model of the stream function de-
scribed in [81] and [157]. This function simulates the fluid flow past a static cylinder
in the conditions described above. In this section we briefly describe and explain
the terms of this model stream function is composed of, which will be modified in
the next sections. The model stream function for the static case can be written as:

ψ(x, y, t) = f(x, y)g(x, y, t). (3.2)

The first factor,

f(x, y) = 1− exp(−a((x2 + y2)1/2 − 1)2), (3.3)

yields to the correct non-slip boundary condition for the overall function at
the cylinder surface. The cylinder radius, R, has been taken to be unity and the
coefficient a−1/2 plays the role of the width of the boundary layer. This form ensures
that the tangential velocity linearly tends to zero as expected in the boundary layer
and the radial component of the velocity vanishes quadratically.

The second factor, g(x, y, t), contains the contributions of the vortices and of the
background flow with velocity u0 and can be written as:

g(x, y, t) = −wh1(t)g1(x, y, t) + wh2(t)g2(x, y, t) + u0ys(x, y). (3.4)

As it can be seen, the first two terms describe the alternating birth, evolution and
damping of two vortices of equal strength but opposite sign. The quantities w and
hi(t) stand for the overall vortex strength and amplitudes, respectively. Because
of the alternating character, one has h2(t) = h1(t − Tc/2) where Tc denotes the
time period of the flow and h1(t) = |sin(πt/Tc)|. In this model the vortex centers
are assumed to move parallel to the x-axis and with a constant velocity. Their x-
coordinates, without the influence of the boundary condition prefactor f(x, y), are
expected to evolve with time as:

x1(t) = 1 + L[(t/Tc)mod1], (3.5)

x2(t) = x1(t− Tc/2),

and the y-coordinates are constants,

y1(t) = −y2(t) = yv. (3.6)
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Both vortices move a distance L during time Tc and then die out. Thus, vortex
1 starts at (x = 1, y = yv) with zero amplitude at t = 0, and at this time, vortex 2
is just in its most developed state at (x = 1+L/2, y = yv). The contribution of the
vortices to the stream function is represented by the equation

gi(x, y, t) = exp(−R0[(x− xi(t))
2 + α2(y − yi(t))

2]), (3.7)

where R
−1/2
0 is the characteristic linear size of the vortices and α is the elongation

factor. The last term in Eq. 3.4 gives the contribution to the stream function from
the background flow. The factor:

s(x, y) = 1− exp(−(x − 1)2/α2 − y2), (3.8)

simulates in a phenomenological manner the shielding of the background flow
just behind the cylinder.

The values of the parameters used throughout this contribution are α = 2,
R0 = 0.35, L = 2, a = 1 and yv = 0.3. Since we want to set the time unit equal to
the system period, that is Tc = 1, and the vortices should be around 7 times slower
than the incoming flow, the velocity of the incoming flow must be 14.

The complicated motion of each flow particle in the flow is organized around the
invariant chaotic saddle formed by all the periodic orbits lying in the wake and their
heteroclinic and homoclinic connections. It is known that the basic periodic orbits
play a fundamental role in the system. The long-lived scattering trajectories come
close to periodic orbits, and any periodic orbit can be built up from segments of the
low-order ones. However, the shorter periodic orbits generated by the vortices are
not sufficient for explaining the shadowing of the complicated orbits by the low-order
ones. In addition, the wall of the obstacle consisting of a continuum of parabolic
points has to be included as a further low-order periodic orbit. Therefore, the
invariant set has two components. The first one contains the short hyperbolic orbits
as well as the ones shadowed by them. The second one contains the obstacle wall
as well as the periodic orbits shadowed by it. See [81] for details. In the following
sections, we describe how such structures are modified by rotating the cylinder or
by making it oscillate in a direction perpendicular to the incoming flow.

3.3 Flow past a rotating cylinder

The rotation of a cylinder in a viscous flow is expected to modify the wake flow
pattern and vortex shedding configuration. It may reduce the flow-induced oscilla-
tion or augment the lift force. This latter is termed Magnus force and it is due to
the asymmetric displacement of the boundary layer caused by the combined spin-
ning and flow past the cylinder. The cylinder can impart a spinning motion only
to a very thin layer next to the surface. This motion affects the way in which the
flow separates from the surface in the space behind the cylinder. Boundary layer
separation is delayed on the side of the spinning object that is moving in the same
direction as the free stream flow, while the separation occurs prematurely on the side
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Figure 3.1. The shape of the one-periodic orbits in the wake of the cylinder as the
rotational parameter is increased. The different values of ω are (a) Upper-left panel, 0.00,
(b) Upper-right panel, 0.10, (c) Lower-left panel, 0.25 and (d) Lower-right panel, 0.30

moving against the free stream flow. Then, the wake shifts toward the side moving
against the free stream flow, so the flow is deflected and the resulting change in
momentum causes a force in the opposite direction. This net force is referred to as
lift. For clockwise rotation, the stagnation points are moved downwards and remain
at opposite locations on the circle. If the rotation is counterclockwise, the net force
is called drag and the stagnation points are moved upwards.

Some results from solving directly Navier-Stokes equations are found in the lit-
erature [87] [88]. In particular, a general description of the system can be found in
Ref. [88]. However, only very recently have experimental and numerical results been
shown to agree [11].
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One of the goals of this contribution is the analysis of how the rotational motion
affects the chaotic structures described in [157]. This requires two modifications in
the stream function of Eq. 3.4. The first one is in the geometrical part, since now the
non-slip condition leads to a velocity vector that must be defined in accordance with
the cylinder clockwise rotation at speed ω. The second one is in the background flow
term, as a general vorticity term must be added for generating the desired overall
circulation and Magnus lift. The shielding factor is not modified. Since we are going
to deal with only small ω values, the vortices are considered to be not affected by
the overall circulation. Thus, their terms will also remain unaltered.

As a consequence, function f(x, y) is modified as follows:

f(x, y) = ω((x2 + y2)
1/2 − 1) + 1− e−a((x2+y2)

1/2
−1)2 . (3.9)

And function g(x, y, t) is also modified, as follows:

g(x, y, t) = −wh1(t)g1(x, y, t) + wh2(t)g2(x, y, t) + [u0y +
ω

2π
ln
√

x2 + y2]s(x, y).

(3.10)
Several small values for ω are set in order to see how the structures described in

[81] and [157] are modified. In the static case, the complicated motion of each flow
particle is organized around the invariant chaotic saddle formed by all the periodic
orbits lying in the wake and their heteroclinic and homoclinic connections. There
was a hyperbolic effect in short time scales due to an infinity of strickly unstable
periodic orbits, and another non-hyperbolic effect that affects the long time behavior
of the tracers due to the obstacle wall.

We have computed the 1-periodic orbits for several small rotation parameters,
as they are the building blocks for more complicated behavior. As it can be seen in
Fig. 3.1, we found two different orbit types: a pair of symmetric lobes and one 8-
shaped orbit. The eigenvalues associated to both types are modified as the rotation
is increased, as is illustrated in Table 3.1 for the lobes and in Table 3.2 for the
8-shaped one. When a rotation is applied to the cylinder, the periodic orbits are
modified in such a way that they are streched and at the same time, moved towards
the cylinder. Meanwhile, the first eigenvalues are decreased and even converted into
complex ones. In addition, the rear stagnation point, that caused the very long
delays in the static case, is moved downwards (Magnus effect).

We have also computed the time-delay plots as a valid indicator of the chaoticity
of the orbits. These plots are computed by starting the tracer dye from the same
initial condition (in our case, x0 = −5.0 and y0 = 0.01) for different starting times,
t0, from 0 to Tc. Thus, each tracer finds the system in a different state. By plotting
the difference between the time the particle should reach a given abscisa (xf = 10 in
our case) with and without bluff body, termed as δt, versus t0, we obtain the set of
figures with fractal structure that can be seen in Fig. 3.2. The peaks are associated
to longer intervals when the particle is trapped by a periodic orbit, and in the limit,
an infinite peak means the particle is trapped forever.

It can be seen how as the rotation increases, the highest peaks dissapear, so less
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Table 3.1. Eigenvalues of the lobe shaped 1-periodic orbits for several rota-
tional parameters ω.

ω Λ1 Λ2

0.00 -5.33 0.18
0.10 -4.34 -0.23
0.25 -0.44 + i0.90 -0.44 - i0.90
0.30 -0.34 + i0.94 -0.34 - i0.94

Table 3.2. Eigenvalues of the 8-shaped 1-periodic orbits for several rotational
parameters ω.

ω Λ1 Λ2

0.00 23.83 0.04
0.10 19.42 0.05
0.25 6.29 0.16
0.30 3.24 0.3

chaoticity is found for the given initial condition, but a certain level of fractality still
remains. In our model, the peaks are caused by the run near hyperbolic periodic
orbits and by orbits that pass near the rear stagnation point. This point is slightly
pushed downwards as ω increases. The general complexity of the figure is kept,
but δt decreases as ω increases. As the flow is impeled by the general rotation, the
particle moves faster and finds the vortices as if they were moving more slowly. In
the limit, no transient chaos is expected since the particle moves so fast that the
system is found like if it were on a time non-dependent potential (static vortices).

Finally, we have also traced some stable and unstable manifolds of the 1-periodic
orbits. In Fig. 3.3 these sets associated to the prior periodic orbits are clearly
observed and they have also been stretched around the cylinder surface, showing
how even small rotations lead to a change in such sets. Consequently, for higher
values of the rotation this set is strongly affected.

The effect of the rotation is to change substantially the streamline pattern near
the surface of the cylinder. In the case of viscous flows, closed streamlines will always
exist for all non zero values of the rotational speed ω.

3.4 Flow past an oscillating cylinder

In this section we are going to study the influence of the transversal oscillating move-
ment of the cylinder placed perpendicularly to the incoming hydrodynamical flow
described in the introduction. We want to simulate transversal harmonic oscillations
of the cylinder of the type A sin(2πft), where A and f represent the amplitude and
the frequency of the oscillations, respectively.
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Figure 3.2. Delay plots for the initial condition (x0 = −5.0, y0 = 0.01) at different
starting times, t0, as the rotational parameter is increased (the different values of ω are
0.00, 0.10, 0.25 and 0.30). Note that as ω is increased the height of the peaks is lowered.
This shows that the trapping time of the trajectories decreases as ω increases and hence
their chaoticity diminishes.

In order to avoid problems related to the boundary condition at the cylinder’s
surface, we modify the factor g(x, y, t) of the stream function given by Eq. 3.2. In
particular, we set a new non-static frame origin at the center of the cylinder, so that
the background flow oscillates in the vertical direction in an opposite way to the
movement of the reference system (the cylinder itself), which is A2πf cos(2πft). It
is important to note that the inertial phenomena are neglected since the amplitude
of the vertical vibrations of the background flow is small. This means that in a first
approach the quantities that describe the overall vortex strength and amplitudes
(see Eq. 3.4) do not change. We assume that the vortices move with the cylinder
in the original reference system. Thus, when we describe the model stream function
from the new reference frame in motion, the vortices do not move. As a consequence,
the quantities gi(x, y, t) do not change with respect to the ones of Eq. 3.7. The only
change must be done in the background flow because in this case it has a uniform
motion in the horizontal direction but an oscillating motion in the vertical direction.
Thus, to model this modification we replace the term u0ys(x, y), in Eq. 3.4, by the
new term s(x, y)[u0y+A2πfx cos(2πft)]. Thus, the complete g(x, y, t) term can be
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Figure 3.3. Stable and unstable manifolds associated to the lobe-shaped one-periodic
orbits of Fig.1, for two different values of ω are (a) left pane, 0.00, (b) right panel, 0.10.

written as:

g(x, y, t) = −wh1(t)g1(x, y, t)+wh2(t)g2(x, y, t)+s(x, y)[u0y+Aωxcos(ωt)]. (3.11)

We have computed the time-delay plots of a particle placed at the initial condi-
tion (x0, y0) for different starting times, t0. The initial point is chosen as in section
3.3, that is, (x0 = −5.0 and y0 = 0.01). Figure 3.4 represents the difference between
the time the particle reaches the abscisa xf = 10 with and without bluff body, that
is, δt, versus the initial time t0. As in the previous section t0 varies from 0 to Tc,
being Tc = 1. Notice that δt has been evaluated for two different situations.

In the first one (curve in black colour in Fig. 3.4) a static cylinder is considered,
whereas in the second one (curve in gray colour in Fig. 3.4) the cylinder is moving
harmonically with the same frequency as the frequency of the vortices and with an
amplitude of 0.2 length units. One observation is how the chaoticity disminishes
as the cylinder oscillates, for this initial condition. Notice also that the area below
the curve is higher for the static situation. This is due to the choise of the initial
point close enough to the y-coordinate corresponding to the center of the cylinder.
Such trajectories, that experience most of the effect of the vortices in the static
situation, become clearly less complex due to the cylinder movement. On the con-
trary, the complexity of the trajectories which are more distant of the y-coordinate
corresponding to the center of the cylinder may increase. This phenomenon can be
observed by comparing by comparing Fig. 3.5(a) and Fig. 3.5(b).

In both plots δt is represented at different colours over a grid in which the
horizontal axis represents the different initial times, t0, at which the particles are
placed at x0 = −5, and the vertical axis represents the different values of y0 that
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Figure 3.4. Delay plots for the initial condition (x0 = −5.0, y0 = 0.01) at different
starting times for the case of the static cylinder (curve in black) and for the case of the
oscillating cylinder with amplitude equal to 0.2 length units and frequency the same as
the one of the vortices (curve in gray).

Figure 3.5. Delay plots for the initial condition x0 = −5, where δt is represented
at different colours (a darker colour indicates a higher value) over a grid in which the
horizontal axis represents the different starting times and the vertical axis represents the
different values of y0 that have been considered. Two cases are considered: (a) static
cylinder, (b) oscillating cylinder with the same frequency as the frequency of the vortices
and with an amplitude of 0.2 length units.
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have been considered. Figure 3.5(a) shows the case of the static cylinder, whereas
Fig. 3.5(b) shows the case of the oscillating cylinder which moves with the same
frequency as the frequency of the vortices and with an amplitude of 0.2 length units.

3.5 Conclusions

The fluid flow past a fixed and static cylinder is a paradigm of pattern formation and
transient chaos, and it has deserved much attention by directly solving the corre-
sponding Navier-Stokes equations, and also from the chaotic advection perspective.
Our approach here has been to analyze under which circumstances we can control
the transient chaos at the wake of the cylinder precisely from the perspective of
nonlinear dynamics. In order to apply a certain control technique which might, as a
consequence, reduce the chaos present in the wake of the cylinder, we need to apply
certain action on the cylinder. We have considered here two options of acting on
the cylinder. From the previous ideas, we have adapted the model of the stream
function, initially defined for a fluid flow past a static cylinder, for a certain value
of the Reynolds number [81], to two different situations in which the cylinder is not
static. In the first one the cylinder moves in a rotating way. And in the latter one,
the cylinder oscillates in a direction perpendicular to the incoming flow. By using
standard methods of nonlinear dynamics, we have analyzed how the chaoticity in
the wake of the cylinder can be modified, or even suppressed for these situations.
Several indicators of the complexity of the orbits have been used in order to check
the effects on the dynamics of moving the cylinder. Moreover these results open new
ways and perspectives at looking at the controlling the transient chaos of certain
dynamical systems of invaluable applied interest.



Chapter 4

Finite-time exponents in

the Hénon-Heiles system

“ It is a capital mistake to theorize before one has data. Insensibly

one begins to twist facts to suit theories, instead of theories to suit the

facts.”

-Arthur Conan Doyle

4.1 Introduction

One of the main goals of this thesis is the development of numerical tools able to
characterise the chaoticity of a given orbit and be applied to a variety of general
systems. The main tool for doing so will be the calculation of distributions of finite-
time Lyapunov exponents. So this chapter presents the most relevant concepts
involved in the calculation of these distributions.

Lyapunov exponents are a well known diagnostic tool for analyzing chaotic mo-
tion. In the past few years major attention has been paid in the distribution of the
so called finite-time Lyapunov exponents, and we will review some of the related
(but different) definitions found in existing literature. As the shapes of these dis-
tributions can serve as indicators of the overall degree of chaoticity of a system, its
evolution or stationarity is a key question. Our work focuses on the study of the
distributions calculated with the smallest time interval available, in order to see if
they are still valid indicators, with such local information. The chapter’s structure
is as follows. First, we will review the different definitions found in the literature,
in order to clarify many different but related concepts. Then, a set of protypical
distributions for several orbit types in the Hénon-Heiles Hamiltonian will be shown.
Finally, we will end with some concluding remarks.

4.1.1 Lyapunov exponents

Lyapunov exponents are a well known diagnostic tool for analysing the chaoticity of
a system, and their utility comes in part from the fact that their values do not depend
upon the metric. They reflect the averaged expansion rate of phase space along a
given trajectory. They indicate the dynamical freedom of the system, because a
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larger exponent means a larger freedom, in the sense than small changes in the past
lead to larger changes in the future.

The Lyapunov exponents can be seen as a generalization of the eigenvalues at
global scales. When the eigenvalue of the system matrix is large, the errors in
the initial condition are amplified by such a factor at local scales. The Lyapunov
exponents generalize this and indicate how much a given orbit diverge at global
scale, by averaging the expansion rate of the phase space. One must do this average
because the expansion rate and the expansion direction change continuosly.

The ordinary, or asymptotic Lyapunov exponents describe the evolution in time
of the distance between two nearly initial conditions, by averaging the exponential
rate of divergence of the trajectories. It can be defined as,

λ(x,v) = lim
t→∞

1

t
loge ‖Dφ(x, t)v‖, (4.1)

provided this limit exists [147]. Here, φ(x, t) denotes the solution of the flow equa-
tion, such that φ(x0, 0) = x0, and D means the spatial derivative in the direction
of an infinitesimal displacement v.

However, since in practice the calculation is performed numerically, only a finite
integration time is used instead of the infinite time defined above, and an approx-
imated value instead of the real one is returned. This is of course more important
when working with experimental data, because of the very small number of mea-
surements.

The finite-time Lyapunov exponents definition is derived from the standard
asymptotic Lyapunov exponent for finite averaging times, as follows:

χ(x,v, t) =
1

t
loge ‖Dφ(x, t)v‖, (4.2)

with the implicit dependence on the point x and the deviation vector v. Obviously,
λ = χ(∆t → ∞). These exponents are generically labeled as finite-time Lyapunov
exponents, independently of the finite interval length used in their computation.
Notice that these exponents are sometimes named as effective Lyapunov exponent
for large but finite intervals [66], meanwhile the term local Lyapunov exponent is
preferred when such interval is small enough. For our purposes, we will use the
generic finite-time Lyapunov exponents naming, independently of the length of the
considered interval, and we will follow Eq. 4.2 for the exponents computations.

The existence of these exponents is assured when the general conditions of the
Oseledec ergodic multiplicative theorem are fullfilled [146]. When the exponents
exist, their values are independent from the initial condition. But these conditions
may not always be met in common systems, as presented in [147].

Because one Lyapunov exponent is generally larger than the others, it can be
also computed from the evolution in time of the distance z(t) between two nearly
initial conditions, separated δz(0) at t = 0. Then, it is defined in the following
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manner:

λ = lim
t→∞

lim
δz(0)→0

1

t
loge

δz(t)

δz(0)
. (4.3)

It should be noted that neither the notation nor the definitions are standard
in the literature. Since this can produce some confusion, it would be worthy to
summarize some of the different notations found in the literature.

The term finite-time Lyapunov exponent (FTLE) is the one we have selected in
this thesis. This term is also used for instance in [6], [145] and [171]. As mentioned,
in [66] the finite-time are named as effective when the intervals are considered large
enough, but finite. Conversely, [53] and [91] prefer to use the term transient Lya-
punov exponent when the finite interval is large enough for showing long time scales
trends, but small enough for reducing short time scales fluctuations.

The term effective Lyapunov exponent is also used in [43], meanwhile the term
local Lyapunov exponent is used in [16] and [61]. These exponents are named as
localized in [237]. This is because these authors refine this definition, and differ-
entiate between finite-time and the finite-sample exponents. When calculating the
exponents from an initial set of D-orthogonal vectors, corresponding to the initial
deviation vectors, this set undergoes a few transient steps as their initial directions
evolve under the system dynamics. After a few steps of integration and orthonor-
malization, they could be considered already locally characteristic, meaning specific
to a certain local flow. The finite-time refers to the case when the directions coincide
with the right singular vectors of the matrix resulting from the Jacobian product,
and the finite-sample, to the case when they correspond to the vectors resulting from
the evolution of those singular vectors some steps before starting the computations.
That is, when the growing rates are calculated using the direction of the Lyapunov
vectors (i.e., the globally fastest growing direction as provided by the sucessives
Gram-Schmidt orthonormalisations used by the algorithm of [15]).

Another related term is the averaged finite-time Lyapunov exponent (AFTLE),
used in [193], referring to finite-time exponents averaged on a large set of initial
conditions. This is used for estimating the duration of chaotic transients.

Another widely found terminology derives from the Lyapunov Number (LN).
This is defined as λ = loge(LN), as for instance in [4]. In general, the symbol λ is
used for the standard Lyapunov exponents, and we follow this trend. But in [226]
this symbol is used for the Lyapunov Number and σ is used instead for the standard
exponent.

The LN is sometimes referred as Lyapunov Characteristic Number, or LCN, and
the Lyapunov Exponent as Lyapunov Characteristic Exponent, or LCE. In [9] and
[204] it is also used the term Maximal Lyapunov Exponent (MLE) as equivalent
name to the LCE.

Some authors as [84] or [118] use a related naming by defining short-time Lya-
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punov characteristic numbers as follows:

χ(∆t) = lim
δz(0)→0

1

∆t
loge

δz(∆t)

δz(0)
, (4.4)

so the definition points to be the finite-time exponent.
We note here that the LCN term is used in [44], but pointing to:

χ =
1

t
loge

δz(t)

δz(0)
. (4.5)

So, in this case, the LCN seems to be the LCE. This is also the case in [204]. This
author specifies the LCN (i.e. the LCE) as,

λ = lim
t→∞

χ(t), (4.6)

and the χ symbol is used for the so-called Effective Lyapunov Number (ELN). For
making things easier, this author mentions this ELN was named in the past Local

Characteristic Number. This is the effective Lyapunov Exponent, and along this
thesis, we have used the symbol χ when using finite-time calculations.

The term Stretching Number is used in [58] and [218] for conservative maps.
This is the Lyapunov exponent calculated for inifinitesimal displacements and one
iteration of the map. In Ref. [43], it is generalised to flows, and the interval is
considered variable and equal to the integration step, a system characteristic time
or a Poincaré section time, but in any case very small. Again, this seems to be the
finite-time exponent.

Following this author, the mean (or first moment) of the distribution of stretching
numbers, is the LCN (i.e. LCE). This distribution of stretching numbers is named
as generalised Lyapunov indicator in [58].

The term finite-size Lyapunov exponent, or FSLE, is used in [9] and [127]. These
are averages of initial perturbations computed until a given error tolerance is reached.
They measure the time that the perturbation grows a given factor at meso-scales.
When both the perturbation and the error are infinitesimal, we have the standard
exponent. In [62], a variant of the FSLE was introduced, as the scale-dependant

Lyapunov Exponents, or SDLE. These are FSLE calculated using an algorithm
optimised for very noisy temporal series.

When dealing with dicrete-time systems, we find also the finite-space exponents,
as in [98]. They measure the averaged divergence in discrete-time systems, tending
to the standard exponent when the cardinality of the discrete phase space tend to
infinite.

Finally, the term conditional Lyapunov exponent is used in [7] and [156] in
the context of chaotic systems synchronization. They are based in the idea that
the conditions given by the Oseledec theorem assuring the existence of Lyapunov
exponents also assure the existence of exponents in sub-blocks of the tangent map
matrix. These sub-blocks exponents are, as consequence, indicators of the degree of
freedom of the different system dynamics components.
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4.1.2 Lyapunov exponents calculations

For our purposes, we will use the generic finite-time Lyapunov exponents naming,
independently of the length of the considered interval, and we will follow Eq. 4.2 for
the exponents computations.

There are a large variety of numerical schemes for calculating the Lyapunov
exponents. Each method posseses certain advantages and disadvantages. See [170]
for a comparison. The most common methods can be divided in those based in the
direct calculation of the distance between trajectories or in those based in solving
the variational equation.

The first family of methods, named as of differences or direct, derives from the
definition of exponents as indicators of the divergence between points initially close
enough. The scheme starts by selecting two very close points. The system is iterated
and the new separation is computed. The logarithm of the new and old separation is
calculated and the scheme is repeated, averaging the obtained results. This method
implies a renormalisation meaning that every certain number of steps, the distance
is set again to be the initial one. This is because when dealing with orbits within
an attractor, the orbits do not diverge at a certain time scale, and may even begin
to converge. Because the estrict definition starts from infinitesimal deviations, to
take finite initial deviations may lead to wrong results, as it may happen starting
close to a limit cycle of exponent zero, but being deviated towards initial conditions
where the flow may converge. Finally, for calculating all exponents and not only the
largest one, the orthonormalisation process is somehow more complex [152].

As a consequence of the above, nowadays it is more common to use the varia-
tional methods. The finite-time Lyapunov exponents, computed according Eq. 4.2,
reflect the growth rate of the orthogonal semiaxes (equivalent to the initial devi-
ation vectors) of one ellipse centered at the initial position as the system evolves.
By solving at the same time the flow equation and the fundamental equation of
the flow (that is, the distorsion tensor evolution), we can follow the evolution of the
vectors, or axes, along the trajectory, and in turn, their growth rate. This method is
described in [15] and [4]. The key point is that for solving the variational equation,
it must be selected the initial point, the initial axes lengths and the initial axes
directions (deviation orientation).

Fixing the initial point, there are several choices for the initial orientation of the
ellipse axes. Due to the dependency on the finite integration time interval used in
Eq. 4.2, every orientation will lead to different exponents [237]. One option is to
have the axes pointing to the local expanding/contracting directions, given by the
eigenvectors of the Jacobian matrix. At local timescales the eigenvalues will provide
insight on the stability of the point. Further, these finite time exponents can trace
the stable and unstable manifolds (the later with a time backwards integration)
[52, 80]. Note that in turn, the angle of both manifolds provides the nonhyperbolic
nature of the system. Other options are the axes pointing to the direction which
may have grown the most under the linearized dynamics, or pointing to the globally
fastest growing direction. In what concerns this thesis, the initial axes of the ellipse
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are set coincident with a randomly set of orthogonal vectors, as in Ref. [209]. As
the flow evolves, the axes get orientated from the arbitrary direction as per the flow
dynamics. The evolution in time of this orientation will depend on the selected
finite-time interval length, that in turn will reflect the dynamical flow time-scales.
In what concerns this chapter, we will focus on the very short-time interval lengths.

Note that the axes (vectors) will tend towards the fastest growing direction,
may be at exponential rate, making their computation difficult to tackle. Because
of that, these methods use a Gram-Schmidt orthonormalisation process [228, 13].
By annotating the vector magnitudes before the normalization, we can calculate all
Lyapunov exponents.

We have solved, at the same time, the dynamical flow and the evolution of the 4−
D distorsion tensor (ie. fundamental equation). The system of differential equations
is then a 20-dimensional system, with the first four variables being (x1, y1, x2, y2) and
the remaining 16 variables the components of four independent vectors, following
each one the variational equations. The growth rates of the axes of the ellipse will
depend naturally on the flow timescales if we do not select any initial privileged
direction. By solving the flow and the variational equations, we get the evolution
of the infinitesimal vectors (variations) in every direction. An important issue when
dealing with finite integrations is the selection of the initial set of orthogonal vectors
for solving the variational equation.

This algorithm returns the nearly-asymptotic Lyapunov values ordered from the
largest to the smallest when large enough time intervals are used. Conversely,
there will be just a linear relationship among the exponents when using very lo-
cal timescales [209]. But when using intermediate interval sizes, the main objective
of this work, the returned values characterise a given orbit through the computation
of their distribution functions or densities of probability.

4.1.3 Lyapunov exponents distributions

If we make a partition of the whole integration time along one orbit into a series
of time intervals of size ∆t, then it is possible to compute the finite-time Lyapunov
exponents χ(∆t) for each interval, and to plot the resulting distribution of values.

We can get information about the degree of chaoticity of the orbit by subtracting
different spectra [219], by deriving their power spectrum via the Fourier transform
[222], or by analyzing their shapes and cumulants or q-moments of the distribution.
Such an approach has proved to be useful in several fields, such as galactic dynamics
[155, 191], analyzing chaotic fluid flows in the context of fast dynamos [55] or chaotic
packet mixing and transport in wave systems [231].

The mean of the distribution correlates with the maximal Lyapunov characteris-
tic number for finite sample exponents, and the shape of such distribution can serve
as a valid chaoticity indicator, as it shows the range of values for χ. In principle,
the shape depends on the initial condition and on the sampling interval size ∆t.
The distribution of finite-time Lyapunov exponents can be normalized dividing it
by the total number of intervals, thus obtaining a probability density function P (χ),
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that gives the probability of getting a given value χ between [χ, χ+ dχ]. Hence, the
probability of getting a positive χ(∆t) or F+ (and analogously F−) can be defined
as:

F+ =

∫

∞

0

P (χ)dχ. (4.7)

Two ways for calculating such distributions are possible. The first one is starting
from a given initial condition and integrating during the interval ∆t, thus leading
to a χ(∆t), and starting again the cycle from that point. The second way is taking
an ensemble of initial conditions on the available phase space (or energy surface).
For each initial point, χ(∆t) is calculated as before, without later progression in
that orbit (see for instance Refs. [84, 118, 185]). When the phase space is largely
chaotic and the regular regions small, both distributions coincide, in agreement with
the ergodic theorem. If the finite intervals are large enough, the expected shapes
are a Gaussian, as the Central Limit theorem holds and the correlations die out.
However, for small finite intervals, the shapes can be different, as we will see. In
any case, when regular orbits appear, shapes can differ substantially.

4.1.4 Distribution behavior at very short times.

We are carrying out a search on how to characterize the most chaotic orbits in a
given flow. As the shapes of these distributions can serve as a valid indicator, its
evolution or stationarity is a key question. This chapter follows some of the ideas
started in [84, 118], where the dependency on the sampling time and the evolution
towards an invariant measure in the distributions from orbits in chaotic domains have
been analyzed. A clear description of how these spectra characterize the dynamical
state in a set of hamiltonian prototypical cases was a motivation for our work.
Many distributions belonging to typical maps have been studied, as, for instance,
in [166, 50, 215], but less consideration has been given to conservative systems,
where no attractors are found. Indeed, we are interested in the distributions for
characterizing not only the possible final invariant measure, if so, but also the orbit
itself, including the unstable and the open orbits (those that will escape towards the
infinite). The main goal will be then to generate a set of protypical distributions for
those different orbit behaviors.

Several criteria for choosing a small ∆t are found in the literature. The shortest
interval that can be used in the case of maps is one iteration of the map. However for
flows, as this time interval is a continuous quantity, several approaches are possible.
It can be taken very small, although obviously not smaller than the integration
step. It has not been completely established yet whether these finite-time Lyapunov
exponents distributions are typical or stationary when computed with short intervals
∆t (see Ref. [167] for a discussion).

We are interested in analyzing how the distributions calculated with the smallest
available ∆t interval characterize the system. Even when some variability is expected
when taken such intervals, they can still serve for tracing the system. In fact, a way
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to determining the structure of a Lyapunov spectrum locally, that is, within some
small (in principle infinitesimal) time interval is showed in Ref. [132]. Taking the
interval size as small as possible, the correlation of each value to the following one
will depend only on the local orbit behavior. We will try to find out if the local
information is enough for obtaining valid results or we should increase such interval.
Alternatively, the size can be equal to any time interval with physical meaning, such
as the characteristic time of the system or the crossing time of the orbit with a given
Poincaré section. Finally, instead of a fixed ∆t, it is possible to choose a variable
sampling interval, as in [204], where it is taken to be equal to the interval where
the χ(∆t) reaches a temporary limit. On the other hand, when the size of ∆t is
increased, the local details are washed out. In the limit, χ(∆t → ∞) tends to the
asymptotic Lyapunov exponent, and the distribution tends to be a Dirac-δ centered
at this asymptotic value.

4.2 Behavior in the Hénon-Heiles system

In order to analyze distributions of finite-time Lyapunov exponents with such an
approach, we have chosen the Hénon-Heiles Hamiltonian. This system has been
already presented in the chapter 2. As we have seen, this model is connected to a
physical problem and, in spite of its simplicity, it also presents a rather rich com-
plex dynamics. According to the energy of the orbit, which is related to the initial
condition, different dynamic behaviors may appear and paradigmatic examples of
the so-called pseudodeterministic models can be found. These models only yield
to relevant information over trajectories of reasonable length due to the unstable
dimension variability [101] [105]. The oscillating behavior of the finite-time Lya-
punov exponents about zero has been found to be associated to these models [215].
As we are dealing with a two-degrees-of-freedom system, four Lyapunov exponents
will exist. However, since it is a conservative Hamiltonian system, λi = −λ5−i for
(i = 1, ..., 4) and only two different values of λ are independent. One of them will be
tangent to the trajectory, parallel to the velocity field, and the other one, transverse
to it. The tangent one is non-relevant as it tends to zero in the limit case.

The distribution of the finite-time or local Lyapunov exponents was carried out
by using standard methods, and the initial ellipse axes were chosen arbitrarily. We
have used a sixth-order Runge-Kutta integrator with a fixed time step equal to 10−2,
because it provides enough accuracy for our purposes. And also we have carefully
checked that the property λi = −λ5−i was kept as the integration was evolving in
time, to assure the goodness of the numerical computations. The Poincaré section
with the plane x = 0 has been plotted for each state, in order to compare the
distribution with the dynamical state. We have selected this plane because of the
symmetry of the system with respect to it, so each orbit must repeatedly intersect
it. The crossing time Tcross is defined as the time between successive section crosses,
independently of the sign of vx when the plane x = 0 is crossed.

We have selected four initial conditions leading to four protypical behaviors in
the Hénon-Heiles system. These orbits are listed in Table 4.1. For our analysis, we
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Table 4.1. Selected orbits for the Hénon-Heiles system.

Orbit Energy λ Tcross

Close to UPO E=1/4 - 3.6
Regular, close to period-5 orbit E=1/8 0.0 6.2
Weakly chaotic, cycle orbit E=1/12 0.015 6.8
Chaotic E=1/8 0.044 6.8

λ is the asymptotic standard Lyapunov exponent. The notion weak or strong
chaos is associated to the relatively smaller or larger value of λ. Tcross is the
Poincaré section crossing time corresponding to crosses with plane x = 0,
independently of the sign of vx.

will use the first finite-time exponent χ(∆t) returned by the algorithm described in
the previous section 4.1.2.

We start the analysis computing periodic and quasiperiodic cases. In a periodic
motion, as the harmonic oscillator, plotting the distribution of χ(∆t) values leads
to a two-peaked distribution, as the χ(∆t) values repeat periodically. If the interval
size increases, χ(∆t >>) → 0, and the peaks tend to merge and shift towards zero.
We wil compare here this case with an orbit close to an Unstable Periodic Orbit.
This can be observed when the energy E takes the value 1/4, in the Lyapunov Orbit.
The initial conditions are x = 0.001100, y = 1.024677565117189, ẏ = vy = 0.0.

An Unstable Periodic Orbit (UPO) defines a frontier. Every orbit with an initial
energy larger than the escape energy and moving outwards, if it crosses the Lyapunov
Orbit, will escape from the system and will never come back (see [2]). The phase
space of an example of such orbit is plotted in Fig. 4.1(a). For the case of an
UPO, each point must avoid all regions χ(∆t) < 0. The distribution of finite-time
Lyapunov exponents is formed by two peaks, both centered around positive values.
When the initial condition is slightly different from the one leading to the UPO,
as the selected initial condition, first row of Table 4.1, the distribution is similar to
the solid line of Fig. 4.1(b), where we observe two broadened peaks centered around
positive values, and a tail associated to the orbit once it has escaped. The two peaks
are plotted when the orbit is confined, and the behavior similar to an exact UPO.
The value of χ(∆t) oscillates between those peaks, as shown in the solid line of the
smaller panel of Fig. 4.1(b), leading to the intermediate spectrum of values between
the main peaks. But after having integrated 8T time units, or after roughly 1600
finite intervals, the particle escapes. Now the range of values of χ(∆t) no longer
oscillates, but get new values, leading to a left tail of totally different values, plotting,
for instance, the smaller negative centered peak that appears at t = 35 time units.
Indeed, as shown in the smaller panel of Fig. 4.1(a), the motion can now follow an
open track, thus the tail of the distribution extends and several small peaks centered
below −0.2 (not shown) are produced. When we consider initial conditions far away
from the UPO, thus orbits with smaller escape times, the general spectrum shape is
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different due to the tail, as it is produced by the values once the particle has escaped.
But meanwhile the orbit is confined, the shape is always quite similar. If the interval
size ∆t is increased, but still smaller than the escaping time, it is observed that the
main peaks shift towards larger positive values and begin to merge, as shown by the
dashed (∆t = 0.1) and dotted (∆t = 0.3) lines of Fig. 4.1(b). As reflected in the
smaller panel, the oscillation (around a larger value) of the finite time exponents
values is preserved, but it begins to disappear after a smaller number of integrated
intervals.

The following analyzed case is a quasi-periodic orbit, found in the Hénon-Heiles
system for the energy E = 1/8. The initial conditions are x = 0.000000, y =
−0.031900, ẋ = vx = 0.307044. Its Poincaré section is depicted in Fig. 4.2(a), and it
shows a set of ten islands, which is associated to a period-5 orbit. The five islands
on the left are plotted when the x = 0 plane is crossed from the x < 0 subspace
towards x > 0, and the other five on the right when returning to the x < 0 subspace.
The distribution of finite-time Lyapunov exponents for an interval ∆t of 0.02 and
total integration time of 104 time units is the solid line in lower panel of Fig. 4.2(b).
It shows ten peaks, five centered around negative values and the other five centered
around positive values.

In the inset panel, it has been plotted the evolution of the short time Lyapunov
exponent with time (as the integrated number of intervals ∆t increases). As it
is a quasi-periodic orbit, it can be observed quasi-periodic oscillations, with five
oscillations per larger period. These oscillations in χ(∆t) are shown in the smaller
inset panel. Each oscillation is associated to an island in the Poincaré section, thus
to a peak in the distribution. Inside each period, we can count five oscillations, so
five peaks are obtained in the distribution. Between each peak, a range of values is
obtained, thus leading to the spectrum of values between the main peaks. As we are
dealing with an orbit near a 5th-periodic one, only 10 peaks can be obtained. This
means that there are arbitrarily finite intervals for which the orbit, on the average,
is repelling in one of the dimensions and other intervals for which is attracting in
the same dimension. The shape of the distribution is independent of the initial
condition along the orbit, and longer integrations (in fact, larger than 600 time
units, the circuit time or period to plot the 5 islands) do not lead to different
shapes, because in this case we should only be adding more periods to the already
sampled one. When the initial condition is moved far away from the periodic orbit,
the distribution broadens but remains with a similar morphology.

When the interval size increases, the range of values around which the peaks
are centered is reduced and it is shifted towards positive values, as shown in lower
panel of Fig. 4.2(b) as dotted lines, and zoomed in the upper leftmost panel. When
∆t = 10, a multipeaked distribution is still observed, since this value is larger than
the crossing time but still smaller than the total circuit time, which is roughly 32
time units. This case is found as dashed-dotted in the upper rightmost panel. For
larger size of time intervals the peaks begin to merge, as ∆t begins to be equal to
that circuit time.

This behavior is different for orbits showing some chaoticity. One example
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appears in Fig. 4.3(a), with initial energy E = 1/12. The initial conditions are
x = 0.000000, y = −0.119400, ẋ = vx = 0.388937. The solid line in Figure 4.3(b)
shows the corresponding distribution with an integration time of 20000 units, and
∆t = 0.02. The whole available phase space is traced and longer integrations lead
basically to the same shape. This shape does not correspond to a“typical” chaotic
state, where the central limit theorem holds for a number of averaged quantities,
including local Lyapunov exponents (see [66] and [149]) and the distributions can
be fitted by a Gaussian, since the correlations die out. Neither does it to an inter-
mittent system, where the shape might be a combination of a normal density and a
stretched exponential tail, due to the long correlation persistence.

As we are analyzing the evolution or stationarity of the distributions, it is im-
portant to keep in mind the difference between stationarity, due to the dynamics
at certain time, and ergodicity, time-averaged property of the trajectories. In a
non-ergodic orbit, the trajectory does not cover the whole hypersurface of constant
energy, so two different initial conditions cover different parts of the energy surface
leading to different temporal averages even for times tending to infinite. In such
systems there is not a unique equilibrium state, but different ones depending on the
starting point. Conversely, in an ergodic system it can be reached a unique equilib-
rium state. And generic ensembles of initial conditions will evolve towards a given
distribution, time-independent or with little variability on long time-scales. One key
point is the time involved in such evolution towards the final state. If the physical
time scales are relevant and that time is too long for being realistic, those ensembles
will not be able to be used as valid skeleton for the observed system behavior.

So when computing distributions from a set of initial conditions, we need to
be sure they are in the same domain of the Poincaré section. In that is the case,
we get again the solid histogram of Fig. 4.3(b). By other hand, the stationarity
of a distribution can be defined when the statistical parameters does not change
with time, and this depends on the variable dynamics along the given orbit. When
the probability distribution from a single orbit is computed, the morphology may
depend on the initial point, when the total integration time is not large enough, as
several transients of different behavior are found (see Ref. [237]).

In order to catch the behavior of the transient periods, we have computed distri-
butions formed integrating just 103 time units (150-times the crossing time), which
are described in Table 4.2. Three of them appear in Fig. 4.3(b). The characteris-
tic time on which the orbit forgets its previous degree of instability is small (low
correlation time), as they are quite different. The standard deviation of the distri-
butions σ gives a measure of the degree in which χ deviates from the mean, being
a measure of the stability or variability of the values of χ along the orbit. The
probability of getting a positive value for a finite-time Lyapunov exponent F+ takes
different values ranging from 0.4 up to 0.7 quite randomly, what indicates different
behaviors, ordered at some stages, chaotic in others, as reflected in the shape of the
distributions. For instance, the first transient shows two well separated peaks, like
a quasi-periodic orbit (dotted line), while the third transient shows a multi-peaked
distribution (dotted-dashed line). When the time evolution of the finite-time Lya-
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Table 4.2. Several distribution behaviors in the case E = 1/12 for the smallest
interval size ∆t = 0.02. The statistics are for integrations of 103 time units
starting at t0.

t0 Mean Std. Dev. Median F+(t0)

0 -0.04402 0.18489 -0.44017 0.43455
103 -0.01337 0.16457 -0.01337 0.67674

2 · 103 -0.01318 0.16437 -0.01318 0.66708
3 · 103 -0.01318 0.16438 -0.01318 0.67882
12 · 103 -0.04406 0.18492 -0.04406 0.47806
14 · 103 -0.016346 0.152195 -0.016346 0.700080

Table 4.3. Several distribution behaviors in the case E = 1/12 for interval size
∆t = 1. The statistics are for integrations of 103 time units starting at t0.

t0 Mean Std. Dev. Median F+(t0)

0 0.07362 0.17391 0.07362 0.46000
103 0.09552 0.17119 0.09552 0.74000

2 · 103 0.09293 0.17478 0.09293 0.72000
3 · 103 0.09117 0.17415 0.09117 0.73000
12 · 103 0.06484 0.16613 0.06484 0.51000
14 · 103 0.08573 0.14284 0.08573 0.75000

punov distributions (and the time evolution of χ(∆t) itself, as shown in the smaller
panel) is compared with the way the consequents of the Poincaré section fill the
available phase space, we see how each distribution corresponds to a different way
of tracing the Poincaré section.

If we change the interval size ∆t by a small integer factor, our result is only a
re-scaling of the spectrum, as was shown in Ref.[191]. However when it is increased
up to, say, ∆t = 1, which is still smaller than the averaged crossing time, a different
multi-peaked shape is obtained, as shows the solid line in lower panel of Fig. 4.4.
The local details are washed up as the interval size is larger than the crossing time,
so with a ∆t = 10 (dotted line), the shape is again different. This distribution
is zoomed in the upper panel and two smoth peaks well fitted by gaussians, the
main one centered around positive values are observed. For even larger values of
∆t = 100, a single peak gaussian distribution is found, as plotted as solid in the
upper panel of Fig. 4.4, since the central limit theorem begins to hold.

Finally, for much larger values of ∆t = 100, the distributions collapse to δ-
functions centered around the asymptotic Lyapunov value. In addition, the chaotic-
ity indicators vary with the interval size. The values in Table 4.3 are calculated as
in Table 4.2, so here it appears the statistics for the transients with an integration
(sampling) of ∆t = 1.
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Table 4.4. Sensitivity of statistics of the finite-time Lypunov distributions in
the case E = 1/12 for several integration time and interval sizes.

t(total time) ∆t(time) Mean Std. Dev. Median F+(t0)

2 · 104 0.02 -0.04403 0.18490 -0.04403 0.64226
2 · 105 0.02 -0.04407 0.18492 -0.04407 0.65772
2 · 104 1 0.08553 0.17873 0.08553 0.69000
2 · 105 1 0.08454 0.18004 0.08454 0.71060
2 · 104 10 0.03215 0.06258 0.03215 0.90400
2 · 105 10 0.02509 0.06671 0.02511 0.89565

The mean value calculated with the larger interval on each transient is different to
the calculated with the smallest interval. Moreover, the values of F+ are larger, and
for even larger interval sizes, the transients may vanish. However, it is remarkable
that the evolution of F+, which is an indicator of the local chaoticity, is similar in
both cases. The Table 4.4 shows how the total integration time for a given interval
size is correlated with these indicators, showing that for the smallest interval we
obtain similar results.

This can be explained that by integrating 2 ·104, we have already passed through
all possible values of the oscillating short time Lyapunov exponent, so even increasing
the total integration time up 2 · 105, the spectrum is basically the same. For larger
intervals, the statistics is poorer, as the total number of intervals taken into account
is smaller, but the same reasoning can be done. When ∆t = 1, we are still getting
almost the same pattern in the oscillations with 2 · 104 time units or 2 · 105, so the
values are still quite similar. But with ∆t = 10, the values are slightly different, as
the pattern of the oscillations of the short time Lyapunov exponent is also slightly
different.

Finally, the characterization of the distributions corresponding to chaotic orbits
is discussed. We take an orbit with an initial energy E = 1/8, that almost fills
completely the available phase space, as shown by the Poincaré section in Fig. 4.5(a).
The initial conditions are x = 0.000000, y = −0.238800, ẋ = vx = 0.426750. The
corresponding distribution is plotted as solid line in Fig. 4.5(b). The smaller panel
shows again the oscillations of χ(∆t) as the integration takes place.

The same probability distribution is obtained by integrating along a single initial
condition or an ensemble of initial conditions, due to the ergodicity of the system.
The shape reminds the one described for attractors in [101, 166], although the tail
of the peak centered around positive values extends through negative values quite
smoothly, instead of showing an exponential tail. Two different transients of 103

time units are plotted as dotted and dashed lines in Fig. 4.5(b). We also see that
the sticky orbits, those that remain near a regular island for a long time, tend to have
smaller exponents than the non-sticky orbits. During the sticky periods, when the
orbit appears next to a quasi-periodic orbit torus, the distribution is clearly similar
to a quasi-periodic case. However, in the chaotic regime the peaks are broadened.
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With larger intervals (∆t = 10) and integration times (106 time units), an almost
gaussian shaped distribution is obtained, centered around a positive value. This
shows a morphology different from the E = 1/12 case, that did not reach such
gaussian form even when ∆t = 10, meaning a different dynamics, which is also
manifested by the time the distribution takes to its final state.

Such different morphology can be seen by comparing the solid lines of Fig. 4.3(b)
and Fig. 4.5(b). In the later case, the peak is no so clear, and the distribution
is smoother, indicating that there is no larger probability of getting a value over
another one. In the prior case, there is a clear peak, indicating that there is high
probability of getting the range of values on which the peak is constructed. So the
later case indicates that there is more ”chaoticity” in the sense that there are no
privileged values, as in the E = 1/12 case, so there is a larger ergodicity, in the sense
that the orbit is able to reach with the same probability all the available phase space.
However, it should be taken into account that during certain transient periods, the
behavior is equivalent to ordered motions, as during the sticky transients (double-
peaked distributions).

4.3 Conclusions

The results presented here are of general interest in describing how the distribu-
tions of finite-time Lyapunov exponents are valid indicators when computed with
the smallest time interval. Several prototypical distribution morphologies have been
plotted for different energy values of the Hénon-Heiles Hamiltonian. These calcu-
lations can be carried out in three ways. First, calculating a huge number N of
short-time exponents of size ∆t along the same orbit. Second, taking a smaller
number of larger ∆t (to allow the values to saturate). Third, selecting carefully an
ensemble of N initial conditions in the same domain.

Our calculations have focused on the use of the smallest interval size, searching
for the stationarity or evolution of the distributions. It has been observed that they
characterize the motion in the different possible cases. Shapes well differentiated
from the ones described in the literature have been found as they depend both on
the motion type, the interval size and the integration time. In the fully regular
motion, the shape is independent on the size of the chosen small interval. When
the case of a UPO was analyzed, it was observed the importance of the size of the
interval with respect to the time the particle was confined before escaping. In the
quasi-periodic case, the final shape is independent of the initial point along the orbit
and is reached after a small integration time (a few times the crossing time). For
larger intervals, the shape is still well differentiated from the other cases, even when a
short integration time is used. In the chaotic motions of energy values E = 1/12 and
E = 1/8, the shape depends strongly on the initial point for short total integration
times, since the distribution evolves through several transients and consequently
several cycles are required before reaching the final shape. According to Ref. [43],
the spectrum of chaotic orbits is invariant with respect to the initial conditions
along the same invariant curve, but this only is applicable for large integrations
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or large intervals. However, tracing the distributions with the smallest intervals
gives information on the local evolution of the stability for short time scales. The
morphology of the distributions traces the dynamics and the evolution of the value
F+ is the same independently of the interval size.

One interesting point is to analyze the sources of the components of the distri-
bution morphology. The local behavior is given by the local exponents, thus the
overall shape depends on the local orbit behavior, as the exponents can be consid-
ered specific of a certain local flow. And as we have seen, the overall behavior is
the sum of the different behaviors: the ones corresponding to the smaller intervals
when the local exponents were calculated. In addition, the local orbit behavior can
be understood in terms of simpler periodic orbits, as possible basic blocks for shad-
owing the observed complicated behavior. This is a quite interesting reseach topic
that can extend the current results, by studying the role of such periodic orbits in
the building of the described structures.

As different parts of the same chaotic orbit may show different local exponents
values in the different transients, this would indicate that the chaotic phase mixing
[85] could be larger than the regular phase mixing at certain physical relevant time
scales. We may conclude from here that different rates might exist in the evolution
of the system towards its final state.

Our analysis has focused on a Hamiltonian system, where the chaotic orbits are
ergodic. In this case, the results from generating the distributions from an adequate
ensemble or from a single orbit are equivalent. But by taking the later approach, we
were also able to manage with the distributions of non-ergodic orbits. The results
obtained with this approach should be valid for orbits both in conservative or non-
conservative systems, and in the case of dissipative systems, the distributions of the
attractors described in the literature can be found. But as an evolution towards a
final distribution is not guaranteed in a given time, the results on the stationarity
or evolution during that period hold.

In addition, for two-degrees-of-freedom Hamiltonians as this one, the existence
of KAM tori produces the existence of sticky and non-sticky orbits, so the described
phenomenology on the sticky transients is specific of this type of systems. It should
be remarked that for three-degrees-of-freedom Hamiltonians, the cantori appear and
this is no longer applicable as, in the end, the Arnold diffusion merge the orbits.

The previous discussion shows some implications from the physical meaning of
the system. As the long integrations required for computing the asymptotic Lya-
punov exponents have no meaning in a galactic system, since the universe evolves
in a shorter time, it is reasonable to use smaller integrations. Furthermore, the
smallest interval sizes can be used since they characterize the local behavior.
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Figure 4.1. (a) Orbit x − ẋ near an UPO, when E = 1/4. The period T is roughly
3.6 time units. (b) The solid line shows the distribution formed with an integration of 40
time-units when ∆t = 0.02. The rightmost two peaks are traced when the orbit is confined,
before escaping after 8T time-units. The dashed probability distribution is when ∆t = 0.1
and the dotted one when ∆t = 0.3. The smaller panel shows the oscillating behavior of
χ(∆t) as the integration takes place.
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Figure 4.2. (a) Poincaré section y − ẏ with plane x = 0 of a quasi-periodic orbit of
energy E = 1/8, associated to a period-5 orbit. The crossing time is Tcross ∼ 6.2 time
units. Each time a point crosses the section, a different island is crossed and the total time
before repeating an island is roughly 31.5 time units. (b) The lower and larger panel shows
the distribution of finite-time Lyapunov exponents, showing 10 peaks both in positive and
negative values, when ∆t = 0.02 and total integration time 104 time units. The dashed
probability distribution is when ∆t = 10 and integration time 106, and is zoomed in
the upper leftmost panel. The dotted line represents the probability distribution when
∆t = 100 and integration time 106, and is zoomed in the upper rightmost panel.
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Figure 4.3. (a) Poincaré section y− ẏ with plane x = 0 of an orbit of energy E = 1/12.
The crossing time is Tcross ∼ 6.8 time-units. (b) The solid line shows the probability
distribution of finite-time Lyapunov exponents formed with an integration of 20000 time-
units when ∆t = 0.02. The dotted and dashed lines represent the probability distributions
corresponding to partial 1000 time-units integrations started at arbitrary points of the
same orbit. These partial integrations reflects some of the different transients of Table 4.2.
The smaller panel shows the oscillating behavior of χ(∆t) as the integration takes place.
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Figure 4.4. The distribution of finite-time Lyapunov exponents in the case E = 1/12
formed with an integration of 106 time units when ∆t = 1 is plotted as solid trace in the
lower panel. The same when ∆t = 10 appears in dashed line, and is zoomed in the upper
panel. In this later one, is is also traced the distribution when ∆t = 100.
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Figure 4.5. (a) Poincaré section y− ẏ with plane x = 0 of an orbit of energy E = 1/8.
The crossing time is Tcross ∼ 6.8 time-units. (b) Probability distribution of finite-time
Lyapunov exponents. The solid line corresponds to an integration of 20000 time-units
when ∆t = 0.02. The dotted and dashed ones to partial integrations of 103 time units.
The double peaked one corresponds to a sticky period. The smaller panel shows the
oscillating behavior of χ(∆t) as the integration takes place.



Chapter 5

Predictability in

two-degrees-of-freedom

Hamiltonian systems

“There is one great difficulty with a good hypothesis. When it is

completed and rounded, the corners smooth and the content cohesive

and coherent, it is likely to become a thing in itself, a work of art. It is

then like a finished sonnet or a painted completed. One hates to disturb

it. Even if subsequent information should shoot a hole in it, one hates

to tear it down it was once beautiful and whole.”

-John Steinbeck

5.1 Introduction

In this chapter we continue the study of the techniques based on the computation of
finite-time Lyapunov exponents that were introduced in the previous chapter. We
will analyse here the evolution of the finite-time Lyapunov exponents distributions
as the finite-time length is increased, and focus on the results got when computing
all available exponents, instead of keeping the very first finite-time exponent, as we
did in the previous chapter.

We will extend our work by adding to our analysis a new two-degrees-of-freedom
system. So, we will present results in two prototypical four-dimensional meridional
potentials corresponding to axisymmetric galaxies [18]. The first system is a model
originally studied by Contopoulos [39]. The second system is again the Hénon-Heiles
system.

Understanding the dynamics of realistic conservative systems, is a fundamental
issue in nonlinear dynamics and statistical physics, with direct applications in many
fields such as astronomy, plasma physics and atomic physics [236]. But the dynam-
ical analysis of Hamiltonian flows with more than two-dimensional phase spaces,
has some important issues to take into account. The first, not as trivial as one
might think, is the visualization of the orbits and the selection of a proper surface
of section. Another one is the increase of complexity of the algorithms for searching
periodic orbits, which must deal with additional constraints when the energy is a
conserved quantity. Searching engines based in Newton algorithms must explore the
phase space keeping in the same initial energy subspace.

53
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The search for invariants is one of the most common tools for understanding the
dynamics of non-integrable systems (see a classical example in [56]). Usually, the
fixed points and associated periodic orbits, being the basic building blocks of the
dynamics, are located and studied. Later on, the surroundings are analysed, as the
stable orbits are mostly surrounded by quasi-periodic orbits, while unstable periodic
orbits by chaotic ones. But the complexity of the higher order orbits makes this
procedure less straightforward. The computation of the invariant tori and invariant
manifolds also gain a high degree of complexity in realistic models.

An alternative approach is to characterize the chaoticity by using numerical in-
dicators such as the Lyapunov exponents. The asymptotic Lyapunov exponents
provide an indication on the globally averaged chaoticity of the system during an
infinite integration time. But while they measure the asymptotic divergence of in-
finitesimally neighboring trajectories, it is not always possible or desirable to perform
these very long integrations and the limit value. Indeed, sometimes the asymptotic
limit, thus the exponents themselves, may not exist [147].

The standard definition of the Lyapunov exponent uses a very long (infinite)
convergence time. Due to the sometimes slow convergence towards the asymptotic
value, many other numerical indexes and fast averaged indicators have been devel-
oped. We can cite, among others, the Rotation index [220], the Smaller alignment
index [186] or its generalization, the Generalized alignment index [188], the Mean
exponential growth factor of nearby orbits [36] the Fast Lyapunov indicator [57],
the Relative Lyapunov indicator [176] or the Finite-time rotation number [199]. See
[189] for a review.

These indicators allow distinguishing among the ordered, chaotic or weak chaotic
orbits, and even among the resonant and non-resonant regions [200]. However, Lya-
punov exponents still remain valid indicators since they are quite easy to compute
numerically, and they do not depend upon the metric. More importantly, in addi-
tion of mapping the global degree of instability of a system, they can also reflect
the local properties of the flow when computed during very short intervals including
the regular-like behavior of sticky chaotic orbits near remnants of periodic orbits
embedded in the chaotic sea.

Our work focuses on analysing some prototypical orbits in a four-dimensional
phase-space Hamiltonian flow (two-degrees-of-freedom flow), by means of finite Lya-
punov exponents distributions. Most studies are devoted to the characterization of
a system using only the first (largest) Lyapunov exponent. But the following finite
exponents and their correlations also provide interesting information. We will focus
on their distributions formed when the axes of one ellipse generated along an orbit
are allowed or not to tend to the largest stretching direction before being repointed
after a given interval. We will see how they may reflect the Unstable Dimension
Variability property, which has direct consequences in the predictability of the or-
bit. We will compute as well the hyperbolicity indexes associated to every exponent
to analyse the shadowing times, which define the duration over which there exists a
model trajectory consistent with the real system.

This chapter is organised as follows. Section 5.2 reviews some basic concepts
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and definitions for Lyapunov exponents. Section 5.3 does the same for the finite
Lyapunov exponents distributions. A description of the model we treat in this
chapter as well as the numerical method of integration is contained in Section 5.4.
The distributions of the exponents are found in Section 5.5. The relation between
the first (largest) and second finite exponents is treated in Section 5.6. In Section 5.7
we discuss the breakdown of hyperbolicity due to unstable dimension variability, the
shadowing properties and the relationship with the calculated distributions. Finally,
Section 5.8 is devoted to our conclusions.

5.2 Lyapunov exponents

The ordinary or asymptotic Lyapunov exponent describes the evolution in time of
the distance z(t) between two nearly initial conditions, separated δz(0) at t = 0.
This exponent was presented in the previous chapter, section 4.1.1.

We note here that in D-dimensional Hamiltonian systems, because of their sym-
plectic nature, λi = −λD+1−i for (i = 1, ...D) and only two of the different values
of λ are independent. The second exponent has a zero value in the limiting case,
as is tangent to the trajectory, and there is never any divergence for a perturbed
trajectory in the direction of the unperturbed trajectory.

The analysis of the non-trivial exponents values provide valuable information,
such as the presence of new isolating integrals. If the first is zero, the motion
is integrable. If it is nonzero and positive, there is an exponential separation of
trajectories.

In practice, all numerically computed exponents, or those from experimental
data, are computed over finite-time intervals. Such values are generically named
as finite-time Lyapunov exponents and they were presented in previous chapter,
section 4.1.1.

As discussed in the previous chapter, one must select both the finite-time interval
length and the initial directions of the deviation vectors (or ellipse axes). We have
seen that several choices are possible for selecting the initial set of deviation vectors.
Regarding this selection, along this thesis, the ellipse axes will be initialized with
no particular direction (i.e., not pointing to the Jacobian eigenvectors). Because
as the flow evolves, the axes get orientated from the arbitrary direction as per the
flow dynamics, the evolution in time of this orientation will depend on the selected
finite-time interval length. This in turn reflects the dynamical flow time-scales.

The selection of the finite-time length is also a key issue. Typical options for ∆t
are Tcross, the crossing time of the Poincaré section, Tdyn, the dynamical time of the
system, or any other physically meaningful time scale. In our case, we will focus
on Tcross, as the Poincaré section crossing time corresponding to crosses with plane
y = 0, independently of the sign of vy. We aim to see in this chapter how starting
from the shortest intervals, by increasing the finite-time lengths, the shapes of the
distribution of values along a given orbit, chaotic or not, reflect the flow properties
of the system.
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5.3 Finite Lyapunov exponents distributions

Following section 4.1.3 of previous chapter, if we make a partition of the whole
integration time along one orbit into a series of time intervals of size ∆t, then it
is possible to compute the finite time Lyapunov exponents χ(∆t) for each interval.
When such distribution is normalized, dividing it by the total number of intervals,
we obtain a density function P (χ) that gives the probability of getting a given value
χ between [χ, χ+ dχ].

The distributions of effective Lyapunov exponents can be studied from the cu-
mulant generating function, defined as the logarithm of the moment generating
function, which is itself the Fourier transform of the probability density function
[66]. The first four cumulants are the mean, variance, skewness and kurtosis of the
distributions. As they reflect the deviation from Gaussianity, they reflect the devi-
ation from the fully chaotic case. The generalized exponents are associated to the
order-q moments of the distributions [10] [223].

For some maps, like the Ulam map x 7→ 4x(1−x), explicit analytical expressions
can be found to such probability exponents. In such cases, the probability distribu-
tions of time-n exponents strongly deviate from the Gaussian shape, decaying with
exponential tails and presenting 2n−1 spikes that narrow and accumulate close to
the mean value with increasing n [6]. Such tails and spikes were described for the
Hénon-Heiles system in [208].

Following the method presented in the previous chapter, as we aim to use the
distributions for characterizing different orbital behaviors, we have computed the
distribution by selecting an initial point of the orbit, an arbitrary set of orthonormal
vectors, integrating then the flow up to ∆t interval, and reseting there the calculated
effective exponent χ(∆t), starting again the integration in this new point.

5.4 Description of the model and integrator

We have studied the four-dimensional phase space Hamiltonian, two-degrees of free-
dom, originally studied by Contopoulos in Ref. [39], and given by,

H =
1

2
(p2x + p2y) +

1

2
(Ax2 +By2)− ǫxy2. (5.1)

This model represents two non-linearly coupled oscillators. We have chosen it
because in spite of its simplicity, it provides a rich dynamical behavior.

In addition, it is a physically meaningful flow. The origins of this model are
traced to the galactic dynamics field. It belongs to the so-called galactic-type merid-
ional potentials [18]. These systems are reduced potentials on the meridian plane
V (R, z) of an axisymmetric galaxy, Their best known member is the Hénon-Heiles
system. We already studied the local instability in this system through the finite
time Lyapunov exponents in previous chapter and in Ref. [208], and now we ex-
tend these previous results to the Contopoulos Hamiltonian given by Eq. 5.1. The
Contopoulos system can be seen as a simpler version of the Hénon-Heiles system,
as it has only one mixed higher-order term, xy2, which introduces the essential
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Table 5.1. Selected orbits for the Contopoulos system.

Orbit ǫ λ Tcross

Weakly chaotic, close to period-2, orbit 4.5 0.0125 7.3
Chaotic, between two tori, orbit 4.4 0.093 7.0
Chaotic, ergodic, orbit 4.6 0.066 7.1

ǫ is the control parameter. λ is the asymptotic standard Lyapunov exponent.
The notion weak or strong chaos is associated to the relatively smaller or
larger value of λ. Tcross is the Poincaré section crossing time corresponding
to crosses with plane y = 0, independently of the sign of vy.

nonlinearity of the problem, y−axis symmetry and only two exits.
The amplitude parameters are A = 1.6 and B = 0.9. Such values are chosen to be

near the resonance
√

A/B = 4/3 [39]. The sampled initial condition is x = 0.03744,
y = 0, ẋ = 0.0480, associated to the regular motion of Ref. [43]. For this initial
condition, depending on the value of the coupling parameter ǫ, different orbit types
are found. We have selected three values of ǫ, namely, 4.4, 4.5 and 4.6. The energy
value is set to E = 0.00765, which in the third case is close to the escape energy,
given by Eescape =

1
8
AB2

ǫ2
. These orbits are listed in Table 5.1.

We have used a Runge-Kutta integrator of fourth order with time step equal to
0.01. A sixth order lead to the same results. Note that such a standard integrator
may be thought as quantitatively accurate, but not qualitatively, as small errors
may not conserve the energy, contrary to a symplectic scheme. But even when
symplectic schemes have generally a better performance in long term integrations,
standard Runge-Kutta is simple and fast. The energy value was checked at each
step in order to verify it keeps constant throughout the computation, as well as the
relevant Lyapunov exponents pairing consequence of the Hamiltonian nature. In-
deed, selecting a given symplectic scheme is not as straightforward as one may think.
Energy conservation is not always the invariant that must be preserved (it may be
the angular moment first integral), and integrable Hamiltonians approximated by
symplectic schemes may manifest apparently chaos [137]. Indeed, the only integra-
tor which preserves all invariants has been proved to be the true solution itself (see
a review on the subject in [194]).

5.5 Finite exponents distributions computations

There are several studies which model universal features of the Lyapunov spectra
based on the properties of an infinite set of matrices [151]. The effective Lyapunov
exponents as logarithms of products of n matrices behave essentially like averages
of n random variables. Over short times, they are correlated, leading to a linear
dependency of the cumulant generating function with n [66]. Over long times, cor-
relations may be lost. But with intermittency or in area preserving maps, there
are still long time correlations, different scaling properties and multifractal struc-
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Table 5.2. Numerical indexes associated to the finite Lyapunov exponent
distributions corresponding to Eq. 5.1, case ǫ = 4.5, close-to period-2 orbit, for
several ∆t sizes.

χ1

∆t Mean Median σ k F+ h

0.01 0.048 0.065 0.27 -1.45 0.55 1.35
0.1 0.048 0.067 0.29 -1.45 0.55 1.19
1 0.14 0.070 0.24 -1.46 0.56 4.65
7 0.092 0.12 0.066 0.36 0.86 42.45
10 0.095 0.091 0.072 0.014 0.89 37.22
100 0.12 0.12 0.0084 11.32 1.00 3406.33

χ2

∆t Mean Median σ k F+ h

0.01 -0.096 -0.11 0.27 -1.45 0.39 2.69
0.1 -0.076 -0.095 0.28 -1.44 0.42 1.87
1 0.082 0.063 0.18 -1.55 0.56 4.77
7 -0.021 -0.028 0.080 -0.74 0.38 6.66
10 -0.02 -0.031 0.057 0.38 0.22 12.70
100 -0.0041 -0.0038 0.011 4.77 0.19 68.54

σ is the standard deviation, k the kurtosis, F+ the probability of positivity,
h the hyperbolicity index.

ture with the sampling interval ∆t. We cite among others some general results in
[123], [167] or [198], some numerical findings in [190] or [208], and specifically, one
Hamiltonian map scaling behavior in [102].

We focus here on comparing, for different orbits types, the distributions gen-
erated when the axes of the ellipse centered in the initial condition are allowed or
not to tend to the largest stretching direction before being repointed after ∆t time
units. This section describes how these distributions still provide information about
the different dynamics.

5.5.1 Weakly chaotic, close to period-2 orbit, ǫ = 4.5

The first orbit is an orbit very close to a period-2 orbit, with Poincaré section
crossing-time Tcross ∼ 7.3, which appears in Fig. 5.1(a) as a cross symbol. The
density functions for the first and the second Lyapunov exponents are plotted in
Fig. 5.2, and their numerical characterization is found in Table 5.2.

The distribution computed with the shortest possible interval ∆t = 0.01, the
integration step, appears in Fig. 5.2, panel (a). Its shows the typical shape associated
to a periodic orbit. For an interval 10 times larger, ∆t = 0.1, (interval still below
Tcross), the figures are nearly identical to the previous ones, thus they are not drawn.



5.5. Finite exponents distributions computations 59

(a)

(b)

(c)

Figure 5.1. Poincaré sections with the y = 0 plane for the studied Hamiltonian and
three values of the ǫ parameter. Initial condition is x = 0.03744, y = 0, ẋ = 0.0480. (a)
ǫ = 4.5, close-to period-2 orbit (marked with a cross). (b) ǫ = 4.4, between tori orbit (big
lobe). (c) ǫ = 4.6, chaotic orbit (full filling the phase space). The cross-section of another
ergodic orbit (x = 0.03, y = 0, ẋ = 0.04796) has been also plotted in the first and second
cases in order to ease the visualization of the phase portrait.
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(a)

(b)

(c)

(d)

(e)

Figure 5.2. Finite Lyapunov exponents distributions for the Eq. 5.1 Hamiltonian and
ǫ = 4.5, weakly chaotic, close-to period-2 orbit. (a) ∆t = 0.01, (b) ∆t = 1, (c) ∆t = 7,
(d) ∆t = 10, (e) ∆t = 100.

The fact of both being equal is not evident, as the local ellipsoid axes have now
evolved a few steps, having the possibility of relaxing in the direction that permits
the largest stretching, and pointing to the direction of fastest separation.

For ∆t = 1, panel (b), a new peak appears in the distribution of the largest
exponent χ1, but the χ2 distribution remains the same. This means different rates
in the evolution towards the invariant measure. When ∆t ∼ Tcross, panel (c), the
χ1 distributions jump towards the positive values.

This leads to think as Tcross as a threshold separating different regimes in the
distributions, tracing local and non-local behavior. Even when the choice of the
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Table 5.3. Numerical indexes associated to the finite Lyapunov exponent
distributions corresponding to Eq. 5.1, case ǫ = 4.4, between tori orbit, for several
∆t sizes.

χ1

∆t Mean Median σ k F+ h

0.01 -0.034 -0.033 0.27 -1.42 0.46 0.92
0.1 -0.039 -0.038 0.29 -1.42 0.46 0.93
1 0.077 -0.022 0.20 -1.11 0.47 3.78
7 0.060 0.070 0.059 0.34 0.85 34.88
10 0.054 0.056 0.052 0.48 0.84 40.03
100 0.083 0.086 0.010 4.51 0.99 1472.67

χ2

∆t Mean Median σ k F+ h

0.01 -0.013 -0.014 0.27 -1.42 0.48 0.37
0.1 0.012 -0.0094 0.288 -1.42 0.50 0.29
1 0.13 0.14 0.19 -1.53 0.65 7.58
7 0.0091 0.014 0.071 -1.07 0.55 3.66
10 0.0053 0.0049 0.048 -0.91 0.52 4.54
100 0.0023 0.0010 0.0010 4.69 0.50 46.74

σ is the standard deviation, k the kurtosis, F+ the probability of positivity,
h the hyperbolicity index.

Poincaré section is somehow arbitrary, it is based in the symmetry y = 0 of the
potential, thus it makes sense that the crossing time for closing an orbit (if periodic)
will lead to such a threshold.

At larger intervals, ∆t = 10, panel (d), the oscillations around zero begin to
be lost. Finally, with ∆t = 100, panel (e), we are integrating several Tcross cycles,
and the distributions resemble peaks centered around the λ1 ∼ 0.0125 and λ2 ∼ 0
asymptotic Lyapunov values.

5.5.2 Chaotic, between two KAM tori, orbit, ǫ = 4.4

Quasi-periodic orbits are characterized by a linear divergence of neighboring trajec-
tories, all asymptotic exponents are zero and the motion is confined within a torus.
With ǫ = 4.4, the initial condition is interesting, as it does not lead to a quasi-
periodic motion but to a trajectory running on a very small chaos strip between two
invariant tori. The Poincaré section of this orbit appears as an elongated lobe in
Fig. 5.1(b). The density functions for the first and the second Lyapunov exponents
are plotted in Fig. 5.3. The numerical indexes which characterize such distributions
are found in Table 5.3.

The main time scale to take into account seems to be again the crossing time,
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(a)

(b)

(c)

(d)

(e)

Figure 5.3. Finite Lyapunov exponents distributions for the Eq. 5.1 Hamiltonian and
ǫ = 4.4, chaotic, between tori, orbit. (a) ∆t = 0.01, (b) ∆t = 1, (c) ∆t = 7, (d) ∆t = 10,
(e) ∆t = 100.

Tcross ∼ 7. There is another physically meaningful time scale, which is the period
to roughly cover the whole Poincaré section, Tlobe ∼ 136.

For the shortest interval sizes, ∆t = 0.01, panel (a), and ∆t = 0.1, not shown,
the distributions are similar, roughly double peaked, reflecting the confined motion.
When the interval is increased up to ∆t = 1, panel (b), there is a change in shape
for χ1, with a morphology no longer similar to a periodic orbit. However, in the
tangent direction, the χ2 distribution evolves at a different rate, and is still sign
flipping.
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Table 5.4. Numerical indexes associated to the finite Lyapunov exponent
distributions corresponding to Eq. 5.1, case ǫ = 4.6, chaotic orbit, for several ∆t
sizes.

χ1

∆t Mean Median σ k F+ h

0.01 -0.032 -0.031 0.29 -1.18 0.46 0.74
0.1 -0.041 -0.037 0.31 -1.14 0.46 0.84
1 0.091 -0.00092 0.22 -0.39 0.49 3.80
7 0.069 0.059 0.082 3.87 0.83 20.39
10 0.069 0.062 0.068 1.27 0.86 30.13
100 0.066 0.065 0.030 -0.19 0.99 142.49

χ2

∆t Mean Median σ k F+ h

0.01 -0.015 -0.017 0.29 -1.18 0.48 0.35
0.1 0.014 -0.0088 0.31 -1.14 0.50 0.28
1 0.13 0.15 0.19 -1.41 0.67 7.19
7 0.012 0.016 0.069 0.18 0.57 4.88
10 0.0067 0.0057 0.057 1.04 0.53 4.18
100 0.015 0.013 0.017 1.41 0.80 100.41

σ is the standard deviation, k the kurtosis, F+ the probability of positivity,
h the hyperbolicity index.

Once again, as the time interval is larger than the given crossing time, for ∆t = 7,
panel (c), the distributions are now different. When the interval is larger than
Tcross, ∆t = 10, panel (d), the distributions converge to the final measure, faster for
χ1. With ∆t = 100, panel (e), both distributions resemble peaks centered in the
asymptotic Lyapunov values λ1 ∼ 0.093 and λ2 ∼ 0.

5.5.3 Chaotic, ergodic orbit, ǫ = 4.6

The Poincaré section appears in Fig. 5.1(c). The density functions for the first and
the second Lyapunov exponents are plotted in Fig. 5.4. The numerical indexes which
characterize such distributions are found in Table 5.4.

For the shortest intervals, ∆t = 0.01, panel (a), and ∆t = 0.1, not shown, both
the χ1 and χ2 diagrams have widened and almost completely lost the two-peaks
aspect from previous cases. For ∆t = 1, panel (b), χ1 distribution changes in shape.
With ∆t = 7, panel (c), both distributions are almost Gaussian. This is clearly
observed with ∆t = 10 and ∆t = 100, panels (d)(e), centering around λ1 ∼ 0.066
and λ2 values. Note however, than even when a a Gaussian shape has been achieved
quite fast at very short intervals, the peak of χ2 is not still centered in the 0 value,
implying a very low convergence of the averaging process.
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(a)

(b)

(c)

(d)

(e)

Figure 5.4. Finite Lyapunov exponents distributions for the Eq. 5.1 Hamiltonian and
ǫ = 4.6, chaotic, ergodic, orbit. (a) ∆t = 0.01, (b) ∆t = 1, (c) ∆t = 7, (d) ∆t = 10, (e)
∆t = 100.

This orbit is ergodic in the sense that the orbit is able to reach with the same
probability all its available phase space. It is interesting to keep in mind the differ-
ence between stationarity, due to the dynamics at certain time, and ergodicity, time-
averaged property of the trajectories. In a non-ergodic orbit, the trajectory does not
cover the whole hypersurface of constant energy, so two different initial conditions
cover different parts of the energy surface leading to different temporal averages even
for times tending to infinity. In such systems there is not a unique equilibrium state,
but different ones depending on the starting point. In an ergodic system a unique
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equilibrium state may be reached. And generic ensembles of initial conditions will
evolve towards a given distribution, time-independent or with little variability on
long time-scales. In the case of conservative systems, there are no attractors and
chaotic orbits are ergodic. But note that there may be regular-like transients in the
so-called sticky orbits, where the particles wander pseudo-chaotically with strictly
zero Lyapunov exponent during some time around the KAM tori. Many authors
refer then to such orbits as pseudo-ergodic ones. Such transients are the reason for
the broad peaks found in the distributions.

5.6 Finite Lyapunov exponents relationship

This section deals with the relationship between the largest finite exponent, associ-
ated to the transversal direction (if allowed to evolve), and second exponent, associ-
ated to the tangential one (id), when they are calculated by reinitializing arbitrarily
the axes after an interval ∆t.

Being large enough, the distribution of values will be driven uniquely by the
transportation along the orbit, with no use on the linear equations of tangent space.
When dealing with effective exponents (finite but large intervals), and for hyperbolic
systems, there is a simple relationship between the first and second exponents, driven
by the crowding indexes. For non-hyperbolic systems, the relationship may be more
complicated [66]. Usually, there is multifractality, or strong non-trivial dependence
on the order q of the correlations [65]. We focus here on the relationship between
exponents when computed for the smallest intervals where all multipliers (Lyapunov
numbers) changing in sign contribute to the time decay and the correlations die very
slow.

When comparing these distributions, it is needed to analyse if it is preserved
the ordering of the exponents according their magnitude. The definition given by
Eq. 4.2 preserves the ordering as the axes evolve and a Gram-Schmidt orthonormal-
isation takes place along ∆t. But for the shortest intervals, there is no enough time
for tending to the largest growth direction, and after reseting the direction of the
ellipsoid axes, the locally largest exponent may or not coincide with the previous
annotated direction.

With this aim in mind, we have traced two-dimensional distributions histograms,
of the second exponent against the first one. They conform the third box of every
row in Figs. 5.2, 5.3 and 5.4.

In the close-to period-2, ǫ = 4.5 case, and for the smallest intervals ∆t = 0.01
and ∆t = 0.1, there is a linear relationship. When the local flow is expanding in
one direction, it is contracting in the other one. Note a low probability region when
both directions are contracting at time. For ∆t = 1, the correlation is no longer
linear in the χ1 contracting range. This is derived from a faster convergence rate
towards the transversal direction. For the second exponent the distribution is still
like a periodic one. When ∆t increases, there is a clustering of the values towards
the asymptotic values.

In the ǫ = 4.4 case, the results are similar for ∆t = 0.01 (panel a), and ∆t = 0.1
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(not shown), being the density plots also linear and below the origin. When the
interval is larger, ∆t = 1, panel (b), we see a multivalued curve when there is
expansion in the tangent direction. For ∆t ∼ Tcross, panel (c), the curve is now
somehow more fuzzy. Now, the probability of finding both exponents expanding at
time has increased. For ∆t = 10, panel (d) the points already cluster towards the
asymptotic values.

In the chaotic case, ǫ = 4.6, the relationship for the smaller intervals is also
linear, and when expanding, the transversal direction contracts, and vice versa.
When the finite time is increased up ∆t ∼ 1, the relationship curve in expanding
tangent direction part is more complicated. For ∆t = 7 and ∆t = 10 there is not
correlation. For ∆t = 100, the curves converge to a set of points centered in the
final values.

So the relationship is linear, independently of the nature of the orbit (periodic,
confined between tori or chaotic) at the very local time scales, where no evolution
towards any direction is allowed. This may be a direct consequence of the arbitrary
starting direction for one axis and the orthogonality of the second. But this is
the same for ∆t = 0.1, where many averaging steps have been performed and the
vectors tend to seek the most rapidly growing directions. At these small intervals
and after resetting the initial directions, the distributions still reflect the local nature
of the flow, even when the finite values ordering could have been interleaved along
the orbit. The comparison of the first and second distributions reflects that they
essentially offer the same information.

In order to see if this holds for other systems, we have plotted in Figs. 5.5 and
5.6 the distributions and relationship diagrams for some of the prototypical orbits
of the Hénon-Heiles system that were analysed in previous chapter 4. Now, we have
extended the computations to the second finite-time exponent, and the associated
numerical indexes of these orbits are found in Table 5.5.

In Fig. 5.5, panel (a), we see the plots at a very local scale ∆t = 0.01 for
the Hénon-Heiles unstable periodic orbit, with no oscillation around zero. The
relationship diagram is also linear even when χ1 is always expanding and χ2 is
always contracting. For the close-to period-5 orbit of the Hénon-Heiles, Fig. 5.5,
panels (b)(c) and (d), a similar behavior is seen. Finally, in Fig. 5.6, we see the
plots corresponding to the weakly chaotic, cycle orbit. In this case, the complexity
of the diagrams is similar to the ergodic case of Eq. 5.1 model.

We conclude that the linear dependency at short intervals is related to the num-
ber of degrees of freedom of the system and the associated constraints in the Lya-
punov values. Indeed, in Hamiltonian systems with more degrees of freedom this
linear relationship is not longer present even for the smallest intervals.

5.7 Nonhyperbolicity, shadowing and predictability

In hyperbolic systems, the angle between the stable and unstable manifolds is away
from zero and the phase space is locally spanned by a fixed number of distinct stable
and unstable directions [89] [215]. Non-hyperbolic behavior can arise from tangen-
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(a)

(b)

(c)

(d)

Figure 5.5. Finite Lyapunov exponents distributions for the Hénon-Heiles Hamiltonian.
(a) An Unstable Periodic Orbit and ∆t = 0.01, (b) A close-to period-5 orbit and ∆t = 0.01,
(c) A close-to period-5 orbit and ∆t = 1, (d) A close-to period-5 orbit and ∆t = 10.

cies (homoclinic tangencies) between stable and unstable manifolds, from unstable
dimension variability or from both. In the case of tangencies, there is a higher,
but still moderate obstacle to shadowing. In the so called pseudo-deterministic sys-
tems, the shadowing is only valid during trajectories of reasonable length due to the
Unstable Dimension Variability (UDV).

The UDV is a property of the infinite number of UPO embedded in a chaotic
invariant set, having a variation with position of the dimension of the invariant
set subspaces (number of eigendirections). It was first reported in the kicked double
rotor [1], where the invariant set of interest is a chaotic attractor. But UDV can also
appear in non-attracting chaotic sets, what is our case. Several mechanisms lead to
UDV, as bubbling transition in coupled oscillators, decoherence transitions in weakly
coupled or non-identical systems, hyperchaos or extrinsic noise, with associated
intermittency [12] [178] [179] [216]. Hyperchaos is a common source for UDV but is
not possible in four-dimensional phase space Hamiltonians.
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(a)

(b)

(c)

Figure 5.6. Finite time Lyapunov exponents distributions for the Hénon-Heiles Hamil-
tonian. All panels are for the weakly chaotic, cycle orbit. (a) ∆t = 0.01, (b) ∆t = 1, (c)
∆t = 10.

In the selected model, both hyperbolic and non-hyperbolic behavior can be found.
In the first case, all periodic orbits are unstable (only UPOs are found and chaotic
saddles are the only invariant sets), without KAM tori. In the second, there are
both UPO and KAM tori, KAM sticky orbits and chaotic sets. The UDV is reflected
and quantified by the fluctuations around zero of the finite time exponent closest
to zero [49] [217]. Fluctuations around zero of the maximum transient exponent
were described for attractors of quasiperiodically forced systems in [92]. We must
emphasize that there are situations where the positive tails appear not due to UDV
but rather by other mechanisms, such as the quasi-tangencies between the stable and
unstable manifolds near a homoclinic crisis point, for example. Such oscillations were
detected by both the largest and closest to zero exponents in analysed Hamiltonians.
This ocurrs both for ∆t = 0.01 and ∆t = 0.1. Thus tending or not the ellipse axes
towards the largest stretching direction, the length scale for reflecting UDV seems
to have the same threshold Tcross for both exponents, which are correlated and offer
the same information. When increased the interval size, the distributions obtained
from the closest to zero exponent have still F+ ∼ 0.5. This is not longer true for χ1

distributions, which compress and finally lost the contracting side faster than χ2.
Our work aims to analyse the predictability of the underlying models used to

run the simulations. The predictability of a system indicates how long a computed
orbit is close to an actual orbit, and this concept is related to, but is independent
of, its stability or its chaotic nature. A system is said to be chaotic when it exhibits
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Table 5.5. Numerical indexes associated to the finite Lyapunov exponent
distributions corresponding to the Hénon-Heiles system, for one close-to period-5
orbit and one Unstable Periodic Orbit, and several ∆t sizes.

χ1

∆t Mean Median σ k F+ h

UPO
0.01 0.35 0.34 0.11 -1.50 1.00 56.53

close-to period-5
0.01 0.0014 0.11 0.20 -0.90 0.51 0.0069
1 0.11 0.11 0.21 -1.22 0.62 5.13
10 0.077 0.086 0.047 1.52 0.92 70.93

weakly chaotic, cycle
0.01 0.0098 0.051 0.16 -0.70 0.62 0.78
1 0.074 0.098 0.17 -1.17 0.64 5.05
10 0.063 0.072 0.047 -0.31 0.87 56.37

χ2

∆t Mean Median σ k F+ h
UPO

0.01 -0.32 -0.32 0.11 -1.50 0.00 52.39
close-to period-5

0.01 0.0010 -0.0097 0.20 -0.90 0.48 0.0050
1 0.0053 0.028 0.22 -0.95 0.53 0.22
10 0.022 0.032 0.066 -0.81 0.61 10.15

weakly chaotic, cycle
0.01 -0.0092 -0.049 0.16 -0.70 0.36 0.74
1 0.00086 0.052 0.18 -0.99 0.60 0.054
10 0.0042 0.0053 0.054 -0.62 0.52 2.80

σ is the standard deviation, k the kurtosis, F+ the probability of positivity,
h the hyperbolicity index.

strong sensitivity to the initial conditions. This means that the exact solution and a
numerical solution starting very close to it may diverge exponentially one from each
other. The predictability aims to characterise if this numerically computed orbit may
be sometimes sufficiently close to another true solution, so it may be still reflecting
real properties of the model, leading to correct predictions. The real orbit is called
a shadow, and the noisy solution can be considered an experimental observation of
one exact trajectory. The distance to the shadow is then an observational error, and
within this error, the observed dynamics can be considered reliable [180].

The shadowing property characterises the validity of long computer simulations,
and how they may be globally sensitive to small errors. The shadows can exist,
but it may happen that after a while, they may go far away from the true orbit.
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So, a proper estimation of the shadowing times is a key issue in any simulation
and provides an indication about its predictability. This shadowing time is directly
linked to the hyperbolic or nonhyperbolic nature of the orbits. Hyperbolic systems
are structurally stable in the sense that the shadowing is present during long times
and numerical trajectories stay close to the true ones. In case of nonhyperbolicity,
an orbit may be shadowed, but only for a very short time, and the computed orbit
behavior may be completely different from the true one after this period.

A key issue when there are strong obstacles to shadowing is the calculation
of the shadowing time as valid limit for the predictability of the system. This is
specially relevant in high-dimensional systems, where it is hard to develop a good
understanding of model accuracy or error growth. When the shadowing times are
very short, averaged quantities as Lyapunov exponents may be handled with care, as
the trajectories may suffer transient behaviors. This may lead to use finite exponents
and “correct” shadowing times as averaging times. This is of special interest in
MonteCarlo simulations, based in averaging results from many initial conditions
[178].

The probability distributions for the shadowing can be justified from statisti-
cal properties of the finite-time exponents [216]. The shadowing time distributions
with UDV present a scaling law algebraic for small shadowing times, and expo-
nential for large ones (longer shadowing times are exponentially improbable). The
shadowing distance typically increases exponentially when change in the unstable
dimension occurs [51]. Then, it decreases exponentially in the hyperbolic regions,
with a lower bound determined by the computer round-off. These switches occur
randomly in time, so they mimic a (biased) random walk behavior, hence we can
only give confidence to results where the amount of transversely attracting and re-
pelling contributions nearly counterbalance (mean closest to zero) and expansions
and contractions are well approximated by such a stochastic process.

The shadowing can also be described as a diffusion equation visualized as the
interaction between holes, as escape routes along a given trajectory [26]. The effec-
tive range of the interactions is associated to the largest Lyapunov exponent. The
shadowing is large when the holes are located in an unstable periodic orbit. The
effects of the kicks in the pseudo-trajectories are included as a reflecting barrier.
Such diffusion process has an equilibrium distribution leading to a shadowing time
τ given by,

τ ∼ δ−h, h =
2‖m‖
σ2

. (5.2)

The exponent h is called hyperbolicity index or predictability index. We will use
it as an indicator of the predictability of the orbits. The lowest predictability occurs
when h is very small and there is no improvement in τ , even for large values of δ.
Conversely, the larger the h index, the better the shadowing.

The hyperbolicity exponent h depends on m and σ, the mean and the standard
deviation of the Lyapunov exponent closest to zero, and on δ, the round-off preci-
sion of the computer. The scaling laws for h are derived from the first and second
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Figure 5.7. The shadowing time τ seen as the time a numerical trajectory keeps close
to a true trajectory. The real orbit is called a shadow. The distance to the shadow is like
an observational error, and within this error, the numerically observed dynamics can be
considered reliable.

cumulants [66] [183]. The variance is inversely proportional to the interval in er-
godic orbits [102], algebraic powers are found when intermittency is present [167] or
correlations decaying more slowly than the inverse of the time interval [203].

The estimation of the predictability is a major topic of this thesis. We introduce
here an initial analysis on the subject, that will be extended in the following chap-
ters. One important issue is to perform the h computation using a closest to zero
exponent, since this exponent reflects in principle the varying number of unstable
dimensions along the trajectory. We have calculated h both from the first and sec-
ond indexes for a variety of finite interval lengths. The results are summarized in
the tables and plotted in Fig. 5.8.

In general, h grows with the interval length. For the shortest intervals, there are
no Gaussian distributions and the values can not be regarded as random variables.
The exponents oscillate and h keeps small, as the variance is small. For the non-
UDV orbit of Henon-Heiles system, m is far from zero and h is large. When h
computed from χ1 is compared with that from χ2, the results are different even
when both χ1 and χ2 fluctuate and are well correlated. The biased random walker
model might not be fully applicable, but as the values are accumulated along a given
orbit, they provide useful information in all orbit types, when computed from the
second exponent h(χ2).

For the largest intervals, distributions shapes are Gaussian-like, the correlations
die out, and the ergodic theorem might be applied. The h(χ1) value has a wider
span of values depending on the orbit type with the larger intervals, but h(χ2) has
not. These results are interesting enough for being analysed in detail in the following
chapter.
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Figure 5.8. Hyperbolicity index, calculated from the distributions of χ1 (upper) and χ2

(lower) finite time Lyapunov exponents.
- Contopoulos system values are marked by diamonds. (Dotted) close-to period-2,
(Dashed) chaotic, between tori orbit, (Dashed dot) chaotic.
- Hénon-Heiles system values are marked with triangles. (isolated point) UPO, (Long
Dashed) close-to period-5, (Solid) weakly chaotic, cycle.

5.8 Conclusions

The results presented here are of a general interest in describing how the finite
Lyapunov exponents and their distributions serve as valid indicators on the nature
of a given orbit even when the initial axes have not been pointed to any specific
direction. The knowledge of these ranges is of interest, because the finite exponents
can be used for analysing the local flow properties, such as plotting manifolds [211],
or conversely, for tracing global properties, such as resonances, resonance overlap
[57] or Arnold web [75].
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We have seen that the information provided by the first and second exponents,
seems to be the same when computed at very local scales. At larger intervals, but be-
low a given threshold, when axes have been allowed to point to the largest stretching
direction, both exponents still trace the flow local properties, they oscillates around
zero and may trace the UDV. At larger timescales, the linear relationship between
both exponents is lost. We get global (averaged) values for the whole orbit or ap-
plicable domain of initial conditions, reaching the final asymptotic value at different
rates. When both χ1 and χ2 are uncorrelated, χ1 − χ2 diagrams may serve for tori
identification or resonance maping [126]. This is a quite interesting topic to extend
the results of our work.

The linear relationship for the smallest intervals is of interest. This seems to be
not orbit dependent, but due to the Hamiltonian system nature itself. For systems
with larger number of degrees of freedom, this linear dependency is no longer true,
even for the smallest intervals. Our work currently points in this direction, extending
presented results to six-dimensional phase spaces systems, where the regular-like
transients of sticky orbits are no longer present, cantori appears, and Arnold diffusion
produce an ultimate merging of all orbits.

We have described how the hyperbolicity index varies when calculated from the
largest and closest to zero exponents. For the largest intervals, they tend to the same
value when the shapes as Gaussian-like and they are calculated from the closest to
zero exponent. When calculated from the largest exponent, they depend on the
orbit type.

Noticeably, at the shortest intervals, below the given threshold, the distributions
are not gaussian-like, and the random walker model may not be fully valid. But
both exponents detect UDV, and the values of h offer different predictability times
for every orbit.

Finally, a key point to discuss is the physical meaning of the involved integration
times. We must balance carefully a physically meaningful time scale with a reliable
computation time, pointed by the shadowing index. For instance, the number of
dynamical times relevant in Hamiltonian systems usually found in galactic dynamics
and plasma physics, are rather different. If the physical time scales for obtaining the
global properties are too long for being realistic, the characterization derived from
selected ensembles will not be able to be used as a valid skeleton for the observed
system behavior. Conversely, if we want to analyse just the local properties, it is
important to keep in mind the maximum time scale to trace it.





Chapter 6

Predictability in coupled

systems

“In my opinion, all sciences are useless and full of mistakes, but

when they are born from experience, that is the mother of all

certainties, and when they are proven by it.”

-Leonardo Da Vinci

6.1 Introduction

Realistic galactic models are systems of three degrees-of-freedom. This chapter
extends these results presented in the previous pages, and will analyse how the
finite-time Lyapunov exponents allow us to derive the shadowing properties in six-
dimensional systems. Because the above mentioned techniques can be applied both
to conservative and dissipative systems, we have applied them to a system formed
by two coupled Rössler oscillators. In the previous chapters we have seen how the
finite-time distributions evolve as the finite-time interval length is increased. We
have also introduced how we can get some insight in the predictability properties of
the flow from that evolution. This chapter analyses how this evolution of the shapes
provide us some information about the predictability properties of the flow.

Predictability refers to the assessment of the likely errors in a forecast, either
qualitatively or quantitatively. We have seen that the predictability of a system
indicates how long a computed orbit is close to an actual orbit, and this concept is
related to, but is independent of, its stability or its chaotic nature. A quantitative
measure of this sensitivity is given by the computation of the Lyapunov exponents.
The inverse of a Lyapunov exponent, sometimes called reliability time, provides a
frequently used timescale for characterising the reliability. Note that even the best
method will diverge from the true orbit beyond certain timescales. Certainly, this
is due to the fact that all numerical calculations have inherent inaccuracies. The
shadowing property addresses this by characterising how much time a computed
orbit is close to an actual orbit of the system. Numerically computed chaotic orbits
may sometimes be sufficiently close to one true solution, called a shadow, leading to
correct predictions. This can happen for chaotic, yet hyperbolic flows. Nevertheless,
sometimes the shadowing property is only valid during very short times, as in the

75
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pseudo deterministic systems, when Unstable Dimension Variability [1] is the cause
of the nonhyperbolicity. In these cases, the point may not be shadowed and the
computed orbit may be far from the true one.

The shadowing times are of importance when modelling these systems and are
a valid limit for the predictability of the system. The usage of any of the well
known available chaoticity indicators (see section 5.2 of this thesis) is sufficient if
we are just interested in the chaotic or regular asymptotic global behavior of the
system. But if we are interested in the predictability timescales of the system,
the shadowing properties should be checked. These properties can be obtained
from the statistical properties of the finite-time Lyapunov exponents distributions
[180]. But these distributions strongly depend on the several available Lyapunov
exponents, the finite interval lengths, and possible transient periods of the flow. We
will analyse these dependencies because we will use these distributions to derive the
predictability of the system, even when the finite intervals are much smaller than
the intervals needed for reaching the asymptotic global Lyapunov exponent values.

The main goal of this chapter is to analyse the predictability obtained from
distributions of finite-time Lyapunov exponents calculated using arbitrary initial
deviation directions, when they are strongly dependant on the finite time interval
size [209]. Our motivation is derived from the fact that techniques based on finite-
time Lyapunov exponents can be used in systems where asymptotic global results
are not of interest, are not physically meaningful or even may not exist. We could
be interested in the analysis of transients periods, which just exist for a while before
the system reaches a final stationary state. Or it may happen that because of the
physics of the system the timescales for obtaining the global properties are too long
for being realistic, since the system nature may have evolved for such a period. For
instance, similar Hamiltonian flows are used both in galactic dynamics and plasma
physics but their dynamical timescales are rather different. Finally, we can deal
with open systems where orbits can escape, or chaotic scattering problems, where
transient chaos may exist. Here, the indicators should be applied only during finite
trapping times, before the particle gets out from the trapping area.

We focus our analysis on two coupled Rössler systems, a simple 6D non-conservative
dynamical flow which shows a rich nonhyperbolic behavior. We track the complex-
ity structure during the transitions from hyperbolic to nonhyperbolic regimes. We
have obtained the shadowing properties of this system and characterised how good a
computed orbit is compared to the real one. We have seen how this characterisation
depends on the length of the finite time intervals and computed the most appropiate
interval for a better forecast. We have also analysed how the shadowing times vary
as certain parameters and the coupling strengths of the system are modified.

The chapter structure is as follows. Section 6.2 introduces the model. Section
6.3 reviews basic concepts of finite exponents distributions. We use those distribu-
tions in Section 6.4 for obtaining the hyperbolicity indicators which characterise the
system. In section 6.5 we focus on the dependency of the hyperbolicity index on
the used finite time intervals. We provide the predictability charts of the flow and
get some insight on the sources of nonhyperbolicity in Section 6.6. Finally, some
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concluding remarks are made in Section 6.7.

6.2 Description of the model

The model consists of two identical, symmetrically diffusively coupled Rössler sys-
tems. We wish to describe its behavior with the help of its global Lyapunov ex-
ponents. This system possesses a paradigmatic behavior in relation to the chaos-
hyperchaos transition and the Unstable Dimension Variability phenomenon, which
was presented in Refs. [230] and [229] in a very similar system. In addition, it is
a quite meaningful physical system, as it may represent the selective diffusion of
two species through a semi permeable membrane in two continuously stirred tank
reactors [131].

The equations of the system are,































ẋ1 = −y1 − z1
ẏ1 = x1 + ay1
ż1 = b+ z1(x1 − c) + d(z2 − z1)
ẋ2 = −y2 − z2
ẏ2 = x2 + ay2
ż2 = b+ z2(x2 − c) + d(z1 − z2)

(6.1)

The first three coordinates (x1, y1, z1) corresponds to the first Rössler oscillator.
The second three coordinates (x2, y2, z2) to the other one. The parameter d rep-
resents the coupling, which depends on the distance between the z-coordinates of
the oscillators. The parameter a is chosen as the control parameter. We have fixed
parameters b = 2.0 and c = 4.0, in order to compare our results with those from
Refs. [230] and [229]. We have used a simple fourth-order Runge-Kutta method,
with fixed time step 0.01 and a fourth-order/fifth-order Runge-Kutta-Fehlberg vari-
able step size method as integrations schemes, both leading to the same numerical
results. Figure 6.1 shows the evolution towards the final attractor of the oscillators.
Note only the (x1, y1) and (x2, y2) coordinates are displayed, being the z-component
ignored. The plots are built with a total integration time of T = 10000, for three
typical values of the control parameter a. The initial condition is (1, 1, 0,−1,−5, 0),
but the final attractor is the same in the neighbourhood of this point. We see in this
figure how the behavior for both oscillators is different as the parameter a changes.
Different regimes for three values of a are reflected in the different convergence curves
of the global Lyapunov exponents.

We are going to calculate the asymptotic Lyapunov exponent, as described in
previous chapter 4. We note here that for N -dimensional flows, it is possible to
have N global Lyapunov exponents when a distortion tensor formed from N per-
turbation vectors is evolved according the flow equations. For a bounded orbit of
an autonomous flow there is always an exponent with zero value in the limiting case
(otherwise the system has an equilibrium in its limit set), as is tangent to the tra-
jectory, and there is never any divergence for a perturbed trajectory in the direction
of the unperturbed trajectory.
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Figure 6.1. Evolution of the system of two coupled Rössler oscillators (x1, y1, z1) and
(x2, y2, z2). The leftmost column show the convergence towards the global Lyapunov expo-
nent of the four largest finite-time exponents from the total six available exponents. The
remaining two exponents are always negative and do not provide additional information,
so they are not displayed. The two rightmost columns shows the values of (x1, y1) and
(x2, y2). The coordinates z1 and z2 are not shown, for simplicity. Total integration time
is 10000 time-units. A dot is plotted every 0.1 time-units. Coupling strength parameter
is fixed as d = 0.25. Three values of the control parameter a are shown. The upper row
corresponds to a = 0.342. The middle row to a = 0.365. The bottom one a = 0.389.
These three cases are indicated in Fig. 6.3 as A,B and C.

When considering a single Rössler system, the first exponent can be just zero
or positive, the second exponent is zero, and the third value negative, assuring the
boundness of the solution. When two oscillators are coupled, a richer set of values
is present. The chaotic regime is defined when only one global Lyapunov exponent
λ is positive, and the hyperchaotic regime, when more than one positive Lyapunov
exponent is present.

The behavior of the global exponents and raising of hyperchaotic transition, as
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Figure 6.2. Lyapunov bifurcation diagrams. Only the four largest exponents from the
total six are displayed. The remaining are always negative and are not shown. Global
asymptotic Lyapunov exponents values λ are calculated by computing χ(∆t = 100000).
Panel I shows the variation of λ with oscillator parameter a and fixed coupling strength d.
Hyperchaos is born at around a ∼ 0.367. Panel II shows the variation of λ with coupling
strength d and fixed parameter a. There is a drop in the hyperchaotic regime at d ∼ 0.174.

parameters a and d are varied, is shown in Fig. 6.2. In Panel I, we fix coupling
d = 0.25 and vary a. Below a = 0.358, all exponents are either nearly zero or below
zero. Above this number, we have the chaotic regime, where there is at least one
exponent larger than zero. From a = 0.368 there are at least two exponents, and
the hyperchaotic regime starts. Note also that there is a window around a = 0.381
where both exponents decrease towards zero. In Panel II, we fix a = 0.358 and vary
d. For almost every coupling strength d, the system is hyperchaotic. However, there
is a small interval around d ∼ 0.174, where only the first global Lyapunov exponent
remains positive. This shows that the chaos is not always decreasing (or increasing)
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with the coupling strength.
These different system regimes are displayed in Fig. 6.3, which shows the areas

with no positive exponents (no chaos), just one positive exponent (chaos) and more
than one positive exponent (hyperchaos). The hyperchaos arises in a complex way
depending on parameters a and d. There is no general trend of the hyperchaos with
the coupling, as chaos sometimes increases and sometimes decreases with coupling.

Figure 6.3. Hyperchaocity chart. The number of positive global Lyapunov exponents
varies with the Rössler parameter a and the coupling strength parameter d. Dark regions
(Black and dark red) means 0 positive exponents (dark red meaning that the convergence
is slower). Mid-bright regions (red and dark pink) means only 1 positive exponent (pink
meaning slower convergence). Brighter regions (clear pink and above) means 2 positive
exponents. White means 3. Slower convergence means that even with ∆t = 100000 the
value has not reached the zero limiting case within machine precision, but it is already
smaller than 10−4. Points A, B, and C are the three plots of Fig. 6.1. Slicing horizontally
at d = 0.25 corresponds to Fig. 6.2(top). Slicing vertically at a = 0.385 corresponds to
Fig. 6.2(bottom).

6.3 Distributions of Finite-time Lyapunov Exponents

The global Lyapunov exponents provide an indication on the globally averaged
chaoticity of the system during an infinite integration time. But, in practice, all
numerically computed exponents are computed over finite-time intervals. Such val-
ues are generically named as Finite Lyapunov exponents, and they are a key issue
along this thesis. Unlike the global Lyapunov exponents, which take the same values
for almost every initial condition in every region if chaoticity is sufficiently strong
(except for a Lebesgue measure zero set, following Oseledec theorem), the values of
the exponents over finite times are generally different and may change in sign along
one orbit.

The convergence of the finite-time exponents towards the global asymptotic
value, calculated as per Eq. 4.2, as the interval is increased, is plotted in leftmost
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column of Fig. 6.1. Note just the four largest exponents of the total six available
exponents are shown.

The finite-time Lyapunov exponents, computed according Eq. 4.2, reflect the
growth rate of the orthogonal semiaxes (equivalent to the initial deviation vectors)
of one ellipse centered at the initial position as the system evolves. Fixing this
initial point, there are several choices for the initial orientation of the ellipse axes.
Due to the dependency on the finite integration time interval used in Eq. 4.2, every
orientation will lead to different exponents [237]. One option is to have the axes
pointing to the local expanding/contracting directions, given by the eigenvectors,
and at local timescales the eigenvalues will provide insight on the stability of the
point. Other options are the axes pointing to the direction which may have grown
the most under the linearized dynamics, or pointing to the globally fastest grow-
ing direction. In what concerns this chapter, the initial axes of the ellipse are set
coincident with a randomly set of orthogonal vectors, as presented in the previous
chapters and also in Ref. [209]. We have done the calculation as per the algorithm
described in chapter 4, the widely-used variational method. We have solved, at the
same time, the dynamical flow and the evolution of the 6−D distorsion tensor (ie.
fundamental equation).

This algorithm returns the nearly-asymptotic global Lyapunov values ordered
from the largest to the smallest when large enough time intervals are used. Con-
versely, there will be just a linear relationship among the exponents when using very
local timescales. But when using intermediate interval sizes, the main objective of
this work, the returned values characterise a given orbit through the computation
of their distribution functions or densities of probability.

The procedure for building the finite-time Lyapunov exponents distributions
was described in section 4.1.3. The distributions can be analysed from the cumulant
generating function. This last function is defined as the logarithm of the moment
generating function, which corresponds to the Fourier transform of the probability
density function [66]. The first four cumulants are the mean, variance, skewness,
and kurtosis of the distributions, reflecting the deviation from a Gaussian curve.
The generalized exponents are then associated to the order-q moments of the distri-
butions [10, 223].

We mention here a third factor affecting the distributions, in addition to the
choice of the finite interval length and the initial directions of the axes. This is
the total integration time used to compute the distribution [208]. Because the inte-
gration time for gathering the finite-time exponents is also finite, the distributions
may just reflect any transient state of the system during such an integration period,
instead of reflecting the global or final stationary state. The characterization of
the orbit may change because of the slow convergence rate towards the asymptotic
global value and the finite-time characterization of the orbit (hyperbolic or not) can
change as the integration time changes [23, 119].

This means that in dissipative systems, one should take care of potentially ex-
isting transients periods within the used integration time before the final attractor
is reached. Another obvious, yet important consequence of the selection of the total
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integration time used for building the distributions is that it must be long enough
to provide enough data points for sampling and statistical analyses purposes.

We want to see these dependencies because we will use the distributions to derive
the predictability. We do not analyse here how χ(∆t) tends to the value of λ, and
how such an approximation is improved as the ∆t interval is larger. Conversely,
we focus here on analysing the distributions of the finite-time exponents χ(∆t)
computed with finite-time intervals, looking for the information those distributions
provide on the system predictability.

The distributions corresponding to the point B under hyperchaotic regime d =
0.25 and a = 0.365 of Fig. 6.3 are plotted in Fig. 6.4. This figure shows how the
distributions shapes of the first three exponents depend on the finite interval length
∆t. As ∆t increases the distributions tend to shrink, being centered around the
global Lyapunov exponent. The distributions sampled a total integration time of
T = 10000 for all ∆t, with the exception of T = 100000, when ∆t = 100 is analysed.
The first integration time T = 10000 is enough for proper display of the distributions
and data analysis. Every curve contains a different but sufficient number of data
points and the results are essentially the same as when using longer integration
times. The case ∆t = 100, however, requires the long integration T = 100000, in
order to have enough data points and a reliable distribution. In Table 6.1 we see
this trend reflected as the evolution with ∆t of the numerical indexes associated
to these distributions, the very small values of σ indicating the trend towards the
asymptotic value.

The timescales necessary to make the initial axes be oriented towards the final
largest growth directions can be derived from the observation of the evolution of the
distributions. Actually, these timescales are different depending on the orbit nature.
For very small timescales there is a linear relationship among the exponents [209].
For larger timescales, the distributions can be used to characterize the hyperbolic
nature of the orbit. The tangencies among several directions can be seen as the linear
dependencies between local exponents which are not lost for increasing timescales.
The local eigenvolume evolution with time also give us information to distinguish
between chaotic and ordered orbits. For instance, the GALI-k index [188] is based
on how the relationship among the different deviation vectors evolve. However, we
are focusing on the predictability forecast derived from the distributions themselves.

6.4 Hyperbolicity characterization

In this section we discuss the possible nonhyperbolicity of the flow, because a ba-
sic requirement for shadowing is hyperbolicity. We also review the relationship of
nonhyperbolicity and the finite-time exponents distributions.

A dynamical system is hyperbolic if phase space can be spanned locally by a fixed
number of independent stable and unstable directions which are consistent under
the operation of the dynamics [180] and the angle between the stable and unstable
manifolds is away from zero [215, 89]. Hyperbolic systems are structurally stable in
the sense that numerical trajectories stay close to the true ones. This phenomenon
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Figure 6.4. Density distributions P (χ) for the first three finite-time exponents corrre-
sponding to point B of Fig. 6.3, a = 0.365 and d = 0.25. These plots show how the center
and shape of the distributions depend on the finite interval length. As the finite interval
∆t is increased, the distributions tend to shrink and center around the global Lyapunov
exponent. ∆t = 1.0 is black dotted line. ∆t = 10.0 is red dashed line. ∆t = 50.0 is green
dot-dashed line. ∆t = 100.0 is blue continous line. The distributions sample a total inte-
gration time of T = 10000 for all ∆t, with the exception of T = 100000, when ∆t = 100
is analysed. Table 6.1 contains the applicable numerical indexes.
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Table 6.1. Numerical indexes associated to the finite-time Lyapunov exponent
distributions corresponding to Fig. 6.4, for the several ∆t sizes. The standard
deviation is σ. The probability of positivity F+.

∆t Mean σ F+

χ1

1.0 -0.065 0.046 0.079
10.0 0.013 0.051 0.55
50.0 0.010 0.015 0.73
100.0 0.021 0.013 0.93

χ2

1.0 0.10 0.044 0.98
10.0 0.038 0.051 0.74
50.0 0.013 0.019 0.73
100.0 0.0071 0.012 0.71

χ3

1.0 -0.44 0.19 0.028
10.0 -0.043 0.065 0.24
50.0 -0.013 0.017 0.21
100.0 -0.012 0.011 0.11

is called shadowing, and was presented in the previous chapter.
In case of nonhyperbolicity, an orbit may not be shadowed and the computed

orbit behavior may be completely different from the true one. The nonhyperbolic
behaviour can arise from tangencies between stable and unstable manifolds, from
Unstable Dimension Variability (UDV), or from both.

When the nonhyperbolicity arises only from tangencies, the trajectories may be
still shadowed during long times. But in a general system, we could find Unsta-
ble Periodic Orbits (UPO), KAM tori, KAM sticky orbits or chaotic sets. And
in our system (dissipative), in addition to tangencies, an attractor may pass very
close to periodic orbits with different number of unstable directions. This property
of unstable periodic orbits embedded in a chaotic invariant set is called Unstable
Dimension Variability (UDV). In these pseudo deterministic systems, where the non-
hyperbolicity arises from UDV, with or without tangencies, the shadowing may be
not good, meaning that the shadowing is only valid during trajectories of a given
length, sometimes very short.

The UDV indicates a variation with position of the dimension of the invariant
set subspaces, and is a major difficulty when modeling high-dimensional dynamical
systems because the subspaces are not invariant along a typical chaotic trajectory.
The UDV was first reported in the kicked double rotor, where the invariant set
of interest is a chaotic attractor. Several mechanisms lead to UDV, as bubbling
transitions in coupled oscillators, decoherence transitions in weakly coupled or non-
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identical systems, hyperchaos or extrinsic noise [216, 178, 179, 12].

Figure 6.5. The identification of the exponent closest to zero varies with ∆t, as
derived from the mean of the probability density. Top: ∆t = 25 and T = 10000. When
the exponent closest to zero is the first one we compute, it appears as black. If it is
the second, as red. If the third, as pink. And finally for the fourth, as white. Bottom:
∆t = 100 and T = 100000. In this case, the exponent closest to zero is only one of the
three first exponents. If it is the first, it appears as black. If the second, as red. And
finally, if the third, as white.

A sign of nonhyperbolicity and bad shadowing is then the fluctuating behavior
around zero of the finite-time exponent closest to zero [49]. This reflects in principle,
the varying number of dimensions along the trajectory.

The exponent closest to zero can be derived from the inspection of the mean m
of the distributions. The identification of the exponent closest to zero among all
available exponents is helpful to characterize the hyperbolicity, but varies with ∆t
(see Fig. 6.5). This is a consequence of the shape dependency of the distributions
with the timescales.

For the smaller ∆t intervals, these values have not evolved towards the final
ordering. With ∆t = 1.0, the directions have been already integrated 100 times, but
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the decorrelation has not yet taken place. For larger ∆t, the distributions start to
be Gaussian with a given mean centered around the global values. At ∆t = 100.0
the mean of the distributions clearly tend to the global asymptotic values. As
a consequence, the exponent closest to zero is the one tending to the neutral flow
direction. Finally, when ∆t → ∞ the distributions tend to be a Dirac delta function
centered at the global asymptotic Lyapunov exponent value.

The oscillations of the exponent closest to zero can be detected when the posi-
tivity index F+, or probability of getting a positive χ(∆t), as described by Eq. 4.7,
is nearly 0.5.

How far are the positivity indexes in the parameter space a − d from the 0.5
value? This proximity, or distance, is colour coded in the leftmost column of Fig. 6.8,
where darker regions are those with smaller values, meaning P+ ∼ 0.5. Conversely,
the larger the values, the brighter the region and the farther from 0.5 in positive
or negative directions. Areas of different behavior of the flow, such as the upper
leftmost corner, with higher coupling strengths and smaller a control values, are
identified even with the shorter intervals. The finest structures however can only
be resolved with the larger intervals. Note that in different regions we have derived
P+ from different closest to zero exponents, as this identification changes along the
parametric phase space, as per Fig. 6.5.

We would like to emphasize that the exponents may fluctuate without being a
clear cut of UDV [5] [217]. There are situations where the positive tails appear not
due to UDV, but rather by other mechanisms such as the quasi-tangencies between
the stable and unstable manifolds near a homoclinic crisis. Nevertheless the above,
the oscillations are still a good indication of the nonhyperbolic nature.

6.5 Shadowing

Our major goal is to characterize the predictability of an orbit by comparing the
computed orbit with the real one, which is directly linked to the shadowing phe-
nomenon. The computed distributions of finite-time exponents provide detailed
information on this. We are also interested in how this analysis depends on the
chosen intervals to calculate these distributions.

The shadowing property characterizes the validity of long computer simulations,
and how they may be globally sensitive to small errors. The shadowing time τ
measures how long a numerical trajectory remains valid by staying close to a true
orbit. The shadowing distance is the local phase-space distance between the two.

When there is an oscillation of an exponent around zero, the shadowing distance
typically mimics a random walk behavior, swapping from exponential increases to
decreases in the hyperbolic regions. This distance can also be described as a diffusion
equation of a particle, which may find different escape routes along its trajectory.
The larger shadowing times become improbable due to the diffusion processes.

This diffusion approximation was described in section 5.7 and assumes indepen-
dent and identically distributed meanm and standard deviation σ. When we use the
closest to zero exponent and assume both m and σ to be very small, the shadowing
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Figure 6.6. Hyperbolicity indexes h calculated from the distributions of the closest to
zero exponent, for different ∆t intervals. Left: Fixed coupling strength d. Calculations
start in a = 0.34, every line increases a in 0.05 units. Continuous lines are a < 0.365.
Dashed lines are those with a > 0.365. The regimes with low and high hyperbolicity are
clearly identified, but only with a large enough ∆t ∼ 25 interval. Right: Fixed parameter
a. Calculations start in d = 0.1, every line increases d in 0.02 units. Notice the dashed line
d = 0.174, that is clearly separated from the remaining hyperchaotic cases with a large
enough ∆t ∼ 50 interval.

time τ is given by Eq. 5.2.
We have computed Eq. 5.2 for several ∆t intervals, even though Eq. 5.2 is only

valid just for ergodic distributions, with a Gaussian-like shape. This can be observed
in Fig. 6.6.

The leftmost diagram I of Fig. 6.6 plots the evolution of h(∆t) for a fixed value of
d = 0.25 and several a values. When ∆t is small, the short finite times prevent the
convergence of the exponents towards a limiting value. For this reason, the h values
do not reach a final value and consequently they do not allow to distinguish among
different regimes. But as one can observe, for ∆t values larger than 25, there are two
main groups of curves h(∆t). One upper set corresponds to the values a < 0.365,
which corresponds to the non-chaotic regime, and are plotted as continuous lines.
The lower set, in dashed curves, corresponds to a > 0.365, containing the chaotic
and hyperchaotic regimes.

Similarly, the rightmost diagram II of Fig. 6.6 depicts the evolution of h with ∆t
for fixed a = 0.385 and several d values. For almost every coupling strength d, the
system can be considered hyperchaotic, implying low values of h. However, when
d ∼ 0.175, we find only one positive exponent, implying higher values of h. This
can be clearly observed for ∆t values larger than 40. In short, both graphs I and II
indicate the dependence of the computed predictability not only on the combination
of parameter a and d, but also on the size of ∆t.
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Figure 6.7. Hyperbolicity index h calculated from the distributions of the closest to
zero exponent, for different ∆t intervals. The black continuous curve is ∆t = 100. The
red dashed is ∆t = 50 and the green dotted is ∆t = 25. Panel I: Variation of h with a.
Fixed coupling strength d = 0.25. The general trend of h decreasing with a is observed
at all intervals, but the details are better seen with larger ∆t. Panel II: Variation of h
with d. Fixed oscillator parameter a = 0.385. The high predictability peak at d ∼ 0.17 is
better seen with the largest ∆t.

6.6 Predictability charts

Now we intend to establish the most appropriate interval length for the computation
of the hyperbolicity index. The leftmost diagram I of Fig. 6.7 plots the evolution of
h(a) for different values of ∆t, with a fixed value d = 0.25. It can be clearly observed
that the hyperbolicity index h decreases as a increases. The black continuous curve
corresponds to the larger interval size ∆t = 100. The red dashed curve is ∆t = 50
and the green dotted curve is ∆t = 25. The larger the time interval ∆t, the higher
the detail in the observed structures. This is specially relevant for detecting the
lowest predictability valley at around a = 0.36, which is coincident with the onset
of the hyperchaotic regime. The rightmost diagram II of Fig. 6.7 plots h(d) with a
fixed value a = 0.385, where we can see a roughly constant low predictability h for
any coupling strength d. Interestingly, even at the smallest sizes of the intervals ∆t,
the high predictability peak is clearly detected in this almost hyperchaotic slice. In
both figures, however, we can see that for ∆t ∼ 50 or larger, the different regimes
can be identified.

We want to extend the above results to the full parametric space a-d, and to see
if there is a general pattern with the interval ∆t. So we have plotted in Fig. 6.8,
rightmost column, the h index as derived from the closest to zero exponent in the
full parametric space a− d, for different ∆t values.

When using the smaller ∆t, which in principle is associated to the less reliable h
predictability values, there are still regions which are identified as having different
predictability behavior. The plots of Fig. 6.7 are slices of the whole parametric space



6.6. Predictability charts 89

numerical explorations of Fig. 6.8, where we have identified different predictability
zones even for the smaller intervals in certain areas of the parametric space. When
inspecting the rightmost panels of Fig. 6.8, two main different behaviour areas are
clearly visible, as the available parametric space is divided in two behavior regions
(left and right) from ∆t = 25 onwards. Indeed, some specific regions can be differ-
enciated as having a different behavior even at ∆t = 1, although this identification
is not very clear in this extreme case. This is the case of the upper-and-leftmost
corner of the a-d diagram, corresponding to the higher coupling d and lower a val-
ues, identified as a region behaving differently than the others, with a decorrelation
time very short, even with the shortest intervals. Other regions are however only
clearly identified at larger ∆t, when the distributions are nearly Gaussian, and both
m and σ are small enough. This means that the decorrelation time for reaching a
Gaussian-like shape and reliable h indexes vary with the a− d values. Some regions
are easily identified as having a different predictability behavior for shorter ∆t values
than other regions, where larger ∆t are needed.

We have focused on finding the intervals sizes for detecting the nonhyperbolic
cases of worst predictability. But we can get some additional insight into the sources
of the nonhyperbolicity by comparing the predictability h charts with the positivity
charts and the hyperchaoticity charts.

The nonhyperbolicity can arise from tangencies between stable and unstable
manifolds, from UDV or from both. When UDV is present, the shadowing times
can be very short with oscillations around zero of the closest to zero exponent are
present. We compare in Fig. 6.8 the predictability h charts with the positivity charts,
as the later reflect the around-zero oscillations of the closest to zero exponent. This
comparison may provide a clue to the role of UDV in the loss of predictability. As
starting point, our system is very close to the one showed in [230] and [229], where
UDV was reported to be present. So UDV is likely the source for the nonhyper-
bolicity, at least in the cases of worst predictability (smaller shadowing times). In
Fig. 6.8 we see that there is a good agreement among the darkest areas of both
figures, mainly the central part, where both P+ ∼ 0.5 and h is low. Now, we should
be aware that at the largest intervals, the P+ is not properly detected, as the distri-
butions are tending towards the asymptotic global value. Again, ∆t ∼ 25 seems to
be an adequate range for comparison. Some regions of different behavior, as the one
conforming the right part of the parametric space, are nevertheless detected with
almost every ∆t interval. In this region, we obtain low predictability h but, there
are no large oscillations around zero, as reflected on how P+ deviates from 0.5.

Hyperchaos is a common source for UDV. When comparing the worst predictabil-
ity areas, or darker areas in the rightmost column of Fig. 6.8, with the high chaotic
areas of Fig. 6.3, we see the darker zones roughly match with the hyperchaos areas
of Fig. 6.3. However, the match is not perfect, and here we may conjecture the
UDV is not fully sourced to hyperchaos here. Conversely, no area of high chaoticity
matches with a high predictability area. When comparing the high predictability
areas, or brighter areas in the rightmost column of Fig. 6.8, with the less chaotic
areas of Fig. 6.3 (those with none or just one single positive exponent) we note they
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Figure 6.8. (Left column) Probability of positivity of the closest to zero exponent, for
given oscillator parameter a and coupling strength d. Scaled values give the distance to
P+ = 0.5. Darker areas, values nearly to 0.0 are those with smaller values and P+ ∼ 0.5.
This means distributions centered around zero (stretched or shrinked). Brighter areas
with larger values are farther from 0.5 in positive or negative direction. (Right column)
Predictability chart, or h index derived from the closest to zero exponent, for given a and
d. Darker values reflects h lower and means poor predictability. From top to bottom,
∆t = 1 and T = 10000, ∆t = 25 and T = 10000, ∆t = 50 and T = 100000 and ∆t = 100
and T = 100000.
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are similar, but not identical. This means that not all well-behaved areas have the
same order of predictability. As discussed previously, these comparisons are best
when using the largest ∆t. But even at ∆t ∼ 25 or even less, the chart can be of
interest.

6.7 Conclusions

We have computed the hyperbolicity, or predictability, index of a system formed by
two coupled Rössler oscillators, by using finite-time Lyapunov exponents distribu-
tions. We wish to stress the importance of computing the predictability of a system
besides its possible chaotic behavior. A system can be chaotic, yet predictable (i.e.
to have long shadowing times). Conversely, a chaotic system can have poor pre-
dictability, understood as having low shadowing times. This predictability is linked
to the structural sensitivity of the system and the validity of potential long com-
puter simulations. Most chaoticity indicators are global or averaged. Independently
of their convergence efficiency, they average along a given integration time, which
might be larger or shorter depending on the convergence rate. When the shadowing
times are short, these averaged quantities should be handled with care, and the
shadowing times themselves may be used as limits for the averaging times.

The predictability is derived from the finite-time Lyapunov exponents distribu-
tions. As a consequence, we have noticed the importance of the choice of the finite
interval ∆t, because the distributions shapes depend on ∆t, provided an adequate
total sampling time. The analysis of the appropriate ∆t allows to choose the most
suitable integration scheme, taking into account errors in the initial condition or ma-
chine truncation errors. The timescales derived from the value of the hyperbolicity
index h are of help to make such a choice.

When the finite-time Lyapunov exponents are computed with an initial random
orientation of the ellipse axes, we obtain different hyperbolicity indexes depending
on the finite interval length, since their distributions depend on the correlation times.
In Ref. [209], we show how h varies with the different orbit types when computed
with finite-time Lyapunov exponents distributions using very short intervals, where
the typical timescale is of the order of the Poincaré crossing time. Here, we have
derived h from time intervals providing a Gaussian like density distribution, thus a
reliable h computation.

In addition to the known fact that the more you integrate the better you can
estimate the asymptotic Lyapunov exponent, we have also seen that using finite-time
distributions and very short time intervals is sufficient for distinguishing the regions
of different predictability behavior. This can be explained because the shapes reflect
in detail the local flow of the system at these very short time intervals. We note here
that the effective Lyapunov exponents can trace the stable and unstable manifolds,
the later with a time backwards integration [23] [52] [69]. In turn, the angle between
both manifolds gives also information about the nonhyperbolic nature of the system,
which is the main subject of this chapter.

Our results are obtained for a 6D system, and stress the importance of calculating
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all exponents. The nonhyperbolic nature of the flow is related to the existence of
tangencies between stable and unstable manifolds, from UDV or from both. And
we have seen hyperchaos is a common source of UDV. When the manifolds are
multidimensional, the analysis of all exponents is needed. The same can be said
for detecting the hyperchaos strength. In addition to that, once all exponents are
computed, we get an indication of two different timescales in the dynamics when
the first positive exponent is much larger than the second positive exponent.

The presence of oscillations of the closest to zero exponent is an indicator of
nonhyperbolicity. This implies the necessity of the calculation of the several available
exponents, as the identification of the closest one depends on the selected interval,
in addition to the position in the parametric space. We have noticed for the larger
intervals the exponents tend to the global values, the closest to zero points to the
neutral direction and the oscillations may be then difficult of being clearly identified.

In general, the coupling between two oscillators simply lead to their synchro-
nization. However, there are cases where the coupling can lead to inhibition of
synchronization, anomalous phase synchronization or even amplitude death [173].
The study on how the synchronization of the two oscillators change with the combi-
nation of a and d, and the relationship with their chaoticity is an interesting topic
to extend the results of our work.

Our methods derive from calculating distributions during certain integration
times T of finite exponents. This method does not use global averaged quantities
during long intervals, unless strictly needed. So it can be used for open systems
where transient chaos is found, taking care that the total integration time required
for extracting information of the distribution is smaller than the trapping time. Here
we note that the hyperbolic regime in open systems shows an exponential decay law,
meanwhile in the nonhyperbolic one, because of the KAM tori, there is an algebraic
decay because of stickiness [181].

Finally, the identification of areas with low predictability is of interest when
applying controlling chaos methods. Many control methods are based on the iden-
tification of UPOs and how the orbit is pushed first towards the stable manifolds,
then towards the unstable, based on OGY method [148]. By applying carefully
chosen control impulses, it should be possible to carry the actual orbit towards the
stable manifold. However, in the regions with tangencies, such an approach could
be taken with care. Methods based on synchronization could also be affected by the
different hyperbolicity indexes due to the dependency on the coupling strenght of
the oscillators.



Chapter 7

The forecast of

predictability in galactic

models

“ - Ah! You mean the stars?

-Yes, that’s it. The stars.

-And what do you do with five-hundred millions of stars?

-Five-hundred-and-one million, six-hundred-twenty-two thousand,

seven-hundred-thirty-one. I am concerned with matters of consequence:

I am accurate.

-And what do you do with these stars? .”

-Antoine de Saint-Exupéry

7.1 Introduction

With the widespread use of computer simulations to solve complex dynamical sys-
tems, the reliability of numerical calculations is of increasing interest. This reliability
is directly related to the regularity and instability properties of the analyzed orbits.
As we described in the introduction of this thesis, the modelling of galactic poten-
tials is an interdisciplinary field, where the astrophysics field provides the simulated
models, the nonlinear dynamics field provides the chaoticity and instability proper-
ties and the computational sciences provide the actual numerical implementation.
The work done in this thesis deals with the link between the models used in the
galactic astronomy and their predictability characterisation based on the concepts
derived from Nonlinear Dynamics.

The gravitational N -body simulation is a common tool to study the evolution
of the galaxies and the formation of their features. The galaxy is modelled as a self
gravitating system containing stars, gas particles and dark matter, all of them mod-
elled as point-like masses. The self-consistency of these models captures very well
the necessary details of the galactic dynamics, however, the available computational
resources impose a limit to the number of particles to be taken into account. This
usually implies an artificial smoothing of the potential and a proper handling of the
required scaling parameters.

As an alternative, another approach that might be taken, is the use of simulations
based in a single mean field potential. As there are no collisions among particles,
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the dynamics of a galaxy can be considered to be formed by independent trajecto-
ries within the global potential where the motion of each star is just driven by a
continuous smooth potential. A dynamical model usually mathematically describes
the potential as a function of the distance from the center of the galaxy. Some po-
tentials are derived at specific snapshots of the N -body simulations and some others
are selected to physically represent desired characteristics of the galaxies.

Although these simulations are driven by fully deterministic equations, some of
these systems exhibit a strong sensitivity on the initial conditions, which manifests
itself in the form of chaotic behavior. Many works have characterised the presence
of chaos through the computation of the standard asymptotic Lyapunov exponents.
These are indicators on the globally averaged chaoticity of the system during an
infinite integration time, but due to the sometimes slow convergence towards the
asymptotic value, many other numerical indexes and fast averaged indicators have
been developed (see list in section 5.1), aiming to distinguish between regular and
chaotic orbits.

As a general result, regular orbits, such as box and tube orbits, are responsible
for a major part of the shape of the galaxy, forming the skeleton of the observed
mass density distributions, but still a high fraction of the orbits are chaotic. These
chaotic orbits populate areas that are not accessible to the regular orbits, and may
explain some observed structures like bars and bulges. They can also produce flows
of matter which may locally enhance the star formation rate. See for example [31]
[46] [144] [163].

Regarding the role of the dark halos, the variety of these halos shapes indicates
their structure plays an important role in the dynamics of the galaxies. One of the
predictions of the Cold Dark Matter models is that galaxy-scale dark matter halos
are described by triaxial density ellipsoids. Dark triaxial halos introduce a nonlinear
coupling that increases the degree of chaoticity and may affect the goodness of
the computed orbits. Depending on the degree of triaxility, the phase space of a
logarithmic potential can be occupied to a large extent by chaotic orbits [29] [150]
[238] [239].

Our work aims to analyse the predictability of the underlying models used to
run the simulations. The predictability of a system indicates how long a computed
orbit is close to an actual orbit, and this concept is related to, but independent of,
its stability or its chaotic nature. A system is said to be chaotic when it exhibits
strong sensitivity to the initial conditions. This means that the exact solution and a
numerical solution starting very close to it may diverge exponentially one from each
other. The predictability aims to characterise if this numerically computed orbit may
be sometimes sufficiently close to another true solution, so it may be still reflecting
real properties of the model, leading to correct predictions. The real orbit is called
a shadow, and the noisy solution can be considered an experimental observation of
one exact trajectory. The distance to the shadow is then an observational error, and
within this error, the observed dynamics can be considered reliable [180].

The shadowing property characterises the validity of long computer simulations,
and how they may be globally sensitive to small errors. The shadows can exist, but
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it may happen that, after a while, they may go far away from the true orbit. Conse-
quently, a proper estimation of the shadowing times is a key issue in any simulation
and provides an indication about its predictability. This shadowing time is directly
linked to the hyperbolic or nonhyperbolic nature of the orbits. Hyperbolic systems
are structurally stable in the sense that the shadowing is present during long times
and numerical trajectories stay close to the true ones. In case of nonhyperbolicity,
an orbit may be shadowed, but only for a very short time, and the computed orbit
behavior may be completely different from the true orbit after this period.

The calculation of the shadowing times was already applied to the field ofN -body
simulations in [71], where an iterative refinement method was applied to simulate
noisy trajectories and to estimate the shadowing times. Less attention has been paid
to the shadowing computation in the field of simulations of self-consistent models
based in a single mean potential. The main goal of this work is to study the pre-
dictability of orbits of massless particles in galactic-type Hamiltonian systems. This
predictability is computed as described in section 5.7 through the use of finite-time
Lyapunov exponents distributions following similar techniques to those described in
[210].

Our motivation, when selecting finite-time Lyapunov exponents techniques, is
that they can be used in systems where asymptotic global results are of no interest,
are not physically meaningful or may not even exist. We could also be interested
in the analysis of transients periods, which just exist for a while before the system
reaches a final stationary state. Or it may happen that because of the physics of
the system, the timescales for obtaining the global properties are too long to be
realistic, since the galactic potential (or even the whole Universe) may have evolved
for such a period.

The structure of the chapter is the following. Section 7.2 reviews how the finite-
time Lyapunov exponents distributions are built and how the predictability can be
computed from them. Section 7.3 presents the selected numerical methods for cal-
culating these distributions in conservative systems. Section 7.4 applies these tech-
niques to representative orbits in simple meridional potentials. Section 7.5 applies
these techniques to a more realistic Milky Way-type potential, including a triaxial
dark halo. Finally, section 7.6 summarises the results and makes some concluding
remarks.

7.2 Predictability through finite-time Lyapunov exponents

This section presents how the predictability of the system can be derived from the
computation of finite-time Lyapunov exponents distributions, as these distributions
reflect the hyperbolic or nonhyperbolic nature of the dynamics.

The ordinary, or asymptotic Lyapunov exponent, describes the evolution in time
of the distance between two nearly initial conditions, by averaging the exponen-
tial rate of divergence of the trajectories, as described in the previous chapters of
this thesis. The finite-time Lyapunov exponents definition is derived from standard
asymptotic Lyapunov exponent for finite averaging times. By plotting the distribu-
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tion of these finite-exponents values obtained starting from a given initial condition,
we can study the presence of the shadowing property. Our method relies in the
fact of making a partition of the whole integration time along one selected initial
condition into a series of time intervals of size ∆t, instead of building the distribu-
tion from an ensemble of initial conditions belonging to the same dynamical domain
[208].

The shadowing time τ measures how long a numerical trajectory remains valid by
staying close to a true orbit. The shadowing distance is the local phase space distance
between both of them, as was presented in chapter 5. A sign of bad shadowing is
the fluctuating behavior around zero of the closest to zero finite-time Lyapunov
exponent. Plotting the finite-time distribution and assuming both the mean m and
the standard deviation σ to be very small, the shadowing time τ is given by equation
5.2, where the exponent h is the hyperbolicity index, or predictability index. We will
use it as an indicator of the predictability of the orbits. The lowest predictability
occurs when h is very small and there is no improvement in τ , even for large values
of δ. Conversely, the larger the h index, the better the shadowing.

This scaling law is closely related to intermittency, and can be considered ”inter-
mittency in miniature”. The exponential distribution is the result of small excursions
that periodically move the computed trajectory away from the true trajectory, and
then return towards it. The assumption is that the motion follows a biased ran-
dom walk, with a drift toward a reflecting barrier. The flow sometimes goes in one
direction, far away from the true solution, and sometimes moves towards it. The
reflecting barrier is caused by the single-step error δ, since new errors are created at
each step, so the computed trajectory can never be expected to be closer than δ to
the true trajectory.

7.3 Methodology

Here we discuss some issues that affect the computation of the finite-time Lyapunov
exponents and their distributions, and in consequence, the computation of the pre-
dictability index. The predictability index depends on the calculated distributions,
which in turn depend on the initial orientation of the deviation vectors, the choice of
the finite-time interval sizes and the total integration time during which the finite-
intervals are accumulated.

The finite-time Lyapunov exponents reflect the growth rate of the orthogonal
semiaxes (equivalent to the initial deviation vectors) of one ellipse centered at the
initial position. These axes change their orientation and length as the orbit is
integrated during a given finite-time ∆t, following Eq. 4.2. Each initial orientation
will lead to different exponents [237]. One option is to have the axes pointing to
the local expanding/contracting directions, given by the eigenvectors. Then, at local
timescales, the eigenvalues will provide insight on the stability of the point. Another
option is to start with the axes pointing to the direction which may have grown the
most under the linearized dynamics. Yet another choice is pointing them to the
globally fastest growth direction. In this work, we have preferred, as initial axes of
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the ellipse, a set of orthogonal vectors randomly oriented, following [209]. We have
made this choice because, as there is no initial preferred orientation, the evolution
of the deviation vectors is a direct consequence of the flow timescales.

The key factor to build the finite-time distributions is finding the most adequate
∆t, to be large enough to ensure a satisfactory reduction of the fluctuations, but
small enough to reveal slow trends. This length is different for every orbit. So,
in principle, one needs to calculate the distributions for a variety of finite intervals
lengths and observe the progressive evolution of the distribution shapes. If one uses
the smallest intervals, the deviation vectors will trace the very local flow dynamics.
As one selects larger intervals, the local regime of the flow is replaced by the global
dynamics regime, and the vectors are oriented depending on the global properties of
the flow, including any transient behavior. Finally, with the largest interval lengths,
the vectors are oriented towards the final asymptotic directions of the flow, when
the dynamics reaches the final invariant state.

In addition to the choice of the finite interval length and the initial directions of
the axes, the total integration time used to compute the distribution is also of im-
portance [208]. Because the integration time for gathering the finite-time exponents
is also finite, the distributions may just reflect any transient state of the system
during such integration period, instead of reflecting the global or final stationary
state. For instance, a common phenomenon found in conservative systems is the
existence of stickiness or trapped motions. A chaotic orbit may be confined to a
torus for a while, but after a very long time, it leaves the confinement and again
shows the chaotic behaviour.

Another factor to take into account is the fact that we analyse Hamiltonian
conservative systems. The random walker model described above was derived for
dissipative system, using orbits located in the basin of attraction and selecting the
interval lengths leading to Gaussian distributions [180]. There are no attractors
in Hamiltonian systems, and we aim to check the applicability of this model to
conservative systems. To do this, we will sample different finite-time intervals lengths
∆t searching for changes in the shape of the distributions, as an estimator of reaching
the proper timescale.

Our previous results, seen in previous chapters, show that when using the very
smallest interval lengths, similar to the integration step, the distributions show
many peaks, because the randomly oriented deviation vectors are not able to evolve
during such very small intervals. When the finite-time intervals are slightly larger,
the resulting finite-time exponent distributions begin to be similar to flat uniform
distributions. The finite-time exponents cannot be regarded at these timescales
as similar to random variables leading to Gaussian distributions, as the deviation
vectors have been allowed to evolve from the initially randomly selected deviation
directions, but they had not enough time to tend to the finally fastest growing
directions. These distributions are then characterised by large negative kurtosis.
Finally, when the finite intervals are larger, the deviation vectors are oriented to
the globally fastest growth direction, that may, or may not be, the final asymptotic
behavior. This asymptotic direction is only reached at very long (infinite) intervals.
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This work focuses on detecting the finite-time interval lengths when the change
from the local to the global regime occurs. The Poincaré crossing time with the
surface of section is a good estimator of these timescales, but unless the orbit is
periodic, this crossing time depends on the selection of the surface of section. Indeed,
it is not constant in the phase space once the surface has been selected.

Another good estimator for detecting this behavior change is the kurtosis values
of the finite-time distributions. These values evolve from zero to positive values, as
a consequence of the shape changes when the finite-time exponents leave the local
flow dynamics and tend towards the global regime. The larger the positive kurtosis
values, the more peaked the distributions will be.

Finally, one observes the asymptotic regime of the flow at the timescales when
the mean of the distributions begins to be centered around the final asymptotic
value [208]. As mentioned before, the flow may experience several transient periods
before reaching this final asymptotic state.

The scaling formula Eq. 5.2 is an asymptotic formula, true when δ → 0 and to
the extent that one finite-time exponent is closer to zero than all the others. When
two or more finite-time exponents are equally distant to zero, the applicability of
this scaling formula is not established [178]. In this work we analyse if the biased
random walker model, from which this equation derives, is valid even when there are
two or more exponents close to zero, as happens in Hamiltonian flows. In a general
dynamical system, there is at least one asymptotic Lyapunov exponent tending to
zero, as there is always one neutral direction in the flow. But in N -dimensional
Hamiltonians, because of their conservative nature, two exponents are at least close
to zero, because the Lyapunov exponents follow the pairing property λi = −λN−i

for (i = 1, 2, .., N − 1). Moreover, if we deal with quasi-periodic orbits or irregular,
not yet chaotic, orbits, additional exponents will be zero.

We will identify the closest to zero exponent by calculating the finite-time ex-
ponents distributions for all available exponents, and selecting as closest to zero
the exponent corresponding to the distribution whose mean is closest to zero. This
technique has been successfully applied to dissipative systems in [210]. The results
show that the closer to zero the mean of the distribution is, the stronger the detec-
tion of fluctuations around zero. These fluctuations, are in turn a good indicator
of the nonhyperbolic nature, low predictability, of the orbit. The strength of the
fluctuations can be derived from the computation of the probability of positivity P+

of the distributions.
The timescales, when the changes from the local to global behavior are detected,

can be shorter than the timescales when the asymptotic behavior is reached and the
mean of the distribution tends to the asymptotic infinite zero value. This implies
that when the finite-intervals are not large enough to reach the asymptotic regime,
we may still detect changes due to entering in the global regime and get insight into
the predictability of the orbit. This may happen even when the mean will still not
be close to zero, and the fluctuations around zero will be hardly detected.

Massless particles subject to the selected gravitational potentials are integrated
using a standard variational method to compute the finite-time Lyapunov exponents.
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Table 7.1. Selected orbits for two 2 d.o.f. meridional potentials systems, Hénon-Heiles
and Contopoulos, and for one 3 d.o.f. Milky-Way system.

System Orbit d.o.f. Initial Condition Control Parameter

Hénon-Heiles H1 2 x = 0.000000 y = −0.119400 vx = 0.388937 E = 1/12 -
Hénon-Heiles H2 2 x = 0.000000 y = 0.095000 vx = 0.396503 E = 1/8 -
Hénon-Heiles H3 2 x = 0.000000 y = 0.137500 vx = 0.386627 E = 1/12 -
Hénon-Heiles H4 2 x = 0.000000 y = −0.031900 vx = 0.307044 E = 1/8 -
Contopoulos C1 2 x = 0.03744 y = 0.0 vx = 0.0480 E = 0.00765 ǫ = 4.4
Contopoulos C2 2 x = 0.03744 y = 0.0 vx = 0.0480 E = 0.00765 ǫ = 4.5
Milky-Way M1 3 x = 10.0 y = 0.0 z = 0.0 vx = 0.0 vy = 200.0 vz = 0.0 φhalo = 0.0
Milky-Way M2 3 x = 10.0 y = 0.0 z = 10.0 vx = 0.0 vy = 45.0 vz = 0.0 φhalo = 0.0
Milky-Way M3 3 x = 10.0 y = 0.0 z = 10.0 vx = 0.0 vy = 200.0 vz = 0.0 φhalo = 90.0
Milky-Way M4 3 x = 5.0 y = 0.0 z = 0.5 vx = 0.0 vy = 100.0 vz = 0.0 φhalo = 0.0

We solve at the same time the flow equations and the fundamental equations or
evolution of the distorsion tensor, associated to the initial set of deviation vectors
used for the exponents computation. Here we raise the same note concerning the
selection of the integrator seen in section 5.4. As a consequence, we have used as
integrator the well known and robust Dop853 algorithm described in [68]. We have
checked the Lyapunov exponents to follow the pairing property and the energy value
to be constant throughout the computation, typically being within a percentual error
of 10−11 for meridional potentials and 10−8 for the Milky-Way potentials.

7.4 Predictability in meridional potentials

In this section we compute the predictability index as derived from Eq. 5.2 in simple
two degrees-of-freedom meridional potentials of the form V (x, y) = V (R, z), being
R and z the cylindrical coordinates, corresponding to an axisymmetric galaxy [18].
These will be the Hénon-Heiles and Contopoulos systems already anaylsed in the
previous chapters. Here, they will be revisited as test bed for the calculation of the
predictability index, and we will check if the subjacent diffusion model origin is valid
in these conservative systems, where several asymptotic exponents are zero.

7.4.1 Hénon-Heiles system

The Hénon-Heiles system was one of the first models used to show how a very simple
system posseses highly complicated dynamics [72]. It has been detailed described in
chapters 2 and 4.

We have selected four initial conditions leading to four prototypical behaviors in
this system. These orbits can be seen in Fig. 7.1, and their corresponding initial
conditions are listed in Table 7.1. The first analysed case is the orbit labeled as H1.
The Poincaré section is depicted in Fig. 7.2 (left). This orbit is a weakly chaotic
orbit with λ = 0.015. When considering the crosses of the x = 0 plane with vx > 0,
the averaged Poincaré section crossing time is Tcross = 13.0, with a minimum value
of 10.1. When considering the crosses of the y = 0 plane with vy > 0, the averaged
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Figure 7.1. Four orbits selected for calculating their predictability in the Hénon-Heiles
system. The corresponding initial conditions are listed in Table 7.1. Upper left: H1, a
weakly orbit with asymptotic Lyapunov exponent λ = 0.015. Upper right: H2, a sticky,
chaotic asymptotically, orbit, with asymptotic Lyapunov exponent λ = 0.046. The points
with a regular-like transient period t < 4000 are plotted in darker colour. Bottom left: H3,
a regular orbit, linked to a period 1 orbit, with asymptotic Lyapunov exponent λ = 0.0.
Bottom right: H4, a regular orbit, linked to a period 5 orbit, with asymptotic Lyapunov
exponent λ = 0.0.

Poincaré section crossing time is Tcross = 16.5, with a minimum value of 12.4. These
timescales roughly indicate the change of behavior of the finite-time distributions as
the finite-time intervals grow.

In Fig. 7.2 (right) we have plotted the hyperbolicity index derived from the
closest to zero exponent distributions and the corresponding kurtosis values, against
a variety of increasing finite interval lengths ∆t. The total integration time used to
build the distributions is T = 105 when ∆t < 50.0 and T = 106 for larger intervals
sizes.

There is a clear trend of increasing h values as the interval size is larger. The
kurtosis shows a similar evolution from the most negative values towards the positive
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Figure 7.2. Hénon-Heiles weakly chaotic orbit H1. Left: Poincaré section y − vy with
plane x = 0 and vx > 0. Right: Evolution of the kurtosis k and predictability index
h of the finite-time exponents distributions as the finite-time length is increased. Inset:
Finite-time exponents distribution for ∆t = 25.1. The predictability index is h = 54.0.

ones. The kurtosis curve crosses the zero value at ∆t = 25.1. The corresponding
finite-time Lyapunov exponents distribution of the closest to zero exponent for this
interval size is seen in the inset of the figure. It is characterised by a mean m = 0.03
and a probability of positivity F+ = 0.8. The ∆t is large enough to allow the
deviation vectors to enter in the global regime of the flow, but is not large enough to
reach the asymptotic zero value. Regardless of the above, some oscillations around
zero are already detected and these oscillations can be considered a good indicator
of the nonhyperbolicity of the flow. The predictability index derived from this
distribution is h = 54.4. We note here that because of the small slope of the
kurtosis and predictability curves, small changes of the estimation of the interval
size does not lead to large variations in the predictability estimation.

The second analysed case is the orbit labeled as H2 in Fig. 7.1 and Table 7.1.
The corresponding Poincaré section is depicted in Fig. 7.3 (left). This is a chaotic
orbit with λ = 0.046. Considering the crosses of the x = 0 plane with vx > 0, the
averaged Poincaré section crossing time is Tcross = 13.4, with a minimum value of
8.9. When considering the crosses of the y = 0 plane with vy > 0, the averaged
Poincaré section crossing time is Tcross = 14.5, with a minimum value of 7.5.

In Fig. 7.3 (right) we observe the trend of increasing kurtosis with ∆t. The
kurtosis zero-cross is found at ∆t = 11.0. The corresponding closest to zero exponent
finite-time distribution is seen in the inset of the figure. It is characterised by a mean
m = 0.04 and a probability of positivity F+ = 0.7. The derived predictability index
is h = 20.9. This is a worse predictability value than the previous case, yet similar in
order of magnitude. We may conclude that the shadowing timescales are similar in
both cases. As both orbits have positive λ values, they are chaotic, yet predictable.

We have seen that orbit H1 has a relatively small Lyapunov exponent, so a
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Figure 7.3. Hénon-Heiles sticky, chaotic asymptotically orbit H2. Left: Poincaré
section y − vy with plane x = 0 and vx > 0. A regular-like transient period t < 4000 is
overplot with darker colour. Right: Evolution of the kurtosis k and predictability index
h of the finite-time exponents distributions as the finite-time length is increased. Inset:
Finite-time exponents distribution for ∆t = 11.0. The predictability index is h = 20.9.

relatively long Lyapunov time. This is a prototypical behavior for a particle be-
ing chaotic, but confined to a certain region of the available phase space. But there
are chaotic orbits with positive Lyapunov exponent values that show regular-like ap-
pearance during certain transient periods. These orbits stick during these transients
close to islands of stability before entering in the big chaotic sea. These periods can
sometimes be very short, sometimes very long. These orbits are called sticky orbits,
or confined orbits [8], because they generate confined structures in the configuration
space.

The sticky, chaotic asymptotically, orbit H2 presents one regular-like transient
during the first 4000 time units. The Poincaré section corresponding to this period
is seen in Fig. 7.4 (left). Considering the crosses of the x = 0 plane with vx > 0,
the averaged Poincaré section crossing time is Tcross = 14.6, with a minimum value
of 13.8. When considering the crosses of the y = 0 plane with vy > 0, the averaged
Poincaré section crossing time is also Tcross = 14.6, with a minimum value of 13.2.

In Fig. 7.4 (right) we observe the trend of increasing kurtosis with ∆t. The kur-
tosis zero-cross is found at ∆t = 19.1. The corresponding closest to zero exponent
finite-time distribution is seen in the inset of the figure. It is characterised by a mean
m = −0.01 and a probability of positivity F+ = 0.28. The derived predictability in-
dex is h = 31.7. This means a higher predictability during the regular-like transient
when compared with the predictability value resulting from integrating beyond the
transient lifetime. However, this value is lower than the value of the chaotic orbit
H1. This is sourced to the selection of one of the lowest values of the available ones
during the distribution shape transition, where the h-index values suffer several os-
cillations, as seen in Fig. 7.4 (right). But it is also sourced to the nature of the
transient, that, being regular in appearance, it is not a truly regular motion.
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Figure 7.4. Regular-like period of the Hénon-Heiles chaotic orbit H2. The figure shows
the points under the regular-like transient period t < 4000. Left: Poincaré section y − vy
with plane x = 0 and vx > 0. Right: Evolution of the kurtosis k and predictability index
h of the finite-time exponents distributions as the finite-time length is increased. Inset:
Finite-time exponents distribution for ∆t = 19.1. The predictability index is h = 31.7.
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Figure 7.5. Hénon-Heiles regular orbit H3. Left: Poincaré section y − vy with plane
x = 0 and vx > 0. Right: Evolution of the kurtosis k and predictability index h of the
finite-time exponents distributions as the finite-time length is increased. Inset: Finite-time
exponents distribution for ∆t = 48.3. The predictability index is h = 105.5.

The third analysed case is the orbit labeled as H3 in Fig. 7.1 and Table 7.1. We
have chosen this orbit because we want to analyse the applicability of the power
law to orbits with zero Lyapunov exponents in addition to the obvious two central
trivially zero exponents. This is a regular orbit with λ = 0.0, where all exponents
are zero because the Hénon-Heiles system is a 2 degrees-of-freedom Hamiltonian
system.

The corresponding Poincaré section is depicted in Fig. 7.5 (left). Considering the
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Figure 7.6. Hénon-Heiles regular orbit H4. Left: Poincaré section y − vy with plane
x = 0 and vx > 0. Right: Evolution of the kurtosis k and predictability index h of the
finite-time exponents distributions as the finite-time length is increased. Inset: Finite-time
exponents distribution for ∆t = 32.1. The predictability index is h = 69.2.

crosses of the x = 0 plane with vx > 0, the averaged Poincaré section crossing time
is Tcross = 12.4, with a minimum value of 11.6. When considering the crosses of the
y = 0 plane with vy > 0, the averaged Poincaré section crossing time is Tcross = 12.4,
with a minimum value of 11.7.

The evolution of the predictability index h with the interval size is shown in
Fig. 7.5 (right). The kurtosis shows the previous trend from the most negative
values towards the positive ones. The zero crossing is found at ∆t = 48.3. The
corresponding distribution of the closest to zero exponent is plotted in the inset of
the figure. It is characterised by a mean m = 0.01 and a probability of positivity
F+ = 0.8. The derived h predictability index value is higher than the previous cases,
h = 105.5.

When one compares the predictability of this orbit with the previous cases, the
obtained predictability index h is one order of magnitude larger. The biased random
walk seems to be applicable to the final invariant state, even when the finite-time
exponents distributions of regular orbits do not follow a normal distribution shape.
This means that the test particle sometimes approaches the real orbit, having the
machine precision as bias, in the contracting directions, and sometimes moves farther
away from the real orbit in the expanding directions.

The fourth analysed case in the Hénon-Heiles system is the orbit labeled as H4
in Fig. 7.1 and Table 7.1. This is a regular orbit with λ = 0.0, associated to a
5th-periodic orbit. The corresponding Poincaré section is depicted in Fig. 7.6(left).
Considering the crosses of the x = 0 plane with vx > 0, the averaged Poincaré section
crossing time is Tcross = 12.9, with a minimum value of 12.3. When considering the
crosses of the y = 0 plane with vy > 0, the averaged Poincaré section crossing time
is Tcross = 12.9, with a minimum value of 9.7.
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The evolution of the predictability index h with the interval size is shown in
Fig. 7.6 (right). The previous evolution of the kurtosis from negative to positive
values is observed. The kurtosis zero-cross is observed at ∆t = 32.1. 1 The corre-
sponding closest to zero exponent distribution is plotted in the inset of the figure.
It is characterised by a mean m = −0.02 and a probability of positivity F+ = 0.2.
Because of the Hamiltonian exponents pairing properties, the results are equivalent
except for the reversed signs to the previously discussed cases.

The derived predictability index is h = 69.2. The predictability index is in agree-
ment with the previous cases, with a better predictability index than the chaotic
cases but a worse h index than the M3, regular orbit case.

7.4.2 Contopoulos system

We will apply our method to analyse orbits that behave in appearance like regular
orbits, but that are λ > 0 chaotic. These orbits are found in the Contopoulos
system, already described in chapter 5, section 5.4.

This model was originally studied by [39] and it provides a rich dynamical be-
havior despite its simplicity. It can be seen as a simpler version of the Hénon-Heiles
with just one mixed higher-order term, xy2, which introduces the essential nonlin-
earity of the problem. Conversely to the Hénon-Heiles, this potential has a y−axis
symmetry and only two exits.

Following chapter 5, the fixed model parameters are the amplitude parameters
A = 1.6 and B = 0.9. These values are chosen to be near the resonance

√

A/B =
4/3, as in [39]. The initial condition will be the same in all cases, x = 0.03744,
y = 0, vx = 0.0480, and the energy value is E = 0.00765. The control parameter is
the coupling parameter ǫ.

The first case that we have considered is when we fix the control parameter
ǫ = 4.4. This is the orbit labeled as C1 in Fig. 7.7 and Table 7.1. The Poincaré
section x − vx with plane y = 0 is seen in Fig. 7.8 (left). This is a regular in
appearance, very thin chaotic strip, with λ = 0.093. When considering the crosses
of the x = 0 plane with vx > 0, the averaged Poincaré section crossing time is
Tcross = 13.8, with a minimum value of 6.0. When considering the crosses of the
y = 0 plane with vy > 0, the averaged Poincaré section crossing time is Tcross = 14.2,
with a minimum value of 13.9.

The evolution of the predictability index h with the interval size is shown in
Fig. 7.8 (right), where the evolution of the kurtosis from negative to positive values
can be seen. The kurtosis zero-cross is found at ∆t = 13.9. The corresponding
closest to zero exponent distribution is plotted in the inset of the figure. It is
characterised by a mean m = −0.01 and a probability of positivity F+ = 0.3. The
derived predictability index is h = 24.2. The predictability index is in agreement
with the previous cases and this value is very similar to the predictability of the

1 We see another zero crossing at around ∆t = 9.0. This value is slightly below the Tcross range
of values. But as ∆t increases, the distribution returns to a flat shape again. As a consequence,
the peaks are sourced to still be in the local regime.
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Figure 7.7. Two orbits selected for calculating their predictability in the Contopoulos
system. The initial condition and the values of the control parameter ǫ are listed in
Table 7.1. Left: C1, a chaotic orbit with asymptotic Lyapunov exponent λ = 0.093.
Right: C2, a weakly chaotic orbit, that, in appearance, is a periodic orbit. It must be
zoomed in to reflect its chaotic nature. The asymptotic Lyapunov exponent λ = 0.0125.
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Figure 7.8. Contopoulos chaotic orbit C1. Left: Poincaré sections x − vx with plane
y = 0 and vy > 0. Right: Evolution of the kurtosis k and predictability index h of the
finite-time exponents distributions as the finite-time length is increased. Inset: Finite-time
exponents distribution for ∆t = 13.9. The predictability index is h = 24.2.

chaotic cases of the Hénon-Heiles system, confirming the lower predictability of the
”regular” in appearance, chaotic orbit.

The second case analyses the same initial condition fixing ǫ = 4.5. This is the
orbit labeled as C2 in Fig. 7.7 and Table 7.1. The Poincaré section x−vx with plane
y = 0 is seen in Fig. 7.9 (left). This is a weakly chaotic orbit with λ = 0.0125. This
orbit is very close to a periodic orbit, meaning an averaged Poincaré section crossing
time Tcross = 14.5, both for crosses of the x = 0 plane with vx > 0, and also when
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Figure 7.9. Contopoulos weakly chaotic orbit C2. Left: Poincaré sections x − vx
with plane y = 0 and vy > 0. Right: Evolution of the kurtosis k and predictability index
h of the finite-time exponents distributions as the finite-time length is increased. Inset:
Finite-time exponents distribution for ∆t = 17.15. The predictability index is h = 11.9.

considering the crosses of the y = 0 plane with vy > 0.
The evolution of the predictability index h with the interval size is shown in

Fig. 7.9 (right). The kurtosis zero-cross in the evolution of the kurtosis from negative
to positive values is found at ∆t = 17.15. The corresponding closest to zero exponent
distribution is plotted in the inset of the figure. It is characterised by a mean
m = −0.003 and a probability of positivity F+ = 0.4. The values of the mean and
F+ reflect that the asymptotic behavior has already been reached at these timescales
with contracting and expanding oscillations around zero of equal likehood.

The figure shows strong oscillations in the predictability curve h against ∆t.
These oscillations are linked to the presence of peaks in the distributions and the
non-ergodic nature of the orbit. These oscillations make the h index have strong
variations with ∆t, but even with these oscillations, the interval belonging to the
kurtosis zero-cross is seen. The predictability index as computed from the selected
∆t is then h = 11.9. This predictability index is in agreement with the previous
cases. This value means a lower predictability in this case than previous chaotic
cases.

7.5 Predictability in a Milky Way type potential

In this section we show how the predictability index behaves when applied to a
more realistic galactic potential. There is a considerable number of realistic galactic
models in the literature that capture and describe several observed features such
as bars, spirals or rings. See, among others, [158], [187], [224] and [46]. In this
chapter, we have selected the potential described in [109] and references therein.
This is a smooth fixed gravitational time-independent potential that models the
Milky Way, but focus on the parameters controlling the shape and orientation of a
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triaxial dark halo. It consists of a Miyamoto-Nagai disk [128], a Hernquist spheroid,
and a logarithmic halo.

This potential is more realistic than the previously presented models. It repro-
duces the flat rotation curve for a Milky Way type galaxy and it can be easily shaped
to the axial ratios of the ellipsoidal isopotential surfaces.

We will analyse the four orbits shown in Fig. 7.10, labeled as M1, M2, M3 and
M4. The first orbit, M1, is a regular orbit, selected for comparing the timescales of
this model with the previously analysed meridional potentials. The following orbits,
M2, M3 and M4, are chaotic orbits. These are confined within some phase space
domain for a while, but, afterwards, can scape from those domains. As a consequence
of these transients, the distributions shapes vary depending on the selection of the
finite-time lengths.

In systems with 2 or less degrees-of-freedom, regular and non-regular orbits are
separated by impenetrable barriers, the KAM-tori, leading to islands of regularity
embedded into a surrounding chaotic sea. According to the KAM theorem, these
tori will survive under small perturbations if their frequencies are sufficiently incom-
mensurable [114]. Resonant tori may be strongly deformed even under small per-
turbations, however, leading to a complicated phase space structure of interleaved
regular and chaotic regions. Where tori persist, the motion can still be characterized
in terms of N local integrals. Where tori are destroyed, the motion is chaotic and
the orbits move in a space of higher dimensionality than N .

In systems with more than 2 degrees-of-freedom, like the selected potential, the
chaotic sea contains a hidden non-uniformity because the motion can diffuse through
invariant tori, reaching arbitrarily far regions. Within the chaotic sea there are
cantori, leaking or fractured KAM-tori, associated to the breakdown of integrability.
These cantori are just partial barriers, that over short times, divide the chaotic
orbits into two types: confined and non-confined. The confined ones are chaotic
orbits which are trapped near the regular islands and, for a while, exhibit regular-
like behaviour. Conversely, the unconfined orbits travel unmixed through the whole
allowed sea. Furthermore, the cantori are partial barriers, allowing one orbit to
change from one class to the other, via the intrinsic diffusion or Arnold diffusion.
This is a very slow phenomenon, with typical timescales longer than the age of
the Universe. In six-dimensional phase space systems, the sticky transients are not
present, cantori appears, and the Arnold diffusion produce the ultimate merging of
all orbits. But this diffusion seems to be very small. Strong local instability does
not mean diffusion in phase space. And some chaotic trajectories may require very
long timescales to reveal its asymptotic nature. They can have very short Lyapunov
times but they can not show the expected significant orbital changes but at long
times [205, 37, 27]. In these cases, the dynamics can be considered as regular motion
from an astronomical point of view during the applicable timescales.

As a consequence, the fact that two regions in phase space are connected, does not
mean that all the areas in that volume will be accessed on comparable timescales.
This long lifetime transient, unconfined orbit, is sometimes called near-invariant
distribution, as it uniformly populates the filling region. It is remarkable that even
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when the true equilibrium corresponds to a uniform distribution through both cavi-
ties, at physically meaningful timescales, the quasi-equilibrium may have one cavity
uniformly populated while the other one is, essentially, empty.

The dynamical system to solve is a particle (star) subject to a potential built
upon three components: V = Φdisk +Φsphere+Φhalo. The respective contribution of
every component to the gravitational potential is given by:

Φdisk = −α GMdisk
√

R2 + (a+
√
z2 + b2)2

, (7.1)

Φsphere = −αGMsphere

r + c
, (7.2)

Φhalo = v2halo ln (C1x
2 + C2y

2 + C3xy + (z/qz)
2 + r2halo), (7.3)

where the various constants C1, C2 and C3 are given by:

C1 = (
cos2φ

q21
+

sin2φ

q22
), (7.4)

C2 = (
cos2φ

q22
+

sin2φ

q21
), (7.5)

C3 = 2 sinφ cosφ(
1

q21
− 1

q22
). (7.6)

It must be noted that there is no symmetry in the potential and V (φ)! = V (−φ)
because of the sign dependency in the xy coupling factor C3. When φ = 0, q1 is
aligned with the Galactic X-axis and Eq. 7.3 reduces to,

Φhalo = v2halo ln ((x/q1)
2 + (y/q2)

2 + (z/qz)
2 + r2halo). (7.7)

The results with φ = 0 are then comparable with non triaxial, purely logarithmic
potentials. When φ = 90, q1 is aligned with the Galactic Y -axis and it takes the
role of q2. The parameter α could range from 0.25 up to 1.0, and following [109] and
[79], is fixed to 1.0. We also adopt Mdisk = 1.0 · 1011Msun, Msphere = 3.4 · 1010Msun,
α = 1.0, a = 6.5 kpc, b = 0.26 kpc, c = 0.7 kpc, rhalo = 12 kpc. We have also fixed
vhalo = 128 km/s (leading to a Local Standard of Rest LSR of 220 km/s). The time
units are in Gyr with these parameters values.

The control parameters of this model are the orientation of the major axis of
the triaxial halo φ and its flattening. This flattening is introduced along the three
axes by the parameters q1, q2, qz. The qz represents the flattening perpendicular to
the Galactic plane, while q1 and q2 are free to rotate in the Galactic plane at an
angle φ to a right-handed Galactocentric X , Y coordinate system. We follow the
parameters settings of [109] and, without loss of generality, q2 = 1.0, q1 = 1.4 and
qz = 1.25.
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Figure 7.10. Four orbits selected for calculating the predictability in a Milky-Way
type potential. The initial conditions and halo orientation values are listed in Table 7.1.
Upper left: M1, a regular orbit confined to the disk, with asymptotic Lyapunov exponent
λ = 0.0. Upper right: M2, a chaotic orbit out of the disk plane, with asymptotic Lyapunov
exponent λ = 0.14. Bottom left: M3, a chaotic orbit out of the disk plane, with asymptotic
Lyapunov exponent λ = 0.099. Bottom right: M4, a strongly chaotic orbit, inner and close
to the disk plane, with asymptotic Lyapunov exponent λ = 5.86.

Regarding the particle initial conditions, we use stars with velocities within the
halo kinematics range [32, 35]. These initial conditions, and the values of the control
parameter φ, corresponding to the four analysed orbits, are listed in Table 7.1. The
initial velocity vector in all cases is contained into the z = 0 plane, meaning vz = 0.0,
and is normal to the x axis, meaning vx = 0.0. We just select in every initial
condition the velocity modulus, |v| = vy.

The first analysed case is a regular orbit, characterised by λ = 0.0, and confined
into the disk plane z = 0 for the whole integration. This is the orbit labeled as M1
in Fig. 7.10. We have selected it in order to compare the predictability timescales in
this model with respect to the meridional potentials seen before. This is of interest
because a single-step error δt may have different consequences in every model, and
the shadowing times for regular orbits in different models are not necessarily similar.
The corresponding Poincaré section y − vy with plane x = 0 is seen in Fig. 7.11
(left). When considering the crosses of the x = 0 plane with vx > 0, the averaged
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Figure 7.11. Milky Way regular orbit M1, confined into the disk plane, with asymptotic
Lyapunov exponent λ = 0.0. Left: Poincaré sections y − vy with plane x = 0 and
vx > 0. Right: Evolution of the kurtosis k and predictability index h of the finite-time
exponents distributions as the finite-time length is increased. Inset: Finite-time exponents
distribution for ∆t = 0.6. The predictability index is h = 5.03.
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Figure 7.12. Milky Way chaotic orbit M2, out of the disk plane, with asymptotic
Lyapunov exponent λ = 0.14. Left: Poincaré sections y − vy with plane x = 0 and
vx > 0. Right: Evolution of the kurtosis k and predictability index h of the finite-time
exponents distributions as the finite-time length is increased. Inset: Finite-time exponents
distribution for ∆t = 0.6. The predictability index is h = 1.31.

Poincaré section crossing time is Tcross = 0.50, with a minimum value of 0.44. When
considering the crosses of the y = 0 plane with vy > 0, the averaged Poincaré section
crossing time is Tcross = 0.50, with a minimum value of 0.46.

The evolution of the kurtosis and predictability index with the interval size is
shown in Fig. 7.11 (right). Conversely to the regular orbits seen in the meriodional
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potentials cases, the kurtosis does not shows a simple trend as the interval length
grows, and there is a set of different zero crossings starting around ∆t = 0.06. These
oscillations at small intervals lengths below the Tcross range of values are sourced to
the fluctuations of the shapes of the distributions when the intervals are very small
[209]. The Tcross indicates when the global regime is reached, and the kurtosis zero-
cross corresponding to these scales is seen at ∆t = 0.6. The corresponding closest
to zero exponent distribution is plotted in the inset of Fig. 7.11. It is characterised
by a mean m = 6.53 and a probability of positivity F+ = 0.99. The mean and the
probability of positivity indicate that we have detected the global regime, but we
are still far away from the asymptotic regime.

The predictability index is h = 5.03. Note that this is a very low predictability
when one compares it with the values seen in the meridional potentials, both for
regular and chaotic orbits. This indicates one must handle with care long integra-
tions in this potential. The shadowing time of a regular orbit can be large or small
depending on the analysed potential, because of the different dynamical times. And
when the shadowing times are very low, one should use higher precision schemes,
even when the gain in shadowing time may be small in the extreme cases.

The next analysed initial condition corresponds to the star labeled as M2 in
Fig. 7.10 and Table 7.1. The Poincaré section y−vy with plane x = 0 corresponding
to this orbit is seen in in Fig. 7.12 (left). This is a chaotic orbit characterised by
λ = 0.14. We have selected this orbit because it is a chaotic orbit that initially
remains in a limited domain of the phase space, but then fills up a larger domain of
the available phase space, as seen in Fig. 7.12 (left) . When considering the crosses
of the x = 0 plane with vx > 0, the averaged Poincaré section crossing time is
Tcross = 0.61, with a minimum value of 0.32. When considering the crosses of the
y = 0 plane with vy > 0, the averaged Poincaré section crossing time is Tcross = 0.53,
with a minimum value of 0.34. When considering the crosses of the z = 0 plane
with vz > 0, the averaged Poincaré section crossing time is Tcross = 0.41, with a
minimum value of 0.04.

The evolution of the kurtosis and predictability index h with the interval size
is shown in Fig. 7.12 (right). Conversely to previous models, there is not a simple
increasing trend of kurtosis with ∆t. Instead, there is a set of different zero crossings.
We observe a zero crossing in the kurtosis curve at around ∆t = 0.035, but this value
is well below the Tcross range of values. There is also a zero crossing at a very large
interval size (not shown in the figure), when the asymptotic regime is reached. The
kurtosis zero-cross corresponding to the timescales when the global regime of the
flow is reached, is seen at ∆t = 0.6. The corresponding closest to zero exponent
distribution is plotted in the inset of the figure. It is characterised by a mean
m = −2.8 and a probability of positivity F+ = 0.08. The mean and probability of
positivity indicate that we have detected the global regime, but we are still very far
away from the asymptotic regime.

The predictability index is h = 1.31. Note that this is a very low predictability
when compared with previous cases, indicating that some care must be taken when
performing long integrations using this potential. Indeed, taking into account the
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Figure 7.13. Milky Way chaotic orbit out of the disk plane, M3, with asymptotic
Lyapunov exponent λ = 0.099. Left: Poincaré sections y − vy with plane x = 0 and
vx > 0. Right: Evolution of the kurtosis k and predictability index h of the finite-time
exponents distributions as the finite-time length is increased. Inset: Finite-time exponents
distribution for ∆t = 1.01. The predictability index is h = 2.06.

kurtosis oscillations, we may consider that we have taken an upper limit for the
value of the predictability, and within certain transients, the predictability of the
orbit may be even worse.

The following initial condition is the orbit labeled as M3 in Fig. 7.10 and Ta-
ble 7.1. The Poincaré section of this orbit is seen in Fig. 7.13 (left). This orbit is
characterised by λ = 0.099. The movement is then chaotic, with some transient pe-
riods spent in the external lobes of the section. When considering the crosses of the
x = 0 plane with vx > 0, the averaged Poincaré section crossing time is Tcross = 0.87,
with a minimum value of 0.71. When considering the crosses of the y = 0 plane with
vy > 0, the averaged Poincaré section crossing time is Tcross = 0.90, with a minimum
value of 0.76. When considering the crosses of the z = 0 plane with vz > 0, the
averaged Poincaré section crossing time is Tcross = 0.86, with a minimum value of
0.62.

The evolution of the predictability index h with the interval size is shown in
Fig. 7.13 (right). The zero crossing of the kurtosis within the range of values indi-
cated by the Poincaré crossing time Tcross is found at ∆t = 1.01. The corresponding
finite-time distribution is plotted in the inset of the figure. It is characterised by a
mean m = 0.83 and a probability of positivity F+ = 0.8. The derived predictability
index is h = 2.06. Similar to the previous case, we can consider this value as an
upper limit to the predictability of the orbit, since the orbit may suffer transient
periods with an even worse predictability.

The fourth analysed condition is the orbit labeled as M4 in Fig. 7.10 and Ta-
ble 7.1. This is a star close to the disk plane, in an inner region that the previous
orbits. The Poincaré section of this orbit is seen in Fig. 7.14 (left). This orbit is
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Figure 7.14. Milky Way strongly chaotic orbit out of the disk plane, M4, with
asymptotic Lyapunov exponent λ = 5.86. Left: Poincaré sections y− vy with plane x = 0
and vx > 0. Right: Evolution of the kurtosis k and predictability index h of the finite-time
exponents distributions as the finite-time length is increased. Inset: Finite-time exponents
distribution for ∆t = 0.07. The predictability index is h = 0.18.

characterised by λ = 5.86. The movement is then strongly chaotic. When consid-
ering the crosses of the x = 0 plane with vx > 0, the averaged Poincaré section
crossing time is Tcross = 0.18, with a minimum value of 0.12. When considering
the crosses of the y = 0 plane with vy > 0, the averaged Poincaré section crossing
time is Tcross = 0.19, with a minimum value of 0.16. When considering the crosses
of the z = 0 plane with vz > 0, the averaged Poincaré section crossing time is
Tcross = 0.095, with a minimum value of 0.06.

The evolution of the predictability index h with the interval size is shown in
Fig. 7.14 (right). The zero crossing of the kurtosis within the range of values indi-
cated by the Poincaré crossing time Tcross is found at ∆t = 0.07. The corresponding
finite-time distribution is plotted in the inset of the figure. It is characterised by
a mean m = −33.55 and a probability of positivity F+ = 0.043. We are again
far away from the timescales when the asymptotic dynamics is reached. The de-
rived predictability index is h = 0.18. This is a very low value when compared
with the previous cases, in agreement with the relatively high Lyapunov asymptotic
exponent.

7.6 Conclusions

Our work deals with the forecast of predictability, and not with the forecast of
chaoticity. Both terms are closely related, but they do not always follow the same
trend. We have estimated the predictability index for a variety of prototypical orbits
in several conservative galactic potentials. Contrary to other works, that focus on
the reliability time as the inverse of the asymptotic Lyapunov exponent, thus in the
chaotic, or not, nature of the orbits, we analyse the predictability of the system,
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understood as a measure of its shadowing properties.
We have seen how analysing the changes in the shapes of the distributions one can

derive the predictability index. The finite-time Lyapunov exponents distributions
reflect the underlying dynamics [208], and by using arbitrarily oriented deviation
axes, one can detect varying the finite-time interval lengths, when there is a change
from the local to the global, not yet asymptotic regime [209].

A sign of bad shadowing is the fluctuating behavior of the closest to zero of the
available Lyapunov exponents. In a general case, there can be several exponents
tending to zero. Following the methods presented in [210] for a dissipative system,
one should increase the finite-time interval length and select the closest to zero for
deriving the predictability index. In dissipative systems the finite interval size where
there is a change from local to global is the same, because all close enough orbits
end in the same attractor, evolving towards similar timescales. But in conservative
systems, there are no attractors, and the finite-time lengths are specific to every
orbit. In this chapter, we have calculated these lengths by computing the Poincaré
crossing times and detecting changes in the sign of the kurtosis of the finite-time
distributions.

The results presented here are of general interest in describing how the pre-
dictability index computed using Eq. 5.2 provides information on the system dy-
namics. These results are summarised in Table 7.2. This table shows that, when
calculating predictability indexes, one must take into account the timescales of the
analysed system for better interpretation of the range of values corresponding to a
given model. Regarding regular orbits, we see in this table that the shadowing times
can be very different when comparing regular orbits belonging to different models.
This is because the consequences of a single-step error δt are different depending
on the model. Regarding chaotic orbits, we see in Table 7.2 that the predictability
indexes of chaotic orbits can be also different when they belong to different models.
Two orbits can be chaotic, yet one may have a larger index than the other. The
predictability index is linked to the hyperbolic nature of the orbit, and in turn, to
its energy and stiffness of the system. The existence of two or more timescales in
different directions, one quickly growing, one slowly growing, can lead to stiffness,
and the finite-time exponents reflect these expanding/contracting behaviors. In ad-
dition, the predictability indexes depend on the timescales when there is a change
on these behaviors, and the global regime is reached. Different energy values lead
to different dynamical times, so to different timescales.

The involvement of chaotic orbits in galactic models raises the question of the
persistence of these models over the required times [195]. It is known that the
mass in chaotic motion has a different distribution than the mass in regular motion,
and the Lyapunov reliability times of the major part of chaotic orbits are usually
large when compared with the mean dynamical time of galaxies [221]. This means
that the changes in the modelled structures caused by these orbits are small during
Hubble timescales, and the persistence of the models seems to be assured. Typical
computer precision values may be set as δ ∼ 10−16, and following Eq. 5.2, the
returned predictability times assure the goodness of the computations for very long
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Table 7.2. Predictability related parameters for the 2 d.o.f. Hénon-Heiles and Con-
topoulos systems, and for the 3 d.o.f. Milky-Way system.

System Orbit Orbit Type λ 〈Tcross〉 Tmin ∆t h(∆t)

Hénon-Heiles H1 Weakly chaotic 0.015 14.8 10.1 25.1 54.4
Hénon-Heiles H2 Sticky, chaotic asymptotically 0.046 13.9 7.5 11.0 20.9
Hénon-Heiles H2(t < 4000) Regular-like transient n/a 14.6 13.2 19.1 31.7
Hénon-Heiles H3 Regular (close to period 1) 0.0 12.4 11.6 48.3 105.5
Hénon-Heiles H4 Regular (close to period 5) 0.0 12.9 9.7 32.1 69.2
Contopoulos C1 Chaotic 0.093 14.0 13.8 13.9 24.2
Contopoulos C2 Weakly chaotic 0.012 14.5 14.5 17.2 11.9
Milky-Way M1 Regular 0.0 0.5 0.44 0.6 5.03
Milky-Way M2 Chaotic 0.14 0.51 0.04 0.6 1.31
Milky-Way M3 Chaotic 0.099 0.87 0.62 1.01 2.06
Milky-Way M4 Strongly chaotic 5.86 0.23 0.06 0.07 0.18

λ is the asymptotic standard Lyapunov exponent. The notion weak or strong is
associated to the relatively smaller or larger value of λ. 〈Tcross〉 is the averaged
Poincaré section crossing time, and Tmin is its minimum value. ∆t is the finite-
time interval length corresponding to a kurtosis zero-crossing, and h(∆t) is the
corresponding predictability index.

times, in agreement with the above. Regardless of this result, it must be taken
into account that because the exponential dependency of Eq. 5.2, there may be
transients with lower predictability indexes, and values of h ∼ 0.1 lead to extremely
short predictability times.

Finite-time Lyapunov exponents techniques are indeed useful for studying those
transient periods that the dynamics may suffer before ending in a final invariant
state. The distributions can be built using shorter total integration times than those
required for reaching the asymptotic behavior. There is a limitation, however, when
reducing the total integration time, that is the number of finite intervals needed for
having good statistics values derived from the distribution. As ∆t increases, the
number of intervals needed for building a well sampled distribution and a reliable
mean, deviation or kurtosis calculation, also increases.

We have used integration times as long as 105 Gyrs. To integrate over such long
times is a matter of discussion. Using a Hubble constant Ho ∼ 71kms−1Mpc−1 we
have a Hubble time tH ∼ 13.8 Gyr. One can argue about the physical meaning of
using integration times some orders of magnitude larger than tH . Simple simulations
which consider static potentials should be constrained to times about 5Gyr, as we do
not know the evolution of the galaxies beyond than that [122], and long integration
lasting several times the age of the Universe should take into consideration that the
galaxies may have evolved and disappeared at those timescales. But one may argue
that those long integrations can be read as the sum of individual integrations, each
one sized ∆t. Considering that the initial conditions are reset every ∆t, the galaxy
model can be considered valid. Indeed, we have seen in the Milky Way case that
the intervals can be very small in the cases with lower predictabilities. For these
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small lengths, we can use even shorter total integrations times and still get similar
results.

Regarding the selection of the finite-time intervals sizes, we have observed that,
conversely to the dissipative case, the timescales when the deviation vectors leave
the local regime of the flow and begin to evolve under the global dynamics can
be different and smaller than the timescales where the asymptotic regime starts.
When ∆t is large enough, the distributions tend to shrink and center around the
asymptotic value. In early works of [43], the interval length (characteristic time)
for the effective exponents was tH . We have seen that it is possible to use intervals
smaller than tH for gaining insight into the properties of the flow.

The method presented in this chapter indicates the most adequate interval length
for estimating the predictability of a given orbit, independent of their regular or
irregular nature. When there are several dynamical transients, reflected in changes in
the shapes of the finite-time distributions, and consequently, different zero-crossings
in the kurtosis curves, this method returns upper limits to the orbit predictability.

The dynamical times are different depending on the studied orbit and model.
The predictability indexes values can be used for comparing the predictability of
different orbits. They reflect how the shadowing time increases as the precision
in the computations increases. Low predictability indexes lead to short shadowing
times. Selecting an integration scheme and assuring the energy is kept constant in
time (within some small error) does not imply the calculated orbit is shadowed by
a real one beyond certain limits.

The predictability index estimates this shadowing time duration. A given nu-
merical scheme with certain precision can be enough when the shadowing times are
large. But this may be not the case when the shadowing times are shorter. A high
predictability index may indicate that high-precision time-consuming schemes are
not necessary, even for chaotic orbits. Indeed, RK4 integrators provide good results
even for the strongest chaotic orbits seen in the presented meridional potentials.
Conversely, a low predictability index points to the use of more powerful schemes,
as required in the Milky Way model. In a general case, when these indexes are really
small, large increases in precision does not mean large increases in shadowing times,
and one should consider the cost of implementing more complex and time-consuming
schemes.

The percentages of regular and chaotic orbits in the phase space is not only a
function of its spatial location but also a function of the total energy and main
parameters of the model [120], and the amount of chaotic and regular motions in
a given ensemble of initial conditions is related to the forecast of its predictability.
Chaos detection methods based on saturation or averaging return different values as
the the saturation times vary because of the possible evolving presence of different
regions of chaos, moderate or strong [116]. We have estimated the finite-time lengths
to use in the calculation of the h-index, from the analysis of changes in the shapes
of the distributions. When several zero-crossings are present, we have selected the
zero based on the Poincaré section crossing timescales (see Table 7.2). This method
has been applied to regular and chaotic orbits, and the results point to the validity
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of the shadowing times returned by Eq. 5.2 even when the ergodic diffusion model
may not be fully applicable in the regular cases.

Our work has focused on the predictability index as estimator of the accuracy
of an orbit in some time-independent potentials. The time independence of such
potentials allows the trajectories to be either periodic, regular or chaotic (strong or
weak). But the only unsual transitions found are those when a chaotic trajectory
behaves like a regular orbit and requires long timescales to reveal its true chaotic na-
ture. In time-dependant potentials, one can find migrations from chaotic to regular
[121]. Our method is applicable both when there are changes from regular to chaotic
motions, or changes from chaotic to regular motions, as in the time-dependant cases.
This is because the predictability index presented in this chapter derives from solv-
ing the variational equations and detecting changes in the shapes of the finite-time
Lyapunov exponents as the finite-time intervals are increased. The calculation of
the predictability indexes for a set of initial conditions on a given model, and the
analysis of the results as its control parameters vary and these percentages evolve,
is an interesting research topic to extend our results.

We have analysed the predictability of several orbits, weakly or strongly chaotic,
with the notion weak or strong associated to have a relatively smaller or larger value
of the asymptotic Lyapunov exponent λ. A final point to discuss is the possible
applicability of these techniques for the analysis of irregular, yet not chaotic orbits.
Notice that the term weak chaos is not universal, and these dynamical systems
showing irregular dynamics where the separation of nearby trajectories grows weaker
than exponential, implying zero Lyapunov exponents, are sometimes referred as
weakly chaotic systems [97]. 2

In these systems, there is no equivalence between time and ensemble averages.
This weak ergodicity breaking means that a random sampling of the invariant dis-
tribution should not have the same content statistically as a single orbit integrated
for extremely long times. We note here that studies analysing whether the Lya-
punov exponents are zero or not can be useful for distinguishing between chaotic
or not chaotic orbits, but not for distinguishing irregular non chaotic orbits. An
irregular motion is chaotic if it is bounded, the ω-limit set does not merely consist
in connecting arcs and there is at least one asymptotic positive Lyapunov exponent
[4]. Conversely, a regular orbit has vanishing Lyapunov exponents. However,it is
not clear whether an irregular orbit will necessarily have at least a non-zero real
exponent. Although it is generally assumed that irregular orbits and chaotic orbits
are the same in Hamiltonian systems, this has not been proven in general [30]. We
note here our work relies on the characterisation of the predictability of a given
orbit, independent of its chaotic, regular or irregular nature.

2 There are more uses for the term weak chaos. Some papers use this term when there is
a smaller Lyapunov exponent, or two sets of trend values [135]. Others use it when the phase
space dynamics is mainly regular with just a few chaotic trajectories and the dynamics is strongly
dependent, in a very complex way, on the chosen initial condition [48].
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Conclusions

“ Keep Ithaka always in your mind.

Arriving there is what you are destined for.

But do not hurry the journey at all.

Better if it lasts for years,

so you are old by the time you reach the island,

wealthy with all you have gained on the way,

not expecting Ithaka to make you rich.”

-Constantine P. Cavafy

8.1 Conclusions

The results presented in this thesis are of general interest in the field of the analysis of
the predictability of Hamiltonian systems. We have developed some numerical tech-
niques based on the computation of finite-time Lyapunov exponents distributions
to reflect the nature of a given orbit, focusing on its chaoticity and predictability
properties. Contrary to other works, that focus on the reliability time as the inverse
of the asymptotic Lyapunov exponent, thus in the chaotic, or not, nature of the
orbits, we analyse the predictability of the system, understood as a measure of its
shadowing properties.

We have applied those distributions to some representative orbits in two axisym-
metric galactic potentials and in a Galaxy-like model with a triaxial dark halo. We
have analysed in detail the predictability of these orbits, and, because the interdis-
ciplinary nature of the work done, we have also obtained some results in other fields
such as flow dynamics or coupled oscillators dissipative systems.

Here we detail some of the conclusions of this thesis.

8.1.1 Wada basins in the Hénon-Heiles system

We have studied in detail the dynamics of the Hénon-Heiles Hamiltonian in the
range of energy values higher than the escape energy Ee = 1/6, where consequently,
exits are present. We have analyzed the different nature of the orbits and paid
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special attention to the computation of the exit basin diagrams, which show a rich
pattern of fractal structures. The main conclusion has been to show that the Hénon-
Heiles system possesses Wada basins, meaning that any initial condition that is on
the boundary of a basin, is also simultaneously on the boundary of the other two
basins. Furthermore, a detailed summary of the conditions to be verified for a system
to have the Wada property is presented.

8.1.2 Stability and Chaos in open Hamiltonians

We have described how the transient chaos phenomenon in the fluid flow past a
cylinder behaves, when the cylinder is static, rotates, or oscillates. This has been
done using a Hamiltonian formalism that allows the use of the same techniques that
will be applied to the galactic systems.

We have calculated the eigenvalues of the periodic orbits in the wake of the cylin-
der, and the corresponding stable and unstable manifolds. We have also analysed
the time-delay plots of tracer particles. The results are that when the rotation is in-
creased, the chaoticity decreases, but the fractal structures are still seen. Regarding
the oscillation of the cylinder, the chaoticity of the particles nearest to the horizontal
axis decreases. Such trajectories, that experience most of the effect of the vortices
in the static situation, become clearly less complex due to the cylinder movement.
On the contrary, the complexity of the trajectories which are more distant of the
y-coordinate corresponding to the center of the cylinder may increase.

8.1.3 Finite-time exponents in the Hénon-Heiles system

We have analysed the information provided by the distributions of finite-time Lya-
punov exponents in the Hénon-Heiles system. Several prototypical distribution mor-
phologies have been plotted for different energy values.

Shapes well differentiated from the ones described in the literature have been
found as they depend both on the motion type, the interval size and the integration
time.

Our calculations have focused on the use of the smallest interval size, searching
for the stationarity or evolution of the distributions. It has been observed that they
characterize the motion in the different possible cases. The overall shape depends
on the local orbit behavior, as the exponents can be considered specific of a certain
local flow.

Our analysis has focused on a Hamiltonian system, where the chaotic orbits are
ergodic. In this case, the results from generating the distributions from an adequate
ensemble or from a single orbit are equivalent. But by taking the later approach, we
were also able to manage with the distributions of non-ergodic orbits. The results
obtained with this approach should be valid for orbits both in conservative or non-
conservative systems

The previous discussion shows some implications when the physical meaning of
the system is taken into account. As the long integrations required for computing
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the asymptotic Lyapunov exponents have no meaning in a galactic system, since
the universe evolves in a shorter time, it is reasonable to use smaller integrations.
Furthermore, the smallest interval sizes can be used since they characterize the local
behavior.

8.1.4 Predictability in two-degrees-of-freedom Hamiltonian

systems

We have described how the finite Lyapunov exponents and their distributions serve
as valid indicators on the nature of a given orbit even when the initial axes have not
been pointed to any specific direction.

We have seen that the information provided by the first and second exponents,
seems to be the same when computed at very local scales. At larger intervals, but be-
low a given threshold, when axes have been allowed to point to the largest stretching
direction, both exponents still trace the flow local properties, they oscillates around
zero and may trace the UDV. At larger timescales, the linear relationship between
both exponents is lost. We get global (averaged) values for the whole orbit or ap-
plicable domain of initial conditions, reaching the final asymptotic value at different
rates.

We have described how the hyperbolicity index (or predictability index) h varies
when calculated from the largest and closest to zero exponents. For the largest
intervals, they tend to the same value when the shapes as Gaussian-like and they
are calculated from the closest to zero exponent. When calculated from the largest
exponent, they depend on the orbit type.

Noticeably, at the shortest intervals, below the given threshold, of the order of
the Poincaré crossing time, the distributions are not gaussian-like, and the random
walker model may not be fully valid. But both exponents detect UDV, and the
values of h offer different predictability times for every orbit.

8.1.5 Predictability in coupled systems

We have computed the predictability index h of a system formed by two coupled
Rössler oscillators, by using finite-time Lyapunov exponents distributions.

We have noticed the importance of the choice of the finite interval ∆t, because
the distributions shapes depend on ∆t, provided an adequate total sampling time.
The analysis of the appropriate ∆t allows to choose the most suitable integration
scheme, taking into account errors in the initial condition or machine truncation
errors. The timescales derived from the value of the hyperbolicity index h are of
help to make such a choice.

When the finite-time Lyapunov exponents are computed with an initial random
orientation of the ellipse axes, we obtain different predictability indexes depending
on the finite interval length, since their distributions depend on the correlation
times. Here, we have derived h from time intervals providing a Gaussian like density
distribution, thus a reliable h computation.
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In addition to the known fact that the more you integrate the better you can
estimate the asymptotic Lyapunov exponent, we have also seen that using finite-
time distributions and very short time intervals is sufficient for distinguishing the
regions of different predictability behavior.

The presence of oscillations of the closest to zero exponent is an indicator of
nonhyperbolicity. This implies the necessity of the calculation of the several available
exponents, as the identification of the closest one depends on the selected interval,
in addition to the position in the parametric space. We have noticed for the larger
intervals the exponents tend to the global values, the closest to zero points to the
neutral direction and the oscillations may be then difficult of being clearly identified.

Our methods derive from calculating distributions during certain integration
times T of finite exponents. This method does not use global averaged quantities
during long intervals, unless strictly needed. So it can be used for open syste ms
where transient chaos is found, taking care that the total integration time r equired
for extracting information of the distribution is smaller than the trapping time.

8.1.6 The forecast of predictability in galactic models

Finite-time Lyapunov exponents techniques are indeed useful for studying those
transient periods that the dynamics may suffer before ending in a final invariant
state. The distributions can be built using shorter total integration times than those
required for reaching the asymptotic behavior. There is a limitation, however, when
reducing the total integration time, that is the number of finite intervals needed for
having good statistics values derived from the distribution. As ∆t increases, the
number of intervals needed for building a well sampled distribution and a reliable
mean, deviation or kurtosis calculation, also increases.

Regarding the selection of the finite-time intervals sizes, we have observed that,
conversely to the dissipative case, the timescales when the deviation vectors leave
the local regime of the flow and begin to evolve under the global dynamics can be
different and smaller than the timescales where the asymptotic regime starts.

The method we have presented indicates the most adequate interval length for
estimating the predictability of a given orbit, independent of their regular or irregular
nature. When there are several dynamical transients, reflected in changes in the
shapes of the finite-time distributions, and consequently, different zero-crossings in
the kurtosis curves, this method returns upper limits to the orbit predictability.
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tonian”. Phys. Lett. A, 311, 26 (2003).

Internacional J.C. Vallejo, I.P. Mariño, M.A.F. Sanjuán and J. Kurths. “Con-

trolling Chaos in a fluid flow past a movable cylinder”.
Chaos, Solitons and Fractals, 15, 255 (2002).

Internacional J. Aguirre, J.C. Vallejo and M.A.F. Sanjuán. “Wada basins

and chaotic invariant sets in the Hénon-Heiles system”.
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Noviembre 2014.

Conferencia No Lineal 2012, “Halos oscuros y previsibilidad orbital en la
Galaxia”, J.C. Vallejo and M.A.F. Sanjuán. Presentación Oral,
Zaragoza, Junio 2012.

Conferencia 5th International Scientific Conference on Physics and

Control, “Predictability through finite time Lyapunov expo-
nents in two coupled systems”, J.C. Vallejo and M.A.F. Sanjuán.
Presentación Oral, León, Septiembre 2011.

Conferencia IX Reunión Cient́ıfica de la Sociedad de Astronomı́a
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Resumen en Castellano

Introduccion y antecedentes

La Humanidad siempre ha tenido el deseo de comprender el Universo y poder pre-
decir los eventos futuros basándose en observaciones de eventos pasados. Este deseo
ha estado originado en parte por el anhelo de conocer, pero también porque esto
teńıa una finalidad eminentemente práctica. De hecho, muchas veces se dice que
la Astronomı́a es la ciencia más antigua, debido a que el estudio de los ciclos nat-
urales observados en el cielo era imprescindible para el desarrollo agŕıcola de las
civilizaciones.

Al contrario que la mayoŕıa de ciencias experimentales, la Astronomı́a recoge
información de los objetos observados sin tener acceso directo a ellos, ni poder variar
los parámetros básicos del sistema estudiado. Como dificultad adicional, las escalas
evolutivas de estos sistemas suelen ser totalmente distintas de las escalas de tiempo
de vida de los seres humanos. Es por ello que el astrónomo se ve obligado observar
simultáneamente objetos en diversos estadios evolutivos dispersos por el cielo y trata
de establecer la teoŕıa subyacente a partir de estas imagenes ”congeladas”.

Esto último es especialmente cierto en el estudio de la dinámica de las galaxias.
Por lo tanto, un aspecto clave para abordar el estudio de sistemas galácticos es el uso
de simulaciones numéricas. De hecho, tales simulaciones comenzaron desde el mismo
momento en que los ordenadores estuvieron disponibles para el uso cient́ıfico. La po-
tencia de cálculo de estos ordenadores se incrementa continuamente y, hoy en d́ıa, el
uso de las simulaciones numéricas está ampliamente extendido y es una herramienta
básica en el estudio de cualquier modelo galáctico. La confianza en los resultados
procedentes de estas simulaciones está directamente ligada a las propiedades de es-
tabilidad y regularidad de las órbitas consideradas. La tesis realizada se desarrolla
dentro de este ámbito.

Metodoloǵıa

Nos hemos centrado en el análisis de métodos que puedan llevar a una mejor esti-
macion de la bondad de las simulaciones numéricas en el campo de los modelos de
galaxias modeladas por un potencial como función de la distancia al centro de la
galaxia.

Pese a que este tipo de simulaciones se basan en ecuaciones totalmente determin-
istas, muchos de los sistemas modelados presentan sensibilidad fuerte a las condi-
ciones iniciales, esto es, muestran la presencia de caos.

La mayoŕıa de los trabajos previos han caracterizado la presencia de caos usando
los exponentes ordinarios (o asintóticos) de Lyapunov. Este exponente es un indi-
cador que promedia globalmente la caoticidad de un sistema durante tiempo infinito.
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Debido a que este valor asintótico sólo se suele alcanzar tras una convergencia lenta,
se han usado muchos otros indicadores de más rápida convergencia.

Los resultados obtenidos en estos estudios previos muestran como las órbitas
regulares son responsables de la mayor parte de la forma de una galaxia, pero que
hay una fracción no despreciable de órbitas que pueblan zonas no accesible a las
órbitas regulares y pueden explicar algunas estructuras como barras o bulbos, y
también pueden explicar flujos de masa.

El trabajo de esta tesis se centra en el análisis de la previsibilidad de los modelos
usados en estas simulaciones. El concepto de previsibilidad es distinto del concepto
de caoticidad. Mientras que la caoticidad está asociada a la presencia de sensibilidad
fuerte a las condiciones iniciales, la previsibilidad caracteriza si una órbita calculada
numéricamente está suficientemente cerca de una solución real. Cuando esto ocurre,
la órbita calculada conduce a resultado válidos porque refleja propiedades reales del
modelo.

Es decir, un sistema puede ser caótico, pero previsible. Una solución numérica
puede diverger exponencialmente de la solución real debido a una inevitable difer-
encia en las condiciones iniciales, pero, si es previsible, al menos podemos tener
la seguridad de que esta siendo seguida por otra solución real, llamada sombra
(shadow).

La existencia de estas órbitas sombra es una propiedad muy importante que
nos asegura la validez de las simulaciones. Sin embargo, aunque las órbitas sombra
puedan existir, puede suceder que al cabo de cierto tiempo, se alejen de la órbita
numérica. El tiempo entre el inicio de la integración y este instante en el que las
órbitas se alejan se denomina tiempo de seguimiento (shadowing time).

El cálculo de este tiempo habia sido aplicado ya con éxito a simulaciones de N
cuerpos a partir del cómputo de las distancias entre trayectorias. Nosotros esti-
mamos en esta tesis los tiempos de seguimiento por medio del cálculo de las dis-
tribuciones de exponentes finitos de Lyapunov. La motivación para escoger esta
técnica ha sido que puede aplicarse a sistemas en los que los resultados asintóticos
no son de interés o no tienen significado f́ısico. Otra razón para escogerlos es que
nos permiten estudiar comportamientos transitorios del sistema.

El trabajo realizado a lo largo de esta tesis se ha apoyado principalmente en el
cálculo de las distribuciones de exponentes finitos de Lyapunov partiendo de una
condición inicial dada. Pero a lo largo de esta tesis se han usado otras diversas
herramientas clásicas de la dinámica No Lineal y la Teoŕıa del Caos, como son
el estudio de estabilidad de órbitas, cálculo de cuencas de atracción, secciones de
Poincaré, etc...

En un primer momento, los cálculos numéricos necesarios se realizaron con el
software DYNAMICS. Se implementaron entonces los modelos más sencillos en este
paquete de cómputo y se modificó el codigo fuente para añadir la funcionalidad
necesaria correspondiente al cálculo de distribuciones. Sin embargo, este paquete
presentaba algun limitaciones, como la fuerte dependencia de la parte de cálculo
con la parte de presentación gráfica, la dif́ıcil implementación de sistemas de más
de dos dimensiones o a la dificultad de su uso en un entorno de cómputo distribuido
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tipo ”Grid”. Es por ello que, posteriormente, se decidió el desarrollo de un motor de
integración propio. La versión inicial se realizó en IDL, y posteriormente en lenguage
C. Este desarrollo modulariza adecuadamente la selección del motor de integración,
el problema a considerar y los diversos algoritmos computacionales necesarios. Es
con este paquete propio con el que se han realizado la mayor parte de los cálculos
presentados.

Objetivos y Conclusiones

De acuerdo al escenario presentado, el modelado de sistemas galácticos es un
campo interdisciplinar, en el que, junto a las leyes procedentes del campo de la
Astronomı́a, se necesitan herramientas procedentes de la Dinámica No lineal y la
Teoŕıa del Caos.

La investigación realizada en esta tesis ha buscado desarrollar técnicas numéricas
que pudieran caracterizar la bondad de un modelo dado. Esta bondad se refiere
espećıficamente al cálculo de la previsibilidad de modelos galácticos basados en la
descripción de la galaxia por un potencial global dado. Debido a que las galaxias
pueden considerarse sistemas no-colisionales, su dinámica puede modelarse a partir
del conjunto de las trayectorias independientes correspondientes a cada estrella,
sometidas cada una de ellas a un único potencial.

El primer objetivo de esta tesis es el desarrollo de un indicador que caracterice
la previsibilidad de un modelo, independientemente de su naturaleza conservativa o
disipativa. Hemos usado como elemento fundamental el cálculo de las distribuciones
de exponentes finitos de Lyapunov. Hemos calculado estas distribuciones en una
variedad de sistemas dinámicos buscando las limitaciones del método y analizado la
información retornada por estas distribuciones. El trabajo realizado se ha centrado
en el campo de los modelos galácticos. Pero el método es suficientemente general
para aplicarse a sistemas de otros ámbitos, tales como fluidos alrededor de obstáculos
u osciladores acoplados.

El segundo objetivo de esta tesis ha sido el uso de estas distribuciones para
caracterizar la predictabilidad de modelos de galaxias concretos. Hemos estudiado
extensivamente modelos simples basados en potenciales meridionales, pero también
hemos aplicado las técnicas desarrolladas a un sistema realista que modela nuestra
Galaxia.

Cuencas de Wada en el sistema de Hénon-Heiles

El primer caṕıtulo de esta tesis aborda el estudio el sistema de Hénon-Heiles. Es
este un ejemplo paradigmático de Hamiltoniano de dos grados de libertad, que, pese
a su aparente simplicidad, muestra una compleja estructura fractal en el espacio de
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fases. Se realiza aqúı un primer análisis de las estructuras que podemos encontrar en
este sistema Hamiltoniano basado en un potential axi-simétrico. Hemos estudiado
en profundidad este sistema en el rango de enerǵıas mayor que E = 1/6. Hemos
analizado la naturaleza de las diversas órbitas encontradas en el contexto de la
dispersión caótica, prestando especial atención a la cuencas de salida. La principal
conclusión ha sido el mostrar que el sistema de Hénon-Heiles posee cuencas con la
propiedad de Wada, lo que significa que cualquier condición inicial que esté en la
frontera de una cuenca, está simultaneamente en la frontera de otras dos cuencas.
También hemos presentado un resumen de las condiciones para verificar que un
sistema general pueda presentar la propiedad de Wada, lo que es de utilidad como
procedimiento general en sistemas conservativos y disipativos.

Estabilidad y Caos en Hamiltonianos abiertos

Algunas de las órbitas presentes en el sistema de Hénon-Heiles presentan el fenómeno
de caos transitorio, que se da cuando una particula en una trajectoria no confinada
muestra durante un cierto tiempo un comportamiento confinado y caótico. El se-
gundo caṕıtulo de esta tesis aborda el estudio de este fenómeno. El estudio lo
realizamos, no obstante, en un ámbito diferente al de la Astronomı́a. Mediante
la adecuada formulación Hamiltoniana, estudiamos las trayectorias de las ĺıneas de
flujo de un fluido alrededor de un obstáculo ciĺındrico. El uso de este formulación
permite que las técnicas empleadas aqúı sean las mismas que las que aplicaremos
a los sistemas galácticos. Pero hemos de destacar que este problema relativamente
simple tiene un comportamiento dinámico muy rico de interés por si mismo. La mo-
tivación en este caso es el estudio de las circunstancias bajo las que el caos transitorio
puede reducirse o incluso eliminarse.

Hemos adaptado entonces un modelo ya existente de flujo alrededor de un cilin-
dro estático, para modelar el flujo alrededor de un cilindro en rotación o en os-
cilación. Hemos cálculado los autovalores de la matriz Jacobiana como indicadores
de la estabilidad de las órbitas. También hemos trazado las variedades estables e
inestables asociadas a las órbitas periodicas. Y finalmente hemos trazado los dia-
gramas de retraso (delay plots), que indican cómo el grado de rotación u oscilación
del cilindro modifica las propiedades del sistema para una misma condición inicial.
Como conclusión, al incrementar la rotación, se obtiene menos caoticidad, pero
se mantiene cierta estructura fractal en los diagramas de retraso. La oscilación del
cilindro tiene un papel de reducción de la caoticidad para particulas incidiendo cerca
del eje horizontal, pero de aumento para las part́ıculas más alejadas de éste.

Exponentes finitos de Lyapunov en el sistema de Hénon-Heiles

Los exponentes de Lyapunov son una herramienta bien conocida para analizar la
caoticidad de un sistema. En esta tesis nos centramos en la informacion que se ob-
tiene del cálculo de unos indicadores relacionados con éstos, como son los exponentes
finitos de Lyapunov. Cuando construimos las distribuciones de exponentes finitos
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a lo largo de una trayectoria dada, su morfoloǵıa nos sirve como caracterizador de
dicha órbita. Es por ello que en este caṕıtulo analizamos los factores que han de
tomarse en consideración al construir dichas distribuciones y analizamos especial-
mente su dependencia con el tiempo total de integración y con el intervalo finito
considerado. Para ello, trazamos estas distribuciones en un conjunto representativo
de órbitas, y nos centramos en el cálculo de las distribuciones construidas a partir
de los intervalos más pequeños.

Como conclusiones, hemos observado que la forma de las distribuciones per-
mite caracterizar el tipo de órbita, pero que la selección del tamaño del intervalo y
del tiempo total de integracion son claves en los resultados obtenidos. Este último
factor es de especial relevancia para órbitas no regulares. Y, de hecho, nos per-
mite el análisis de los diversos comportamientos transitorios que la part́ıcula puede
tener. Otro resultado interesante es que los resultados son válidos tanto para las
órbitas ergódicas como para las que no lo son. La técnica es válida para sistemas
conservativos y disipativos, y tanto para comportamientos temporales como para
comportamientos globales. Este último aspecto es de especial relevancia dado que
será de utilidad en sistemas galácticos con escalas de tiempo realistas.

Previsibilidad en sistemas Hamiltonianos con dos grados de
libertad

Este caṕıtulo extiende los resultados previos y analiza como vaŕıan los resultados
procedentes de las distribuciones de exponentes de Lyapunov conforme se aumenta
el tamaño de los intervalos considerados. Hemos analizado dos sistemas Hamilto-
niandos basados en potenciales meridionales: el sistema ya visto de Hénon-Heiles
y el sistema de Contopoulos. Este último, pese a ser una versión más simple del
primero, presenta también una dinámica muy rica. Si anteriormente nos focalizamos
en el papel del tiempo total de integración y tamaño del intervalo, ahora estudimos
la relación entre exponentes según aumentamos el intervalo finito.

A consecuencia de que los resultados dependen de de la orientación inicial de los
vectores perturbación cuando usamos los intervalos más pequeños, nos hemos cen-
trado en los resultados obtenidos al construir las distribuciones con una orientación
inicial arbitraria.

Las conclusiones de este estudio han sido que usando los intervalos finitos
más pequeños, los resultados procedentes de los diversos exponentes son similares.
Sin embargo, al aumentar estos intervalos, los resultados pueden cambiar. Debido
al uso de una orientación arbitraria, se puede observar que por debajo de un cierto
tamaño de los intervalos, los resultados reflejan la dinámica del sistema a nivel local.
Pero, cuando el tamaño de los intervalos alcanza escalas temporales que promedian
suficientemente el comportamiento global de la órbita, se observa un cambio en
el comportamiento de las distribuciones. Esto nos lleva a la conclusión de que
podŕıamos estimar estas escalas de tiempo a partir del estudio de las distribuciones.

También hemos introducido en este caṕıtulo la derivación de un ı́ndice de pre-
visibilidad a partir de estas distribuciones. Este ı́ndice es diferente según lo son las
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distribuciones y, por lo tanto, depende de los mismos factores. Sin embargo, hemos
visto que este ı́ndice puede reflejar las propiedades de previsibilidad correspondi-
entes al tipo de órbita considerada usando intervalos finitos de tamaño adecuado,
inferior a las escalas necesarias para alcanzar distribuciones de Gauss y considerar
el modelo subyacente formalmente válido. Estos son los resultados que ampliamos
en los siguientes caṕıtulos.

Previsibilidad en sistemas acoplados

Los sistemas galácticos realistas son sistemas de tres grados de libertad. Extendemos
en este caṕıtulo el cómputo de las distribuciones a estos sistemas. Como modelo
a estudiar, usamos dos osciladores Rössler acoplados. De este modo, no solamente
estudiamos un sistema de 6 dimensiones, sino que también abordamos el problema
de la aplicación de las técnicas previamente descritas a un sistema disipativo.

Hemos visto la importancia del cálculo de las distribuciones correspondientes a
cada uno de los exponentes posibles, y la identificación del exponente más próximo
a cero, ya que es el que mejor refleja las oscilaciones alrededor de este valor.

El objetivo principal de este caṕıtulo es obtener el ı́ndice de previsibilidad a
partir de las distribuciones de exponentes finitos orientados arbitrariamente y de-
terminar la dependencia de los resultados con los intervalos considerados. Como
conclusión, se observado que existe un tamaño de intervalo a partir del cuál al-
canzamos la dinámica global y permite caracterizar ésta mediante las distribuciones
del ı́ndice más cercano a cero, debido a que las oscilaciones alrededor de este valor
reflejan la dinámica compleja del sistema. Otro resultado de interés es que de-
bido a la naturaleza disipativa del sistema, las escalas de tiempo a considerar (esto
es, los intervalos finitos) son los mismos para las diversas trayectorias dentro del
mismo atractor. Estos resultados han permitido el trazado de diagramas de previs-
ibilidad en el espacio de parámetros. También se han correlacionado las zonas de
menor previsibilidad con las posibles fuentes de éste comportamiento no hiperbólico:
hipercaoticidad y variabilidad en el inestabilidad dimensional.

Predicción de la previsibilidad en modelos galácticos

El caṕıtulo final recoge las ideas y técnicas descritas anteriormente para comparar los
resultados en una conjunto representativo de órbitas de sistemas galácticos. El obje-
tivo de esta parte de la tesis consiste en comprobar como el ı́ndice de previsibilidad
obtenido de las distribuciones de exponentes finitos puede ser aplicado a sistemas
conservativos en los que el tamaño cŕıtico de los intervalos es diferente para cada
órbita. Para ello, se han construido las distribuciones correspondientes a trayecto-
rias de comportamiento regular e irregular, muestreando los diversos tamaños de
intervalos y observando los cambios en sus morfoloǵıas.

Hemos llevado a cabo este análisis primero en los dos sistemas ya estudiados
en caṕıtulos anteriores, el sistema de Hénon-Heiles y en el sistema de Contopoulos.
Posteriormente, la misma técnica ha sido aplicada a un sistema mucho más realista,
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que modela nuestra propia Galaxia.
La conclusión principal que hemos obtenido ha sido que a partir del progresivo

cambio en la morfoloǵıa de las distribuciones, podemos estimar el tamaño del in-
tervalo propio de la trayectoria que refleja el comportamiento global de la órbita, y
derivar posteriormente un indicador de la previsibilidad usando este intervalo. Esto
es, el modelo subyacente de difusión del que se deriva la obtención del ı́ndice de
previsibilidad no es solamente aplicable a órbitas ergódicas en sistemas disipativos,
sino que puede retornar resultados válidos en sistemas conservativos y órbitas reg-
ulares. Las escalas de tiempo en las que los vectores perturbación abandonan el
régimen local para evolucionar con la dinámica global dependen del tipo de órbita
considerada y pueden ser más pequeñas que las escalas necesarias para alcanzar el
comportamiento asintótico.

Como consecuencia, otra interesante conclusión es que esta técnica basada en el
uso de exponentes finitos puede caracterizar no sólo el comportamiento asintótico
de una trayectoria dada, sino también el de un transitorio determinado. Esto es de
especial interés para el análsis de modelos galácticos en los que las integraciones a
escalas de tiempo muy grandes pueden no tener significado f́ısico.


