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en sistemas de dispercion caótica. Un agradecimiento especial al profesor Grzegorz
Litak del Department of Applied Mechanics, Lublin University of Technology, por
su invitación para visitarle y su colaboración en algunos trabajos.

Gracias también a mis queridos compañeros del grupo de investigación en
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Preface

“Look deep into nature, and then you will

understand everything better.”

-Albert Einstein, (1879-1955)

The present work represents my Thesis, which has been carried out during the
years in the research group on Nonlinear Dynamics, Chaos Theory and Complex
Systems of the URJC. It touches two main topics, the first one is control of chaos
and the second one energy harvesting both from the point of view of Nonlinear
Dynamics. In order to introduce my work properly, I provide a global introduction
of the systems that I have used in my research and their properties. Then, the
main body of this work is formed by the articles that I have written. This Thesis is
arranged as follows:

Chapter 1. Introduction
The introduction includes the description and the main properties of the systems

that have been studied along my PhD. The first one is the Hénon-Heiles system as
a paradigm of Hamiltonian system in nonlinear dynamics. The main characteristic
that we have exploited is that the Hénon-Heiles Hamiltonian can give birth to chaotic
scattering. The second one is the Duffing oscillator as a model of a bistable system.
The last one is a real oscillator that can show a double-well or a single-well potential,
by changing a simple physical parameter.

In Chapter 2, the partial control method is applied to control transient chaos. In
Chapter 3, it is analyzed how an external perturbation, be it dissipative or periodic
forcing with a random phase, can enhance or mitigate the unpredictability of a
system that exhibit chaotic scattering. In Chapter 4, the phase control is applied
to a mechanical system. In the second part of the work systems coupled with
circuits that can generate electrical power from environmental energy due to external
vibrations are analyzed. In Chapter 5, it is studied the effect of the vibrational
resonance phenomenon on the displacement of the oscillator and as a consequence
the electrical power response increases. In Chapter 6, the vibrational resonance is

vii
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provoked by tuning a mechanical parameter of the system for different scales of the
forcing amplitudes and frequencies. Then, the effect of this phenomenon on the
space of the forcing is studied by using a gradient map.

Chapter 2. Partial control in celestial mechanics
The partial control technique has been applied to the Hénon-Heiles hamiltonian

with an energy above the critical one showing possibilities to escape the action of
the potential. The main idea is to trap a particle inside the potential with a control
smaller than the noise that affects the system. Also, a statistical analysis about
the relation between the continuous noise that affect a trajectory and its discrete
representation on a Poincaré map is carried out.

Chapter 3. Control of unpredictability in celestial mechanics
A study on the effects of external perturbation, such as a dissipation or a periodic

forcing with a random phase, on the predictability of a system that exhibit chaotic
scattering has been developed. In fact, the presence of Wada basins can affect the
predictability of the system. The relation between damping and forcing is found
in order to permit to set up in the right way the dissipation and reduce the unpre-
dictability induced by the forcing. In other words, the dynamics of the system have
been investigated in order to gain knowledge able to control the unpredictability
due to the Wada basins.

Chapter 4. Phase control in a mechanical system
The phase control technique has been applied on a nonlinear mass-spring model

with non-smooth stiffness, by using a periodic perturbation of a suitable phase ϕ.
The model taken into account is a double-well potential with an additional linear
spring component, which acts into the system only for large enough displacements.
To analyze the behavior of the system, with and without control, numerical com-
putations and analytical methods, such as the Melnikov analysis, have been carried
out.

In the second part of the Thesis, the research deals with systems for energy
harvesting. This means systems capable to transform environmental energy, here
the vibrational kinetic energy, into electrical energy.

Chapter 5. Vibrational resonance in energy harvesting
The effects of the vibrational resonance on a double-well Duffing oscillator for en-

ergy harvesting have been studied. The vibrational resonance phenomenon happens
when the response of a system driven by a high and a low frequency forcings reaches
a maximum and then decrease for a certain range of the high frequency forcing.
In particular, the vibrational resonance phenomenon can enhance the displacement
of the oscillator that is related with the electrical response. In other words, the
response of a harvester has been raised in order to collect more electrical energy.
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Chapter 6. Optimization response in energy harvesting system
Can the vibrational resonance phenomenon be induced by an experimental me-

chanical parameter in a double-well oscillator driven by two forcings? This is the
question that the last chapter wants to answer. Also, an analysis of the main elec-
trical power produced for different values of the forcing amplitudes is carried out by
drawing a gradient map, in which every point of the forcing plane is associated to
different amount of power.

Conclusions 7.
The Thesis ends summarizing the main results.
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Chapter 1

Introduction

“In all chaos there is a cosmos, in all disorder a

secret order.”

-Carl Jung, (1875-1961)

1.1 Chaos and order

Most traditional science deals with supposedly predictable phenomena like gravity,
electricity, or chemical reactions. Until the end of the 19th Century, science was
based on the principle of the determinism which is the belief that every action is
the result of preceding actions. It began as a philosophical belief in Ancient Greece
thousands of years ago and was introduced into science around 1500 A.D. with the
idea that cause and effect rules govern science. Sir Isaac Newton and Galileo Galilei
were closely associated with the establishment of determinism in modern science.
Their laws were able to predict systems very accurately. They were deterministic at
their core because they implied that everything that would occur would be based
entirely on what happened right before.
On the other hand chaos theory deals with nonlinear dynamics, that are more unpre-
dictable and difficult to control. It teaches to expect the unexpected. We can find
nonlinear systems and model all around us, in very different field like turbulence,
weather, the stock market, our brain states, and so on. These phenomena are often
described by fractal mathematics, which are able to capture the infinite complexity
of nature. Many natural objects exhibit fractal properties, including landscapes,
clouds, trees, organs, rivers etc, and many of the systems in which we live exhibit
complex, chaotic behavior. Recognizing the chaotic, fractal nature of our world can
give us an insight of the interdisciplinarity of the chaos theory. To better understand
what is the focus of this theory it is interesting to define the theory itself. In fact,
the first dictionary definition of chaos is turmoil, turbulence, primordial abyss, and
undesired randomness, but in science the word chaos defines a system extremely
sensitive to initial conditions. Chaos also refers to the question of whether or not it
is possible to make good long-term predictions about how a system will act.

1



2 Chapter 1. Introduction

1.1.1 Useful concepts and basics ideas of Chaos

In this section, we introduce some basic and useful concepts related to Chaos, which
will be important along this work:

The Butterfly Effect: This effect grants the power to cause a hurricane in China
to a butterfly flapping its wings in New Mexico [1]. It may take a very long
time, but the connection is real. If the butterfly had not flapped its wings at
just the right point in spacetime, the hurricane would not have happened. A
more rigorous way to express this is that small changes in the initial conditions
lead to drastic changes in the results.

Unpredictability: Because we can never know all the initial conditions of a com-
plex system in sufficient (i.e. perfect) detail, we cannot hope to predict the
ultimate fate of a complex system [2]. Even slight errors in measuring the
state of a system will be amplified dramatically, rendering any prediction use-
less. Since it is impossible to measure the effects of all the butterflies in the
World, accurate long-range weather prediction will always remain impossible.

Order/Disorder: Chaos is not simply disorder. Chaos explores the transitions
between order and disorder [2], which often occur in surprising ways.

Mixing: Turbulence ensures that two adjacent points in a complex system will
eventually end up in very different positions after some time has elapsed [3].
Examples: Two neighboring water molecules may end up in different parts of
the ocean or even in different oceans. A group of helium balloons that launch
together will eventually land in drastically different places.

Feedback: Systems often become chaotic when there is a feedback present [4]. A
good example is the behavior of the stock market. As the value of a stock
rises or falls, people are inclined to buy or sell that stock. This in turn further
affects the price of the stock, causing it to rise or fall chaotically.

Fractals: A fractal is a never-ending pattern [5]. Fractals are infinitely complex
patterns that are self-similar across different scales. They are created by re-
peating a simple process over and over in an ongoing feedback loop. Driven
by recursion, fractals are images of dynamical systems, thus we could call
them the pictures of Chaos. Geometrically, they exist in between our familiar
dimensions.

This Thesis is focused on the application of chaotic aspects in problems related
to two principle arguments. The first one deals with the motions of celestial objects,
that is, celestial mechanics. The second one is more engineering orientated, in
particular to the study of mechanical systems.
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1.2 Celestial Mechanics and Chaos

First of all, talking about celestial mechanics and chaos it is important to cite the
work of Poincaré. More than one hundred years ago, he published a memoir (1890)
describing the work for which he had been awarded one of the several mathematical
prizes offered by King Oscar II of Sweden. This work addressed the stability of the
solar system. He focused on a simplified model situation: the restricted three-body
problem. His 270 pages paper constitutes the first textbook in the qualitative theory
of dynamical systems, in which he shows that the dynamics become extremely com-
plicated when you add to the keplerian two-body problem the gravitational influence
of a third body. We have to wait the middle of the 20th Century and the improve-
ment of the numerical computation to have a big development of his pioneering work.
In fact, it is only during the last three decades that the science of nonlinear and
chaotic dynamics has had a spectacular expansion. Many important and new ideas
and tools appeared in the literature, helping to give a deeper understanding of the
role of order and chaos in dynamical systems. One of the most fruitful applications
of these ideas and tools has been in the field of Dynamical Astronomy, namely in
galactic dynamics and in the dynamics of the solar system. There are, basically, two
very different approaches in Dynamical Astronomy. The first one deals mainly with
regular phenomena, i.e., periodic and quasi-periodic motions, and the other with
nonlinear phenomena, i.e., chaotic motions. The latter are a general characteristic
of nonintegrable dynamical systems. In particular, we call chaotic systems those
showing chaotic domains in the phase space, but possibly also ordered domains. In
other words, a system is close to be integrable if its chaotic domains are small and
conversely it is close to be chaotic if its ordered domains are small. As regards the
noncompact systems (i.e. systems with escapes) may be integrable or nonintegrable.
In the latter case we have the phenomenon of chaotic scattering.

1.2.1 Systems with chaotic scattering

Particles inside a potential is quite common in nature and when it happens, we
say that a dynamical system has, at least, an escape whenever this particle crosses
a certain boundary and never comes back. This boundary is characteristic of the
specific potential or massive objects. The subject of escapes has become fashionable
and attracted much interest in the last years; for instance, in galactic dynamics (see
Ref. [6]) and in the three-body problem (see Ref. [7, 8]). In fact, the literature about
systems with escape is rich (e.g. Ref. [9] and e.g. Refs. [10, 11]). The particular
problem of chaotic scattering is closely related with the systems that show escapes.
Chaotic scattering is a physical phenomenon that can be seen as a manifestation
of transient chaos [12]. From a general point of view, we can define a scattering
problem as the problem to obtain the relationship between some input variables,
that characterize an initial condition for some dynamical system, and some output
variables, that characterize the final state of the system [13]. A typical scattering
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process is described by a hamiltonian of the form

H(q, p) = H0(q, p) + V (q) (1.1)

which becomes a free hamiltonian H0 at a large distance, that is, when the potential
vanishes, so that V (q) → 0, as q → ∞.

Figure 1.1. Picture of a typical scattering process in physics. The dashed curve denotes
the scattering region. The transient chaos is observed in the trajectory inside the scattering
region.

It should be useful a brief explanation of the dynamics in chaotic scattering. One
of the simplest examples of this problem deals with the motion of a particle in a
potential V (r), where r = (x, y, z) is the position vector in which r plays the role of q
according to the previous notation, for which V (r) is zero outside some finite region
from the scattering influence. The particle moves along a straight line sufficiently far
from the scattering region. Then, that particle moves towards the scattering region
from outside it and interacts with the scatterer leaving the scattering region. This
phenomenon can be seen in Fig. 1.1. The incident particle has a velocity parallel
with respect to the x-axis at a vertical displacement y = b. After interacting with
the scatterer, the particle moves off to infinity with its velocity vector forming an
angle, which can be called ϕ, with respect to the x-axis. The quantities ϕ and b
are the scattering angle and the impact parameter, respectively. One of the key
problems in scattering phenomena is to investigate the character of the functional
dependence between ϕ and b. The interesting point is that this relationship is
qualitatively different for the cases where the dynamics in the scattering region is
chaotic or nonchaotic.

Basic concepts in chaotic scattering

An introduction to the basic concepts of chaotic scattering can be useful.

Scattering region. The region in a physical space in which the particles interact
with the potential or the massive object.

Escape time. The time that a particle spends in the scattering region, once it has
been shot towards it from outside, before escaping to infinity. This is also
called the delay time.
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Differential cross section. This is a fundamental characteristic of any scattering
process; it is a hypothetical area which describes the likelihood of the particles
to be scattered.

Lyapunov orbit. It is an unstable orbit, located at every opening. Any particle
crossing a Lyapunov orbit outwards escapes from the system and never returns
to the origin (see, for instance, Ref. [14]).

Basins of attractions and exit basins. The basin of attraction is a set of initial
conditions that leads to an attractor or fixed point [15] (in that case the fixed
point is a stable point). In the same way, we define the exit basin [16] as the
set of initial conditions that lead to a certain exit. A typical picture of this
kind of structure is plotted in Fig. 1.2.

Stable and unstable manifolds We define stable and unstable manifolds of steady
states and periodic orbits of smooth dynamical systems according to [17]. The
stable manifold of steady states or periodic orbits is the set of points x that
approaches the steady states or the closed curve traced out by the periodic
orbit. Similarly, the unstable manifold of a steady state or periodic orbit is
the set of points x that approaches the steady state or the closed curve traced
out by the periodic orbit, assuming invertibility if we are dealing with a map.
Typically they are denoted by W s (the stable manifold) and W u (the unstable
manifold).

Figure 1.2. The figure shows the exit basins. Each color denotes the exit through
which trajectories with that initial condition escape: exit 1 (blue, (y → +∞)), exit 2 (red,
(y → −∞, x → −∞)) and exit 3, (yellow (y → −∞, x → +∞)). The figure is painted in
the Poincaré section (y, ẏ).
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Hénon-Heiles Hamiltonian

In order to show the main properties of systems with chaotic scattering we will
choose as a prototype model, the Hénon-Heiles Hamiltonian [18], that is one of the
first examples of a very simple system with possible highly complicated dynamics,
in particular is used in Chapters 2 and 3. It is written as

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3, (1.2)

where the first two terms are the kinetic energy with the particle mass equal to one
and the last three terms are the potential V , which is responsible of the shape of
the potential wells.
The Hénon-Heiles Hamiltonian has been the subject of extensive studies, in partic-
ular for energies below the escape energy Ee, where there are no exits.

Figure 1.3. Figure (a) represents the isopotential curves of the Hénon-Heiles system for
different values of the energy, in which both bounded and unbounded motions can take
place. Figure (b) plots the isopotential curve with the energy E = 0.21.

For the energy Ee = 1/6, the equipotential line is an equilateral triangle, and
that is the limit energy at which the motion is bounded as shown in Fig. 1.3(a). On
the other hand, if the energy is higher than this threshold value, the system presents
three exits with a 2π/3 rotation symmetry, from which the trajectories may escape
and go to infinity. Due to the symmetry of the system, the three exits are: exit
1 (y → +∞), exit 2 (y → −∞, x → −∞) and exit 3 (y → −∞, x → +∞), as shown
in Fig. 1.3(b).

1.3 Mechanical systems

A mechanical system manages power to accomplish a task that involves forces and
movement. Mechanical is derived from the Latin word machina, which in turn de-
rives from the Ionic Greek word µηχανή (mechane) “contrivance, machine, engine”.
In the dictionary is possible to find the following definition: a system of elements
that interact on mechanical principles. A mechanical system consists of a power
source and actuators that generate forces and movement, a system of mechanisms
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that shape the actuator input to achieve a specific application of output forces and
movement, and a controller with sensors that compares the output to a performance
goal and then directs the actuator input. In this Thesis we take into consideration
systems like the Duffing oscillator or similar, as prototypes of more complex mechan-
ical systems.

1.3.1 Motion in potential fields

Perhaps the most familiar system that illustrates the concepts of kinetic and poten-
tial energy is the pendulum equation

ẍ+ k sin x = 0, (1.3)

where x is the angle of the pendulum rod from the vertical position and k is the
positive constant k = g/l, where l is the length of the pendulum rod and g is the
acceleration of gravity. We will set k = 1 to simplify our analysis. We are assuming
no damping and no external forces aside from gravity. The pendulum equation 1.3
is a special case of the more general equation

ẍ+
∂V

∂x
= 0, (1.4)

governing motion in a potential field. This is another way of viewing Newtons second
law of motion, that states that acceleration is proportional to the force, which is
the negative of the gradient of the potential field. The potential energy field of
the pendulum equation with k = 1 is a series of potential wells whose minima are
spaced at 2nπ for all integers n, shown in the first graph of Fig. 1.4. The phase plane
solution at a given energy level E is depicted in the second graph of Fig. 1.4. In the
third graph of Fig. 1.4 we illustrate a typical single-well potential energy function.
Solutions to single-well potential problems in the absence of damping are periodic
orbits. Adding damping and periodic forcing to the pendulum equation gives

ẍ+ δθ̇ + sin θ = γ cos t, (1.5)

where δ is the damping and γ the amplitude of the forcing. Energy is no longer
conserved. The effect of the damping is that the total energy decreases along orbits.
Typical orbits will move progressively slower and stop at the bottom of the energy
well. The effect of the forcing is essentially the opposite.

The Duffing oscillator

It is important to stress that most of the authors use the Duffing equation, schemed
in Fig. 1.4, to describe mathematically the dynamic behavior of nonlinear oscillators.
The model is broad because its potential field is a composition of two symmetric
opposed effects. The differential equation of the oscillator is given by

ẍ+ δẋ+ αx+ βx3 = γ cosωt (1.6)
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where x is the transverse displacement of a beam tip, δ is the damping ratio, α
controls the size of the stiffness, β controls the amount of non-linearity in the restor-
ing force and γ and ω are respectively the forcing amplitude and frequency. The
potential energy field is given by α x + βx3. The equation describes the motion
of a damped oscillator with a more complicated potential than in simple harmonic
motion (which corresponds to the case δ = β = 0); in physical terms, it models, for
example, a spring pendulum whose spring’s stiffness does not exactly obey Hooke’s
law, like the system that is studied in Chapter 4. For α < 0, the Duffing oscillator
describes the dynamics of a point mass in a double-well potential, and it can be
regarded as a model of a periodically forced steel beam which is deflected toward
two magnets as shown in Fig. 1.5, [19, 20]. It is known that chaotic motions can
be observed in this case, so that the Duffing equation is an example of a dynamical
system that exhibits chaotic behavior. Moreover the Duffing system presents in the
frequency response the jump resonance phenomenon that is a sort of frequency hys-
teresis behavior. When there is no damping (δ = 0) or forcing (γ = 0), the Duffing
equation can be integrated as

E =
1

2
ẋ2 +

α

2
x2 +

β

4
x4 = cst. (1.7)

Therefore, in this case, the Duffing equation is a hamiltonian system. The shape
of E(t) for β > 0 is shown in Fig. 1.6, and it can be observed that E is a single-well
potential for α > 0, while it is a double-well potential for α < 0. In the first case
δ = 0 the trajectory of x = (x, ẋ) moves on the surface of E keeping E constant.
When δ > 0 the trajectory of x moves on the surface of E so that E decreases
until x converges to one of the equilibria where ẋ = 0. In Chapter 5 we study a
vertical elastic beam with a double-well potential subjected to biharmonic kinematic
excitations, modeled by the Duffing oscillator.

In both celestial and mechanical systems, different techniques in order to control
the chaotic behaviors have been applied.

1.4 Control of chaos

Chaotic behavior appears in many different contexts in a broad class of dynamical
systems, either natural systems or man-made devices useful in science and technol-
ogy. In general, chaos is an unwanted feature and as a consequence several control
schemes have been devised in recent years, referred to in different ways as control-
ling chaos, suppressing chaos, or taming chaos. In any case, the goal of all these
methods is to obtain a stable periodic orbit from a chaotic one by applying a small
and accurately chosen perturbation to the system [21]. The methods used to con-
trol chaos have been traditionally classified in two main groups: feedback methods
and non feedback methods [22], according to the way they interact with the sys-
tem. Feedback methods of chaos control, OGY being the most representative [23],
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Figure 1.4. This figure shows the comparison between the simple harmonic oscillator
and the Duffing oscillator.

Figure 1.5. The figure shows a model of a periodically forced steel beam which
is deflected toward two magnets. The system can be modeled as a double-well Duffing
oscillator for α < 0. Also, the figure plots the scheme of the harvester considered in
Chapter 5. It is possible to appreciate the ferromagnetic beam, the two magnets, the
piezoelectric patch (PZT), the coupled circuit, with the resistance R and the x axis of the
beam displacement.
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Figure 1.6. This figure plots the shape of E and schematic trajectories of the Duffing
oscillator in the (x, ẋ, E) space for β > 0.

attempt to stabilize the chaotic system in any of the unstable periodic orbits that
lie in the chaotic attractor. However, in experimental implementations, the appli-
cation of a fast and adequate state-dependent perturbation to the system that they
require, cannot usually be provided. In such cases, non feedback methods might
be more useful. Non feedback methods have been mainly used to suppress chaos
in periodically driven dynamical systems. Now, the methods applied in this Thesis
will be introduced.

1.4.1 Partial control

One of the most important phenomena found in nonlinear dynamics is transient
chaos [13]. The main characteristic of a system showing transient chaos is that
almost all the trajectories passing through a square Q in the phase space behave
chaotically for a while before eventually leaving it. The topological structure inside
Q that causes this behavior is a zero measure set known as a chaotic saddle. This
situation arises in dynamical systems that act like a horseshoe map on a given square
Q, a situation that is typically related to the existence of transverse homoclinic in-
tersections [24], which are quite common in nonlinear dynamical systems. There are
several contexts in science and engineering where it would be desirable to make this
transient chaotic behavior permanent. In mechanics for example, the preservation
of transient chaos can prevent the appearance of undesired resonances. In lasers, it
has been shown that maintaining transient chaos can help one to avoid undesired in-
tensity peaks. In engineering, it is known that the thermal pulse combustor operates
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chaotically, but when one tries to achieve high efficiency this can destroy the chaos
and cause flameout. In population dynamics, the transition from transient chaos to
periodicity is usually related to pathological situations (extinctions). These are ex-
amples that can be found in the techniques that have been proposed in recent years
to achieve the goal of preserving transient chaos [25, 26, 27, 28]. But two important
issues must be addressed to solve this problem: one is the repulsive nature of the
chaotic saddle and the other is the environmental noise present in many physical
situations, which typically makes the orbits escape even faster (although in some
cases, noise can slow down the escape process; see [29]). Recently, an advantageous
feedback technique was proposed for this type of situation, referred to as the partial
control technique [30, 31]. A remarkable achievement of the partial control technique
is that it allows us to control the system even when the amplitude of the corrections
applied to the trajectories (the control) is smaller than the maximum deviation of
the trajectories from their deterministic path due to the presence of environmental
noise. The basic ingredient for obtaining this somehow counterintuitive result is the
use of certain sets referred to as safe sets [30] in Q. These sets have certain par-
ticular geometrical properties that are related to the typical stretching and folding
action of the horseshoe-like mapping of Q. This advantageous control technique
has been applied to well known physical models such as the bouncing ball map [32]
and a system with fractal basin boundaries [33]. This technique has also been used
to make permanent chaotic some transient chaotic one-dimensional maps [34, 35].
In the case of a three-disc open billiard, this technique is used by applying small
perturbations each time the trajectory of the systems hits one particular disc, which
causes the trajectory to stay inside the billiard forever. An overview of the method
can be found in [36]. Therefore in the Chapter 2, we apply the technique to an open
hamiltonian, the Hénon-Heiles system, about which we speak in 1.2.1. We applied
a generalization of the safe sets: the extended safe sets. We have calculated them
discarding points from another important family of sets, the escape time sets inside
Qt, that corresponds to points in the square that escape from it under different
numbers of iterations. We show here how these extended safe sets also allow one
to keep trajectories inside Q with a control smaller than noise. Our results imply
an important step forward in two interesting issues: the detection of extended safe
sets in dynamical systems and its generalization to higher dimensional dynamical
systems.

1.4.2 Effects of external perturbations

In Chapter 3 we will focus on the problem of chaotic scattering when the system
is subjected by weak perturbations typical in nature as dissipation or noise with
the introduction of a small forcing. The introduction of these elements can change
drastically the behavior of the trajectories [37, 38, 39]. In particular the noise can
help the particle to leave the scattering zone or not depending by the intensity of
the noise itself and the initial conditions. The noise can assume different forms,
can be a gaussian add of the equations of the motion, like in Chapter 2 or can be
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bounded and function of the forcing, like in Chapter 3. In the first case the noise is
introduced in a natural way as follows :

ẍ+ x+ 2xy = Dξ(t) (1.8)

ÿ + y + x2 − y2 = Dη(t),

where ξ(t) and η(t) are unit Gaussian random processes and D is the noise intensity.
Note that D = 2σ2, where σ is the standard deviation of the noise acting on our
system. We can see in Figs. 1.7(a) and 1.7(b) respectively, how the trajectory of a
particle starting in the same initial condition changes. Evidently, the introduction
of noise can change the dynamics of the system in a drastic way.

Figure 1.7. Figure (a) shows a typical trajectory of a particle, without noise, inside
the Hénon-Heiles potential we used. The continuous escape time for this trajectory is
93, while the discrete escape time is 27, namely the trajectory cross the Poincaré section
27 times. Figure (b) shows a typical trajectory affected by the noise, D = 10−4 . The
continuous escape time for this trajectory is 14, while the discrete escape time is 3, namely
the trajectory crosses the Poincaré section 3 times. In both pictures the particle starts its
trajectory inside the scattering region, at the initial point (x0, y0) = (0, 0.1) with an angle
θ = π/2 and leaves it after some bounces against the potential walls.

In the second case the forcing is defined as f × cos[Ωt+ σB(t) + γ] where

B(t) = (
√

−4D log(r1) sin(2πr2)), (1.9)

is the gaussian noise with the standard deviation σ =
√
4D. It affects the trajectory

only with little oscillation that depend by the amplitude of the forcing f , and the
fluctuation of the function cos[Ωt + σB(t) + γ], as we can see in Figs. 1.8(a-d).
On the other hands, the dissipation can generate trajectories that never leave the
scattering zone, depending by the intensity of the damping and the initial conditions,
see Fig. 1.9. The forcing normally helps the trajectories to leave the system and it
opposes the effect of the dissipation. Therefore in chapter 3 we study, with the help
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Figure 1.8. Figures (a-b) represents respectively the noise and the forcing intensity for
f = 0.04 and D = 10−6. Figures (c-d) plot the noise and the forcing intensity for f = 0.04
and D = 10−2.

of the exit basins and the escape time distributions, how an external perturbation,
be it dissipation or periodic forcing with a random phase, can enhance or mitigate
the unpredictability of a system that exhibit chaotic scattering.

1.4.3 Phase control

The control method that we have used in Chapter 4 is a nonfeedback method.
Among these kind of methods a wide and important class is represented by those
dissipative nonlinear oscillators whose general equation of motion may be written
as

ẍ+ δẋ+
dV

dx
= F cos(ω t), (1.10)

where δ is the damping coefficient, V (x) is the potential function responsible for the
restoring force acting on the system, and F cos(ωt) is an external periodic forcing.
When V (x) is the double-well potential, this equation represents the well known
Duffing oscillator. For this particular case and in absence of forcing and dissipation
(F = 0 and δ = 0), the phase space has at least one homoclinic point at (0, 0). Thus,
under a suitable combination of external driving F and dissipation δ, the phase space
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Figure 1.9. The Figure shows a typical trajectory of a particle, with damping inside
the Hénon-Heiles potential.

presents transverse homoclinic points that may lead the system to a chaotic state.
The key idea of these nonfeedback methods is to apply a harmonic perturbation
either to some of the parameters of the system or as an additional forcing, and its
effectiveness is shown numerically and experimentally in several papers [40, 41, 42,
43, 44]. In one of these papers [44], it was observed that the phase difference ϕ
between the main driving and the perturbation had a certain influence on the global
dynamics of the system, but in general the role of ϕ had been overlooked in the
literature. However, [45, 46] showed that ϕ influences drastically the global dynamics
of the system. They proposed a control scheme that makes use of this property where
ϕ acts as the control parameter: the phase control of chaos. We shall also point out
that some theoretical efforts have been undertaken in order to understand the role of
the harmonic perturbations, although essentially focused on how they contribute to
frustrating transverse homoclinic orbits and then suppressing chaos [47, 48, 49, 50]
in the context of Melnikov theory. In Chapter 4 we present a novel experimental
implementation of the phase control scheme by using a nonlinear mass-spring model
with non-smooth stiffness. The system consists in the double-well Duffing oscillators
with an additional spring component acting into the system only for large enough
displacements. Our aim is to provide a more complete characterization of this type
of chaos control in non-smooth systems problems. Two possible implementations of
phase control of chaos are sketched in Fig. 1.10. For convenience we have decided
here to explore the case in which a parametric perturbation is used (as in Fig. 1.10b).

In the last part of the Thesis, a discussion on some results about production of
electrical energy from environmental energy, i.e., energy harvesting, is carried out.
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Figure 1.10. Two possible implementations of phase control of chaos in a Duffing
oscillator, (a) as an additive perturbation and (b) as a parametric perturbation.

1.5 Energy harvesting

Energy harvesting studies the conversion of ambient energy present in the environ-
ment into electrical energy. In principle, it is similar to large-scale renewable energy
generation, so as solar or wind power, but applied to a very different scale. In fact,
large-scale power generation is used to generate megawatts of power, energy har-
vesting typically generates micro- or milli-watts, i.e. much smaller power generation
systems. The development of energy harvesting found its roots in the proliferation
of autonomous wireless electronic systems. A classic example of such systems are
wireless sensor nodes which combined together form wireless sensor networks.

Each sensor node typically comprises a sensor, processing electronics, wireless
communications, and power supply. As the word wireless suggests the devices can-
not be plugged into a main supply, so that power has to be provided locally. Typ-
ically such a local power is provided by a battery, which contains a finite supply
of energy and requires periodic replacement or recharging. This may be good for
individual deployments but across a wireless network containing multiple nodes, bat-
teries are clearly less applicable. Moreover, the need to replace or recharge batteries
means the wireless systems have to be accessible which may not be always possible
or may compromise performances. Finally, energy harvesting systems are studied to
give the possibility to not depend exclusively on the batteries [51] and to help the
devices to operate longer periods of time in a more sustainable way. Indeed, there
are environmental concerns about disposing of batteries. So that, energy harvesting
was developed as a method for replacing or augmenting batteries [52]. By convert-
ing environmental energy, the energy harvester can provide the required electrical
power for the lifetime of the wireless system which is also free to be embedded or
placed wherever it is best suited to perform its function. Moreover, energy har-
vesters have advantages from a thermodynamical point of view. The decentralized
generation of energy avoids the need for long-range transmission and provides fewer
energy conversions, both of which are subject to intrinsic losses. Additionally, it
decreases the overall generation of entropy, as the energy is extracted from existing
processes, moving toward a zero-waste overall system. There are different possible
energy sources for powering those devices, including solar, thermal or mechanical
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vibrations. The latter is considered to be the best alternative for environments
without sun light, [53]. This Thesis focuses on mechanical vibrations. Therefore,
one can summarize the basics of energy harvesting saying that its challenges are
to maximize the available electrical power from the ambient energy found in the
application environment.

Figure 1.11. This figure shows power generated versus frequency of input vibration, for
a bistable oscillator and a linear oscillator. Source: Data from [54]

Figure 1.12. This figure plots the scheme of the harvester considered in Chapter 6. It
is possible to appreciate the ∆ parameter that is the distance between the magnets, the
piezoelectric patch (PZT), the coupled circuit, with the resistance R and the capacitor Cp,
the x axis of the beam displacement.

1.5.1 Bistable energy harvester

Initially, the mainstream for vibration energy harvesters was to develop resonant lin-
ear systems, using electromagnetic, piezoelectric, electrostatic, or magnetostrictive
effects to transform mechanical energy into electrical potential energy. Regardless
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of the conversion mechanism, those harvesters are designed for specific vibrations,
as linear oscillators provide large-amplitude responses only when excited at reso-
nance. This leads to higher manufacturing costs and to a very low efficiency for
input vibrations of different frequencies. That made these harvesters not good for
broadband input, as they are specialized in a resonance frequency. Thus, different
approaches were studied to widen the bandwidth of the harvesters, for example,
nonlinear oscillators, among others.

Bistable systems, as energy harvesters, have been designed using very different
underlying physical principles. A possible distinction is according to whether they
use moving or stationary magnets, whether the magnets are part of the oscillator
or external or even whether they use or not the magnets. In Chapter 5 we study
a harvester composed of a ferromagnetic beam with a patch of piezoelectric mate-
rial and two external magnets, as shown in Fig. 1.5. In this case, the bistability is
given by the higher magnetic permeability of the ferromagnetic material. In Chap-
ter 6 [55, 56] we study a cantilever beam with magnet repulsion, as it is sketched
in Fig. 1.12. It is a piezoelectric harvester that has a moving magnets as part of
its oscillator and another one external and fixed. The first construction of this kind
of bistable oscillators has been explored by several authors [57, 58]. The stiffness
of the system is composed of the sum of the deformation of the elastic beam and
the magnetic interaction, defining a potential energy landscape with the two stable
positions. An extensive review [59] concludes that bistable energy harvesters are
capable of coping with vibrations of frequencies much lower than typical resonance
frequencies, outweighing the increased complexity of design. Indeed, important ap-
plications are subject to low-frequency vibrations. For example, the scaling effect
imposes that small objects perceive as low a vibrations frequency that a large scaled
objects perceive as high. For this reason it is important to conceive harvesters de-
signed for low frequencies if you want to integrate them into circuits, designed on
microelectromechanical systems (MEMS). Preliminary experimental results studied
the potentials of bistable energy harvesters in [60], a system like the Duffing oscilla-
tor (1.3.1). Later, numerical results [55] showed that bistable energy harvesters can
provide more energy than their linear counterparts, for broadband vibration inputs
of low frequencies. In [54] they compared the performance over a frequency range,
between a linear energy harvester and a bistable one, see Fig. 1.11. The linear one
only provides a larger amount of power for input frequencies near the resonance
frequencies. Other numerical studies discussed the phenomenon of stochastic reso-
nance [61], in which large-amplitude oscillations can show when sufficient energy is
given to the oscillator to overcome the potential barrier. Experimental studies con-
firmed that when the oscillators trajectories switch between the two wells (inter-well
motions) [62], the harvesters provide more energy than when the trajectories bend
only around an equilibrium point [54] (intra-well motions). Following this stream,
in Chapter 5 and 6, we decided to induce a vibrational phenomenon, that is the vi-
brational resonance, into two different energy harvesters. This phenomenon appears
when a system, driven by a low (LF) and a high frequency (HF) forcing resonate
and a maximum in amplitude is reached. It makes possible the cited cross-well mo-
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tions so that it generates a rise in the response amplitude at the LF, until it reaches
a maximum and then decreases as the amplitude of the HF forcing is varied. The
introduction of the vibrational resonance gives us the possibility to outrun the linear
harvester also near their resonance frequencies.
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Chapter 2

Partial control in celestial
mechanics

“The very first of all, CHAOS came into being.”

-Hesiod, (700 b.c.)

The first and second chapter of this Thesis deal with control of chaotic behaviors
in celestial mechanics. Chaotic scattering in open hamiltonian systems is particularly
relevant for celestial mechanics. Particles in such kind of systems can exhibit both
bounded or unbounded motions for which escapes from the scattering region can
take place. This chapter analyzes how to control the escapes of the particles from
the scattering region in presence of noise. For that purpose, we apply the partial
control technique to the Hénon-Heiles system, which implies that we need to use
a control smaller than the noise present in the system. The main finding of this
chapter is the successful control of the particles in the scattering region with a
control smaller than noise. We have also analyzed and compared the escapes times
of the orbits in the scattering region for different situations.

2.1 Introduction

Open hamiltonian dynamical systems have received much attention in the past few
years in the context of transient chaos and chaotic scattering. The main reason
resides in the fact that they are being used to model a wide range of phenomena
in very different fields of physics. Some applications are the analysis of the escape
of stars from galaxies [1, 2], the dynamics of ions in electromagnetic traps [3], the
interaction between the Earth magnetotail and the solar wind [4], and the study of
geodesics in gravitational waves [5], among others. All these applications are differ-
ent manifestations of chaotic scattering, which basically consists in the interaction
of a particle with a system that scatters it, in a way that the final conditions of
speed and direction depend on the initial conditions in an extremely sensitive way
(see ref. [6] for a detailed study of this phenomenon). Typically for energies above
a certain threshold value, which is commonly called the escape energy, the orbits
are unbounded and several exits may appear in such a way that particles inside
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the scattering region leave it after a certain amount of time. However, if the en-
ergy is below this threshold value, there are no exits and consequently escapes are
not possible. Chaotic scattering is normally associated with the dynamics of open
hamiltonian systems with chaotic properties. The possibility of an orbit to escape
from the attraction of the corresponding potential is one of the main characteristic
of this kind of systems. Usually, a particle bounces for a certain time in a bounded
area called the scattering region, and eventually leaves it through one of the several
exits, and it never comes back.

In this chapter, we consider the conservative Hénon-Heiles Hamiltonian for en-
ergy values above the escape energy, so that the corresponding potential has exits;
and trajectories starting at the interior of the potential are unbounded. Furthermore,
we consider the situation in which there is noise, in such a way that it influences
the escape of the trajectories from the scattering region. Since the pioneering work
on controlling chaos, the OGY method [7], different control schemes have been pro-
posed that typically allows one to obtain a desired response from a dynamical system
by applying some small but accurately chosen perturbations. In this context, some
techniques that allow avoiding escapes in open dynamical systems presenting tran-
sient chaos have been proposed, with applications to many different fields in Physics
and Engineering, see ex.g. [8, 9]. The main goal of the chapter is to use a control
technique aiming at keeping trajectories inside the scattering region with a control
intensity smaller than the environmental noise present in the system.

Keeping in mind that in most realistic situations the trajectories of the particles
can be affected by environmental noise [10], it will be an obstacle if escapes need to
be avoided. In presence of noise we can imagine three different scenarios for control.
If the control applied on the system’s trajectories is larger than the amplitude of the
noise, we should find quite easily a control strategy to keep the trajectories inside
the scattering region. If the control applied is equal to the intensity of the noise,
there are strategies that allow one to keep the trajectories inside the scattering
region. But there is a third possibility: a control smaller than the amplitude of
the noise. This is achieved by making use of the partial control technique recently
described in [11, 12]. This type of control does not tell where the trajectories will
exactly go, it only drives the particle towards the closer point of a particular set.
By doing so, escapes are avoided with a control smaller than the noise [13]. This
far, the partial control technique has been applied to discrete one-dimensional [9],
and two-dimensional systems, but never in a problem of chaotic scattering. In this
chapter, we show how to implement this control technique in a chaotic scattering
problem described by the Hénon-Heiles system in presence of noise.

The organization of the chapter is as follows. In Sec. 2.2, we sketch the main
features of the partial control technique. Section 2.3.1 describes our model and the
nature of the orbits. The analysis of the noise and its effect on the dynamics of the
system is carried out in Sec. 2.3.2. Section 2.3.3 analyzes how the partial control
technique can be applied to our system. Finally, some concluding remarks appear
in Sec. 2.4.
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2.2 The Partial Control technique

We sketch here the basic ingredients of the partial control technique. We consider
that the unperturbed dynamics of the system that we want to control is given by the
one-to-one map pn+1 = f(pn). Moreover, we assume that there is a region in phase
space Q from which nearly all trajectories escape under iterations of the map. The
dynamics inside that region can be complex due to the presence of a zero-measure
non-attractive chaotic set (i.e., a chaotic saddle). The aim of partial control is to
avoid escapes from Q in presence of noise with a control smaller than noise.

As in most physical applications, trajectories might be deviated due to the action
of the environmental noise. This can be modeled in our equations as pn+1 = f(pn)+
un, where un is the noise and we assume it is bounded, ∥un∥ ≤ u0.

In order to keep trajectories bounded, we apply an accurate control rn at each
iteration, where we also assume it is bounded, ∥rn∥ ≤ r0, by a positive constant r0.

The global dynamics of our system is given by the equations

qn+1 = f(pn) + un (2.1)

pn+1 = qn+1 + rn,

where the control rn depends on pn and un.
Even if the trajectories typically escape from Q and the system is affected by

noise of upper bound u0, the partial control technique allows one to keep the trajec-
tories bounded even if the upper bound control r0 is smaller than the upper bound
noise u0, that is ∥r0∥ ≤ u0 . This is possible due to the existence of certain sets,
which are called safe sets [11, 12], inside the region Q. Initially, these safe sets
were thought to be zero measure sets inside Q, having the property that a particle
may stay on them once the control is applied after having been pushed by a certain
amount of noise. These safe sets were found to be curves for horseshoe maps [11].
Later, it was shown that these safe sets could be “thicker” and related with the
escape time sets, i.e., the set of points inside Q that escape from it under certain
number of iterations [14]. Recently an algorithm called Iterative Sculpting Algo-
rithm [15] has been designed by which the safe sets can be detected automatically
by discarding points from a certain initial set within Q, without even needing to
know exactly the system’s equations.

2.3 Application of the control strategy to the Hénon-Heiles
system

2.3.1 The Hénon-Heiles system map

The Hénon-Heiles Hamiltonian is a well known model for an axisymmetrical galaxy
[16], and it has been used as a paradigm in hamiltonian nonlinear dynamics. It is
a two-dimensional time-independent dynamical system and for values of the energy
above the escape energy,its potential shows three different exits (see Fig. 2.1 a).
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The hamiltonian equation is

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3, (2.2)

and for Ee = 1/6 it shows an equipotential line that is an equilateral triangle.
For energy values above the escape energy, the trajectories are unbounded and the
system presents three exits, with a 2π/3 rotation symmetry. At each exit there exists
an unstable orbit, known as Lyapunov orbit, acting as frontiers. Any trajectory that
crosses any one of them with an outward-oriented velocity goes to infinity and never
comes back. We are interested in a situation with escapes from the scattering region,
so from now on we fix the value of the energy to be E = 0.21, for which the system
shows three exits as shown in Fig. 2.1 b.

Figure 2.1. Figure 1(a) represents the isopotential curves of the Hénon-Heiles system
for different values of the energy, in which both bounded and unbounded motions can take
place. Figure 1(b) plots the isopotential curves for E = 0.21.

The Hénon-Heiles Hamiltonian has a three dimensional phase space, due to the
conservation of the energy. In order to obtain a map associated with the dynamics of
the system, we consider the dynamics on an adequate Poincaré map. A convenient
Poincaré map for the Hénon-Heiles system is obtained with the intersection of the
trajectories with the surface of section x = 0. The map, defined as

pn+1 = f(pn) (2.3)

pn = (yn, ẏn),

is a one-to-one relation between pn and pn+1 as shown in Fig. 2.2, where y and ẏ are
the y coordinate and the velocity projection on the y axis for the n−th intersection
of the trajectory with the surface section x = 0.

Every initial condition starting inside the scattering region escapes through any
of the exits described above, therefore in this case we cannot talk about attractors.
However, we can define exit basins in an analogous way to the basins of attraction
in a dissipative system. A basin of attraction is the set of initial conditions in phase
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Figure 2.2. This figure shows the Poincaré Map. There is a one-to-one relation between,
the n-th intersection with the x = 0 Poincaré surface, and the n + 1-st, so pn+1 = f(pn).
The coordinates of pn are the y coordinate and the y component of the velocity that is,
pn = (yn, ẏn)

space that are attracted to a specific attractor. Analogously, an exit basin is the
set of initial conditions in phase space leading to a certain exit. In order to see this,
we can draw the exit basin [17] of the system by assigning a different color to each
initial point p = (y, ẏ) depending on the exit through which it leaves the scattering
region.

The exit basin is shown in Fig. 2.3 a, where we can see that all trajectories leave
the scattering region.

The time the particle spends to leave the potential well, the escape time, depends
on the initial condition on the system. In the context of our problem, we can mea-
sure two kind of escape times. The first one is the continuous one, that is the real
time the particle spends inside the scattering region. The second one is the discrete
time, that is, the number of intersections of the Poincaré surface of any trajectory
starting on it before escaping. In order to have a deeper insight on the system’s
dynamics, as well as a necessary preliminary step in order to determine the safe sets
[15], we have computed the discrete escape times for points in the Poincaré surface
in Fig. 2.3 b and Fig. 2.4, respectively with and without noise, in which the color
bar denotes the discrete escape time of every initial condition. We can see that all
points in this figure have finite escape times. Furthermore, as expected, we can see
by looking at Fig. 2.3 a and 2.3 b that the higher escape times correspond to points
close to the boundary between the three exit basins.
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Figure 2.3. Figure 3(a) shows the exit basins, so each color denotes the exit through
which trajectories with that initial condition escape: exit 1 (blue, (y → +∞)), exit two
(red, (y → −∞, x → −∞)) and exit 3, (yellow (y → −∞, x → +∞)). Figure 3(b) shows
the escape times, the colored gradient from blue to red indicates the growth of the escape
times. Both figures are painted in the Poincaré section (y, ẏ), without noise.

Figure 2.4. The figure shows the escape time sets computed for D = 10−5, as in Fig.
2.3, the colored gradient from blue to red indicates the growth of the escape times. The
figure is painted in the Poincaré section (y, ẏ).

2.3.2 The continuous and the discrete noise

In the context of our chaotic scattering system, the noise is introduced in a natural
way as follows [18, 19]:

ẍ+ x+ 2xy = Dξ(t) (2.4)

ÿ + y + x2 − y2 = Dη(t),

where ξ(t) and η(t) are unit Gaussian random processes and D is the noise intensity.
Note that D = 2σ2, where σ is the standard deviation of the noise acting on our
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system. The introduction of noise can change the dynamics of the system in a drastic
way [19]. For example, we can see in Figs. 2.5(a) and 2.5(b) respectively, how the
trajectory of a particle starting in the same initial condition changes. In fact, we
can calculate the exit basins for the system in presence of noise, and we can see how
its structure drastically changes, becoming blurred, as observed in Fig. 2.6.

In order to investigate the relation between the noise intensity D and the escape
times, we plot Fig. 2.7, that shows the average discrete time escape Td versus the
noise intensity D. This picture has been built by computing the mean of 100 re-
alizations for every value of D. We can observe, for very low values of noise, an
increase of the discrete time escape Td. This is in agreement with the results shown
in Ref. [20] but for a continuous-time system instead of a map. The preservation,
for very low amount of noise, of structures like the KAM islands can be responsible
of larger escape times compared to the noiseless case. On the other hand, when
the system is completely noisy these structures are destroyed and the phase space
appears smearing. This produces that the particles escape very fast from the scat-
tering region and it explains the decreasing of Td only after the value, D = 104 as
shown in Fig. 2.7.

Figure 2.5. Figure (a) shows a typical trajectory of a particle, without noise inside
the Hénon-Heiles potential we used. The continuous escape time for this trajectory is
93, while the discrete escape time is 27, namely the trajectory cross the Poincaré section
27 times. Figure (b) shows a typical trajectory affected by the noise, D = 10−4 . The
continuous escape time for this trajectory is 14, while the discrete escape time is 3, namely
the trajectory crosses the Poincaré section 3 times. In both pictures the particle starts its
trajectory inside the scattering region, at the initial point (x0, y0) = (0, 0.1) with an angle
θ = π/2 and leaves it after some bounces against the potential walls.

In order to apply the partial control technique, we need to distinguish between
two kinds of noise. The first one is the one mentioned above, which affects directly
and continuously the trajectory as shown in Fig. 2.5 b. We call it continuous
noise. We see trajectories starting with the same initial condition on the Poincaré
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Figure 2.6. This figure shows the same set of Fig. 2.5 a with a noise intensity D = 10−5.
The figure is painted in the Poincaré section (y, ẏ).

Figure 2.7. This figure shows the relation between the noise intensity, D, and the
discrete escape time . The diagram shows a sudden variation after the value of D = 10−4,
when finally the time starts to decrease for higher values of noise.

section with different noise realizations in Figs. 2.8 a and 2.8 b. We can observe
that the iteration of a given point pn on the Poincaré section is not f(pn), due to
the presence of noise. The effect on the continuous noise in the dynamics on the
Poincaré map is what we call the discrete noise. Formally, under the noisy Poincaré
map we have that f(pn) + un, where un such that |un| ≤ u0, is our discrete noise.
Now we need to characterize the relation existing between the upper bound of the
discrete noise u0 and D. To estimate this relation, we compute a sufficiently large
ensemble of orbits starting on different initial points pn on our Poincaré section.
After one iteration, each one of them will intersect again the Poincaré section on
a new point p′n+1 = f(pn) + un. We consider the difference between p′n+1 and the
expected value in absence of noise, f(pn), a measurement of the discrete noise. The
upper bound u0 of the discrete noise is the maximum value obtained. The process,
though, presents some complications that need to be overcome. In particular, we
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Figure 2.8. Figure (a) shows the dispersion on the Poincaré surface of the first iteration
of 50 trajectories, thrown at the same initial conditions, (x0, y0) = (0, 0.4), θ = π/2, and
affected by continuous noise. Figure (b) shows 50 trajectories with a big dispersion on the
Poincaré map. In the figure (a) the bunch of trajectories is much more coherent, while in
figure (b) id diffused on the axis x = 0. The two bunches of trajectories are calculated
with the noise D = 10−6.

Figure 2.9. This figure shows the relation between the intensity of the noise D and u0.
The diagram shows a sudden variation after the value of D = 10−5.

find that some points pn do not come back to the Poincaré section when the noise
is present, so we discard them because they are not useful to compute later the safe
sets [15]. Moreover, we find that the sensitivity to noise of some initial points pn
is very high. In particular, our numerical simulations show that the value of the
discrete noise for certain points is abnormally high. This can be seen clearly in
Figs. 2.8. For a fixed value of noise intensity D = 10−6, we see that for certain
trajectories, as shown in Fig. 2.8 b, the discrete noise is much higher, as compared
with the trajectories shown in Fig. 2.8 a. These points with high sensitivity to noise
are crucial for the application of the partial control technique and, in particular, for
any control technique involving the use of an adequate Poincaré map.
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Figure 2.10. The safe set computed using our algorithm for D=10−7. After discarding
the points with escape time equal to zero, and the points with a high sensitivity to noise,
an algorithm is applied to calculate the safe set, where trajectories are kept inside the
scattering region with a control smaller than noise.

For moderate noise values, there are not so many points with high sensitivity to
noise. Thus, in order to get rid of them, one can compute the discrete noise for each
point in the Poincaré section and discard a small fraction, for example points with
the top 2 % values. The value of u0 will then be the maximum value of the discrete
noise of the remaining 98 % of the considered points. And these simulations have
been done for different values of the noise intensity D. The results are shown in
Fig. 2.9. We can observe that the value of u0 increases until reaching a plateau for
D ≈ 10−4. Note that when the noise intensity D is higher than 10−5, then there is
a strong increase of the upper bound of the discrete noise u0. This is related to the
destruction of KAM islands in phase space [20]. These effects on the topology of
the system increase the importance of the noise effect on the Poincaré map, so that
we think this plateau is due to the fact that discarding only 2 % of the points is not
enough to get rid of all the points with high sensitivity to noise.

2.3.3 The application of the Partial Control Technique

After having discarded these points mentioned before, we use the remaining points
to compute the safe set by applying the algorithm described in Ref. [15]. We plot
these safe sets for a noise intensity D = 10−7 in Fig. 2.10. An example of application
of the partial control technique with this safe set is shown in Fig. 2.11 a, whereas
in 2.11 b we can see how the trajectory suddenly escapes from the scattering region
in absence of control. The control needed to keep the trajectories bounded is shown
in Fig. 2.12: we can see there that the necessary control applied is smaller than
the value of the estimated discrete noise u0. In other words, there is a control r0
such that trajectories can be kept inside the scattering region by applying a control
smaller than noise, r0 < u0.

For trajectories starting on the safe set, the escape time would be infinite, pro-
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Figure 2.11. The figure (a) shows an example of a controlled trajectory in the x, y
plane. The figure (b) shows the same trajectory without the control. The value of the
noise intensity that we have used is D = 10−7, the initial conditions (x0, y0) = (0, 0.1),
and θ = 1.7. For the controlled trajectory we show only 12 iterations for clarity.

Figure 2.12. The figure shows the control applied at each iteration and we can observe
that this control is always smaller than the noise u0.

vided that any trajectory starting on it can be kept bounded forever with a control
r0 < u0. However, it is interesting to see how the escape time sets of the remaining
points in the Poincaré section are affected. This is shown in Fig. 2.13 a. We observe
that controlled trajectories have escape times always larger than those uncontrolled,
as shown in Fig. 2.13 b.

Furthermore, it is possible to see the effect of applying this control for all points
in the scattering region. This is shown in Fig. 2.14, where it is possible to see how
the escape times are larger than in the noisy chaotic scattering, Fig. 2.4, and in the
deterministic chaotic scattering, Fig. 2.3 b. In this picture, in fact, it is possible to
see that the colored gradient scale can reach the escape time value of 100, while in
the other two cases this same gradient scale does not overcome the value of 10.
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Figure 2.13. The figure (a) shows the discrete escape time of some controlled trajec-
tories, with a control r0 < u0, related with the angles, (0 − 2π) with a noise D = 10−7.
Figure (b) shows the number of iterations for the same ensemble of trajectories of figure
(a) but without control.

Figure 2.14. The figure shows the discrete escape time of every initial condition as Fig.
2.3 b, but with the control r0 < u0 applied. The gradient bar shows the escape time from
the minimum 0, in blue, to a a maximum, 100, in dark red. Note that the escape times
are longer as compared to the noisy and the deterministic cases, Figs. 2.4 and 2.3 (b)
respectively.

In short, we have been able to keep trajectories inside the scattering region by
applying a control smaller than the noise r0 < u0, once a convenient Poincaré map
is chosen, and the discrete noise and the safe sets are computed.

2.4 Conclusions

We have shown in this chapter how to apply the partial control technique to a noisy
chaotic scattering problem. The application of the technique relies on an appropriate
choice of a Poincaré map and on the estimation of the effect of noise. In doing so,
we have noticed the existence of certain points of high sensitivity to noise, which
are points whose trajectories are greatly affected by noise. After discarding these
points and those that escape without intersecting again the Poincaré section, one can
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estimate the value of the discrete noise u0 and use the Iterative Sculpting Algorithm
to determine the safe sets. After this, the partial control technique is successfully
applied for the first time for a continuous-time dynamical system in the presence of
noise. We have also analyzed and compared the escape times of orbits starting in
the scattering region for different situations, either in the absence of noise or in the
presence of noise or when the control is applied in the presence of noise. We believe
that the ideas described in this work might contribute to the applicability of the
partial control technique to a wider variety of problems. In the next two chapters,
others control technics are applied.
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Chapter 3

Control of unpredictability
in Celestial Mechanics

“Chaos was the law of nature; Order was the

dream of man.”

-Henry Adams, (1838-1918)

After applying the partial control technique in the Hénon-Heiles system, we fo-
cus on studying the relation between unpredictability and external perturbations
in the same open hamiltonian system. Therefore, noisy scattering dynamics in the
randomly driven Hénon-Heiles system is investigated in the range of initial energies
where the motion is unbounded. In this chapter we study, with the help of the
exit basins and the escape time distributions, how an external perturbation, be it
a dissipation or a periodic forcing with a random phase, can enhance or mitigate
the unpredictability of a system that exhibit chaotic scattering. In fact, if basin
boundaries have the Wada property, predictability becomes very complicated, since
the basin boundaries start to intermingle, that means that there are points of differ-
ent basins close to each other. The main responsible of this unpredictability is the
external forcing with random phase, while the dissipation can recompose the basin
boundaries and turn the system more predictable. Therefore, we do the necessary
simulations to find out the values of dissipation and external forcing for which the
exit basins present the Wada property. Through these numerical simulations, we
show that the presence of the Wada basins have a specific relation with the damping,
the forcing amplitude and the energy value.

3.1 Introduction

There exist a lot of theoretical and experimental works, investigating responses of
dynamical systems to external perturbations, such as noise, dissipation or periodic
forcing. Depending on the properties of the dynamical systems and the applied
perturbation, responses can vary extremely, ranging from practically no effects to a
suppressed or an enhanced response [1], regularization of chaotic states [2], chaotifi-
cation [3], or control of chaotic dynamics [4], among others.

37
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One of the physical phenomenon that exhibits this kind of behavior is the chaotic
scattering phenomenon. Chaotic scattering is usually associated with the hamilto-
nian equations of motion, that are actually related with chaotic processes. Normally,
in this kind of systems, there exists a threshold value of the energy, the escape en-
ergy, beyond which the trajectories are unbounded and several exits may appear,
therefore the particles are able to leave the scattering region. Since a trajectory
might leave the potential well, these systems are usually called open hamiltonian
systems. In these cases the particle bounces back and forth in a bounded region, the
scattering region, for a certain time before eventually escaping the region towards
the infinity.

The phenomenon of chaotic scattering in open hamiltonian systems has been
studied for several years since it has a lot of applications in different fields in science
and engineering [5]. Some applications are the analysis of escape from galaxies [6],
the study of the interaction between the Earth and the solar wind [7] and many
others.

On the other hand, in the case of a conservative hamiltonian system, the total
energy is preserved, and thus, it is not possible to talk about attractors nor basins of
attraction. A basin of attraction is defined as the set of points that, taken as initial
conditions, are attracted to a specific attractor [8]. When we can define two different
attractors in a certain region of phase space, two basins exist, which are separated
by a basin boundary. This basin boundary can be a smooth curve or can be instead
a fractal curve. While we cannot talk about attractors in hamiltonian systems, we
can however define exit basins in an analogous way to the basins of attraction in
a dissipative system. In our case, an exit basin is the set of initial conditions that
lead to a certain exit.

When boundaries are complicated in a specific region of initial points, a small
uncertainty in the position of the initial conditions may yield a greater uncertainty
in order to detect the final exit of the trajectory. In fact, there are situations where
a small uncertainty in the initial conditions can make them to belong to any of
the basins. Nothing can be said because any point on the boundary is arbitrary
close to points in all the basins. In the case where we have multiple destinations
for the scattering trajectories, the structure of the basins can, eventually, be more
complicated [9] and might show the Wada property [10]. A basin B verifies the
property of Wada if any boundary point also belongs to the boundary of two other
basins. In other words, every open neighborhood of a point x belonging to a Wada
basin boundary has a nonempty intersection with at least three different basins
[11]. Hence, if the initial conditions of a particle are in the vicinity of a Wada
basin boundary, we will not be able to be sure by which one of the three exits the
trajectory will escape to infinity.

It has been proved that the Wada property can be found in a triangular configu-
ration [11], and typically appears in chaotic scattering systems. Some experimental
evidence has been reported in Refs. [12, 13] where Wada basins are apparent for
higher dimensions. Then, as we said before, the external perturbations can enhance
deep modifications in the structures of the basins of the system. In fact, in an open
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hamiltonian system, where chaotic scattering phenomena are important, the effects
of the dissipation have been an interesting topic [14] because they can induce a new
kind of dynamics in the systems [15, 16, 17, 18]. Thus, if we add an external per-
turbation, the topology of the phase space can change abruptly, with the presence
of new basins also with the Wada property, as we can see in Ref. [19].

By way of explanations, it is interesting to investigate in which form the influ-
ence of an externally driven perturbation and a dissipation term can change the
dynamics of a chaotic system. From what we have written above, an external forc-
ing and a damping, can make the system more or less complicated. In other words,
the possibility to directly operate on the intensity of an external forcing as a func-
tion of the dissipation can reduce the roughness of the basin boundaries until the
disappearance of some unpredictabilities, associated to fractal or Wada basins. In
the current chapter, we focus our interest in the numerical analysis of the damped
and forced Hénon-Heiles Hamiltonian [20], which is a model of an axisymmetrical
galaxy that exhibit chaotic scattering. This is a two dimensional time-independent
dynamical system, that shows three different exits for energies greater than the es-
cape energy, so that the system possesses the chaotic scattering phenomenon. In
this system we have implemented dissipation and a noisy driven external excitation,
in order to study their influence on the topology of the system. To summarize, our
goal in this chapter is to study the dependence of the Wada basins on the damping
and the forcing with a random phase which include the presence of noise [21, 22, 23].
In other words, we study the possibility to control these unpredictabilities of the
system by applying weak external perturbations.

The organization of the chapter is as follows. In Sec. 3.2 we study the model and
the nature of the trajectories. In Sec 3.3.1 we investigate the external perturbation
influence on the unpredictability of the system. In Sec. 3.3.2 we investigate theWada
property of the exit basins, changing the bounded excitation and the dissipation at
a constant energy and we analyze our data. Finally, a discussion and the main
conclusions of this chapter are summarized in Sec. 3.4.

3.2 Model description

In order to show the influence of an external perturbation on a system with chaotic
scattering we take as a prototype model, the Hénon-Heiles Hamiltonian [20], written
as

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3. (3.1)

For energies below the escape energy Ee = 1/6, trajectories are bounded and con-
sequently there are no exits. For the energy Ee = 1/6, the equipotential line is an
equilateral triangle, which is the limit energy at which the motion is bounded as
shown in Fig. 3.1(a). On the other hand, if the energy is larger than this threshold
value, the system has three exits with a 2π/3 rotation symmetry, from which the tra-
jectories may escape and go to infinity as shown in Fig. 3.1(b). Due to the symmetry
of the system, the three exits are: exit 1 (y → +∞), exit 2 (y → −∞, x → −∞)
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and exit 3 (y → −∞, x → +∞), which are plotted in Fig. 3.1(b). In this case, there
exist three orbits Li(i = 1, 2, 3), known as Lyapunov orbits, one corresponding to
each exit, acting as frontiers: any trajectory that crosses them with an outward-
oriented velocity must go to infinity and never come back. We focus our study in a
situation with escapes from the scattering region, so from now on we use values of
E > Ee. We study the Hénon-Heiles system subjected to a bounded noisy excitation

Figure 3.1. (a) This figure represents the isopotential curves of the Hénon-Heiles system
for different values of the energy, in which both bounded and unbounded motions can take
place. (b) Plot of the isopotential curve for the unbounded case for energy value E = 0.21.

(a periodic forcing with a random phase) [19] and a dissipation proportional to the
velocity [17]. The equations of motion can be written as

ẍ+ x+ 2xy + αẋ = 0 (3.2)

ÿ + y + x2 − y2 + βẏ = f cos[Ωt+ σB(t) + γ], (3.3)

where α and β are damping coefficients, f and Ω are the amplitude and frequency
of the external excitation, respectively, B(t) is the standard Wiener process with
the amplitude σ, and γ is a random variable uniformly distributed in the interval
[0, 2π). When α = β = f = 0 we can recognize the Hénon-Heiles conservative
system. From now on, and without any loss of generality, we take α = β = µ as
dissipative parameter.
We are studying a two-dimensional time-independent hamiltonian, so the phase
space depends on (x, y, ẋ, ẏ) and one conserved quantity, the energy E. Throughout
this chapter, we will use a Poincaré surface of section to show our results. For that
purpose, our choice is (x = 0, y, ẏ). Thus, the dynamical description of the system
can be reduced to a study of the (y, ẏ) surface. Naturally, the equation of the initial
velocity, generically expressed by

vi =
√

ẋ2 + ẏ2 =
√

2E − x2
i − y2i − 2x2

i yi + 2/3y3i (3.4)

becomes vi =
√

2E − y2i − 2/3y3i . This simplification is only valid for the initial
time t = 0, when the dissipation and the external forcing are not yet acting.
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Figure 3.2. This figure represents the shooting angle θ of a typical trajectory inside the
Hénon-Heiles potential.

Figure 3.3. (a) The figure represents the exit basins for dissipative parameter value
µ = 0.06, without forcing.(b) The exit basins with both damping, µ = 0.06, and forcing,
f = 0.008 are plotted. Both figures show the exit basins and each color denotes the exit
through which trajectories with that initial condition escape: exit 1 (blue, (y → +∞)),
exit two (red, (y → −∞, x → −∞)) and exit 3, (yellow (y → −∞, x → +∞)). White
color inside the color structure denotes the points that do not leave from the scattering
region.

In order to study the phase space structure for the Hénon-Heiles Hamiltonian, we
compute the exit basins. For that purpose, we compute each trajectory for a large
number of initial conditions, (y, θ), where θ, the shooting angle, is the initial angle
between the y axis and the trajectory, as shown in Fig. 3.2. In this way, we can start
the trajectories on all the points of the Poincaré section, x = 0, and calculate the
exit through which every trajectory leaves the potential well. Therefore, knowing
the initial conditions related to every trajectory, we color them in a different way,
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according to the exit through which the trajectories leave the potential, as shown in
Figs. 3.3(a) and 3.3(b). We calculate the trajectories and compute the exit basins by
using a symplectic integrator (SI), that can be mathematically defined as a numerical
integration scheme for a specific group of differential equations related to classical
mechanics and symplectic geometry. Symplectic integrators form the subclass of
geometric integrators that, by definition, are canonical transformations. They are
widely used in molecular dynamics, finite element methods, accelerator physics, and
celestial mechanics. The trajectories of each particle is followed by numerically
solving the hamiltonian equations from the C-C Algorithm, which is a fourth-order
forward symplectic algorithm proposed recently by S.A. Chin and C.R. Chen [24].
This algorithm can follow the true dynamics longer because it can preserve the
symplectic structures of the hamiltonian equations.

Figure 3.4. (a) This figure represents a trajectory with dissipation, µ = 0.07 and energy
E = 0.25 without forcing, with initial conditions (x0, y0) = (0, 0) and shooting angle, so
called the initial angle between the y axe and the trajectory, θ = 0.45π. (b) A trajectory
with both damping, µ = 0.07, and forcing amplitude f = 0.045, and the same initial
conditions as in Fig. 3.4(a) is plotted. We easily observe the effects of the noisy excitation
since this trajectory is similar to a random walk escaping the particle through exit 3 after
a long time.

As we said earlier in this section, we integrate within the variables of the position,
q, and the momentum, p, as we can see in Figs. 3.4(a) and 3.4(b), including the
noisy part of the external excitation,

σB(t) =
√
−4D log(r1) sin(2πr2), (3.5)

where σ =
√
4D and B(t) =

√
− log(r1) sin(2πr2) of Eq. 3.3, r1 and r2 are random

numbers in the interval (0, 1). It is possible to appreciate in Fig. 3.4(a), a trajectory
affected only by dissipation, while in Fig. 3.4(b) the trajectory is affected also by
the noisy excitation. Both trajectories start in the same initial condition and are
affected by the same amount of dissipation, the only change we introduced is the
amount of noise in the random phase of the external forcing.
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3.3 Numerical results

In this Section, we are going to provide numerical evidence on the effects of the
external perturbation in both the dynamics and the topology of the system and how
we can tame the effects of both perturbations in order to reduce the unpredictability
of the randomly driven Hénon-Heiles system.

3.3.1 The effect of the external perturbations on the dynamics
of the system

One of the main consequences of chaotic scattering in the Hénon-Heiles system is
that, a trajectory may spend a long-time wandering in the vicinity of the scattering
region before escaping to infinity from one of the three exits. The transient chaotic
dynamics inside the scattering region is governed by the nonattracting chaotic set,
also known as the chaotic saddle. This set can be computed through the intersection
of the stable manifold that contains the trajectories that will never escape for t →
+∞, and the unstable manifold that contains the ones that will never escape for
t → −∞. Both of these sets have singularities, therefore their dimension is fractal
[18]. Due to the sensitivity to the initial conditions, characteristic of the chaotic
systems, particles can exhibit dramatically different asymptotic behavior. Moreover,
if we include dissipation and an external forcing to the system, the exit basins
can also change drastically. On the other hand, the phase space might be mixed
with KAM islands and chaotic seas, and including a small amount of dissipation
can convert the elliptic points inside the islands into sinks, or attractors [14, 15].
These dissipation-induced basins of attraction can be intermingled in complicated
ways as well, leading to unpredictability or a well defined final state, depending
on the initial condition and on the external forcing applied. If we vary the values
of the damping and the forcing, the exit basins and the dissipation-induced basins
of attractions can show different levels of unpredictability. Basically, it can become
difficult to define the exit by which a particle would leave the scattering region, given
a set of initial conditions. When the dissipation is high enough and the forcing is
low enough, the basin boundaries are smooth. Topologically, this means that the
basins are connected and compact. On the other hand, when the external excitation
grows up, the basin boundaries become rough and the basins start to mix until
they loose the connectedness and compactness. When this happens the boundaries
start showing the Wada property and as a consequence the unpredictability in the
evolution of the system increases. On the other hand, we focus our research on
the unpredictability in a scattering problem in presence of a noisy excitation and
dissipation. Here, we investigate the relation between damping, forcing and their
effects on the unpredictability in the Hénon-Heiles system. This study is carried
out for different values of the energy always beyond the critical energy Ee = 0.16
which separates bounded and unbounded trajectories. Therefore, we want to analyze
the control of the unpredictability due to forcing and noise, through the energy
dissipation. This means that we need to show where the Wada basins appear in
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Figure 3.5. Figures (a) and (c) show the intensity of the noise, as shown in Eq. 3.5,
σB(t) =

√
−4D log(r1) sin(2πr2), with respectively D = 10−6 and D = 10−2, while r1, r2

are random numbers chosen in the interval [0, 1]. Figures (b) and (d) show the intensity of
forcing, as shown in the right hand of Eq. 3.3, f cos[Ωt+σB(t)+γ], with with respectively
D = (σ/2)2 = 10−6 and D = 10−2, f = 0.04, Ω = 1 and γ is a random number chosen in
the interval [0, 2π).

function of the energy, the dissipation and the forcing. Naturally, in order to study
the above relations, it is important to understand the role of the random phase
of the external excitation. We have decided to perturb our system, Eq. 3.2, with
a bounded noisy excitation, that is, a periodic force with a random phase. The
value D, in Eq. 3.5, slightly affects the trajectory with a small amplitude oscillation
that depends on the amplitude of the forcing f , and the fluctuation of the function
cos[Ωt + σB(t) + γ], as we can see in Figs. 3.5(a-d). In these figures, in fact, we
show how both the forcing and the noisy excitation act on the system. Figs. 3.5(a)
and 3.5(c) show the intensity of the noise every iteration. The difference between
the figures is the amplitude of the noise D and its effects on the intensity of the
signal. Actually, it is possible to appreciate in the graphs the difference of magnitude
in the scales. The other two figures, 3.5(b) and 3.5(d), show the intensity of the
external forcing, with the same amplitude f , but with the two previous noise signals
inside. In other words, those figures show a typical effect of the bounded noise.
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Its use assures us that, even if integrated along with (x, y), it never overcomes the
trajectories of the system but only affects them as a bounded perturbation.

3.3.2 Computing the appearance of the Wada property in the
exit basin in function of the external excitation and the
dissipation

As we discussed earlier, the capacity of predicting the behavior of a system is crucial
in science and engineering, so when some unpredictabilities show up in the system,
their control becomes important. In this section, we analyze by numerical simula-
tions, how the damping can help us to recompose the basins and reduce the merging
of the basins. To achieve this goal, we calculate the basins keeping constant the
initial energy, E = 0.25, and changing both the dissipative parameter and the noisy
excitation, evaluating every single case. When the external forcing and the damping
are changed, we have seen that it is possible to discern when the structure of the
basins looses the coherence and the boundaries start to mix. For bigger values of
dissipation and a lower value of the forcing, the basin structures are connected and
compact, as shown in Fig. 3.6(a). While when we decrease the damping and increase
the forcing the same boundaries start to intermingle as we see in Fig. 3.6(b). Now,
in order to distinguish the cases between Wada and non-Wada a formal method is
needed and it is provided by the theorem of Kennedy and Yorke [25]. It states that,
if P is a periodic point on the basin boundary, the following two conditions are sat-
isfied: (1) its unstable manifold intersects every basin (main condition), and (2) this
is the only periodic point accessible from the basin of interest, then the basins have
the Wada property. This last property, for the Hénon-Heiles system, has been shown
in Ref. [26]. Concerning to the main property, we show in Fig. 3.6(c) the unstable
manifold of the periodic point P = (1.02461, 0), representation of a Lyapunov orbit
on the phase space (y, ẏ), and it intersects all the basins, verifying the conditions of
the Kennedy-Yorke theorem. On the other hand, Fig. 3.6(a) represents the basins
of the system for an amount of dissipation and forcing from the non-Wada region.

Nevertheless, there is a minimum value of the dissipation for which the basins
are not intermingled. Below this value, the basins become Wada even without an
external forcing. For this case, the unpredictability of the system increases and
the prediction of its evolution becomes impossible. Starting from this point, we
increased the dissipation and the excitation to find the limit in which Wada basins
appear as shown in Fig. 3.7.

Thus, two regions appear: the Wada region above the points and the non-Wada
region below them. In the non-Wada region, we can predict the evolution of the
system while in the Wada region the basin topology is very complicated and the
evolution of the system is quite difficult to figure out. The figure also shows on the
top right a kind of plateau, as a consequence of a quasi-equilibrium of the external
excitation with the damping.
In Figs. 3.8(a) and 3.8(b) we plot the escape time for y = 0, µ = 0.06 and different
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Figure 3.6. (a) The figure represents respectively, for E = 0.25, the basins of the system
for an amount of forcing f = 0.0005 and damping µ = 0.05, for which the boundaries are
coherent. (b) The figure plots respectively, E = 0.25, the basins of the system for an
amount of forcing f = 0.005 and damping µ = 0.05, for which the boundaries are mixed.
Here the influence of a bigger external forcing can be observed, making the basins more
intermingled than in Fig. 3.6(a). (c) The figure shows the unstable manifold, the black
curve, of the Lyapunov orbit drawn on a zoom of the basins of Fig. 3.6(b). It is possible to
see that the unstable manifold intersects all the basins, so the Wada property is satisfied.

shooting angles. The difference between the figures is the intensity of the exter-
nal forcing f , the first one belonging to the Wada region with a forcing value of
f = 5× 10−3, while the second one to the non-Wada region, with f = 5× 10−4.
It is possible to see the difference between the mean escape time, where Fig. 3.8(a)
shows a smaller mean escape time than Fig. 3.8(b). Therefore, as we have thought,
Wada basins are related with a smaller mean escape time.
After having computed other escape times in the Wada and non-Wada regions, be-
low and above the points shown in Fig. 3.7, we have found a similar trend. In fact,
we obtain more or less the same results that we have shown in the Figs. 3.8(a) and
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Figure 3.7. This figure represents, for an energy value E = 0.25, the points of the
damping-forcing plane for which the Wada property starts to appear in the exit boundaries.
The points limit two regions: above them we have the region where Wada basins appear
and below the region where we can not find Wada basins. In the non-Wada region, we can
predict the evolution of the system while in the Wada region the basin topology is very
complicated and the evolution of the system is quite difficult to figure out.

Figure 3.8. (a-b) Both figures represent the escape time for an E = 0.25, with
dissipation µ = 0.06, versus the shooting angle θ/2π. In figure (a) forcing amplitude is
f = 5 × 10−3 and in figure (b) forcing amplitude is f = 5 × 10−4. The amplitude of the
noisy excitation helps the particles to escape from the scattering region as observed in
panel (a). Note that the mean escape time (dash-dot line) is smaller in panel (a) than in
panel (b).

3.8(b) as the forcing increases.
We have also studied the escape times varying the amplitude of the external exci-
tation for a fixed amount of dissipation, µ = 0.06, and for a value of the energy
E = 0.25, as depicted in Fig. 3.9. Here, we can see that increasing the external
forcing for values beyond 0.001, the mean escape time decreases strongly. As a con-
sequence, the higher forcing amplitude implies the lower mean escape times since
the particles escape faster from the scattering region insofar the forcing amplitude f
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Figure 3.9. The figure shows the evolution of the mean escape time for a constant
amount of dissipation, µ = 0.06, and energy, E = 0.25, with respect to the variation of
the external excitation. As it can be observed, the higher the forcing amplitude implies
the lower mean escape time, since the particles escape faster from the scattering region
insofar the forcing amplitude f increases.

increases. Actually, beyond that value the basins start to intermingle faster, so that
the unpredictability increases, i.e., the dissipation-induced basins start to scatter.
While the forcing helps the trajectories to leave the scattering region, the bounded
noise produces a mixing in the basins and the mean escape times decrease.
We have discussed earlier that it is possible to find a minimum value for the dissipa-
tion, for which the basins do not show the Wada property. So we have decided to
investigate the relation between this minimum and the energy. We consider here a
large range of initial energy values for which the motions are unbounded, between
0.19 and 0.3, and we use a forcing f = 0 in order to analyze the relationship between
the damping and the initial energy.

We show this relationship in Fig. 3.10, where we observe that as the initial energy
increases, the minimum value of the damping also increases. This polynomial-like
curve of the uncertainty boundary U , has a quadratic fit µ ∼ E2, and its mathemati-
cal expression is given by µ = 1.3E2− 0.21E+0.023. A possible explanation of this
phenomenon lies in the integration equations in which the dissipation is a factor of
the velocity, the equation of which is vi =

√
2E − y2i − 2/3y3i . However, the effect

of the dissipation on the system has to be the same for all the energies, that is to
crash the connectedness and compactness of the basins in order to induce the Wada
property even without the external excitation, f = 0. Therefore, if in Eq. 3.2 the
forcing is equal to zero, the damping value has to grow up with the energy as a
factor of the velocity in a polynomial way, through Eq. 3.4 as depicted in Fig. 3.10.

Even if, by looking at the tendency curve, it is possible to observe that it matches
very well with the data, we report some statistical evidence of the goodness of this
fit, like the correlation R2 = 0.997 and the root mean square error rmse = 0.00088.



3.4. Conclusions 49

Figure 3.10. The figure shows the relation between the minimum value of the damping
and the initial energy for which Wada basins appear, where there is no external excitation,
f = 0. We can observe a quadratic fit, µ ∼ E2, which separates both regions, non-Wada
and Wada.

3.4 Conclusions

In this chapter, we have studied in detail the dynamics of the randomly driven
and dissipative Hénon-Heiles Hamiltonian. We consider the system subjected to
dissipation and a random driven forcing, in the range of initial energy values higher
than the escape energy, Ee = 0.16, where therefore there exists three exits for
the trajectories to leave the scattering region. In order to analyze the relationship
between the external forcing, the dissipation and the associated uncertainty, we
have considered trajectories inside the scattering region under different conditions
of the perturbations and analyzed the way they escape outside from the scattering
region. This study permitted us to compute the exit basins. We have seen that for
different values of forcing and damping the basins could present the Wada property
or not, which is directly related with the unpredictability of the system. We have
studied, via numerical simulations, for what amount of external forcing the basins
start to intermingle, enhancing the unpredictability of the system. Then, we have
studied for what amount of dissipation the basins loose the Wada property, becoming
more predictable, and repeated everything for different values of the initial energy.
We think our results are useful to gain a better understanding on the possibility
to control the unpredictability in this kind of systems, through the use of energy
dissipation. We found that it is possible to find a minimum of the dissipation for
which the basins are not Wada, but still compact. We have computed this minimum
value for different energies and we have found a polynomial relation between the
energy and the dissipation. Moreover, we have calculated, for a fixed initial energy,
the pair of damping and forcing values, for which the basins start to show the Wada
property. This analysis can be useful to know, in a system that presents Wada basins
in phase space, where they appear in order to understand better where the system
presents more unpredictability and ways to control it. Then, the next chapter is the
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last one about control of Chaos.
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Chapter 4

Phase Control in a
Mechanical System

“Chaos is a name for any order that produces

confusion in our minds.”

-George Santayana, (1863-1952)

The control of the chaotic dynamics in a nonlinear mass-spring model with non-
smooth stiffness is analyzed here. This is carried out by applying the phase control
technique, which uses a periodic perturbation of a suitable phase ϕ. For this pur-
pose, we take as prototype model a system consisting of a double-well potential
with an additional spring component, which acts into the system only for large
enough displacements. The crucial role of the phase is evidenced by using numerical
simulations and also by using analytical methods, such as the Melnikov analysis.

4.1 Introduction

There is a rich literature on chaotic systems either modeled by a set of nonlinear
ordinary differential equations or with smooth functions of the displacement or the
velocity [1]. Non-smooth systems are very common in Engineering [2, 3, 4] in which
they have relevant implications. In the present chapter we implement a control
scheme to control the dynamics of the two stage mass-spring oscillator as shown in
Fig. 4.1.

In this system the two considered springs are connected in a parallel way. One
of them has nonlinear characteristics producing the double-well potential while the
other one is acting according to the Hooke’s law, F = −kx, as shown in Fig. 4.1.
Such connections of springs are often considered in practical situations as in the
suspension of vehicles [5, 6], among others. The effect of the linear spring on the
two exterior nonlinear springs has been thoroughly analyzed by Litak et al. in
Ref. [7]. In this chapter we focus our research on a suitable control implementation
technique in order to obtain a desirable dynamical behavior.

Since the pioneering work on controlling chaos due to Ott, Grebogi and Yorke,
[8], different control schemes have been proposed that allow to obtain a desired
response for a dynamical system by applying some small but accurately chosen
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perturbations. In this context, some techniques that allow avoiding escapes in open
dynamical systems presenting transient chaos have been proposed, with applications
to many different situations in physics and engineering (see Ref. [9] and references
therein). However, most of these methods are feedback methods, i.e., they require
the application of a fast and adequate state-dependent perturbation to the system,
so that in some experimental situations they might become unpractical.

In those situations it has been shown that sometimes applying a small and state-
independent harmonic perturbation can lead to analogous results [10, 11]. The
methods based on this idea are traditionally known as nonfeedback methods [12].
Among them the phase control scheme [3, 12, 13, 14] has been found to be useful to
control different behaviors in periodically driven dynamical systems, including not
only control of a chaotic trajectory, but also other paradigmatic dynamical behaviors
such as crisis-induced intermittency, control of escapes in open dynamical systems
[15], control of dynamics in excitable systems [16], to cite just a few. This method
focus on the role of the phase difference of a periodic perturbation with respect to
the main forcing, which is adequately “tuned” to search of a desired response from
the system. Another control method [17], though based in a feedback procedure,
was used to preserve transient chaos. In this last paper, the authors focused in the
transient chaos and its lifetime using Lyapunov exponents.

Our aim in this chapter is to show that the phase control method can be applied
to non-smooth systems, which are used to model many systems in engineering.
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Figure 4.1. Schematic plot of the two stage spring-mass model. The effective exterior
springs in the figure are assumed to have the nonlinear characteristics, while the inte-
rior which introduces the non-smoothness, has a linear characteristics. h denotes the tip
position of the spring free length with respect to the equilibrium point x = 0.

This chapter is organized as follows. Section 4.2 presents a description of our
model and the phase control scheme implementation. In section 4.3 we solve the
corresponding differential equations and discuss the results explaining the role of
the phase in the control of the dynamics. On the other hand, the estimation of the
integral can be done numerically. This concept, used in previous works [18], is used
in Sec. 4.4. After presenting the numerical results, confirming the estimated critical
parameters, the chapter ends with the conclusions and a discussion presented in
Sec. 4.5.
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4.2 Model description

The model we take as prototype, according to Fig. 4.1, is given by the non-dimensional
equation of motion [7]:

ẍ+ αẋ− x+ x3 + k(x− h)Θ(x− h) = F sin(ωt), (4.1)

where α is the damping parameter and k is a constant associated to the linear spring
of a certain length and a non-symmetrical contact loss. Θ(x) is the Heaviside step
function, F is the amplitude of a harmonic excitation with frequency ω and h is the
the constant corresponding to the position of the spring free length tip with respect
to the equilibrium point x = 0 (see Fig. 4.1). We observe that if k = 0 we have the
well known Duffing oscillator [19, 20, 21].

Figure 4.2. The solid curve represents the double-well symmetric potential V1(x) =

−x2

2 + x4

4 and the potential obtained when the additional spring V (x) = −x2

2 + x4

4 +

k (x−x0−h′)2Θ(x−x0−h′)
2 , for k = 1 is considered. The parameters x0 + h′ = h, x0 = 1

comprise the position of the right hand side of the stable equilibrium point, while h′ (
h′ = 0 for (a); −0.1 for (b); and −0.3 for (c)) denotes the tip position of the spring free
length.

The restoring force F (x) is defined by the potential V (x) (Fig. 4.2) as follows

F (x) = −∂V

∂x
= x− x3 − k(x− h)Θ(x− h), (4.2)

V (x) = −x2

2
+

x4

4
+

k(x− h)2Θ(x− h)

2
, (4.3)

where we have taken x0 + h′ = h with x0 = 1 and h′ = −0.1.
In Fig. 4.2, we clearly observe the asymmetry induced by the additional linear

spring with clearance (curves (b) and (c)) with respect to the smooth restoring
force case (curve (a)). Notice that the solid red curve represents the symmetric
double-well potential.

In order to understand better the behavior of our system, we show numerical
plots of both, trajectories in phase space and Poincaré sections. For this purpose, we
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Figure 4.3. Numerical plots of both, phase portraits (x, y = ẋ) (Fig. a and Fig. b)
and corresponding Poincaré sections (Fig. a’ and Fig. b’), for the Duffing oscillator case
and for the non-smooth case with parameter values α = 0.15, F = 0.258, k = 0.2 and
h = 0.3, respectively [7]. We observe the effect of the non-smooth term on the right side of
the pictures: in presence of non-smoothness, both the trajectories and the attractor look
similar to the unperturbed ones, but their right side is slightly compressed.

Figure 4.4. Numerical bifurcation diagram (y = ẋ versus F ) of the Duffing oscillator
in absence of the linear spring with clearance (α = 0.15, k = 0.2, h = 0.3). We observe
periodic regions and chaotic regions depending of the value of F . The onset of chaos takes
place at F ≃ 0.257.

have taken the following values of the parameters: α = 0.15, ω = 1 and F = 0.258.
Figures 4.3(a) and 4.3(a’) represent both the typical chaotic trajectory and the
typical Poincaré section of the Duffing oscillator for the smooth case. Furthermore,
we can see in Fig. 4.4 the bifurcation diagram of the x variable as a function of the
forcing amplitude F , and we can see that F = 0.258 is well into the chaotic region.

Figures 4.3(b) and 4.3(b’) show the same kind of plots for the non-smooth case
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for k = 0.2 and h = 0.3. We can observe, in the right side (region in which x > 0)
of Fig. 4.3(b) and Fig. 4.3(b’), the effect of the non-smooth term. Provided that
the profile of the right well of the Duffing oscillator becomes steeper due to the
non-smooth term, we can see how both the right side of the trajectories and the
attractor are slightly compressed compared to the unperturbed case (Fig. 4.2).

In order to control the dynamics of this system we implement the phase control
technique by adding a external perturbation in the form ε sin(rωt+ϕ), where ε << F
is the amplitude of the control, r a positive constant, and ϕ the phase difference
between the main driving and the control term. From now on we call it simply phase
and it will be the main parameter of our control method. Once we introduce our
control scheme, the equation of motion of our system can be written as:

ẍ+ αẋ− x+ x3 + k(x− h)Θ(x− h) + ε sin(rωt+ ϕ) = F sin(ωt), (4.4)

Since we are working in the context of a mechanical device, the control term
ε sin(rωt+ ϕ) is quite natural and very easy to implement experimentally.

4.3 Melnikov analysis

Here we provide, by using Melnikov analysis, theoretical arguments in order to show
the different parameter regions in which the system is in a chaotic regime or in a
periodic regime and how the control scheme acts on the dynamics of the system. The
regions of transient and permanent chaos can be predicted by using the perturbative
Melnikov analysis [22, 23, 24].

According to the Melnikov analysis we assume that the force and the damping
parameter can be treated as perturbations, so that we can rewrite:

F sin(ωt) + δF sin(rωt+ ϕ) → ϵF̃ (sin(ωt)− δ sin(rωt+ ϕ)), α → ϵα̃.(4.5)

Consequently, the equations of the system can be written as:

ẋ = v, (4.6)

v̇ = x− x3 − k(x− h)Θ(x− h) = ϵ(−α̃v + F̃ (sin(ωt)− δ sin(rωt+ ϕ))). (4.7)

Thus, the unperturbed hamiltonian, i. e., in absence of both forcing and damping,
reads:

H0 =
v2

2
− x2

2
+

x4

4
+ k

(x− h)2Θ(x− h)

2
. (4.8)

The homoclinic orbits needed for the Melnikov method are obtained by integrat-
ing out the following expression:

dt

dx
=

1

v
=

1√
2V (x)

. (4.9)
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Figure 4.5. Homoclinic orbits of the corresponding unperturbed hamiltonian in the
phase plane (x, v = ẋ).

Thus, we obtain:

t− t0 =
1√

x2 − x4

2
− k(x− h)2Θ(x− h)

. (4.10)

In case of the typical double-well potential and for the right hand side half-plane
x < 0, we can easily integrate the above expression to the analytic formula:

x∗(t) = ±
√
2

cosh(t− t0)
, v∗(t) = ±

√
2 tanh(t− t0)

cosh(t− t0)
. (4.11)

The unperturbed hamiltonian and the homoclinic orbits are presented in Fig. 4.6.
After adding perturbations, the homoclinic orbits split to the stable and unstable

manifolds, denoted by Ws and Wu, respectively. The existence of cross-sections
between Ws and Wu manifolds signals the Smale horseshoe scenario of transition to
chaos (see Fig. 4.6). Consequently, the distance d between the invariant manifolds
can be estimated in terms of the Melnikov function since d ∼ M(t0):

M(t0) =

∫ ∞

−∞
h0(x

∗, v∗) ∧ h1(x
∗, v∗)dt, (4.12)

where ∧ defines the wedge product (dx ∧ dv = −dx ∧ dv, dx ∧ dx = dv ∧ dv =
0). The corresponding differential forms h0 means the gradient of the unperturbed
hamiltonian

h0 = (−x∗ + (x∗)3 + (x− h)Θ(x∗ − h))dx+ v∗dv, (4.13)
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x=0

d

w

wu

s

Figure 4.6. A schematic picture of unperturbed (plotted with a dotted line) and per-
turbed homoclinic orbits (stable Ws and unstable Wu manifolds plotted with full lines).
The distance between Ws and Wu is d. And x = 0 indicates the location of the saddle
point.

while h1 is a perturbed hamiltonian

h1 = (F̃ (sin(ωt)− δ sin(rωt+ ϕ)))− α̃v∗)dx. (4.14)

It is important that all differential forms in the above expressions are defined on the
homoclinic orbits (x, v) = (x∗, v∗). Thus, the Melnikov function M(t0) reads:

M(t0) =

∫ ∞

−∞
v∗(F̃ (sin(ωt)− δ sin(rωt+ ϕ))α̃v∗)dt. (4.15)

A condition for a global homoclinic transition, corresponding to a horseshoe type,
can be written as: ∨

t0

M(t0) = 0 and
∂M(t0)

∂t0
̸= 0. (4.16)

The above condition is valid [25] for smooth potentials belonging to the C2 class
(V ∈ C2).

On the other hand, for the non-smooth case, for k ̸= 0 (Figs. 2 and 4.5), the
analytic treatment is difficult, but the corresponding Melnikov criterion (Eqs. 4.11-
4.15) could be found numerically [7]. Note that in this situation the potential is not
smooth enough as it belongs to the C1 class functions. Thus, according to Kunze and
Küpper [[26]] there would be corrections related to the singular points associated to
the non-smoothness x = h. However, the above corrections are more important for
a precise estimation of the homoclinic bifurcation. In our case, we solve the integral
numerically, and our approximation will include Kuntze and Küpper corrections
[[26]] within the integration error. It should be noted that we give corrections, in
some sense, by averaging the integral kernel for different limits x → h.

Finally, from Eqs. 4.14 and 4.15, the critical region of the ratio η = F̃ /α̃ = F/α
as a function of ω can be estimated as

η(ω) = min|I1/I2(ω)|, (4.17)
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Figure 4.7. The numerically estimated critical surfaces η = F/α versus ω that separate
the regular (below the curves) and chaotic (above the curves) parameter regions for k = 1
and h = 1.0. The control phase ϕ was chosen as ϕ = 1/4, 1/3, 1/2, 1, 2, 3 for (a),(b), ...,
and (f) (respectively).

where the integrals I1 and I2 have the following forms

I1 =

∫ ∞

−∞
(v∗(t))2dt and I2 =

∫ ∞

−∞
v∗(t)(sin(ω(t+ t0))− δ sin(rω(t+ t0) + ϕ))dt (4.18)

The condition for the second potential well on the left hand side in Fig. 4.2 with a
smooth heteroclinic orbit (Fig. 5) can be expressed analytically as for the case k = 0.
Introducing v∗(t) into Eq. 4.17 [25] we integrate:

I1 =
4

3
, I2 =

√
2πω

cosh(πω/2)
sin(ωt0)− δ

√
2πrω

cosh(πrω/2)
sin(rωt0 + ϕ). (4.19)

For r = 1 the above formula can be easily simplified by choosing the free in-
tegration parameter t0 in such a way that max| sin(ωt0 + α)| = 1 (where sinα =
−δ sinϕ/

√
1 + δ2 − 2δ cosϕ).

Thus I2 can be written as

(I2)max =

√
2πω

cosh(πω/2)

√
1 + δ2 − 2δ cosϕ. (4.20)

Finally, for the condition for the left side potential well (Fig. 4.2), η(ω) (Eq. 4.16)
could be expressed analytically as

η(ω) =
2
√
2

3πω
√

1 + δ2 − 2δ cosϕ
cosh(πω/2). (4.21)
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Figure 4.8. Numerical plots trajectories in the phase plane (x, y = ẋ) of the system
without control (Fig. a) and with control (Fig. b). Parameter values are: k = 0.45, h = 1,
F = 0.258 and the control parameters are ε = 0.1 and ϕ = π. We observe the clear
influence of the phase to control the dynamics of our system.

The condition for the right hand side potential well (non-smooth case) in Fig. 4.2
(for k = 0.450, h = 1) has been computed numerically. By changing the h we could
see the effect of an additional spring on the dynamics (Fig. 4.1). The results of the
Melnikov analysis are presented in Fig. 4.7.

4.4 Numerical simulations

We have carried out some numerical simulations showing a very good agreement
with the analytical results shown previously. We have simulated the mathematical
model by using a 4th order Runge-Kutta integration scheme [27]. Trajectories in
phase space in both cases without control and with control are presented in Fig. 4.8.
Figure 4.8(a) show a chaotic trajectory for h = 1 and k = 0.2. If we increase the
value of k, say k = 0.7, the influence of the linear spring becomes relevant since
the chaotic motion disappears and it becomes periodic falling into an attractor, as
shown in Fig. 4.8(b). It seems then that there is a critical value of k for which a
periodic attractor close to the right well of the system appears, making the orbits
become periodic.

Figures 4.9(a) and 4.9(b) provide a deeper insight on this phenomenon. In
Fig. 4.9(a), a bifurcation diagram of the system of x versus F with non-smoothness
parameters k = 0.45 and h = 1, we can see that for small forcing the system
displays periodic behaviour, since the linear spring induces a regular behavior into
the system. But as F is increased, chaos arises in what seems to be an inverse saddle-
node bifurcation. Saddle-node bifurcations are widespread in dynamical systems, for
example it is the bifurcation that gives rise to the period-three window in the logistic
map [28]. In Fig. 4.9(b), we show the bifurcation diagram of the variable x versus
k for h = 1 and F = 0.258. We see that the system is chaotic until the value of k is
too large and a periodic attractor arises in the right well, so the pre-existing chaotic
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Figure 4.9. Numerical bifurcation diagram of the variable x versus F (a) for k = 0.45
and h = 1 without control. Numerical bifurcation diagram of the variable x versus k (b)
for h = 1 and F = 0.258. Numerical bifurcation diagrams of the variable x versus ϕ/2π
((c) and (d)). (c) F = 0.3 without control and (d) F = 0.3 with control parameters ε = 0.2
and ϕ = π.

attractor disappears through a saddle-node bifurcation. An energetic interpretation
can be provided for this phenomenon: when adding the non-smooth stiffness, the
system does not change drastically its behaviour until k is sufficiently large, when
an attractor arises that stabilizes the orbit. After this, the system can be driven
again to the chaotic state by increasing the forcing amplitude F .

The bifurcation diagrams of x versus ϕ shown in Figs. 4.9(c) and 4.9(d) for
k = 0.45 , k = 1, h = 1, respectively, for the uncontrolled case (Fig. 4.9(c)) and for
the control case with ϵ = 0.2 and r = 1. We clearly observe the strong influence of
the phase in the taming of the dynamical behavior of our system. Values of phase
ϕ induce both chaotic behavior with possible coexistence of several attractors and
regular motions according to Figs. 4.10.

In order to have a better understanding of these results we have plotted the
basins of attraction for different situations.

Figures 4.10(a) and (b) represent, for α = 0.15, ω = 1, h = 0.1 and k = 0.45,
the typical basin of attraction of the Duffing system [20, 29] in presence of the linear
spring without control for F = 0.26 and F = 0.3, respectively. We observe the
effect of the forcing in the sense that we can observe a transition from a chaotic
regime (Figure 4.10(a)) to a non-chaotic regime (Figure 4.10(b)) insofar we increase
the value of the forcing amplitude. The chaotic attractor (denoted in green color)
is destroyed and the motions become regular as clearly shown in the bifurcation
diagram in Fig. 4.4(b).

We have also analyzed numerically the effects of control on the dynamics of the
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Figure 4.10. Plots of the basins of attraction of our system (in the phase plane
(x, y = ẋ)) for (a) F = 0.3, k = 0.45 and h = 0.1 without control in which chaotic motions
take place, (b) F = 0.26, k = 0.45 and h = 0.1 in which the regular motions take place. (c)
and (d) with control (ε = 0.2) (c) ϕ = π and (d) ϕ = 0. Finally, we observe the important
influence of the phase since the basin structure is altered by the phase effects.

system for different values of the frequency.
Figures 4.10(c) and (d) show, in presence of control ε = 0.2 and F = 0.26, the

effect of the phase ϕ in the case of resonant frequencies, r = 1, between the main
driving and the control term. We easily observe the importance of the phase in both
the dynamics and the topology of the system. The chaotic attractor is smeared as
we can see Fig. 4.10(c) when ϕ = π. On the other hand, the existence of multiple
attractors takes place for the value ϕ = 0 as depicted in Fig. 4.10(d). In this last
case, the topology of phase space is quite complicated and the basins possess the
Wada property [29] and the system becomes unpredictable.

In order to provide more evidence of the phase control scheme,in both the dy-
namics and the topology of the system, we have also considered its effects for the
cases of non-resonant frequencies, r ̸= 1.

Figures 4.11(a-d) show, the basins of attraction for the case r = 1/2 and ε = 0.2.
The other parameters are fixed as follows: k = 0.45, µ = 0.15, ω = 1 and h = 0.1.
Figures 4.11(a) and (b) represent the case of ϕ = 0 and E = 0.26 and E = 0.3,
respectively. Figure 4.11(a) shows the existence of regular and periodic motions in
which the system is completely predictable and the boundaries between the basins
are smooth. In contrast, in Fig. 4.11(b) the topology is completely different. The
boundaries between the basins are fractal and the system becomes unpredictable in
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Figure 4.11. Plots of the basins of attraction of our system (in the phase plane
(x, y = ẋ)) for r = 1/2, ε = 0.2, (a) ϕ = 0, F = 0.26, k = 0.45 and h = 0.1 in which
regular motions take place, (b) ϕ = 0, F = 0.30, k = 0.45 and h = 0.1 in which the
topology is rather complicated since the boundaries of the basins are fractal. (c) and (d)
with ϕ = π. Finally, we observe the effects of the phase since the boundaries can be fractal
or a complete predictable scenario can appear.

several regions of phase space. On the other hand, Figs. 4.11(c) and (d) represent
the case of ϕ = π and E = 0.26 and E = 0.3, respectively. The role of the phase
ϕ is quite relevant since the structure of phase space is completely different as in
the case in which ϕ = 0. Figure 4.11(c) represents the erosion of one of the basins
in which we can observe small regions in phase space in which the dynamics of the
system is unpredictable. Insofar we increase the value of the energy, say E = 0.3
(see Fig. 4.11(d)), the phase space has one single attractor and all orbits are regular
and periodic. These numerical results are in complete agreement with the Melnikov
analysis shown in Figs. 4.7(b).

In the last part of this section, we analyze the influence of a non resonant situ-
ation, that is, r = 2. Figures 4.12(a-d) show the basins of attraction for the case
r = 2 and ε = 0.2. The other parameters are fixed as follows: k = 0.45, µ = 0.15,
ω = 1 and h = 0.1.

The existence of a chaotic attractor in Fig. 4.12(a) is clearly modified for the
value ϕ = 0 (see Fig. 4.12(b)) when we change the forcing amplitude from F = 0.26
to F = 0.3, where all orbits are periodic or regular according to Fig. 4.12(c). On
the other hand, regular motions take place for the value ϕ = π and F = 0.26,
becoming the system completely predictable according to its smooth boundaries.
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Figure 4.12. Plots of the basins of attraction of our system (in the phase plane
(x, y = ẋ)) for r = 2, ε = 0.2, (a) ϕ = 0, F = 0.26, k = 0.45 and h = 0.1 in which
chaotic motions take place and where we can observe the chaotic attractor denoted in
green color, (b) ϕ = 0, F = 0.30, k = 0.45 and h = 0.1 in which the topology is very
simple since all motions are regular or periodic. (c) and (d) with ϕ = π. Finally, we
clearly see the relevant effects of the phase since the boundaries can be smooth with a
complete predictable scenario from a dynamical point of view or phase space can have
fractal structure, respectively.

However, for F = 0.3, the phase space topology is rather complicated possessing
fractal structures and multiple attractors for which the prediction is quite difficult,
as shown in Fig. 4.12(d).

It should be also noted that the Melnikov criterion indicates rather the appear-
ance of both the basin boundary destruction and also chaotic motion. This effect
can be visible in Figs. 4.10, where the basins of attraction for three values in the
vicinity of critical conditions that corroborate the results presented in Fig. 4.7 are
shown. The different surfaces represent the existence of chaotic or regular motions
for different values of the phase ϕ which are also in complete agreement with the
numerical results presented in this section.

4.5 Conclusions

The results shown in this chapter point out that the non-smooth systems can be
controlled by using the phase control technique. For that purpose, we propose to
rely on the numerical integration of the Melnikov integral in which we present results
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on the effects of the phase difference between the main driving and the control.
The numerical bifurcation diagrams elucidate clearly the role of F , k and ω for

which the onset of the chaotic motions takes place and their control through the
phase difference between both signals. Besides, by analyzing the different numerical
bifurcation diagrams we conjecture both, the appearance and destruction of differ-
ent attractors. This last result is corroborated by analyzing the evolution of the
basin of attraction for different values of η. The basins of attraction show the cre-
ation and destruction of the different attractors for values of η close to the critical
points where the dynamics changes from periodic to chaotic or viceversa. We think
that this chapter has important and relevant implications in problems of control in
Engineering [2]. From the next chapter starts our work on mechanical systems for
energy harvesting purpose.
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Chapter 5

Vibrational resonance in
energy harvesting systems

“If you want to find the secrets of the universe,

think in terms of energy, frequency and

vibration.”

-Nikola Tesla, (1856-1943)

The following chapters are centered on energy harvesting systems. The idea
to use the environmental energy to power electronic portable devices is becoming
very popular in the last years. In fact, the possibility to not depend only on the
batteries can give to the devices longer operating periods in a fully sustainable way.
Vibrational kinetic energy is a reliable and widespread environmental energy, that
makes it a suitable energy source to exploit. In this chapter, we study the electrical
response of a bistable system, by using a double-well Duffing oscillator, connected to
a circuit through piezoceramic elements and driven by both a low (LF) and a high
frequency (HF) forcing, where the HF forcing is the environmental vibration, while
the LF is controlled by us. The response amplitude at the low-frequency increases,
reaches a maximum and then decreases for a certain range of the HF forcing. This
phenomenon is called vibrational resonance (VR).

5.1 Introduction

In the last few years a fast development in the miniaturization capability of elec-
tronic devices has occurred. On the other hand the same improvement speed has
not been comparable for the energy density available in batteries made to provide
the power for such devices, when operating in stand-alone configurations [1]. Thus,
the possibility to overcome the limitations related to the power requirement of small
electronic components has become an important research field. One recent idea is
to power such small electronic devices by using energy available in their environ-
ment. This is the core of the so called energy harvesting. The main goal that energy
harvesting wants to achieve is to reduce the requirement of an external source as
well as the maintenance costs for periodic battery replacement and the chemical
waste of conventional batteries. Due to its diffusion, an interesting possibility has
received growing attention, i.e., converting the micro-kinetic energy, mostly avail-

69
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able as random motion often manifested as vibration, into electrical power. This is
called kinetic energy harvesting [2]. Basically three mechanisms to convert vibra-
tion to electric energy have been proposed, electromagnetic [3], electrostatic [4] and
piezoelectric [5] transduction. We have focused our attention on the piezoelectric
mechanism because it shows some advantages such as the large power densities and
the ease of application [6], among others. Most piezoelectric energy harvesters are
in the form of a cantilever beam with one or two piezoceramic layers. The beam is
located on a vibrating host structure and the dynamic strain induced in the piezo-
ceramic layers gives an alternating voltage output. Recently a larger interest has
been focused on beam-mass systems [7], [8]. A new model of an inverted beam
coupled to piezoelectric transducer has been proposed [9]. This inverted beam has
a tip mass making the vertical position unstable, so that the beam buckles, giving
rise to a double-well potential due to the gravitational loading. Another bistable
oscillator has been proposed by [10], but has been only considered for energy har-
vesting thirty years later, [11]. This harvester is composed of a ferromagnetic beam
with a patch of piezoelectric material and two external magnets. In this case, the
bistability is given by the higher magnetic permeability of the ferroelectric material.
In this chapter, we study the possibility to enhance the output electrical signal of a
ferromagnetic harvester by using a resonant phenomenon that has been studied for
the first time by Landa and McClintock [12]. The authors of the previous paper have
shown that in a bistable system driven by both a low and a high-frequency forcing,
the response amplitude at the low-frequency increases, reaches a maximum and then
decreases as the amplitude of the high-frequency forcing is varied. This phenomenon
is called vibrational resonance (VR). So far, this phenomenon has been thoroughly
studied in a large class of dynamical systems such as a noise induced structure [13],
coupled oscillators [14], biological oscillators [15], multistable systems [16], spatially
periodic potential systems [17], among others. In particular, in [17], the authors
demonstrate theoretically and numerically that a biharmonic signal can give rise to
VR in periodic potential systems, as the oscillator is driven by the biharmonic force
F cosωt + f cosΩt, when F, f are the amplitudes of the excitations and Ω ≫ ω
are the frequencies. The main idea of this chapter is to model the environmental
vibration as a periodic HF forcing then to use controllable LF forcing in order to
enhance the amplitude of the strain of the beam when the VR phenomenon appears.
It is useful to remember that the amplitude of the oscillations of the beam and the
output electrical signal are directly related, through the piezoelectric transduction
mechanism. It is important to notice that as the LF forcing can be controlled by
us, the enhancement of the electrical output is highly controllable. To conclude, we
study the enhancement of the electrical power generated by a cantilever beam in
presence of VR.

The organization of the chapter is as follows. In Sec. 5.2 we study the model
and the nature of the system. Sec. 5.3 is a description of the usual treatment of VR
in dynamical systems and how we apply it to our model. In Sec. 5.4 we examine
the results of our simulations. Finally, a discussion and the main conclusions of this
chapter are summarized in Sec. 5.5.
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Table 5.1. The simulations parameters

Parameters Description Value

r dissipation 0.5
χ dimensionless piezoelectric coupling term in the mechanical equation 0.05
κ dimensionless piezoelectric coupling term in the electrical equation 0.5
λ reciprocal of the dimensionless time constant 0.01
α stiffness mistuning parameter 0.5

Figure 5.1. Schematic plot of the harvesting device consisting of the ferromagnetic
beam, the magnets, the piezoelectric patches and the electrical circuit.

5.2 Model description

In order to study VR in an energy harvesting system, we have chosen a model based
on the double-well Duffing oscillator, that is shown in Fig. 5.1, and whose equations
are:

ẍ+ 2rẋ− αx(1− x2)− χv = A cos(ωt) +B cos(Ωt) (5.1)

v̇ + λv + κẋ = 0. (5.2)

The variable x is the dimensionless transverse displacement of a beam tip, r is
the damping ratio, v is the dimensionless voltage across the load resistor, χ is the
dimensionless piezoelectric coupling term in the mechanical equation, κ is the di-
mensionless piezoelectric coupling term in the electrical equation, λ ∝ 1/RC is the
reciprocal of the dimensionless time constant of the electrical circuit, R is the load
resistance, and C is the capacitance of the piezoelectric material. Next, α is the
stiffness parameter, and A,B are, respectively, the low and high frequency inertial
forces and ω ≪ Ω the respective frequencies. The amplitudes of the two kinematic
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Figure 5.2. The figure plots the potential of the system. Black arrows denote the
positions of the equilibrium points.

forcing are functions of the respective frequencies A = Fω2, B = fΩ2 because the
periodic forcing terms are related with the simple harmonic movement. All the val-
ues of the parameters we have used in the simulations are described in Table 5.1.
A plot of the potential of our system, V (x) = −x2

4
+ x4

8
, the double-well Duff-

ing oscillator, is shown in Fig. 5.2. The stable equilibrium points of our system
are (1, 0), (−1, 0) and the unstable equilibrium point is (0, 0), which corresponds
with the vertical position of the beam. Before to continue describing the system
it should be useful to remember that in Eq. (5.1), we have two different forcings,
A cos(ωt), B cos(Ωt) and two different frequencies, Ω and ω. From now on, we take
Ω = 9 and ω = 0.5. Depending on the initial conditions, all the trajectories inside
the double-well potential fall in one of the equilibrium points in absence of forcing.
Eventually, if the amount of forcing is large enough the trajectories could be wider
and never fall into the well. This is important because in our case the wider the
trajectories the bigger the harvested energy as we can see in Figs. 5.3(a)-(d). In
fact, in these figures we show the displacement along the x axis and the power v2 in
a case with A = 0, Figs. 5.3(a)-(b), and with A = 0.7, Figs. 5.3(c)-(d). It is possible
to see that the difference between the power generated is strongly related with the
amplitude of the displacement. For the simulations in both cases we have discarded
the transients and used an external forcing f = B/Ω2 = 1. Here and from now on
we start every simulation from the initial conditions (x, y, v) = (1, 0, 0).

5.3 Vibrational resonance in the energy harvesting system

Vibrational resonance consists of the optimization of the response of the system to a
low-frequency (LF) signal of amplitude A and frequency ω due to a high-frequency
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Figure 5.3. Figures (a) and (b) show respectively the displacement of the beam along
the x axis and the power v2 with F = A/ω2 = 0. Figures (c) and (d) show respectively
the displacement of the beam along the x axis and the power v2 with A = Fω2 = 0.7,
amount of forcing that produce VR. In both cases we have discarded the transients and
used an external forcing f = B/Ω2 = 1. The initial conditions that we use in Eqs.(5.1)
and (5.2) are (x, y, v) = (1, 0, 0).

(HF) signal of amplitude B and frequency Ω >> ω. Our present purpose is to study
numerically the phenomenon of VR for the variable x, and the power v2. The system
of differential equations that we have to solve is defined by Eqs. (5.1) and (5.2). The
relation between the output and the forcing signals provides an idea of how the LF
signal is being amplified by the HF signal. This is commonly defined by means of
the Q factor, which is defined as:

Q =

√
(C2

s + C2
c )

A
. (5.3)

Here A is the LF forcing amplitude and Q is the response for the frequency ω,
usually defined as the amplitude of the sine and cosine components of the output
signal, yielding

Cs =
2

nT

∫ nT

0

Γ(t) sinωtdt (5.4)

Cc =
2

nT

∫ nT

0

Γ(t) cosωtdt. (5.5)

The function Γ(t) used to calculate the Q factor is, in our case, x(t) or v2(t), n is
the number of complete oscillations of the LF signal and T = 2π/ω is its period.
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The numerical values of Cs and Cc are related to the Fourier spectrum of the time
series of the variable v2 computed at the frequency ω. The usual procedure to search
for VR is to compute Q for different amplitudes B of the HF periodic signal [12].
If there is a value of B that maximizes Q, then the VR phenomenon occurs. This
means that there is a particular value of the HF periodic signal that optimizes the
response of the system to the weak LF periodic signal.

Figure 5.4. Figures (a) and (b) plot respectively the Q factor calculated for x and
v2 versus f = B/Ω2 for different values of A = Fω2. A = 0.1, A = 0.15, A = 0.2, A =
0.25, A = 0.3, A = 0.35, A = 0.4, A = 0.45, A = 0.5, A = 0.55, A = 0.6, A = 0.65, A = 0.7.
The initial conditions that we use in Eqs.(5.1) and (5.2) are (x, y, v) = (1, 0, 0). The black
arrows in the figures indicate the increasing direction of parameter A along the different
curves.

Figure 5.5. Figures (a) and (b) plot respectively the Qv and the σ2(v) versus f = B/Ω2

(the parameter values A, the initial conditions and the black arrow as in Fig. 5.4).

5.4 Numerical results

Here, in order to analyze the VR phenomenon in our system we solve the differential
equations (Eqs. (5.1) and (5.2)) in absence of the LF controlled external signals and
then applying both the LF and HF periodic signals once the transient has vanished.
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Figure 5.6. Figures (a) and (b) plot respectively the standard deviations σ(X) and σ(v2)
versus f = B/Ω2 (the parameter values A, the initial conditions and the black arrow as
in Fig. 5.4).

Then we compute the factor Q for a range of different values of the HF amplitude
B = fΩ2 and for different fixed LF amplitude A = Fω2. Now a graph of Qx, Qv2

and Qv versus f = B/Ω2 is plotted and, if the parameters are properly chosen, the
typical bell-shaped curve is found (Figs. 5.4(a)-(b) and Fig.5.5(a)). The maxima of
these curves are the optimal match between the LF and HF signals and appear when
the VR phenomenon occurs. Note that Qx shows double peaks for fairly small values
of A, corresponding to the single and double-well oscillation response. In contrast,
Qv2 shows only a single peak informing that the output power oscillations in the
system with a single-well resonating response are relatively small. After having
analyzed the Q factor results, we discuss the influence of the VR on the power
output. Figure 5.5(a) shows the corresponding Qv factor which mirrors the double
peaks behavior fromQx as shown in Fig. 5.4(a). This is due to the linear piezoelectric
coupling in Eqs. (5.1) and (5.2). Furthermore, the average power output is plotted
in terms of the voltage variance σ2(v) in Fig. 5.5(b). Note that the maximum is
reached for a large value of f , but for intermediate values of A, we observe a certain
increase of the power output in the region of the first peak of VR. This corresponds to
the synchronization of the optimal output displacement just before the bifurcation
from single to double-well oscillations. For better clarity, we have estimated the
standard deviation of the beam displacement σ(x) and power generated σ(v2) in
the same range of kinematic forcing amplitude f shown in Figs. 5.4(a)-(b). In
Figs. 5.6(a)-(b) it is possible to compare the increments of the beam displacement
and the power response, respectively. These figures confirm our previous conclusions
on VR on the two output parameters. This result is strongly related with the Q
curves (Fig. 5.4), where the maxima appear at the same amount of f inside the bell
curves. It is important to remark that in Figs. 5.3(c)-(d) the displacement of the
beam along x axis and the power v2 for forcing values of A and f that produce the
VR phenomenon is shown. To summarize, we have studied that it is possible to
find a periodic perturbation controlled by us that can enhance the environmental
vibration effect in a double-well oscillator. Moreover, the raise of the oscillations
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amplitude gives us the possibility to produce more energy through the piezoelectric
patches stuck on the cantilever bean.

5.5 Conclusions

In this chapter, we have analyzed the relationship between the VR and the power
response v2 of a double-well Duffing oscillator, designed to harvest energy. We have
implemented in the Duffing oscillator two periodic forcings, one with high frequency
Ω, the environmental vibration, while the other has a low frequency ω, the induced
vibration. The study has permitted to find values of the low frequency forcing
f = B/Ω2 for which the VR is verified. As we expected, the power gained is
strongly related with the amplitude of the oscillations. Therefore, in these range of
values we have calculated the power response and the displacement of the system
for different high frequency forcing amplitudes A and put them in relation with
the power response for A = 0. We have shown that when the VR appears, the
displacement x(t) grows up, so that the power v2(t) increases. It is important to
underline that as the VR phenomenon is induced by a controllable forcing applied to
the system, the power enhancement is easily reproducible and controllable. Finally,
we discuss that both increments of x(t) and v2(t) follow the bell shaped curve of
the Q factor. To conclude, the vibrational resonance can produce positive effects on
the power produced by a harvesting energy device from the environmental kinetic
energy. The next chapter will study the VR in energy harvesting system with a
different approach.
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Chapter 6

Optimization response in
energy harvesting system

“As the saying goes, the Stone Age did not end

because we ran out of stones; we transitioned

to better solutions. The same opportunity

lies before us with energy efficiency and clean

energy.”

-Steven Chu, (1948- )

Also in this chapter, we study the vibrational resonance phenomenon (VR) as
a useful mechanism for energy harvesting purposes. As we point out at the end
of the previous chapter, here the approach is different. In fact, normally, the VR
phenomenon is studied in terms of the forcing amplitudes or of the frequencies, that
are not always easy to adjust and change. Here, we study the VR generated by
tuning another parameter that is possible to manipulate when the forcing values
depend on the environmental conditions. We have investigated the dependence of
the maximum response due to the VR for small and large variations in the forcing
amplitudes and frequencies. Besides, we have plotted color coded figures in the space
of the two forcing amplitudes, in which it is possible to appreciate different patterns
in the electrical power generated by the system. These patterns provide a useful
information on the forcing amplitudes in order to produce the optimal electrical
power.

6.1 Introduction

It is possible, all around us, to see small but powerful electrical devices greedy of
energy. In fact, the performance of the electronic devices has increased rapidly along
with their energy needs, while the capacity of the batteries has become suddenly in-
adequate [1]. Therefore, powering electronics devices without depending exclusively
on the batteries, but transforming the environmental energy into electrical energy,
has grown as an interesting open research field, called energy harvesting.

In this sense, mechanical vibrations are a possible and reliable energy source that
can be exploited. In fact, different ideas have been proposed in order to transform
environmental vibration kinetic energy into electrical energy, like using piezoelectric
or electrostatic effects [2, 3, 4], i.e., coupling a mechanical system as a source to a
transduction mechanism. Some numerical results [5] have shown that the bistable
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energy harvesters are able to provide more energy in a frequency broadband than
their linear counterparts, initially preferred [6]. It means that the nonlinear oscil-
lators can exploit a wider spectrum of vibration frequencies, making them more
adaptable and the best choice as shown in [7, 8, 9, 10, 11, 12].

In the scientific literature on vibrations is usual to have the impression that all
vibrations are detrimental because most publicized work discusses vibration reduc-
tion in one form or another. But since we talk about exploiting vibrations as a
source of electrical energy, nonlinear environmental vibrations can be intentionally
introduced into designs or enhanced in amplitude. The final objective is to take
advantage of benefits and then studied by using mathematical tools for modeling
and predicting the vibrational behaviors. Besides, it is important to state that vibra-
tions are defined to be linear when the corresponding force of the potential is linear
(F = −kx) and nonlinear otherwise. Therefore, we have decided to use nonlinear
vibrations, not only because they are more general and realistic, but also because
energy harvesters are supposed to be small enough to be contained into electronic
devices. That means that even small vibration amplitudes result large in consider-
ation with the system. Moreover, sometimes in kinetic energy harvesting systems,
it can be useful to increment the effect of the vibrations in amplitude in order to
produce more energy [13].

A phenomenon that can help to achieve this enhancement is the vibrational reso-
nance (VR) [14], where the resonance concept is the tendency of a system to oscillate
with greater amplitude at some frequencies than at others. The VR phenomenon
appears when a bistable system with a low (LF) and a high frequency (HF) forcing
gives a response amplitude at the LF that grows until a maximum and then decreases,
while we vary the amplitude of the HF forcing or the frequency. Other theoretical
aspects of the VR have been developed in [15, 16, 17]. The VR phenomenon can
be explained as an amplification of the LF signal, due to a reduction of the stiffness
of the system induced by the HF force. In other words, it happens when the low
frequency signal is able to induce cross-well transitions. So far, this phenomenon
has been thoroughly studied in a large class of dynamical systems [18, 19, 20, 21, 22],
among others. In [13], we have studied the influence of this phenomenon on a Duff-
ing oscillator driven by a bi-harmonic excitation, focusing our work on the effects
of VR in harvesting systems. Following the same path, we have decided to study a
bistable oscillator, studied in [5, 23, 24] numerically and experimentally, driven by a
HF and LF forcing, in which the double-well potential is given by the repulsion of an
external and an internal magnet situated as shown in Fig. 6.1. In this case, the two
forcings simulate environmental vibrations and we analyze their interaction in order
to exploit the VR phenomenon by tuning a different parameter values of ∆, which
is the distance between the magnets (see Fig. 6.1). Accordingly, we have focused
our attention in the power generated by the system by producing a two-dimensional
map with an appropriate color code, that associates to every LF and HF forcing pair
(F, f) a different color, that represents a value of the mean electrical power < P >.
As we will show later on, different patterns can be visualized. To summarize, we will
analyze the phenomenon of VR for different values of the distance between magnets
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∆. Furthermore, we compute the electrical power generated for different frequencies
and amplitudes of the forcing terms for various values of ∆.

This chapter is organized as follows. In Sec. 6.2, we describe our prototype
model, the bistable nonlinear oscillator which emulates our mechanical system. The
phenomenon of the VR in our system and its implications in energy harvesting is
described in Sec. 6.3. In Sec. 6.4, we study the response of the average power of the
system in the vibrational resonance regime. A map of the electrical power response
of the system is described in Sec. 6.5. A discussion and the main conclusions of this
manuscript are presented in Sec. 6.6.

Figure 6.1. This figure shows the harvester considered. Parameter ∆ is the distance
between the magnets, PZT the piezoelectric patch, R and Cp are the resistance and the
capacitor of the coupled circuit, and the beam displacement is along x axis.

Figure 6.2. Plot of the potential U(x), given by Eq. 6.3, for different values of the
distance between the magnets ∆ = 0.005,∆ = 0.007,∆ = 0.010 and ∆ = 0.02. The rest
of the parameters are shown in Table 6.1, in agreement with [5, 23, 24]. All magnitudes
follow the International System of units.

6.2 Model description

We have chosen for our study the mechanical system depicted in Fig. 6.1, which
has been studied numerically and experimentally in [5, 23, 24]. This system can be
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Table 6.1. Parameters of the simulations

Parameters Description Value

m cantilever equivalent mass 0.018 Kg
γ viscous parameter 0.022 kg/s
Kv piezoelectric coupling constant 0.0011 N/V
Kc position to voltage coupling co-

eff.
4.15× 103V/m

RL load resistance 300× 103Ω
C piezoelectric capacitance 112× 10−9F

Keff cantilever effective elastic con-
stant

26.6 N/m

M effective magnetic moment 0.051Am2

µ0 magnetic permeability 4π × 10−7H/m

modeled as a bistable potential like and the equation of motion reads:

mẍ+
dU(x)

dx
+ γẋ+Kvv(t) = F cos(ωt) + f cos(Ωt), (6.1)

where U(x) is the potential energy function of the cantilever with equivalent mass m,
x is the vertical displacement around its mean value, the third term on the left γẋ,
gives the energy dissipation due to the bending and in the fourth term we have v(t)
the voltage and Kv, the coupling constant of the piezoelectric sample, so that Kvv(t)
gives the energy transferred to the electric load R with the coupling equation:

v̇ + v(t)/τp − κcẋ = 0, (6.2)

where κc is the position to voltage coupling coefficient. The time constant of the
piezoelectric dynamics, τp, is related to the coupling capacitance Cp and to the
resistive load R by τp = RCp. Finally, F cos(ωt) and f cos(Ωt) are the low frequency
(LF) and the high frequency (HF) excitations, respectively. Notice that we have
chosen for convenience F ≫ f as the respective forcing amplitudes, while ω = 0.5
and Ω are the frequencies, that have always to satisfy the VR condition Ω ≫ ω.
The HF frequency value is Ω = 5 if not indicated otherwise.

The potential energy function in Eq. 6.1 is given by:

U(x) =
1

2
Keffx

2 + (ax2 + b∆2)−3/2, (6.3)

with Keff , a and b representing constants related to the physical parameters of
the cantilever. The parameter a is given by a = d2(µ0M

2/2πd)−2/3 where µ0 is the
permeability constant, M the effective magnetic moment and d = 2.97 a geometrical
parameter related to the distance between the measurement point and the cantilever
length. The variable b is written as b = a/d2. The tuning parameter ∆ is used to
move from a monostable potential to a bistable potential (see Fig. 6.2). In other



6.3. The vibrational resonance 83

Figure 6.3. Figures (a) and (c) plot Qx vs ∆, for f = 0.1 × 10−2 and f = 0.5 × 10−2.
Figures (b) and (d) plotQv2 vs ∆, for f = 0.1×10−2 and f = 0.5×10−2. All different curves
are plotted for different values of F : F = 0.11× 10−1, F = 0.12× 10−1, F = 0.13× 10−1,
and F = 0.14 × 10−1. Note that there is a value of the ∆ parameter that maximizes the
Q factor, showing the occurrence of VR, although it shifts to smaller values when the F
value grows up. In all these curves, we have used (x0, y0, v0) = (0.001, 0, 0) as the initial
condition.

words, it is the distance between the magnet on the top of the cantilever and the fixed
magnet. Later, we discuss the influence of this parameter on the electrical power
harvested in the system of Eqs. (6.1-6.3). We start, from now on, every simulation
from the initial condition (x0, y0, v0) = (0.001, 0, 0) (y = ẋ), using a Runge-Kutta
integrator [25] of fourth order. The parameter values used for the simulations are
described in Table 6.1, according to [5, 23, 24], where a comparison between the
numerical simulations and an experimental apparatus has been done. We do not
explicit the units other than in the Table 6.1, because they do not change along the
chapter. We have decided to study the harvester subjected to continuous vibrations
for values of the amplitudes and frequencies sufficiently sensitive to a human being,
as we can see in [26].

6.3 The vibrational resonance

The first step is the numerical study of the response of the system defined by
Eqs. (6.1)-(6.3) for the displacement variable x, and the electrical power P ∝ V 2,
where V is the voltage generated by the system. When the system has a LF signal of
amplitude F and frequency ω, and a HF signal of amplitude f ≪ F and frequency
Ω ≫ ω, the VR phenomenon can take place.
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Figure 6.4. Figures (a) and (c) plot the Q factor for the position, Qx vs ∆, for f =
0.1× 10−2 and f = 0.5× 10−2. It is possible to see that in both figures the curves do not
change significantly when the Ω value grows up. Figures (b) and (d) plot the Q factor for
the power Qv2 vs ∆, for f = 0.1× 10−2 and f = 0.5× 10−2. Here, the scale changes and
also the shape of the curves. Moreover, a new peak shows up in Fig. 6.4 (d). All different
curves are plotted for different values of the HF frequency Ω. In all these curves, we have
used (x0, y0, v0) = (0.001, 0, 0) as the initial condition.

The usual procedure to search for VR is to compute, for different amplitudes f
or frequency Ω [14], the Q factor

Q =

√
(C2

s + C2
c )

F
, (6.4)

where

Cs =
2

nT

∫ nT

0

Γ(t) sin(ωt)dt (6.5)

Cc =
2

nT

∫ nT

0

Γ(t) cos(ωt)dt, (6.6)

and Γ(t) is, in our case, the displacement x or the electrical power generated P ∝ V 2,
the number of complete oscillations of the LF signal is n and T = 2π/ω is its period.
The VR occurs, if it is possible to find a value of f or of Ω that maximizes the
Q factor. This means that a particular value of the HF periodic signal has been
found that optimizes the response of the system to the weak LF periodic signal.
Here, we have explored a different scenario, where the values of the frequencies and
forcing amplitudes are fixed by the environmental conditions and we modify only
the parameter ∆.
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Figure 6.5. Figures (a) and (b) plot the average electrical power, < P >∝< V 2 > vs
∆, for f = 0.1× 10−2 and f = 0.5× 10−2 for different values of F . Figures (c-d) plot the
average electrical power, < P >, vs ∆, for f = 0.1× 10−2 and f = 0.5× 10−2 for different
values of Ω. Figures (a-c) show a peak for the same ∆ value, but figure (d) maximum
is displaced with respect the others and it is in agreement with Fig. 6.4 (d). In all these
curves, we have used (x0, y0, v0) = (0.001, 0, 0) as the initial condition.

6.3.1 Vibrational resonance for small variations in the forcing
amplitudes and frequencies ratio

We have started our analysis with a value of the HF forcing amplitude f = 0.1×10−2

(as shown in Figs. 6.3 (a-b)). In these figures, the different curves related to different
values of the LF forcing amplitude 0.1×10−1 < F < 0.14×10−1 show how the peaks
detach around the value of ∆ = 0.01. The same behavior happens when we change
the amount of the HF forcing amplitude f = 0.5 × 10−2 (see Figs. 6.3 (c-d)), only
a new peak detach in the curve of F = 0.011 for a slightly larger ∆ value. Also,
we have computed the same curves for different amounts of the frequency Ω, as
shown in Figs. 6.4 (a-d). In Figs. 6.4 (a) and (c) we can see that the peaks detach
for the same ∆ value. However, for a HF forcing value f = 0.5 × 10−2, as shown
in Fig 6.4 (d), the Q factor for the electrical power Qv2 shows a different behavior
with respect to the Qx and another peak pop up for a slightly larger value of ∆.
The analysis of the previous figures shows us that a variation of the experimental
parameter ∆ can generate the VR phenomenon for which the role of the parameter
f is crucial. In the situation in which VR exists, we have calculated the value of
∆ for which we have a maximum in the average electrical power generated by the
mechanical system, namely < P >∝< V 2 >. This maximum can be observed in
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Figure 6.6. Figures (a) and (c) plot the Q factor of the displacement Qx vs ∆, for
f = 0.1 × 10−2 and f = 0.5 × 10−2. Figures (b) and (d) plot the the Q factor of the
power Qv2 vs ∆, for f = 0.1 × 10−2 and f = 0.5 × 10−2. All different curves are plotted
for different values of F , larger with respect of Fig. 6.3 (a-d). The figures show that the
peaks of both Qx and Qv2 shift in function of the value of the F . In all these curves, we
have used (x0, y0, v0) = (0.001, 0, 0) as the initial condition.

Fig. 6.5 (a) where we show the values of < P > for the case with f = 0.1×10−2. On
the other hand, the average electrical power generated by the mechanical system,
for the case with f = 0.5 × 10−2, is shown in Fig. 6.5 (b), where qualitatively its
behavior is the same that in the case of the previous figure. We can see, as shown
in Fig. 6.3, that the value of the parameter ∆ for which the peaks are maximal
coincides with the value for which the Q factor is also maximum. The last figure,
Fig. 6.5 (d), shows us that the optimal distance ∆ between the magnets for the VR
to occur can depend on the LF forcing, in fact a new maximum shows up while Ω
is increasing.

6.3.2 Vibrational resonance for larger variations in the forcing
amplitudes and frequencies ratio

In the previous subsection, we have shown that for a small difference of the amplitude
F and the frequency Ω of the forcing, the peak of the VR occurs for almost the
same ∆ value. We have also shown that the maximum in electrical power and the
peaks in the Q factor are related. In this subsection, we investigate the occurrence
of the VR peak when the variation of the ratio between the two amplitudes and
frequencies of the forcing is larger, although the vibration values remain in a humanly



6.3. The vibrational resonance 87

Figure 6.7. Figures (a) and (c) plot the Q factor of the displacement Qx vs ∆, for
f = 0.1× 10−2 and f = 0.5× 10−2. Figures (b) and (d) plot the the Q factor of the power
Qv2 vs ∆, for f = 0.1 × 10−2 and f = 0.5 × 10−2. All different curves are plotted for
different values of HF frequency Ω, larger with respect of Fig 6.4(a-d). The figures show
that the peaks of both Qx and Qv2 show different behaviors. Below, we plot figure (d)
for specific ranges of frequency Ω. We have used (x0, y0, v0) = (0.001, 0, 0) as the initial
condition.

acceptable scale. We study the possibility to establish that there are values of
the ∆ parameter that maximize the system response in electrical power for given
environmental vibrations, even when the vibrational conditions vary on a larger
scale. The Q factor for the displacement x and the electrical power < P > in the
cases of different amplitudes F can be seen in Figs. 6.6 (a-d). In these figures, we
have a similar behavior between them, insofar the scale of the F increases. On the
other hand, in Figs. 6.7 (a-d), we have changed the frequency ratio, showing a strong
change in the shape of the curves shown in Figs. 6.7 (c) and 6.7 (d) with respect
to the ones shown in Figs. 6.7 (a) and 6.7 (b). In Figs. 6.8 (a-e) we attempt to
clarify Fig. 6.7 (d) by plotting in the different panels the shape of the curves for a
shorter range of Ω. In these last figures, we can see that the peaks are localized
in a narrow area of the figure, typically around the value ∆ = 0.001. When we
study the average electrical power < P > shown in Figs. 6.9 (a-b), we can see that
the maximum electrical power follows the peak of the Qv2 as F increases, while
otherwise in the Figs. 6.9 (c-d) it does not happen. In particular we can appreciate
besides the difference in scale, that the maxima in the electrical power are displaced
with respect to the Qv2 shown in Fig. 6.7 (d). To better visualize the curves of
Figs. 6.9 (c-d), we have split the two figures in Figs. 6.10 (a-c) and Figs. 6.11 (a-d)
respectively. Analyzing these figures, we can appreciate some similarity between
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Figure 6.8. Figures (a-e) plot the curves of Fig. 6.7 (d) for a specific range of the
frequency Ω. It is possible to appreciate that the scale changes abruptly from the figure
(c) to (d), but differently from Fig. 6.6 (a-d) the peaks are settled around the value
∆ = 0.001. To make the legend easier to read, the position of the Ω values match the ones
of Fig. 6.7 (d).

them, in particular that for different values of the ∆ we have different maximal
responses in electrical power depending on the HF frequencies Ω. An analysis of the
figures from smaller to bigger ∆ values can be fruitful. It is possible to see that just
before the value ∆ = 0.001 the maximum is reached by the curve Ω = 100ω, and
for ∆ = 0.001 for lower frequencies, ω ≤ Ω ≤ 50ω. Then, for 0.001 < ∆ < 0.013
the maximum is reached by the curve Ω = 60ω, for 0.013 ≤ ∆ ≤ 0.016 by the
curve Ω = 70ω, and finally for ∆ ≥ 0.016 by the curve Ω = 80ω. A discrepancy
can be detected for Ω = 50ω, in fact in Fig. 6.11 (b) a higher peak detaches for a
different value of ∆ than in Fig. 6.10 (b). Indeed, another difference is the scale
of the average electrical power generated. We want to underline how the f value
can be decisive in order to harvest more energy. We have generated all these figures
with an initial condition (x0, ẋ0, v0) = (0.001, 0, 0). We have also studied the average
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Figure 6.9. Figures (a-b) plot the average electrical power < P >∝< V 2 > vs ∆, for
f = 0.1 × 10−2 and f = 0.5 × 10−2 for different values of the F . Figures (c-d) plot the
average electrical power < P > vs ∆, for f = 0.1× 10−2 and f = 0.5× 10−2 for different
values of the HF frequency Ω. The figures (a-b) show peaks in the generated electrical
power < P > for the same values for which the VR occurs, as shown in Figs. 6.7. The
figures (c-d) show that the behavior of the electrical power generated is largely affected
by the value of Ω and we lose correlation with the Q factor figures, as we show in detail
below. In all these curves, we have used (x0, y0, v0) = (0.001, 0, 0) as the initial condition.

electrical power generated by 300 different initial conditions, then we have calculated
the mean value and plotted it in function of ∆. The figures generated were not only
similar, but equal to the figures above. This tells us that the system has a strong
robustness towards variations of the initial conditions.

6.4 Numerical analysis of the average electrical power of the
system

After showing the response of the system in function on the parameter ∆, we study
the corresponding response in function of both the forcing amplitude F/f and the
frequency Ω/ω ratios since these parameters are crucial in the energy harvested by
the mechanical system.

In Figs. 6.12 (a-b) it is possible to observe a maximum for 80 < Ω/ω < 100,
also in this case the magnitude of the peaks of the electrical power response is
very different, due to the value of the HF forcing amplitude f . Figures 6.12 (c-e)
show the electrical power response of the system for larger amplitudes where every
curve is plotted for different Ω values. In Fig.6.12 (c) the response grows in an
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Figure 6.10. Figures (a-c) show in details Fig. 6.9 (c). We can observe that the
dependence of < P > on ∆ takes larger values for frequencies Ω in the range 60 ≤ Ω/ω ≤
80.

Figure 6.11. Figures (a-d) show in details Fig. 6.9 (d). In this case, the dependence of
< P > on ∆ takes larger values for frequencies Ω in the range 60 ≤ Ω/ω ≤ 90.
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Figure 6.12. Figures (a-e) show the average electrical power < P >∝< V 2 > vs the
ratio Ω/ω and F/f . It is possible to see that in figures (a)-(b) we have a maximum for
values of the HF frequency Ω in the range 80 ≤ Ω/ω ≤ 100. In figures (c)-(d) we observe
that a HF frequency value Ω = 80ω detach for higher values of the amplitudes F . Figure
(e) is a zoom of figure (d), in which the curve Ω = 90ω gives the maximum electrical power
for smaller values of the amplitudes.

oscillatory way and only for F/f ≥ 300 the curve related with Ω = 80ω detaches
and indicates more generated electrical power than the others. On the other hand,
in Fig. 6.12 (d) we can see that for large values of F/f , the curve of Ω = 80ω gives a
higher response in the electrical power with respect to the others. But, if we take a
look at Fig. 6.12 (e), that is a zoom of the previous figure in the region F/f < 100,
for values of the forcing F/f < 50, the maximum generated electrical power is given
by the curve of Ω = 90ω. To summarize, the largest value of the response of the
system takes place for f = 0.5× 10−2 as we can easily observe in Figs. 6.12(b) and
6.12(d) where the maximum occurs for Ω = 80ω.
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Figure 6.13. The figure represent the average electrical power < P >∝< V 2 > gen-
erated by the harvester for different values of the forcing amplitudes f, F for ∆ = 0.007.
The color gradient indicates the amount of power generated in function of the forcing am-
plitudes, from blue to red, respectively from the smallest amount of electrical power to the
highest. It is possible to see that the bigger the two amplitudes the bigger is the electrical
power generated. We have used (x0, y0, v0) = (0.001, 0, 0) as the initial condition.

6.5 The map of the electrical power response of the system

We have seen in a previous section that an enhancement of the average electrical
power generated by the system has taken place when the VR phenomenon occurs.
Now, we explore this by using a (F, f) plot, which we call forcing space. For that
purpose, we have carried out different simulations for three different values of ∆,
while the other parameters do not change so that ω = 0.5, Ω = 10ω and (x0, ẋ0, v0) =
(0.001, 0, 0). The figures that we have generated show a color gradient, from blue
to red in function of the electrical power, for different values of both HF and LF
forcing amplitudes. In Fig.6.12 and in Fig. 6.14, even if the scale of the electrical
power is different, a common pattern is observed. We can see that the higher the
two forcing amplitudes, the higher the electrical power generated. However, we have
a completely different pattern in Fig. 6.13, where more complicated structures are
shown. It is possible to distinguish several red regions, that show us the values of the
forcing amplitudes that allow us to harvest the maximum electrical power. These
regions are surrounded by yellow ones, in which the electrical power that we can
harvest is smaller. Finally, we can observe some blue regions for very small forcing
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Figure 6.14. The figure represent the average electrical power < P >∝< V 2 > gener-
ated by the harvester for different values of the forcing amplitudes f, F for ∆ = 0.01. The
color gradient indicates the amount of electrical power generated in function of the forcing
amplitudes, from blue to red, from the smallest amount of electrical power to the highest
respectively. It is possible to see that some structures show up and we have regions of F, f
values for which the electrical power is maximum. We have used (x0, y0, v0) = (0.001, 0, 0)
as the initial condition.

amplitudes f , where the electrical power generated is even smaller or almost zero.
Note that the color gradient scale of Figs. 6.13, 6.14 and 6.15 are very different. In
the Fig. 6.13, the electrical power generated by the system is much higher than in
the other cases. With the analysis of these last figures we have shown that for the
case of ∆ = 0.001, an enhancement of the electrical power generated by the system
appears. Besides, we can visualize as well the regions in the forcing space for which
this occurs when the pattern is more clear. We think that this kind of graphical
tools might help experimentally to obtain an optimal enhancement of the average
electrical power. We think that, this is crucial for a better understanding of the
electrical power associated to different values of the forcing amplitudes. In fact, it
gives us the opportunity to adjust the harvester to the environmental conditions in
order to harvest the exact amount of energy that we need from the system.
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Figure 6.15. The figure represent the average electrical power < P >∝< V 2 > gener-
ated by the harvester for different values of the forcings amplitudes f, F for ∆ = 0.015.
The color gradient indicates the amount of electrical power generated in function of the
forcing amplitudes, from blue to red, respectively from the smallest amount of electrical
power to the highest. It is possible to see that the bigger the two amplitudes the bigger
is the electrical power generated. We have used (x0, y0, v0) = (0.001, 0, 0) as the initial
condition.

6.6 Conclusions

Also in this chapter, we have studied a mechanical system which has been modeled as
a bistable oscillator designed to harvest energy driven by a HF and a LF harmonic
external forcing. Differently form the previous chapter, we have shown how the
distance between the magnets, ∆, may be crucial for the occurrence of the VR
phenomenon, and as a matter of fact we have computed the values for which VR
occurs. Then, we have related the VR with the optimal electrical power responses.
We have also computed the average electrical power for small and large variations in
the amplitudes and forcing frequencies. Furthermore, we have calculated the average
electrical power < P >∝ V 2 generated for different values of F and f where further
information related to the different regions of the forcing space can be derived as
the optimal situation for which the electrical power generated reaches its maximum
and minimum. Some interesting patterns have been observed mainly for the case
∆ = 0.001. We think that these graphical study constitutes a useful tool to show for
which values of the forcing amplitudes the electrical power generated is enhanced,
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as well as to gain a better knowledge about its prediction. To summarize, we believe
that a complete study of this kind should give the possibility to set the harvester
so that it can respond, maybe automatically, in the best way to the environmental
conditions.
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Chapter 7

Conclusions

“Nature’s music is never over; her silences are

pauses, not conclusions.”

-Mary Webb, (18811927)

In this research work, several nonlinear dynamical systems affected by different
perturbations such as noise, dissipation, or periodic forcings have been analyzed.

The nature of this work is clearly numerical and theoretical. The contents of
this research work can be organized around two main concepts, control of chaos and
energy harvesting.

7.1 Control of chaos

In this part, the effect of different control techniques on nonlinear systems is studied.
In particular, the partial control technique, the phase control and the effects of weak
perturbations on the chaotic dynamics of the system. Two prototype models are
considered. The first one, the Hénon-Heiles system, shows transient chaos in form of
chaotic scattering and behind a certain amount of energy it is a paradigm of systems
with exits. The second one is the Duffing oscillator.

• The system studied is the Hénon-Heiles. The main goal is to trap the trajecto-
ries of a particle inside the scattering zone and to get permanent the transient
chaos, due to the chaotic scattering. We decided to achieve it by using the
partial control technique. The properties of this kind of method is that it is
possible to control the trajectories and keep them inside the scattering zone
with a control smaller than the noise that affect the dynamics of the particle.

• The problem of unpredictability, due to the Wada basins, is studied through
the topology of the exit basins. In fact, if basin boundaries have the Wada
property, predictability becomes very complicated, since the basin boundaries
start to intermingle, what means that there are points of different basins close
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to each other. The system studied, the Hénon-Heiles, is affected by dissipa-
tion and a periodic forcing with a random phase. The value of the external
perturbations for which there is the transition from Wada basins to non-Wada
basins is analyzed.

• Another method of control is applied, the phase control method. It uses a
periodic perturbation of a suitable phase ϕ. For this purpose, the prototype
model that has been taken into consideration is a system consisting in a double-
well potential with an additional spring component, which acts into the system
only for large enough displacements. The crucial role of the phase is evidenced
by using numerical simulations and also by using analytical methods, such as
the Melnikov analysis. Finally, our analytical and numerical results show
that the non-smooth systems can be controlled by using the phase control
technique.

7.2 Energy harvesting

In the second part of this work, mechanical systems for energy harvesting are studied
in order to optimize their electrical response to mechanical stimulations.

• The electrical response of a bistable system, by using a double-well Duffing
oscillator, connected to a circuit through piezoceramic elements is studied.
The system is driven by both a low (LF) and a high frequency (HF) forcing,
where the HF forcing is the environmental vibration, while the LF is controlled
by us. The interaction of the two forcings at a certain value of amplitude and
frequency gives birth to the vibrational resonance phenomenon. It means that
the response amplitude at the low-frequency increases, reaches a maximum and
then decreases for a certain range of the HF forcing. Finally, the increment of
the motion of the oscillator and the power generated is put in relation. Thus,
to enhance the electrical power generated by the system is achieved.

• The vibrational resonance phenomenon is studied as a useful mechanism for
energy harvesting purposes. This idea is applied to a real bistable oscillator
that can convert environmental kinetic energy into electrical energy, that is,
an energy harvester. In particular, the vibrational resonance phenomenon
is induced by tuning a parameter that is possible to manipulate when the
forcing values depend on the environmental conditions. The dependence of
the maximum response due to the vibrational resonance for small and large
variations in the forcing amplitudes and frequencies is studied. Besides, color
coded figures are plotted in the space of the two forcing amplitudes. In these
figures appear different patterns, that provide a useful information on the
forcing amplitudes in order to produce the optimal electrical power.
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Autores: Mattia Coccolo, Jesús M. Seoane, and Miguel A. F. Sanjuán
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Resumen

Control del caos

Introducción

El comportamiento caótico aparece en muchos contextos diferentes y en una amplia
clase de sistemas dinámicos, ya sean sistemas naturales o dispositivos artificiales.
A menudo, el caos es una caracteŕıstica no deseada y como consecuencia, contro-
larlo es una tarea ardua por lo que diferentes esquemas de control se han ideado
en los últimos años. Por citar algunos, hay casos de técnicas de control en la que
se preserva el caos transitorio, aśı llamado porque, en general, el comportamiento
caótico tiene un principio y un final, osea transcurre en un determinado lapso de
tiempo. En cualquier caso, para evitar el caos se suele fijar una órbita periódica ejer-
ciendo pequeñas perturbaciones sobre algunos de los parámetros del sistema. Otras
técnicas completamente diferentes pretenden mantener indefinidamente el compor-
tamiento caótico cuando éste es transitorio. Los métodos utilizados para controlar el
caos han sido tradicionalmente clasificados en dos grupos principales: los métodos
con retroalimentación (feedback) y los métodos sin retroalimentación, de acuerdo
con la forma en que interactúan con cada parte del sistema. Los métodos de control
del caos con retroalimentación, que son los más representativos, intentan estabilizar
al sistema caótico en cualquiera de sus órbitas periódicas inestables que se encuen-
tran en el atractor caótico. Sin embargo, en implementaciones experimentales, que
requerien una rápida respuesta, estos métodos no pueden ser utilizados. En tales
casos, los métodos sin retroalimentación son la única alternativa. Los métodos sin
retroalimentación se han utilizado principalmente para suprimir caos en los sistemas
dinámicos con forzamiento periódico.

Metodoloǵıa y objetivos

Técnica del control parcial aplicada a un sistema con dispersión caótica

La dispersión caótica es un fenómeno f́ısico gobernado por el caos transitorio. Esto
ocurre cuando una part́ıcula entra en una región de influencia, ya sea una barrera
de potencial o bien el potencial creado en la cercańıa de un objeto masivo. La
part́ıcula, en general, como consecuencia de la interacción, sufre múltiples colisiones
describiendo trayectorias caóticas de forma transitoria hasta conseguir escapar de la
influencia de dicha interacción. El fenómeno de la dispersión caótica ha sido objeto
de estudio desde hace más de una década y posee muchas aplicaciones en F́ısica como
en la Mecánica Celeste, trayectorias de part́ıculas cargadas en campos eléctricos y
magnéticos, procesos hidrodinámicos, modelos de reacciones qúımicas, el problema
del Helio, entre otros. En estos campos se han encontrado muchos casos en los que
seŕıa ventajoso que este caos transitorio se preservara indefinidamente. Por esto la
literatura cientifica está llena de ejemplos de técnicas que en lugar de evitar el caos
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del sistema tienen como objetivo preservarlo. Por otro lado, recientemente, se ha
propuesto un método de control con retroalimentación particularmente eficaz: el
control parcial. Un logro notable de la técnica de control parcial es que nos permite
controlar el sistema incluso si la amplitud de las correcciones (debidas al control)
aplicadas son menores que las perturbaciones que sufren las trayectorias debido a la
presencia de ruido ambiental.

Control de la impredictibilidad de un sistema con dispersión caótica

En el caso de sistemas caóticos disipativos, es posible hablar de atractores y cuencas
de atracción. Una cuenca de atracción está definida como el conjunto de puntos que,
tomados como condiciones iniciales, son atráıdos a un atractor espećıfico. Cuando
somos capaces de definir dos atractores diferentes en una determinada región del
espacio de fases, existen dos cuencas, que están separadas por una frontera. Esta
frontera puede ser una curva suave o puede ser una curva fractal. Si bien no pode-
mos hablar de atractores en sistemas hamiltonianos, podemos sin embargo definir
las cuencas de salida de una manera análoga a las cuencas de atracción de un sis-
tema disipativo. En nuestro caso, una cuenca de salida es el conjunto de condiciones
iniciales que conducen a una determinada salida. Cuando las fronteras se complican
en una región espećıfica del conjunto inicial de puntos, una pequeña incertidumbre
en la posición de las condiciones iniciales puede producir una gran incertidumbre a
la hora de detectar la salida final de la trayectoria. De hecho, hay situaciones en
las que una pequeña incertidumbre en las condiciones iniciales puede hacer que una
trayectoria pertenezca a cualquiera de las cuencas. En el caso en el que tenemos
varios destinos finales para las trayectorias, la estructura de las cuencas puede, even-
tualmente, ser más complicada. De hecho, nada se puede decir cuando cualquier
punto de la frontera está arbitrariamente cerca de puntos de todas las cuencas y
muestra la propiedad de Wada. Una cuenca B verifica la propiedad de Wada si
cualquier punto limı́trofe también pertenece a la frontera de tres cuencas. Por esto
es importante el estudio de cómo una perturbación externa, en este caso la disi-
pación o el forzazmiento periódico con una fase aleatoria, puede mejorar o mitigar
la imprevisibilidad de un sistema que exhibe dispersión caótica.

Control de fase en un sistema compuesto de una masa y un resorte con rigidez
y excitación externa

Desde el trabajo pionero en el control del caos debido a Ott, Grebogi y Yorke, se
han propuesto diferentes esquemas de control que permiten obtener la respuesta
deseada en un sistema dinámico mediante la aplicación de pequeñas pero precisas
perturbaciones. En este contexto, se han propuesto algunas técnicas que permiten
evitar escapes en los sistemas dinámicos abiertos que presentan caos transitorio, con
aplicaciones a muchas situaciones diferentes en la F́ısica y la Ingenieŕıa. Sin embargo,
la mayoŕıa de estos métodos son con retroalimentación, es decir, que requieren la
aplicación rápida de una perturbación además dependiente del estado del sistema.
Sin embargo, en algunas situaciones experimentales estos métodos podŕıan llegar a
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ser poco prácticos. En esas situaciones, se ha demostrado que a veces la aplicación
de una pequeña perturbación armónica independiente del estado puede conducir a
resultados análogos. Los métodos basados en este idea tradicionalmente se conocen
como métodos sin feedback. Entre ellos el esquema de control de fase se ha encon-
trado que es útil para controlar diversos comportamientos en los sistemas dinámicos
forzados periódicamente.

Conclusiones

La primera parte de esta tesis trata sobre el control del caos y las conlusiones
principales se exponen a continuación.

• En el caṕıtulo 2 se aplica, por primera vez, el método del control parcial a
un sistema hamiltoniano con escapes. Esto significa que se ha logrado atra-
par una part́ıcula dentro de un potencial de forma indefinida utilizando en
cada iteración un valor de control menor que el del ruido que afecta el sis-
tema. Además de ésto, se ha estudiado como traducir un ruido que afecta
continuamente una trayectoria a un ruido que actúa de forma discreta sobre
un mapa.

• En el caṕıtulo 3 se examina la impredicibilidad debida a las cuencas deWada en
un sistema hamiltoniano con escapes cuando las part́ıculas dentro del potencial
están sujetas a forzamiento y amortiguación. Como la presencia de las cuencas
de Wada puede afectar a la previsibilidad del sistema, se ha establecido la
relación entre los coeficientes de amortiguación y forzamiento con el fin de
estudiar el grado de imprevisibilidad inducida por el forzamiento. En otras
palabras, se ha investigado la dinámica del sistema con el fin de controlar tal
imprevisibilidad.

• En el caṕıtulo 4 se ha estudiado la aplicación de la técnica de control de la fase
en un modelo de masa-muelle no lineal, mediante el uso de una perturbación
periódica de una adecuada fase ϕ. El modelo es un potencial de doble pozo con
un componente de muelle lineal adicional, que actúa en el sistema sólo para
grandes desplazamientos. Para analizar el comportamiento del sistema, con y
sin control, se ha usado la integración numérica y métodos perturbativos, en
este caso el análisis de Melnikov.
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Recolección de enerǵıa

Introducción

En los últimos años se ha producido un rápido desarrollo en la capacidad de minia-
turización de los dispositivos electrónicos. Por otro lado, la mismas mejoras no
han sido logradas por lo que concierne la densidad de enerǵıa disponible en las
bateŕıas hechas para proporcionar la enerǵıa a tales dispositivos, cuando operan en
configuraciones autónomas. Por lo tanto, la posibilidad de superar las limitaciones
relacionadas con la necesidad de potencia de pequeños componentes electrónicos se
ha convertido en un importante campo de investigación. Una idea reciente para
alimentar dichos dispositivos electrónicos es mediante el uso de la enerǵıa disponible
en su entorno. Este es el núcleo del campo de investigación llamado recolección de
enerǵıa. El objetivo principal que la recolección de enerǵıa quiere lograr es reducir
la exigencia de una bateŕıa, aśı como los costes de mantenimiento relacionados con
su sustitución periódica y con los desechos qúımicos asociados. Debido a su difusión,
una posibilidad interesante y que ha recibido cada vez más atención es la conversión
de la microenerǵıa cinética, en su mayoŕıa disponible como movimiento aleatorio y
que a menudo se manifiesta como vibración, en enerǵıa eléctrica. Esto se llama
recolección de enerǵıa cinética. Básicamente se han propuesto tres mecanismos
para convertir la vibración en enerǵıa eléctrica, la transducción electromagnética,
electrostática y piezoeléctrica. Nosostros hemos centrado nuestra atención en el
mecanismo piezoeléctrico porque muestra algunas ventajas, como la gran densidad
de potencia y la facilidad de aplicación. La mayoŕıa de los recolectores de enerǵıa
piezoeléctricos están formados por una viga voladiza con una o dos capas de piezo-
cerámica. El haz se encuentra en una estructura sujeta a vibraciónes y la defor-
mación dinámica inducida en las capas piezocerámicas da una salida de tensión
alterna.

Metodoloǵıa y objetivos

Mejora de la recolección de enerǵıa por resonancia vibratoria

Recientemente, en el campo de la recolección de enerǵıa un gran interés se ha cen-
trado en los sistemas de viga y masa. Por ejemplo, se ha propuesto un nuevo modelo
de un haz invertido acoplado a un transductor piezoeléctrico. Esta viga invertida
tiene una masa en la punta haciendo inestable la posición vertical, de modo que el
haz se tuerza, dando lugar a un potencial de doble pozo debido a la fuerza gravita-
cional. Otro oscilador biestable ha sido considerado para la recolección de enerǵıa.
Este recolector de enerǵıa se compone de un haz ferromagnético con un parche de
material piezoeléctrico y dos imanes externos. En este caso, la biestabilidad está
dada por la mayor permeabilidad magnética del material ferromagnético y se puede
modelizar como un oscilador de Duffing. El objetivo de estos aparatos es convertir
enerǵıa ambiental en enerǵıa electrica. Esto se puede lograr mediante un fenómeno
de resonancia que ha sido estudiado por primera vez por Landa y McClintock. Los
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dos cient́ıficos han demostrado que, en un sistema biestable accionado por un forza-
miento de baja frecuencia y otro de alta frecuencia, la amplitud de la respuesta de
la baja frecuencia aumenta, alcanza un máximo y luego disminuye a medida que la
amplitud del forzamiento de alta frecuencia se vaŕıa. A este fenómeno se le llama
resonancia vibratoria.

Optimizar la respuesta de potencia en la recolección de energia

Muchos sistemas para la recolección de enerǵıa se estudian experimentalmente y
su modelización llega directamente desde observaciones experimentales. Muchos
dispositivos han sido propuestos, como, por ejemplo, el de una viga con un imán en
su extremo y dos imanes externos. Dependiendo de la distancia entre los imanes el
potencial puede ser monoestable o biestable. Entonces este parámentro puede jugar
un rol fundamental a la hora de inducir la resonancia vibratoria cuando ambos
forzamientos son producidos por vibraciones ambientales. Por esto puede tener
mucha relevancia un estudio exhaustivo del fenómeno de la resonancia vibratoria
inducida por tal parámentro teniendo en cuenta diferentes rangos de amplitudes y
frecuencias de los forzamientos.

Conclusiones

La segunda parte de esta tesis trata sobre la recolección de enerǵıa y presenta difer-
entes conclusiones. A continuación se presentan los resultados en el contexto de la
recoleción de enerǵıa obtenidos a lo largo del proceso de esta tesis doctoral realizada
en el grupo de investigación en Dinámica No Lineal, Teoria del Caos y Sistemas
Complejos de la URJC:

• En el caṕıtulo 5 se ha estudiado la posibilidad de aumentar la señal eléctrica
de salida de un recolector de enerǵıa ferromagnético mediante el fenómeno de
la resonancia vibratoria para incrementar el desplazamiento del oscilador, ya
que este está relacionado con la respuesta eléctrica a través de las ecuaciones
del sistema. En otras palabras, se ha estudiado cómo aumentar la respuesta
de un recolector de enerǵıa para producir más enerǵıa eléctrica.

• En el caṕıtulo 6 se vuelve a estudiar la resonancia vibratoria en un sistema apto
por la recolección de enerǵıa. Más concretamente se analiza la posibilidad de
obtener la resonancia vibratoria variando un parámetro del sistema y dejando
fijas las amplitudes de forzamiento y sus frecuencias. Después, se investiga
el efecto de este fenómeno (resonancia vibratoria) sobre la potencia eléctrica
producida por el sistema. La idea consiste en colorear las condiciones iniciales
con diferentes colores según los vatios producidos por cada una de ellas. Con
el fin de visualizar mejor la potencia generada, el plano de los forzamientos ha
sido coloreado siguiendo un gradiente de colores de azul (menor potencia gen-
erada) a rojo (mayor potencia). Este mapa puede darnos diferentes patrones
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en función de diferentes parámetros del sistema. El estudio de estas figuras
puede ser útil para optimizar la generación de enerǵıa.


