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Abstract

Magnetic Resonance Imaging (MRI) is a non-invasive clinical imaging technique that does not use

ionizing radiation and provides essential diagnosis information from tissues and structures of the body,

which otherwise cannot be obtained with other popular medical imaging modalities like x-ray or computed

tomography. These properties, in addition to its flexibility, explain why MRI is nowadays one of most

widely used medical imaging techniques. Accordingly, MRI improvement and development is an important

and multi-disciplinary research topic. This imaging technique suffers from the main limitation of being

inherently slow, which provokes patient discomfort so increasing the possibility of motion during the scan

time. This dissertation focuses on solving different challenges that arise from accelerating MRI through

mathematical modeling and related optimization problems.

Noise strength and image resolution in MRI directly depend on acquisition time, so accurate denoising

and resolution enhancement are important tools to mitigate the effect of scan time reduction. The

consideration of noise removal in a bayesian framework leads to the study of non-convex likelihood

functions derived from the rician and non-central-χ distributions that govern MRI noise. In this work,

variational models for image denoising are formulated using these likelihood terms with Total Variation

(TV) or Total Generalized Variation (TGV) regularization. These are non-smooth and non-convex

problems that are solved using efficient numerical techniques that include primal-dual and proximal

point algorithms. The theoretical study for the case of TV-based rician denoising presented here proves

the existence of at least one positive global minimizer of the functional. Successful comparison results

with other TV-based rician denoising methods and in-vivo MRI tests show the effectiveness of the

denoising algorithms here presented. Moreover, resolution enhancement is also considered in a variational

framework, which results in the development of TGV-based super-resolution models that take into account

the special properties of MRI noise. When tested on phantom and in-vivo MRI, the proposed methods

outperform standard interpolation techniques, specially in very noisy conditions.

These image processing techniques can alleviate undesired effects of shortened MRI scans, however,

there are other approaches that attempt to find ways to accelerate the process of MRI data collection while

preserving image quality. Among them, two techniques clearly stand out: parallel imaging and compressed

sensing. Parallel imaging consist in using multiple receiver coils to acquire the data, which is subsequently

combined to form the image. In compressed sensing, nonlinear methods are used to reconstruct randomly

undersampled acquired data. In this work, a vectorial TGV based variational reconstruction model is

proposed combining parallel imaging and compressed sensing with the use of shared information from

different image contrasts of the same object. Its implementation using Alternating Direction Method of

Multipliers (ADMM) and a primal-dual algorithm is explored, finding a more efficient performance of

the ADMM method for this problem. Multi-contrast in-vivo results demonstrate an improvement of the
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proposed approach up to 17% in reconstruction accuracy (measured as root-mean-square error) over other

widely used reconstruction methods.

The last problem considered here is originated in the context of high-field MRI. By increasing the

main magnetic field, among other benefits, the total amount of signal increases as well and consequently,

less acquisition time is required. Nevertheless, high-field MRI suffers from some drawbacks such as

augmented spatial inhomogeneity and the possibility of tissue heating, if the electrical fields generated

are not properly controlled. Parallel transmission (pTx) pulse design has been demonstrated to provide a

solution to both problems. Here, a robust approach for pTx pulse design is developed that allows to obtain

a good field homogeneity while constraining electrical fields to be under safety limits even in the case

of large radiofrequency errors (up to 20%). The nonlinear constrained optimization problem considered

is solved using interior-point methods. Simulations of real pulse design scenarios using measured data

errors confirmed the effectiveness of the proposed model and numerical resolution.

The models and applications presented above show that mathematical optimization is a powerful

tool for solving real problems arising in the continuous technological development of MRI. In particular,

variational methods can provide solutions to different imaging challenges that result from MRI acceleration

such as noise increasing, loss of image resolution or reconstruction from very undersampled data. The

application-driven research presented in this manuscript opens new theoretical mathematical problems,

which shall be considered in the future, following the path traced here for the case of TV operator.

The results presented in this dissertation for multi-contrast MRI reconstruction and robust pulse design

constitute the state-of-the art of these particular fields.



Resumen

La Imagen por Resonancia Magnética (MRI por sus siglas en inglés) es una modalidad de imágen clínica

no invasiva, que no emplea radiación ionizante y proporciona información diagnóstica esencial de los

tejidos y estructuras del cuerpo que no puede ser obtenida mediante otras técnicas comúnmente utilizadas

como rayos X o tomografía axial computarizada (TAC), que sin embargo sí emplean radiación ionizante.

Estas características, sumadas a su flexibilidad, son el motivo de que la MRI sea una de las técnicas de

imagen médica más empleadas hoy en día, haciendo de su mejora y desarrolo un objetivo prioritario por

parte de la comunidad médica, científica e industrial. Una de sus principales limitaciones es su lentitud

intrínseca, que unida al hecho de que la mayoría de escáneres son tubos cerrados que pueden provocar

claustrofobia, a menudo resulta en una notable incomodidad para los pacientes y en su consiguiente

movimiento involuntario. En este trabajo se proponen soluciones para distintos problemas que surgen al

acelerar la adquisición de MRI mediante técnicas de optimización matemática. La metodología seguida,

típica en matemática aplicada, consiste de los siguientes pasos básicos: identificación del problema;

diseño de un modelo de optimización que lo resuelve; búsqueda de métodos numéricos eficientes para

implementar dicho modelo; y su validación y posterior aplicación en datos reales.

Los dos primeros problemas estudiados son la eliminación del ruido e incremento de la resolución a

posteriori en las imágenes de Resonancia Magnética (MR). La intensidad del ruido y la resolución de

la imagen en MRI son parámetros que dependen directamente del tiempo empleado en la adquisición.

Considerar esta eliminación de ruido dentro de un marco bayesiano conduce al estudio de funciones

de verosimilitud no-convexas derivadas de las distribuciones rician y χ-no centrada que gobiernan el

ruido en MRI. En este trabajo se formulan modelos variacionales para la eliminación de ruido a partir

de estas funciones de verosimilitud y los operadores de regularización de Variación Total y Variación

Total Generalizada (TV y TGV respectivamente por sus siglas en inglés). Los problemas planteados,

que son no-diferenciables y no-convexos, son eficientemente resueltos usando técnicas numéricas que

incluyen algoritmos primal-dual y proximales. El estudio teórico para el caso de eliminación de ruido

rician usando regularización TV presentado aquí prueba la existencia de al menos un mínimo global

positivo de dicho funcional. Este modelo es comparado con éxito frente a otros métodos de eliminación

de ruido rician con TV y su eficacia es demostrada en imágenes reales de MR. Dentro del mismo marco

variacional, consideramos la ampliación de resolución de las imágenes de MR, desarrollando modelos de

super-resolución basados en TGV que toman en consideración las propiedades específicas del ruido en

MRI. Estos métodos son probados con imágenes de MR sintéticas y reales y comparados con éxito frente

a las técnicas de interpolación más típicamente empleadas para incrementar la resolución de las imágenes.

Estas dos técnicas son fundamentales para mejorar a posteriori las imágenes que se han visto afectadas

por ruido o baja resolución. Al otro lado del espectro se encuentran los enfoques que buscan acortar
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el tiempo en el escáner acelerando el proceso de adquisición de datos preservando a su vez la calidad

de imagen. Dentro de este grupo se imponen dos tipos de técnicas: parallel imaging y compressed

sensing. Parallel imaging consiste en el uso de múltiples antenas de recepción para adquirir los datos,

que posteriormente son combinados para formar la imagen. De esta forma, se aprovecha la redundancia

de los datos adquiridos en varias antenas para que el tiempo de adquisición pueda acortarse. En el caso

del compressed sensing, se utilizan métodos no lineales para reconstruir los datos que son obtenidos

mediante un submuestreo aleatorio. Dichos métodos se sirven del hecho de que las imágenes de MR son

sparse en ciertos dominios, como por ejemplo el de las diferencias finitas, para poder reconstruirlas a

partir de datos muy submuestreados. Ambas técnicas, parallel imaging y compressed sensing, se basan en

aprovechar redundancias en los datos aquiridos que permitan reducir el tiempo empleado en su adquisición.

Típicamente en el uso clínico de la MRI, se obtienen varios contrastes de los órganos o miembros del

paciente explorados que proporcionan una información complementaria del problema. En este trabajo se

propone un modelo que aprovecha la información anatómica compartida entre los distintos contrastes

mediante el operador TGV vectorial y la combina con las técnicas de parallel imaging y compressed

sensing para acelerar la adquisición de MRI. Dos implementaciones distintas de este modelo, usando

Alternating Direction Method of Multipliers (ADMM) y un algoritmo primal-dual, son comparadas, con

ADMM resultando más eficiente para este problema en concreto. Los resultados en imágenes reales multi-

contraste demuestran que el método propuesto mejora hasta en un 17% la calidad de la reconstrucción en

comparación con otros métodos típicamente utilizados.

Por último se considera en esta memoria un problema originado en el contexto de MRI de alto

campo (3 Tesla o más). Al incrementar el campo magnético principal se consigue, entre otras ventajas,

un aumento en la señal total que permite reducir el tiempo necesario en su adquisición. Sin embargo

la MRI de campo alto sufre de varios inconvenientes como una mayor inhomogeneidad espacial y un

mayor potencial de provocar calentamiento en los tejidos si los campos eléctricos que se generan no son

debidamente controlados. Se ha demostrado que el diseño de pulsos de trasmisión en paralelo (pTx por

sus siglas en inglés) puede proporcionar solución a estos dos problemas. Se propone en estas páginas un

enfoque robusto para el diseño de pulsos de pTx que permite obtener una buena homogeneidad de campo

a la vez que se controla que los campos eléctricos estén restringidos dentro de los límites de seguridad aún

en el caso de grandes errores (de hasta un 20%) en la cadena de transmisión. Para ello se considera un

problema de optimización no linear con restricciones que es resuelto mediante métodos interior-point. La

efectividad del módelo y su resolución numérica son probadas en simulaciones de casos reales de diseño

de pulsos.

Los modelos y aplicaciones aquí presentados demuestran como la optimización matemática puede ser

una herramienta importante para la resolución de los problemas y dificultades que surgen del desarrollo

de la MRI. En especial se muestra aquí cómo los métodos variacionales pueden proporcionar soluciones a

distintos retos que resultan de la aceleración de la adquisición de MRI, como el incremento de ruido, la

pérdida de resolución o la reconstrucción de imágenes a partir de datos muy submuestreados. Los modelos

presentados aquí y desarrollados con el objetivo de solucionar problemas que surgen en MRI, abren a su

vez nuevos problemas teóricos que deberán ser considerados en un futuro siguiendo el camino marcado en

este trabajo para el caso del operador de Variación Total. Los resultados presentados en este documento

sobre reconstrucción de Imagen de Resonancia Magnética multi-contraste y para diseño robusto de pulsos

constituyen el estado del arte de estos campos.
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1

Introduction

Applied mathematics is playing a crucial role in the development of advanced methods to solve new real-

world problems. Nowadays, one of the most prominent sources of new challenges is health care research.

In particular, research in medical imaging is inherently a multi- and inter-disciplinary field, where the

improvement of the current techniques and the development of new ones require the collaboration from

experts in medicine, engineering, physics, chemistry and mathematics. This manuscript describes the

efforts made during this Thesis to contribute to the improvement of Magnetic Resonance Imaging (MRI)

using advanced mathematical optimization tools. The achievement of this goal requires working on the

interface of mathematics, engineering and medical physics, providing an exciting research environment.

Nevertheless, one of the dangers of such an interdisciplinary approach is not being able to deepen enough

in any of these topics. Hence this manuscript is devoted to present contributions not only on the modeling

of MRI challenges and their numerical resolution and subsequent application, but also in the theoretical

study of the problems considered.

Magnetic Resonance (MR) imaging is nowadays the most widely used clinical imaging modality. Its

popularity is due to three main factors: MRI does not use ionizing radiation, it is primarily non-invasive

and, moreover, it provides different diagnosis information from tissues and structures in the body that

cannot be obtained using other popular techniques such as x-ray, ultrasound or computed tomography

(CT). The flexibility of MRI allows for very different possibilities of application, from purely anatomic to

metabolic imaging, which opens the possibility of non-invasive in-vivo physiological studies. Nevertheless,

this technique also suffers from some limitations that sometimes make MRI not the optimal choice among

the different modalities. It is expensive, time-consuming and most of the MRI scanners are closed bores,

which can provoke anxiety and claustrophobia in patients. This Thesis is focused on solving different

problems that arise from reducing scan time in MRI. Accelerating MRI has a direct impact in those other

drawbacks previous mentioned, mitigating patient discomfort (thus minimizing motion during the scan

time) and allowing a more efficient use of the scanner.

Mathematical optimization is a very broad area of applied mathematics, which includes all those

problems that can be formulated as the selection of the best element from all feasible alternatives, with

respect to some previously defined criteria. In particular, the core of this manuscript is devoted to present

different MR imaging problems using variational calculus. This is a field of mathematical analysis

that deals with the minimization (or maximization) of functionals, which are mappings from a set of

functions to real numbers. By describing images as functions (or generalized functions), most of the

image processing tasks can be formulated as variational problems. The deep connections of variational

calculus with the fields of functional analysis and partial differential equations provide a vast theoretical

background in which such imaging problems can be studied. The methodology we used is typical in
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28 Introduction

applied mathematics and consist of the following basic steps: identification of the problem; design of an

optimization model to solve it; search for numerical methods to implement this model; and validation and

subsequent application in real data.

In this memory we focused on the resolution of four different problems that result from accelerating

Magnetic Resonance Imaging using mathematical optimization techniques:

• A reduction of the acquisition time implies the reception of an smaller amount of signal, provoking

a subsequent increasing of the level of noise in the image (see for instance [Nishimura, 1996,

Section 7.5]). Noise compromises image quality and the performance of subsequent tasks needed

for quantitative image analysis. In this work, we use variational techniques to remove noise from

the images for different types of MRI acquisition.

• In some MRI modalities with an inherently poor signal-to-noise-ratio (SNR), noise increasing

cannot be tolerated. Hence, if scanning time needs to be shortened, a reduction of spatial res-

olution is performed in order to increase the amount of signal received in each voxel (see e.g.

[Nishimura, 1996, Section 7.5]). Common interpolation techniques are then used to enhance a-

posteriori the acquired image resolution. This is a standard procedure when combining information

from multiple MR modalities with different voxel size. We propose variational methods to enhance

image resolution after the acquisition (named as super-resolution techniques) that take into account

the special characteristics of noise in MRI.

• Nevertheless, the biggest challenge faced when accelerating MRI, it is to be able to reduce the

amount of data acquired while keeping image quality. The use of multiple receiver coils, called

parallel imaging (see a review in [Deshmane et al., 2012]), and the application of Compressed

Sensing (CS) principles (see [Lustig et al., 2007]), are two of the most successfully used strategies.

Besides that, in clinical routine several contrasts of the same region of interest are typically acquired.

In this work, we develop a variational reconstruction model that combines parallel imaging, CS

principles and the use of redundant information in multiple contrasts to further reduce the amount

of data acquired.

• Technological development of MRI scanners is pushing forward to increase the main magnetic field.

Being the major responsible of the amount of MR signal, a higher magnetic field also allows to

reduce acquisition time. Despite of its many benefits, several challenges have to be faced when

using high field MRI. One of them is the accurate control of its associated electrical field to ensure

patient’s safety. Parallel transmitted (pTx) pulses have been shown to be an effective solution to

mitigate the magnetization inhomogeneities while managing the local and global power deposition

in patients [Wald and Adalsteinsson, 2007]. Here, we propose a robust approach for designing pTx

pulses that ensure safety of patients even in the case of radiofrequency errors.

The non-smooth, non-linear and non-convex models that are proposed to solve these problems introduce,

in turn, important practical and theoretical questions. This Thesis is devoted to present different efficient

numerical methods and the theoretical study of these models.
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1.1 Manuscript Outline

This document is organized into seven Chapters, being the first two devoted to present the contents of

this dissertation and the context and methodology that have been considered. Chapter 1 introduces

the motivation and objectives that have driven this work and the problems addressed and Chapter 2
presents the mathematical framework for image processing that is used along this Thesis. The objective of

this Chapter is to familiarize the reader with concepts and terminology of the variational formulation of

imaging problems.

The following Chapters present the main contributions in terms of modeling, mathematical analysis,

numerical resolution and application. Each of these Chapters include their own discussion and conclusions

to form an independent reading unit.

The third and fourth Chapters address the problem that originally motivated this Thesis: the denoising

of MR images corrupted by rician noise using Total Variation regularization. In Chapter 3, the model

is proposed and several numerical techniques are presented to efficiently solve it. Results on both

phantom and in-vivo MRI are presented for the considered algorithms to prove their performance and

potential to be used in clinical MRI. The main contributions presented here were first published in

[Martin et al., 2011, Martin et al., 2013a]. The theoretical aspects of this denoising model are studied via

its associated 1-Laplacian equation in Chapter 4. New results on the existence of solutions and several

qualitative properties of the problem are proved here. This Chapter is based on the preprint On 1–Laplacian

Elliptic Equations Modeling Magnetic Resonance Image Rician Denoising [Martin et al., 2015b], which

is currently under revision process.

Chapter 5 describes three different MRI-related models with a common denominator, the use of

Total Generalized Variation (TGV) as regularizer of the problem. With the aim of reducing the total scan

time in MRI, denoising, super-resolution and reconstruction approaches are here proposed. First, the

denoising model presented in Chapter 3 is extended to cope with noise for MRI acquired with multiple

coils. Rician and non-central-χ distributions of noise are considered in a TGV-based framework. These

contents were originally published in [Martín and Schiavi, 2013, Martín and Schiavi, 2014]. Then, super-

resolution models that can incorporate these different noise distributions in MRI are proposed to upscale

low spatial-resolution images. Preliminary results were presented in the 2013 ISMRM Annual Meeting

[Martin et al., 2013b]. Finally, the reconstruction of multi-contrast MRI acquired using parallel imaging

and randomly undersampled acquisition patterns is modeled using vectorial TGV regularization. This

model was first introduced in the 2015 ISMRM Annual Meeting [Martin et al., 2015a]. All the models

proposed here are solved using efficient numerical techniques and their performance is tested in phantom

and in-vivo MRI data.

Chapter 6 introduces a different problem that is solved using nonlinear optimization techniques. In

the context of high-field MRI, a robust algorithm for the design MRI pulses that are within regulatory

safety limits even in the presence of transmission errors is developed. Simulated MRI pulse design

scenarios show the advantages of using the proposed approach. This Chapter is based on the paper

Parallel transmission pulse design with explicit control for the specific absorption rate in the presence of

radiofrequency errors published in the journal Magnetic Resonance in Medicine [Martin et al., 2015c].

Finally, the global discussion and conclusions of this Thesis are addressed in Chapter 7.





2

Preliminaries: A Variational Framework for Image
Processing

The aim of this Chapter is to introduce the reader to several ideas, mathematical concepts and definitions

that will be later applied in the problems considered for this Thesis. For a comprehensive and proper

study of the mathematics on image processing we refer the reader to the books [Chan and Shen, 2005,

Aubert and Kornprobst, 2006, Scherzer et al., 2009].

Here, we first show in Section 2.1 how most of the image processing problems can be considered

from a Bayesian formulation and how this relates to the variational framework in which we will mostly

work. Then, in this same Section, we introduce the general variational formulation of image processing

problems and some concepts related with its optimization. Later, in Section 2.2, two very important tools

in variational image processing that have been profusely used in this Thesis are presented to the reader:

the Total Variation (TV) and the Total Generalized Variation (TGV). Finally, in the last section we define

the discrete framework in which the models proposed in this work are numerically solved together with

the discrete versions of the TV and TGV operators (Section 2.3).

2.1 Variational Image Processing: A Bayesian Approach

Measurements in real image acquisition systems like the Magnetic Resonance Imaging (MRI) scanner

are always perturbed by noise. Therefore, it should come as no surprise the formulation of many

variational image processing models from a stochastic point of view. The connection between bayesian

and variational formulations for image processing has been discussed in several papers and books, e.g.

[Hamza et al., 2002, Chan and Shen, 2005, Aubert and Kornprobst, 2006, Scherzer et al., 2009]. In this

Chapter, we briefly introduce several concepts of variational image processing that are later used during

this Thesis.

Let us first consider the simplest case of an inverse problem in a discrete setting, where f =

(fi,j)1≤i,j≤N is the measured discrete, bounded 2D-signal (e.g. fi,j ∈ [0, 1] or fi,j ∈ [0, 255]). Let

u = (ui,j) be the ideal signal we want to recover. We consider a model of the process (e.g. blurring,

sampling, ...) that acted on u in the form of a linear transformation K (typically a convolution) followed

by a noise contamination. If the noise distribution is known we can write this degradation process in the

form of a conditional probability p(f |u) or p(f |Ku) if K 6= I. Assuming some sort of knowledge about

the ideal image in the form of an a priori probability density of this image p(u) the Bayes’ Rule is

p(u|f) =
p(f |u)p(u)

p(f)

31
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and taking logarithms on both sides of the equation, we get the following relation:

log p(u|f) ∝ log p(f |u) + log p(u).

Since we want to recover u, we want to maximize the a posteriori xprobability of u knowing f . Then, the

Maximum a Posteriori (MAP) estimator is

û = arg max
u
{log p(f |u) + log p(u)}.

The terms log p(f |u) and log p(u) are usually referred as the likelihood and the prior terms, respectively.

Let assume for instance, that we have additive gaussian errors on the signal, i.e. fi,j = (Ku)i,j + ηi,j ,

with ηi,j samples of a i.i.d. gaussian distribution with zero mean and σ2 variance. Then, the conditional

probability is given by

p(f |Ku) =

(
1

σ
√

2π

)N2 ∏
i,j

exp
(
−|(Ku)i,j − fi,j |2

2σ2

)
. (2.1)

For the sake of simplicity, let also assume that we have a gaussian image prior p(u). Taking logarithms

and getting rid of constant terms, the MAP estimator leads to the following discrete energy minimization

problem

û = arg max
u

∑
i,j

−
(
|(Ku)i,j − fi,j |2 + α|ui,j |2

)
= arg min

u

∑
i,j

(
|(Ku)i,j − fi,j |2 + α|ui,j |2

)
, (2.2)

for some constant α that balances the weight of the two probabilities.

This idea of minimizing an energy is closely related with the variational formulation of image

processing problems. Let consider now the images in a continuous setting, u, f : Ω→ R or [0, 1], where

Ω ⊂ R2 in the case of images (but it could be R3 when for example MRI volumes are considered). K

is a linear, bounded and usually singular or ill-conditioned forward operator that acts on the image u.

An energy functional H(Ku, f) that describes the fidelity with respect to the measured data f is then

introduced depending on the noise statistics. The associated regularized inverse problem is

min
u
αJ(u) +H(Ku, f), (2.3)

where J(u) is a regularizer that drives the solution of the minimization problem to an image with the

desired properties. There is a natural equivalence between the data fidelity and the regularizing terms in

the variational formulation with the likelihood and the prior terms of the MAP estimation. Moreover, for

a known noise distribution we can model the degradation process as

H(Ku, f) =

∫
Ω
− log p(f |Ku) dx . (2.4)

Recalling the former discrete example (2.2), we can write the continuous version of a data fidelity term

for gaussian noise as

H(Ku, f) =

∫
Ω
|Ku− f |2 dx, (2.5)

and the continuous version of the prior term as J(u) =
∫

Ω |u|
2 dx. Nevertheless, this choice results in

a wrong model for an image, since it does not take into account any spatial information on the image.

Another typical choice is J(u) =
∫

Ω |∇u|
2 dx, which does enforce a spatial regularity in the solution.
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However, this regularization term provides images whose derivative is square-integrable, and such

functions cannot present discontinuities across lines, resulting in a not desired smoothing of the image’s

edges. Both regularization approaches where introduced by Tikhonov [Tikhonov and Arsenin, 1978] in

the framework of the regularization of ill-posed problems1.

This need for a better choice of the regularization term introduces Section 2.2, where we present two

of the most successful models for variational image processing, the Total Variation (TV) and the Total

Generalized Variation (TGV) respectively. The TV operator was introduced in the image community

by Rudin, Osher and Fatemi, [Rudin et al., 1992] through their celebrated denoising model (ROF in the

following) for images corrupted by gaussian noise:

min
u

TV(u) +
1

α

∫
Ω
|u− f |2 dx . (2.6)

Here we identify the term TV(u) as J(u), the regularizer, and the data fidelity term is the same than in

(2.5) with K = I, the identity. The TV is a very nonlinear operator that allows for (weak) distributional

solutions in the very large space of functions of bounded variation, those whose gradient is a bounded

Radon measure [Ambrosio et al., 2000]. Such a sophisticated setting is a generalized approach that allows

for truly discontinuous functions and paves the way to theoretical and practical digital image processing

[Chambolle et al., 2010]. Since the introduction of the ROF model [Rudin et al., 1992], there has been a

burst in the application of the Total Variation regularization to many different image processing problems

that include, among others, inpainting, blind deconvolution or image segmentation (see for instance

[Chan et al., 2005] for a review on this topic). In the last years, the TV operator has been proved to be a

powerful sparsifying tool to reconstruct digital signals acquired under the principles of the Compressed

Sensing (CS) theory [Donoho, 2006, Candes et al., 2006], which has revolutionized the signal processing

field. In particular, the TV regularization has been widely used in the applications of CS in Magnetic

Resonance Imaging (MRI) since this theory was introduced in the field [Lustig et al., 2007]. More recently,

TGV operator has been introduced as a generalization of the TV that involves higher order derivatives of

the images [Bredies et al., 2010]. This operator alleviates the staircasing effect typical of the TV while

preserving most of the good properties that the TV has as regularizer of inverse problems. That is the

reason why, TGV has become a very popular choice in the image processing community substituting the

TV in several applications and specially in the MRI field where the staircasing artifact is an important

drawback [Knoll et al., 2011, Knoll et al., 2013, Liu et al., 2014].

In order to characterize a solution to these minimization problems we have to write the optimality

conditions. With this purpose, we first need the definition of the Gâteaux derivative.

Definition 1 (Gâteaux derivative). Let X be a Banach space2 and E : X → R.. We call

E′(u; v) = lim
h→0+

E(u+ hv)− E(u)

h
,

the directional derivative of E at u in the direction v if the limit exists. Moreover, if there exists ũ ∈ X∗ 3

such that E′(u; v) = ũ,∀v ∈ X , we say that E is Gâteaux differentiable at u and we write E′(u) = ũ.

1The ill-posedness here is intended in the sense of Hadamard [Hadamard, 1902]
2A Banach space is a complete, normed linear space. Complete means that any Cauchy sequence is convergent
3Here X∗ denotes the topological dual space of X
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If E is Gâteaux differentiable and if the problem minu∈X E(u) has a solution û, then we have

E′(û) = 0. Conversely, if E is convex, then a solution û of E′(u) = 0 is a solution of the minimization

problem. The equation E′(u) = 0 is called the Euler-Lagrange equation of the problem.

Unfortunately, this is not the case for most of the image processing problems that we are studying.

The TV and TGV operators are not differentiable functionals at the origin and modeling the noise in MRI

naturally results in considering non-convex data fidelity energy terms. This non-convexity introduces

important theoretical difficulties that shall be addressed for each particular problem. In the case of

non-differentiable functionals, the concept of sub-gradient of a functional has to be introduced.

Definition 2 (Subgradient). Let E : X → R a convex proper functional. The subgradient of E at u is

defined as:

∂E(u) := {u∗ ∈ X∗|E(v) ≥ E(u)+ < u∗, v − u >, ∀u∗ ∈ X∗}. (2.7)

A functional E is said to be subdifferentiable in u if E(u) is finite, and the set ∂E(u) is not empty.

The Euler-Lagrange equation for subdifferentiable convex functionals is then multi-valued and read

as follows: û is a solution of the problem minu∈X E(u) if 0 ∈ ∂E(û). Furthermore, if E is Gâteaux

differentiable, then ∂E(u) = {E′(u)} and we have the same equation as before. In order to deal with

multi-valued equations, approximations of these equations are often solved, introducing an undesired

regularization of the solutions. Nevertheless, several approaches that avoid this over-regularization have

been proposed. We shall use some of these methods to solve the imaging problems considered in this

manuscript.

2.2 Total Variation and Total Generalized Variation

In this section we define and present the most notable properties of the two regularizing operators that

were mainly considered in this manuscript: the Total Variation (TV) and the Total Generalized Variation

(TGV). Proofs and further details about the TV can be found for instance in the book of Ambrosio, Fusco

and Pallara [Ambrosio et al., 2000] and the interesting monographics written by Caselles, Chambolle,

Cremers, Novaga and Pock [Chambolle et al., 2010, Caselles et al., 2015]. For the TGV, we refer to the

seminal paper where it was introduced by Bredies, Kunisch and Pock [Bredies et al., 2010] and a recent

work from Bredies and Holler [Bredies and Holler, 2015a].

As it was mentioned in the previous Section, the TV operator was first introduced in the image

processing community by Rudin, Osher and Fatemi in [Rudin et al., 1992] through their celebrated ROF

denoising model (2.6). The search of regularizers for inverse problems involving images that do not blur

the edges and remove details led to consider the energy:

J(u) =

∫
Ω
|∇u(x)| dx .

Intuitively, the minimization of the L1-norm of the gradient of the image shall rapidly remove small

variations that are mostly originated by noise while preserving sharp edges. This integral is well defined

for C1(Ω) images, and more generally for functions u in the Sobolev space W 1,1(Ω), i. e. the absolutely

continuous functions. Nevertheless, functions in W 1,1(Ω) cannot present discontinuities across a line

(2D) o a hypersurface (in general). Furthermore, as it is shown in [Chambolle et al., 2010, Subsection
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1.1.3], problems of the form

min
u

∫
Ω
|∇u(x)| dx+

∫
Ω
|u(x)− f(x)|2 dx,

have no solution in the space W 1,1(Ω), i.e. where the definition of J(u) =
∫

Ω |∇u(x)| dx makes sense.

The extension of this energy functional to more general functions that can have (jump) discontinuites

and are not restricted to W 1,1(Ω), hence preserving the edges in the images, was the motivation of the

introduction of the TV in [Rudin et al., 1992], defined as follows:

Total Variation. Let Ω ⊂ Rd be a domain, for u ∈ L1
loc(Ω) we define the Total Variation as the value of

the functional

TV(u) = sup

{∫
Ω
u divv dx | v ∈ C∞c (Ω,Rd), ‖v‖∞ ≤ 1

}
, (2.8)

which is a seminorm. The space BV(Ω) =
{
u ∈ L1

loc(Ω) | TV(u) <∞
}

, endowed with the norm

‖u‖BV = ‖u‖1 + TV(u) is called the space of functions of bounded variation.

Some of the most remarkable properties used in this work include:

• In the case of a smooth function u ∈ C1(Ω) or in fact for u ∈W 1,1(Ω), if v ∈ C∞c (Ω,Rd) we have

−
∫

Ω
u divv dx =

∫
Ω
v · ∇u dx ,

and the supremum over all v with ‖v‖∞ ≤ 1 is TV(u) =
∫

Ω |∇u| dx.

• The TV functional is proper, convex, lower semi-continuous inL1(Ω) and positively one-homogeneus.

• TV(u) = 0 if and only if there exist a constant c such that u = c.

The Total Variation model soon became one of the most used image models, being adopted to

many imaging tasks including among others denoising for gaussian [Rudin et al., 1992], salt-and-pepper

[Nikolova, 2004] and multiplicative noise [Aubert and Aujol, 2008], deblurring [Chan and Wong, 1998],

segmentation [Chan and Vese, 2001], inpainting [Bertalmio et al., 2003] or super-resolution of images

[Marquina and Osher, 2008]. More recently, the development of the Compressed Sensing theory in the

last decade by Candes, Romberg, Tao and Donoho [Candes et al., 2006, Donoho, 2006] has brought a

burst of TV-based signal reconstruction algorithms. This has been specially notorious in the case of

Magnetic Resonance Imaging (MRI) since its introduction in [Lustig et al., 2007], where the application

of CS principles has led to important reductions on acquisition time, which is one of the major drawback

of MRI. The motivation of using Total Variation in CS applications comes from its natural incorporation

of a basic ingredient in this theory: the sparseness of the signal in some domain. Minimizing the TV of a

discrete signal naturally enforces the sparsity of its gradient so allowing its reconstruction from random

undersampled measurements.

How to efficiently solve TV-regularized problems has been an important object of study since its

introduction in [Rudin et al., 1992], where the regularized Euler-Lagrange equations were solved. Du-

ality arguments from convex analysis theory were used later in [Chambolle, 2004] to solve the exact

TV functional avoiding the undesired smoothing of the solutions of the regularized TV operator. More

recently, very efficient algorithms have been developed to solve the original problem via dual formulation

of the TV term. Such approaches transform the original minimization problem into saddle-point prob-

lems and are commonly referred to as primal-dual algorithms [Zhu and Chan, 2008, Esser et al., 2010,
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Chambolle and Pock, 2011]. Another successful family of methods have been introduced that use the

so-called Bregman iterations [Osher et al., 2005, Zhang et al., 2010] culminating in the popular Split-

Bregman method [Goldstein and Osher, 2009], which has been widely used for MRI applications. This

Split-Bregman algorithm has been shown to be equivalent to one of the forms of the Alternating Direction

Methods of Multipliers (ADMM) [Esser, 2009] and different alternative approaches have been developed

exploiting these properties [Wu and Tai, 2010, Zhang et al., 2011].

However, despite of all the benefits and applications of the TV operator it also has some limitations.

Between them, the most notable is the staircasing artifact. When reconstructing images that contain not

only flat regions, but also ramps, the TV cannot recover correctly these areas, and the image obtained

tend to be piecewise constant (creating an artificial staircase of color intensity). This shortcoming is

specially problematic for medical image applications. The resulting images look artificial to human eye

and clinicians typically tend to reject these images. This staircasing problem has been deeply studied and

several approaches involving higher-order derivatives of the images have been proposed to mitigate it

[Chambolle and Lions, 1997, Chan et al., 2000, Chan et al., 2010, Lefkimmiatis et al., 2012].

In 2010, Bredies, Kunisch and Pock [Bredies et al., 2010] presented a new regularization term, named

as Total Generalized Variation (TGV), which has become the most successful alternative to TV regulariza-

tion in the last years. The TGV naturally involves and balances (generalized) higher order derivatives of

the images, reducing this staircasing artifact. This operator is defined as follows:

Total Generalized Variation. Let Ω ⊂ Rd be a bounded domain, k ≥ 1 and α = (α0, ..., αk−1) > 0.

Then, the Total Generalized Variation of order k with weight α for u ∈ L1
loc(Ω) is defined as the value of

the functional

TGVk
α(u) = sup

{∫
Ω
u divkw dx | w ∈ Ckc (Ω,Symk(Rd)), ‖divl w‖∞ ≤ αl, l = 0, ..., k − 1

}
, (2.9)

with Symk(Rd) being the vector space of symmetric k−tensors.

The space of functions of bounded generalized variation of order k with weight α is defined as

BGVk
α(Ω) =

{
u ∈ L1

loc(Ω) | TGVk
α(u) <∞

}
, endowed with the norm ‖u‖BGVk

α
= ‖u‖1 + TGVk

α(u).

Some relevant properties are:

• For k = 1 and α = 1, we recover the TV operator:

TGV1
1(u) = sup

{∫
Ω
u divw dx | w ∈ C1

c (Ω,Sym1(Rd)), ‖w‖∞ ≤ 1

}
= TV(u) (see its definition in (2.8)).

• The TGVk
α is proper, convex, lower semi-continuous, and translation and rotation invariant.

• For u ∈ L1
loc(Ω), TGVk

α(u) = 0 if and only if u is a polynomial of order less than k.

• The TGVk
α measures piecewise polynomial functions only at the jumping interfaces.

In real applications the second-order (k = 2) TGV operator is usually preferred, because of its

good balance between implementation complexity and improvement over the TV regularization. The

second-order TGV is defined as follows:
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Total Generalized Variation of Second Order. Let Ω ⊂ Rd be a bounded domain andα = (α0, α1) > 0.

The functional that assigns to each u ∈ L1
loc(Ω) the value

TGV2
α(u) = sup

{∫
Ω
u div2w dx | w ∈ C2

c (Ω, Sd×d), ‖w‖∞ ≤ α0, ‖divw‖∞ ≤ α1

}
(2.10)

is called the Total Generalized Variation of second order. Here, Sd×d is the set of symmetric matrices,

C2
c (Ω, Sd×d) the vector space fo compactly supported, twice differentiable Sd×d-valued mappings, while

divw ∈ C1
c (Ω,Rd) and div2w ∈ C1

c (Ω) are defined by

(divw)i =
d∑
j=1

∂wi,j
∂xj

, div2w =
d∑
i=1

∂2wi,i
∂x2

i

+ 2
∑
i<j

∂2wi,j
∂xi∂xj

.

Finally, the norms of w ∈ Cc(Ω, Sd×d), v ∈ Cc(Ω,Rd) are given by

‖w‖∞ = sup
x∈Ω

 d∑
i=1

|wii(x)|2 + 2
∑
i<j

|wi,j(x)|2
1/2

, ‖v‖∞ = sup
x∈Ω

(
d∑
i=1

|vi(x)|2
)1/2

.

One important remark is:

• TGV2
α favors piecewise linear solutions instead of piecewise constant functions and this mitigates

the staircasing artifact.

Moreover, an equivalent formulation (usually preferred for numerical implementation) was proved in

[Bredies and Valkonen, 2011]

TGV2
α = min

v∈BD(Ω)
α1‖Du− v‖M + α0‖Ev‖M, (2.11)

where BD(Ω) denotes the space of vector fields of Bounded Deformation, i.e., v ∈ L1(Ω,Rd) such

that the distributional symmetrized derivative Ev = 1
2

(
∇v + (∇v)>

)
is a Sd×d-valued bounded Radon

measure.

This formula can be intuitively interpreted as follows:

• If locally, the gradient of the image u is smooth, having v similar to the gradient is “optimal” and

the regularization is mainly driven by the second derivatives of u.

• If on the contrary, the image locally “jumps”, having v equal to 0 is “optimal” and the regularization

behaves similar to the TV.

We can visualize the potential advantages of using the second-order TGV operator instead of TV in

an denoising example of an artificial ramp in Figure 2.1. In both cases, the regularization parameter was

optimized for the best denoising results measured as the PSNR with the original image. In this example,

which is a worst-case scenario for the TV operator, the TGV (Fig.2.1d) is able to practically recover the

intensity slope from the original image (Fig.2.1a) while the TV naturally introduces a staircase artifact in

its corresponding denoised image (Fig.2.1c).
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(a) Original image (b) Noisy image (σ = 5)

(c) TV-L2 denoised (d) TGV-L2 denoised

Figure 2.1: An example of denoising an image corrupted with gaussian nose using TV and TGV
regularization. The original ramp (a) was contaminated with gaussian noise with a standard deviation of 5
to produce a noisy version (b). In (c) and (d) the results of denoising the corrupted image using the ROF
model (see (2.6)) with TV and TGV regularization respectively.
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2.3 Discrete Framework

Here we introduce the discrete framework in which we will work when solving numerically the pro-

posed models, following the notation and definitions from [Chambolle et al., 2010, Bredies et al., 2010,

Bredies and Holler, 2015b]. The discrete versions of the TV and the TGV operators are presented together

with the spaces and norms where these operator are defined. Notice that all the definitions here are consid-

ered for the two-dimensional case, i.e. for images. In medical imaging, and specially in MRI, it is common

to work with three-dimensional images (volumes) or even four-dimensional images when acquiring along

time (e.g. functional or cardiac MRI). The extension to more dimensions is straightforward in most of the

cases and we have decided to omit it in order to make the notation and formulas easier to be read.

We consider a regular Cartesian grid of size M ×N : (i h, j h) with 1 ≤ i ≤M, 1 ≤ j ≤ N where h

denotes the size of the space between nodes. The matrix uh = (uhi,j) represents a discrete image where

each pixel uhi,j is located in the correspondent node (i h, j h). In what follows, we shall choose h = 1

because it only causes a rescaling of the energy. Henceforth we can drop the dependence of the mesh

size and write uh = u. We shall also omit this h dependence on the subsequent definition of the discrete

elements

Let U = RM×N be the vector space where the image u = (ui,j) lives. We introduce the discrete

gradient defined using forward finite differences

(∇u)i,j =

(
(∇u)xi,j
(∇u)yi,j

)
=

(
(∆+

x u)i,j

(∆+
y u)i,j

)
, (2.12)

with

(∆+
x ū)i,j =

ūi+1,j − ūi,j if 1 ≤ i < N,

0 if i = N,
(∆+

y ū)i,j =

ūi,j+1 − ūi,j if 1 ≤ j < M,

0 if j = M,
(2.13)

for ū ∈ U . ∇ is a linear map from U to V = U × U . If we endow U and V with the standard Euclidean

scalar product, its adjoint∇∗, denoted by −div, is defined by

〈∇u, v〉V = 〈u,∇∗v〉U = −〈u, div v〉U

for any u ∈ U and v = (vxi,j , v
y
i,j) ∈ V . Then, we have

(div v)i,j = (∆−x v
x)i,j + (∆−y v

y)i,j (2.14)

defined using backward finite differences

(∆−x ū)i,j =


ūi,j if i = 1,

ūi,j − ūi−1,j if 1 < i < N,

−ūi−1,j if i = N,

(∆−y ū)i,j =


ūi,j if j = 1,

ūi,j − ūi,j−1 if 1 < j < M,

−ūxi,j−1 if j = M,

(2.15)

described for an element ū ∈ U (please notice that vx, vy ∈ U ). With this, we can now define the discrete

version of the isotropic Total Variation semi-norm (2.8):

TV(u) = ‖∇u‖2,1;V , for u ∈ U (2.16)
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with

‖∇u‖2,1;V =
∑
i.j

‖(∇u)i.j‖2;V =
∑
i.j

√
((∇u)xi.j)

2 + ((∇u)yi.j)
2 . (2.17)

Notice that here and in the following we indicate with a subscript the space where the norms are defined

and bounded. In order to describe the discrete version of the second order Total Generalized Variation

(2.11) we have to present the discrete symmetric gradient operator E : V →W = U × U × U .

(Ev)i,j =

 (Ev)xi,j
(Ev)yi,j
(Ev)xyi,j

 =


(∆−x v

x)i,j

(∆−y v
y)i,j

(∆−y v
x)i,j + (∆−x v

y)i,j

2

 (2.18)

using backward differences as defined before in (2.15) for an element v ∈ V . Analogously to the gradient

case, if we endow W with the Euclidean scalar product, the adjoint E∗ denoted by divE is defined by

〈Ev, w〉W = 〈v, E∗w〉V = −〈v, divE w〉U

for v = (vxi,j , v
y
i,j) ∈ V and w = (wxi,j , w

y
i,j , w

xy
i,j ) ∈W and with

(divE w)i,j =

(
(∆+

x w
x)i,j + (∆+

y w
xy)i,j

(∆+
x w

xy)i,j + (∆+
y w

y)i,j

)
. (2.19)

Finally, we can describe the discrete version of the isotropic Total Generalized Variation of second order

(2.11) with weights α = (α0, α1) as:

TGV2
α = min

v∈V
α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W , for u ∈ U, (2.20)

with

‖∇u− v‖2,1;V =
∑
i.j

‖(∇u− v)i.j‖2;V =
∑
i.j

√
((∇u)xi.j − vxi,j)2 + ((∇u)yi.j − v

y
i,j)

2

and

‖Ev‖2,1;W =
∑
i.j

‖(Ev)i.j‖2;W =
∑
i.j

√
((Ev)xi.j)

2 + ((Ev)yi.j)
2 + 2((Ev)xyi.j)

2 . (2.21)
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Total Variation Rician Based Denoising
Most of the contents of this Chapter have been developed in collaboration with Doctor

Juan Francisco Garamendi, who is now visiting professor at Universidat Pompeu Fabra in

Barcelona.

This research has been accomplished under the Spanish National Grants TEC2009-14587-

C03-03 and TEC2012-39095-C03-02 at the Applied Mathemathics Department at Universi-

dad Rey Juan Carlos.

With the aim of accelerating MRI acquisition we focus here on the study of accurate denoising of MR

images. Analysis of the signal-to-noise ratio (SNR) in MRI reveals a proportional dependence on the total

scan time (see [Nishimura, 1996, Section 7.5] for the derivation of this relation), with SNR defined as:

SNR =
signal amplitude

standard deviation of noise
.

Hence, a reduction in acquisition time leads to noise amplification in the images. A precise pre-processing

of these images is mandatory to reduce scanning time of the patients while preserving good image quality.

MRI scanners acquire complex data, where both real and imaginary parts are corrupted with additive

zero-mean uncorrelated i.i.d. gaussian noise with equal variance. Nevertheless, in clinical MRI, not

the complex image but the magnitude is typically used for diagnosis. The computation of the modulus

transforms the original uncorrelated gaussian noise in the real and imaginary channels into rician noise

[Henkelman, 1985, Gudbjartsson and Patz, 1995]. These distributions considerably differ when low SNR

data is considered as shown in Figure 3.1.

In our approach, we model the rician statistics of MRI in the framework of generalized Tikhonov

regularization (2.3) through the Total Variation (TV) operator (see Section 2.2 for more information on its

properties). This results in the minimization of a non–convex, non–smooth energy functional, which was

simultaneously and independently considered for pure denoising in [Martin et al., 2011] and for restoration

in [Getreuer et al., 2011], where blurring effects are added. The non–convexity and non–smoothness of

the functional complicate the mathematical analysis of the existence and uniqueness of solutions of this

denoising model, and only some brief claims were reported originally in [Getreuer et al., 2011]. Here, in

Chapter 4, we present the main findings of a recent theoretical study of the TV based rician model that

can be found in [Martin et al., 2015b].

Finally, in Section 3.2 of this Chapter, several numerical methods to solve the proposed model are

presented. As a first step we considered the ε-regularized (differentiable) problem associated with the

1-Laplacian operator, which allows to approximate the solution through a gradient descent approach

(primal problem). This provides a good first insight on the behavior of the solution of the model but

introduces an unwanted over-smoothness in the images. We overcome this drawback proposing three

different approaches that allow to cope with the original model. First, we show that the TV rician

41
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Figure 3.1: The rician distribution (p(f |u) (3.1)) for fixed u and several SNR values (u/σ)

denoising problem can be recast in the form of a sequence of ROF problems (see Eq. (2.6)) that are

solved with the dual projection method presented in [Chambolle, 2004]. We then take a step forward

adapting the primal-dual hybrid-gradient proposed in [Zhu and Chan, 2008] for TV gaussian denoising

to our TV rician denoising. Finally, a convergent proximal point algorithm (see [Sun et al., 2003]) is

implemented by exploiting the underlying structure of the proposed energy functional as a difference

of convex functions. The advantages of not using a regularized TV operator and the non-convex data

fidelity term are shown in this section comparing the proposed method with the approximated models of

[Getreuer et al., 2011] and [Chen and Zeng, 2015]. In order to demonstrate the clinical applicability of

the proposed denoising method we present several results on real Diffusion Weighted Images (DWI), an

MRI modality severely affected by rician noise.

3.1 Proposed Model

In this section, we derive the model for MRI denoising in the variational framework introduced in Section

2.1. The degradation process described by the rician probability distribution function is given by

p(f |u) =
f

σ2
exp

(
−u

2 + f2

2σ2

)
I0

(
uf

σ2

)
, (3.1)

where u is the original uncorrupted value and f is the noisy measured data. In the formula, σ is the standard

deviation of the gaussian noise in the real and imaginary data that originated the rician distribution, and

I0 is the modified zeroth-order Bessel function of the first kind. Following (2.4), we can write the data

fidelity term for the case of pure denoising (i.e. K = I) as

H(u, f) =

∫
Ω

((
u2 + f2

2σ2

)
− log I0

(
uf

σ2

)
− log

(
f

σ2

))
dx .

This data fidelity term was first deducted in [Basu et al., 2006]. Notice that (1/2σ2)‖f‖22 and
∫

Ω log
(
f/σ2

)
only depend on the measured data f and will not affect the subsequent minimization problem. Dropping
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these constant terms we have the data fidelity term for rician denoising that we shall use in the following

H(u, f) =

∫
Ω
h(u) dx =

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx , (3.2)

where we are omitting the explicit dependence on the noisy data f in h(u) and Ω is an open, bounded

domain in RN (N ≥ 2) with Lipschitz boundary ∂Ω (usually a rectangle in image processing). Hence,

given a noisy image f , we can write the general rician denoising minimization problem as

min
u
J(u) + λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx , (3.3)

for J(u), a regularizing functional, and λ, a parameter that balances the weight between terms. Here, our

choice for the regularizer is the Total Variation functional (2.8):

J (u) = TV(u) =

∫
Ω
|Du|, (3.4)

where Du is the generalized gradient of u (see Section 2.2 for more details on this operator). Then we

can write the TV rician denoising energy functional as

E1(u) = J(u) + λH(u, f) =

∫
Ω
|Du|+ λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx (3.5)

and the complete variational model is formulated as follows:

Total Variation Based Rician Denoising. Given a noisy image f ∈ L∞(Ω), and σ2, an estimation of the

variance of the noise in the originally acquired complex image, and fixed λ, the parameter that balances

between the amount of regularization and data fidelity of the solution, the denoised image u is found

solving the problem:

min
u∈BV(Ω)∩L∞(Ω)

∫
Ω
|Du|+ λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx . (3.6)

This model was originally independently proposed in [Martin et al., 2011] and [Getreuer et al., 2011].

The classical procedure of variational calculus, which can be found for instance in the books

[Dacorogna, 2004, Aubert and Kornprobst, 2006], aims to calculate the Euler-Lagrange equations as-

sociated to this functional (3.5). The following formulas can be applied on absolutely continuous

functions, i.e. for u ∈W 1,1(Ω). However, for the case of bounded variation functions (u ∈ BV (Ω)), a

weaker formalism is needed, which will be detailed later. For u ∈W 1,1(Ω), we can write the functional

(3.5) as:

E(x, u,∇u) =

∫
Ω
e(x, u,∇u)dx =

∫
Ω
|∇u|dx+ λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx . (3.7)

Defining p̄ = ∇u, we write

e(x, u, p̄) = |p̄|+ λ

[
u2

2σ2
− log I0

(
uf

σ2

)]
.

Then u∗ is a minimizer of the functional E (3.7) if u∗ is a solution of the equation

−divx (∇p̄ e(x, u, p̄)) + ∂ue(x, u, p̄) = 0,
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which for our problem can be written as

− div
(
∇u
|∇u|

)
︸ ︷︷ ︸

divx[∇p̄ e(x,u,p̄)]

+
λ

σ2

[
u−

I1

(
uf/σ2

)
I0 (uf/σ2)

f

]
︸ ︷︷ ︸

∂ue(x,u,p̄)

= 0 a.e. in Ω (3.8)

i. e. in a weak sense [Brezis, 2010]. I1 here denotes the modified first-oder Bessel function of the first kind,

and 0 ≤ I1 (ξ) /I0 (ξ) < 1, ∀ ξ > 0 [Joshi and Bissu, 1991]. Notice also that the problem is composed

of the equation (3.8) together with homogeneous Neumann boundary conditions. In the following, we

will consider these same boundary conditions for all the problems involving partial differential equations

to be studied.

In order to be able to obtain a solution u in BV (Ω) instead of W 1,1(Ω), we need to use the concept

of the subgradient of a functional J (u) defined before in (2.7). With this we can properly write the

Euler-Lagrange equations for our original problem (3.6):

∂J (u) + λ∂uh(u) 3 0, (3.9)

in the distributional sense. Notice that now we have a multivalued equation since the subgradient of the

Total Variation is a set of elements. In the case of a differentiable function, the subgradient is composed

of an unique element that coincides with the Gâteaux differential of the functional. This is the case of the

data fidelity term:

∂uh(u) =
( u
σ2

)
−
[
I1

(
uf

σ2

)
/I0

(
uf

σ2

)](
f

σ2

)
The proper study of Eq. (3.9) is described in Chapter 4, where existence results and some qualitative

properties of Problem (3.6) are proved. Considering the associated Euler–Lagrange quasilinear equation,

we show that this nonlinear 1–Laplacian problem has, aside from the trivial solution, at least a positive

distributional solution that is also a global minimum of the energy problem. The existence result is based

on the consideration of a sequence of differentiable approximating problems of the p–Laplacian type for

which no existence results were known due to the very special nonlinearity associated to the rician noise

term. While, for p = 2 (Laplacian case) we can show the uniqueness of a non-trivial, positive solution,

for general 1 ≤ p < 2, the well-posedness of the problem is still open.

In the next section, we present several alternatives for the numerical resolution of the minimization

problem proposed.
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3.2 Numerical Methods for Total Variation Rician Based
Denoising

In this section, different alternatives to solve the non-smooth non-convex minimization problem of TV

Rician based denoising (3.5) are presented. The first approach uses an ε-regularization of the problem that

allows to implement a semi-implicit primal gradient descent scheme to solve the Euler-Lagrange equation

of the problem (subsection 3.2.1). In order to overcome this over-regularization of the problem, a method

that transforms the rician denoising into a sequence of ROF problems is presented in Subsection 3.2.2.

Later on, in Subsection 3.2.3, a fast primal-dual algorithm (the PDHG proposed in [Zhu and Chan, 2008])

is adapted to solve our problem. Finally, a new approach is considered by taking into account that our

functional is a difference of convex functions. Then we can use a convergent proximal point algorithm

proposed in [Sun et al., 2003] to solve problem (3.5) (see Subsection 3.2.4).

3.2.1 Primal Resolution

In order to directly solve the multivalued Euler-Lagrange equation of our problem (3.9), duality arguments

can be used (which can be found very well summarized in sections 2.3-2.7 from [Chambolle et al., 2010]).

Nevertheless, in this first approach, we opted for a regularization of the TV operator. This provides a

first insight on the expected solution as well as a mean to understand the possible numerical difficulties

of the problem. Introducing a small scalar parameter ε : 0 < ε � 1 we can write J(u) =
∫

Ω |∇u|ε =∫
Ω

√
|∇u|2 + ε2 and define the ε-approximating functional as:

Eε(x, u,∇u) =

∫
Ω
|∇u|εdx+

λ

2σ2

∫
Ω
u2dx− λ

∫
Ω

log I0

(
uf

σ2

)
dx , (3.10)

which is now differentiable when∇u = 0. Therefore, its Euler-Lagrange equations is

− div
(
∇u
|∇u|ε

)
+

λ

σ2

(
u−

[
I1

(
uf

σ2

)
/I0

(
uf

σ2

)]
f

)
= 0 a.e. in Ω (3.11)

The smaller the value of ε is, the closer the solution uε of (3.11) will be to the solution of the original

problem (3.5). On the other hand, having a very small value of ε introduces stability problems in the

numerical resolution since the finite differences formulas become less precise when approximating piece

wise discontinuous functions.

Gradient Descent: A Explicit Numerical Scheme

The Euler-Lagrange equation in (3.11) defines a nonlinear elliptic problem (or more precisely, a quasi-

linear elliptic problem) that we solve with a gradient descent scheme until stabilization of the solution to a

solution of the elliptic problem. This amounts to solve the associated nonlinear parabolic problem

∂ u

∂ t
= div

(
∇u
|∇u|ε

)
− λ

σ2

(
u−

[
I1

(
uf

σ2

)
/I0

(
uf

σ2

)]
f

)
a.e. in Ω× (0,∞) , (3.12)

whose weak solutions are minima of the energy functional defined in (3.10). For notation simplicity, let

us define the nonlinear function r(u, f) = I1(uf/σ2)/I0(uf/σ2). Using forward finite differences for

the temporal derivative we construct a semi-implicit iterative scheme

un+1
h − unh

τ
= divh

(
∇hunh
|∇hunh|ε

)
− λ

σ2

[
un+1
h − r(unh, fh)fh

]
, (3.13)
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where the superscript n denotes the temporal discretization and the subscript h indicates the discrete

version of the corresponding continuous elements. In the following, we will omit the subscript h in order

to simplify the notation. This semi-implicit scheme (3.13) can be simplified to the following explicit

scheme (
1 + τ

λ

σ2

)
un+1 = un + τ

(
div
(
∇un

|∇un|ε

)
+

λ

σ2
r(un, f)f

)
, (3.14)

that we iterate until we observe the stability of the solution.

Iterative Regularization: Bregman Iterations

In order to overcome some of the Total Variation operator’s drawbacks (e.g. loss of contrast and the

staircasing artifact) an iterative scheme was proposed in [Osher et al., 2005]. This procedure, which is

based on the Bregman distance (see [Chambolle et al., 2010]), was originally proposed to improve the

results of the ROF functional (2.6). Here, we adapt this scheme to the TV rician based denoising problem.

The first step consist in solving problem (3.10) by the stabilization of (3.14). Then with

u1 = arg min
u

{∫
Ω
|∇u|εdx+

λ

2σ2

∫
Ω
u2dx− λ

∫
Ω

log I0

(
uf

σ2

)
dx

}
and defining

v1 = div
(
∇u1

|∇u1|ε

)
=

λ

σ2
[u1 − r(u1, f)f ] ,

in the second step one needs to solve this new minimization problem:

u2 = arg min
u

{∫
Ω
|∇u|εdx+

λ

2σ2

∫
Ω
u2dx− λ

∫
Ω

log I0

(
uf

σ2

)
dx+

∫
Ω
uv1 dx

}
.

Then, we can define the Bregman iterations for rician denoising in the general case (k ≥ 2) as follows:

uk+1 = arg min
u

{∫
Ω
|∇u|εdx+

λ

2σ2

∫
Ω
u2dx− λ

∫
Ω

log I0

(
uf

σ2

)
dx+

∫
Ω
uvk dx

}
, (3.15)

vk+1 = vk +
λ

σ2
[uk+1 − r(uk+1, f)f ] .

For the numerical resolution of the problem (3.15) we apply the same gradient descent scheme shown in

(3.14), which results in the following explicit scheme (for k ≥ 2):(
1 + τ

λ

σ2

)
un+1
k+1 = unk+1 + τ

(
div

(
∇unk+1

|∇unk+1|ε

)
+

λ

σ2
r(unk+1, f)f − vk

)
. (3.16)

Validation of Rician Denoising

In order to assess the performance of the proposed algorithm we used synthetic brain images obtained

from the BrainWeb Simulated Brain Database 1 at the Montreal Neurological Institute. The original

phantoms were normalized between 0 and 1 and contaminated artificially with Rician noise. This process

allows to control the amount and distribution of the noise thus providing a gold standard for our study.

We used the value σ = 0.05, which leaves λ as the only parameter to tune. We choose λ = σ/4, which

assures that the first iteration is a low frequency image and succeeding iterations provide details recovering.

1available at http://www.bic.mni.mcgill.ca/brainweb
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Figure 3.2: Results of the Bregman Iterations for rician denoising on a synthetic brain image for σ = 0.05
and λ = σ/4.

In Figure 3.2, the sequence of iterated images shows the evolution of the inverse scaling procedure

presented in (3.15). It starts with a structural cartoon image (u1) to which details (and noise) are

subsequently added eventually approximating the original noisy data. In order to find the best restoration

we use two measures: the Signal-to-Noise-Ratio (SNR) between each iteration uk and the original (clean)

image u, which is defined as

SNR(u, uk) =

∑
i,j

u(i, j)2

 /
∑
i,j

(u(i, j)− uk(i, j))2

 (3.17)

and the Bregman Distance [Osher et al., 2005] between uk and u. These measures are plotted in Figure

3.2g, where it can be seen that both, the maximum in SNR and the minimum in Bregman Distance, are

reached at u5 (see Figure 3.2h). These results coincide with the visual inspection of the images, because

u1, ..., u4 are over-smoothed versions of with few details while the subsequent images u6, u7, u8 become

noisier. As predicted by the theory in [Osher et al., 2005], the contrast of the Bregman image sequence,

measured as the standard deviation (SD) of the intensity pixel values, increases monotonically, thus

providing a high contrast image suitable for tissue classification.
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3.2.2 Rician Denoising as a Sequence of Rudin-Osher-Fatemi Problems

In the previous section 3.2.1, we considered the Euler-Lagrange equation (3.11) associated to the minimiza-

tion of the ε-approximating energy functional (3.10). This approximation of the TV operator introduces

a non desired over-regularization on the restored images. In order to overcome these difficulties, let us

consider the original Euler-Lagrange equation associated to the energy (3.5) (with abuse of notation for

the diffusive term)

− div
(
∇u
|∇u|

)
+

λ

σ2
[u− r(u, f)f ] = 0, (3.18)

where again we are denoting r(u, f) = I1(uf/σ2)/I0(uf/σ2). A rigorous treatment of equation (3.18)

should follow the multivalued formalism of (3.9). Using a gradient descent scheme on this elliptical

equation leads to the following parabolic problem:

∂u

∂t
= div

(
∇u
|∇u|

)
− λ

σ2
[u− r(u, f)f ] , (3.19)

with Neumann homogeneous boundary conditions ∂u/∂n = 0 and initial condition u(0, x) = u0(x).

Now, discretizing the temporal derivative in (3.19) using forward finite differences and a semi-implicit

scheme where only the term involving the function r(u) is delayed, we obtain the numerical scheme(
1 + τ

λ

σ2

)
un+1 = un + τ

(
div
(
∇un+1

|∇un+1|

)
+

λ

σ2
r(un, f)f

)
, (3.20)

where the diffusive term is (formally) exact and implicitly considered (as opposed to (3.16)). Defining

β = (τλ)/σ2, γ = (1 + β)/τ and

gn =

(
1

1 + β

)
un +

(
β

1 + β

)
r(un, f)f,

we can write (3.20) as:

− div
(
∇un+1

|∇un+1|

)
+

(
1

γ

)(
un+1 − gn

)
= 0. (3.21)

Equation (3.21) is exactly the Euler-Lagrange equation of the ROF energy functional ([Rudin et al., 1992])

EnROF (u) =

∫
Ω
|Du|+

(
1

2γ

)∫
Ω

(u− gn)2dx , (3.22)

for any positive integer n > 0, with (artificial) time tn = nτ .

Hence, at each gradient descent step, we can solve the ROF problem associated to the minimization of

the energy (3.22) in the space BV (Ω) ∩ [0, 1]. This problem is mathematically well-posed and it can be

numerically solved without regularizing the TV functional by using duality arguments [Chambolle, 2004,

Chambolle and Pock, 2011].

Algorithm 3.1 outlines the proposed method for rician denoising.

Validation of the Proposed Method

The proposed algorithm needs to be validated to asses its improvement over the primal regularized method

that computes an ε-approximated solution (Section 3.2.1), denoted as TVε-Rician in the following. In

these tests, we used the dual gradient descent algorithm proposed by Chambolle in [Chambolle, 2004]

to solve the ROF problem in each iteration of Algorithm 3.1 (Line 3). From this point we will use
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Algorithm 3.1: ROF SEQUENCE TV-RICIAN DENOISING

Input: given λ, σ, and f , set τ the time step, Niter the maximum number of iterations, and tol the
convergence tolerance.

Output: u, the denoised image
1 u0 ← f ;β ← (τλ)/σ2; γ ← (1 + β)/τ ; k ← 0

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2,U > tol do

3 gki,j ←
(

1

1 + β

)
uki,j +

(
β

1 + β

)
r(uki,j , fi,j)fi,j

4 uk+1 ← arg min
u

{∫
Ω
|Du|+

(
1

2γ

)
‖u− gk‖22

}
. Solve a ROF problem

5 k ← k + 1

6 return u

(a) Original phantom (b) Noisy (σ = 0.025) (c) Noisy (σ = 0.05) (d) Noisy (σ = 0.1)

(e) Original phantom (f) R-ROF-D denoised (σ =
0.025, λ = 0.025)

(g) R-ROF-D denoised
(σ = 0.05, λ = 0.075)

(h) R-ROF-D denoised
(σ = 0.1, λ = 0.125)

Figure 3.3: The original free noise phantom is shown in images a) and e). In b), c) and d) the contaminated
phantoms for σ = 0.025, 0.05 and 0.1 respectively. Below, their respective denoised images e), f) and
g) for λ = 0.025, 0.075 and 0.125. The denoising was performed using the Rician-ROF-Dual algorithm
(R-ROF-D in the legends).

the name Rician-ROF-Dual to indicate that we are using this implementation. In order to assess the

performance of our algorithm we tested it with synthetic brain images from the BrainWeb Simulated

Brain Database 2. The original phantom was contaminated artificially with rician noise considering the

data as a complex image with zero imaginary part and adding random gaussian perturbations to both

components before computing the magnitude image. We contaminated the phantom with different values

of σ = {0.025, 0.05, 0.1}, which represents the standard variation of the original gaussian noise. For each

noisy image, we denoised it using the Rician-ROF-Dual algorithm for different values of λ between 0.025

and 0.125 to choose the λ value that yielded the best denoising results. The results are displayed in Figure

2available at http://www.bic.mni.mcgill.ca/brainweb
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3.3.

One of the main advantages of this implicit method is that allows to treat the exact TV operator and

hence its solution should be closer to the real minimum of (3.5) than the solution of TVε-Rician. These

differences can be well observed in Figure 3.4, where we compare the energy of functional (3.5) in each

step of the gradient descent for the proposed Rician-ROF-Dual algorithm and the TVε-Rician method for

several values of ε. We also set τ = 10−3, σ = 0.05, and λ = 0.075 for all the methods. As expected,

Figure 3.4: Energy in functional (3.5) of the solution obtained at each step of the gradient descent by
Rician-ROF-Dual and TVε-Rician for ε =

{
10−1, 10−3, 10−5, 10−7

}
. In (a) and (b), the image of the

absolute differences with the ground truth of TVε-Rician (ε = 10−7) and Rician-ROF-Dual solution,
respectively.

the proposed method reaches a solution whose energy is always lower than TVε-Rician, in where the

smaller ε is, the closer is to the solution of the Rician-ROF-Dual. The dissimilarities are visible when

computing the absolute differences between the original (free of noise) image and the best solutions found

by both methods (Figure 3.4a-b). The Rician-ROF-Dual solution (Figure 3.4b), clearly recovers better the

structural details that are in part lost because of the approximation of the TV in the TVε-Rician solution

(Figure 3.4a). Moreover, the Rician-ROF-Dual algorithm is numerically very stable, which allows to

increase the time step size in the gradient descent, thus decreasing the number of steps needed for its

convergence. This is not the case for TVε-Rician and small values of ε. When performing the same test

than before, increasing the time step to τ = 0.1, TVε-Rician becomes unstable and reaches a solution that

is far from the Rician-ROF-Dual solution (Figure 3.5).

3.2.3 Primal-Dual Resolution

In this section we solve the TV-based rician denoising (3.5) adapting the primal-dual hybrid gra-

dient (PDHG) algorithm originally proposed to solve Total Variation Image Restoration problems

in [Zhu and Chan, 2008] and later analyzed in-depth and extended to a more general framework in

[Esser et al., 2010]. This PDHG algorithm can be traced back to the classical Arrow-Hurwicz method

[Arrow and Hurwicz, 1956] for saddle-point problems and it is a particular case of the more general family

of first order primal-dual methods proposed in [Chambolle and Pock, 2011]. The convergence of this algo-
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Figure 3.5: Energy in functional (3.5) of the solution obtained at each step (τ = 0.1) of the gradient
descent by TVε-Rician and Rician-ROF-Dual.

rithm for convex minimization problems has been proved in [Esser et al., 2010, Chambolle and Pock, 2011],

but to the best of our knowledge, there are no previous results on the convergence for not convex problems.

Nevertheless, in all our tests with different images and parametric values, the primal-dual resolution of the

TV-based rician denoising always converged to the desired solution.

In order to present the primal-dual algorithm we first need to define the discrete version of the problem

(3.5) in the framework presented in Section 2.3. Using the definition of the discrete TV operator (2.16)

we can define this problem as:

min
u∈U
‖∇u‖2,1;V + λ

∑
i.j

[
u2
i,j

2σ2
− log I0

(
ui,jfi,j
σ2

)]
, (3.23)

where the matrix f = (fi,j) represents the discrete noisy image, with each pixel fi,j located at the node

(i, j) as defined in Subsection 2.3.

Following the notation in [Chambolle and Pock, 2011], we write the discrete minimization problem

(3.23) in the form

min
u∈U

F (Au) +G(u), (3.24)

by identifying G(u) = λ
∑
i.j

[
u2
i,j

2σ2
− log I0

(
ui,jfi.j
σ2

)]
, A as ∇, the discrete gradient as defined in

(2.12), and F (Au) = ‖∇u‖2,1;V . Now by applying the Fechel-Legendre transform on F (Au), we get the

equivalent saddle-point problem

min
u∈U

max
p∈V
〈∇u, p〉U − IP (p) + λ

∑
i.j

[
u2
i,j

2σ2
− log I0

(
ui,jfi.j
σ2

)]
, (3.25)

where p is the dual variable, IP (p) is the indicator function of the convex set P = {p ∈ V : ||p||∞ ≤ 1}
and it is defined as

IP (p) =

{
0 if p ∈ P,
∞ if p /∈ P.
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The algorithm consists of alternative updates on the primal and dual variables. These two steps are

repeated iteratively until the convergence of the solution. Given an intermediate solution (uk, pk) at

iteration step k, the proposed primal dual algorithm updates the solution as follows:

• Dual step: Fix uk and apply a semi-implicit gradient ascent method to maximize (3.25) using a

fixed time step τd (where the subscript d is used to denote that the dual variable is updated in this

step):
pk+1 − pk

τd
= ∇uk − ∂IP (pk+1).

Then we can obtain

pk+1 = (I + τd∂IP )−1(pk + τd∇uk),

which is the proximal map of ∂IP . Since IP is the indicator function of the convex set P , the

proximal map of ∂IP is the Euclidean projection into the set P , and we can write the update on p

explicitly:

pk+1
i,j =

pki,j + τd(∇uk)i,j
max

(
1, ‖pki,j + τd(∇uk)i,j‖2,V

) .
• Primal step: With fixed pk+1, apply a gradient descent method to minimize (3.25) using a fixed

time step τp:

uk+1 − uk

τp
=
σ2

λ
div pk+1 − uk + r(uk, f)f.

Here, div is the discrete divergence operator (the minus adjoint of the gradient) as defined in (2.14)

and r denoting the ratio of Bessel functions as before. Then the update of the primal variable u can

be explicitly written as:

uk+1
i,j = (1− τp)uki,j + τp

[
σ2

λ
(div pk+1)i,j + r(uki,j , fi,j)fi,j

]

Putting all the steps together, we have Algorithm 3.2.

Algorithm 3.2: PRIMAL-DUAL TV-RICIAN DENOISING

Input: given λ, σ, and f , set τd, τp the dual and primal time steps respectively, Niter the maximum
number of iterations, and tol the convergence tolerance.

Output: u, the denoised image
1 u0 ← f ; k ← 0

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 pk+1
i,j ←

pki,j + τd(∇uk)i,j
max

(
1, ‖pki,j + τd(∇uk)i,j‖2;V

) . Dual step

4 uk+1
i,j ← (1− τp)uki,j + τp

[
σ2

λ
(div pk+1)i,j + r(uki,j , fi,j)fi,j

]
. Primal step

5 k ← k + 1

6 return u
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Validation of the proposed method

In the previous Subsection 3.2.2, we showed how the Algorithm 3.1 (Rician-ROF-Dual) outperformed

the ε-regularized originally proposed in [Getreuer et al., 2011, Martin et al., 2011] to solve (3.5). In order

to test the primal-dual Algorithm 3.2 (Rician-Primal-Dual, in the following), we compare it with this

Rician-ROF-Dual, since both methods are able to deal with the exact TV operator. We performed this

experiment on the same brain phantom and using the same parametric values (σ = 0.05, λ = 0.075)

than the ones used in Section 3.2.2 to facilitate the comparison. The solution of both methods, which

(a) Original phantom (b) Noisy (σ = 0.05) (c) R-ROF-D denoised (d) R-PD denoised

Figure 3.6: A detail of the original image and the contaminated phantom are shown in (a) and (b).
The denoised images obtained using Rician-ROF-Dual and Rician-Primal-Dual (R-ROF-D and R-PD
in the legends) for the parametric values σ = 0.05, λ = 0.075 are presented in the sub-plots (c) and (d)
respectively.

Figure 3.7: Rician-Primal-Dual (R-PD) needs much less iterations than Rician-ROF-Dual (R-ROF-D) to
fulfill the same convergence criterion (it stops 4.7 times faster). In the zoom-in detail, we can see how the
Rician-Primal-Dual solution also reaches a lower functional energy than Rician-ROF-Dual solution.

are visually indistinguishable, can be observed in Figure 3.6. The reconstruction quality of the image
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obtained by Rician-Primal-Dual is slightly better than the Rician-ROF-Dual’s one as measured by the

SNR (3.17) (370 and 365 respectively). However, it is in the number of iterations required to get this

image quality where these algorithms really differ. Recalling Algorithm 3.1 (Rician-ROF-Dual), in each

iteration k, a ROF problem has to be solved. Each internal iteration of the algorithm used to minimize

this ROF problem [Chambolle, 2004], is computationally equivalent to one iteration of the Algorithm 3.2

(Rician-Primal-Dual). Hence, we can fairly compare the total number of iterations of Rician-Primal-Dual

with the sum of all the internal iterations in Rician-ROF-Dual. Using the same stopping criteria, Rician-

Primal-Dual needs much less iterations (6000 vs 28000) than Rician-ROF-Dual to converge. Furthermore,

Rician-Primal-Dual solution yields smaller functional energy and as we showed before, better image

quality. The evolution of the energy minimization for both methods is shown in Figure 3.7.

3.2.4 Rician Denoising as a Difference of Convex Functions

Finally we address the numerical resolution of the non-smooth non-convex minimization problem associ-

ated to the energy functional (3.5) adapting a convergent proximal point algorithm for the minimization of

the difference of convex (DC) functions proposed in [Sun et al., 2003]. For this purpose, a decomposition

of our energy functional (3.5) is presented here based on the fact that I0(s) is strictly log-convex. This

means that log I0(s) is strictly convex and so is the following energy term:

Q(u) = λ

∫
Ω

log I0

(
uf

σ2

)
dx . (3.26)

We can also define the convex energy

P (u) =

∫
Ω
|Du|+ λ

2σ2

∫
Ω
u2 dx (3.27)

so we can express the proposed energy functional (3.5) as the difference of the convex functions P (u)

and Q(u): ∫
Ω
|Du|+ λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx = P (u)−Q(u)

Now in the discrete setting introduced before in Section 2.3 we can write the rician denoising functional

(3.23) as the difference of two strictly convex proper lower semi continuous

min
u∈U

Ph(u)−Qh(u), (3.28)

with Ph : U → R and Qh : U → R the discrete version of the functionals (3.27) and (3.26), respectively:

Qh(u) = λ
∑
i.j

log I0

(
ui,jfi,j
σ2

)
, and Ph(u) = ‖∇u‖2,1;V +

λ

2σ2

∑
i.j

u2
i,j .

For notation simplicity, in the following we will omit the subscript h because we will always refer to the

discrete functionals. Notice that Q is differentiable with Frechet derivative Q′(u).We say that u∗ is a

critical point of the functional minimized in (3.28) if it satisfies

Q′(u∗) ∈ ∂P (u∗)

Following [Sun et al., 2003, Lemma 2.2], a necessary and sufficient condition for u to be a critical point

of (3.28) is:

u = (I + ck ∂P )−1(u+ ckw),
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for any ck > 0 and w = Q′(u). Thus we can find a critical point of (3.28) by applying the following

Proximal Point algorithm (PPA):

• Given an initial point u0 = f , let ck = c,∀k and set k = 0. Repeat until convergence.

wk = Q′(uk), (3.29)

yk = uk + ckwk, (3.30)

uk+1 = (I + ck ∂P )−1(yk). (3.31)

Moreover, in subsection 4.2.4 we prove that a nonnegative nontrivial critical point is a global minimizer

of the functional (3.6). Therefore, we can guarantee that a non-trivial solution obtained using PPA is a

global minimizer of our denoising problem. Notice that we can write Steps 1-3 as

uk+1 = (I + ck ∂P )−1(uk + ckQ
′(uk))

= ProxckP (uk + ckQ
′(uk))

= ProxckP (uk − ck∂(−Q(uk)))

which is a forward-backward splitting algorithm (see for example [Zhang et al., 2010]).

Step 1 (3.29) is explicitly given by wk = Q′(uk) =
λ

σ2
r(uk, f)f with r(uk, f) the ratio of Bessel

functions: r(uk, f) = I1

(
ukf

σ2

)
/I0

(
ukf

σ2

)
.

Step 2 (3.30) sets the descent direction for Step 3 (3.31). Notice that any ascent direction for Q is a

descent direction for (3.28).

Finally, to compute the proximal operator (I+c ∂P )−1 in Step 3 (3.31) we need to solve the following

strictly convex minimization problem:

uk+1 = arg min
u∈U

(
P (u) +

1

2c
‖u− yk‖22

)

= arg min
u∈U

‖∇u‖2,1;V +
λ

2σ2

∑
i.j

u2
i,j +

1

2c

∑
i.j

(ui,j − yki,j)2

 (3.32)

To solve this problem let now set R(u) = ‖∇u‖2,1;V , and S(u) =
λ

2σ2

∑
i.j

u2
i,j +

1

2c

∑
i.j

(ui,j − yki,j)2

Using the Legendre Fenchel’s duality, we write the minimization problem (3.32) as a saddle point problem:

arg min
u∈U

R(u) + S(u) = arg min
u∈U

(
max
p∈V
〈∇u, p〉V −R∗(p)

)
+ S(u). (3.33)

The Fenchel conjugate R∗(p) is the indicator function IP of the convex set P = {p ∈ V : ‖p‖∞ ≤ 1},
i.e IP (p) = 0 if p ∈ P , IP (p) = +∞ if p /∈ P . To solve this saddle-point problem (3.33), which

performs Step 3 in the kth external iteration of the PPA, we use the primal dual algorithm presented in

[Chambolle and Pock, 2011]:

Given u0 = yk, set v0 = 0̄, τd = τp = 1/
√

12 and ū0 = u0. Iterate until convergence:

(i) pn+1 = (I + τd∂R
∗)−1 (pn + τd∇ū)

(ii) un+1 = (I + τp∂S)−1(un + τp div pn+1)
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(iii) ūn+1 = 2un+1 − un

The only difficulties here arise from the computation of the proximal operators for R∗ and S. For-

tunately, in both cases there exists a closed form solution for the proximal operators. In Step (i), after

computing p̄n = pn + τd∇ūn, the proximal operator associated with R∗ reduces to pointwise Euclidean

projector onto `2 balls:

pn+1 = (I + τd∂R
∗)−1 (p̄n) ⇐⇒ pn+1

i,j =
p̄ni,j

max(1, ‖p̄ni,j‖2)

On the other hand, the resolvent operator with respect to S poses simple pointwise quadratic problems.

The solution is given by

u = (I + τp∂S)−1(ũ) ⇐⇒ ui,j =
σ2(τpyk + cũ)i, j

cτpλ+ σ2(c+ τp)
(3.34)

Finally, we can summarize the complete algorithm as follows:

Algorithm 3.3: PPA-DC TV-RICIAN DENOISING

Input: given λ, σ, and f , set τd = τp = 1/
√

12, c = 1, NPPA and tolPPA, the maximum number
of iterations and the convergence tolerance for the outer loop, NPD and tolPD the
maximum number of iterations and the convergence tolerance for the inner loop.

Output: u, the denoised image
1 u0 ← f ; k ← 0

2 while k < NPPA or ‖uk − uk−1‖2;U/‖uk−1‖2,U > tolPPA do

3 yk ← uk +
λ

σ2
r(uk, f)f

4 u0 ← yk; p
0 ← 0; ū0 ← u0

5 while n < NPD or ‖un − un−1‖2/‖un−1‖2 > tolPD do

6 pn+1
i,j ←

(pn + τd∇ūn)i,j
max(1, ‖(pn + τd∇ūn)i,j‖2)

. ∀(i, j)

7 un+1
i,j ←

σ2
(
τpyk + un + τp div pn+1

)
i,j

τpλ+ σ2(1 + τp)
. ∀(i, j)

8 ūn+1 ← 2un+1 − un
9 n← n+ 1

10 return uk ← un

11 k ← k + 1

12 return u← uk

Comparison with Other Variational Methods for Rician Denoising

In order to cope with the difficulties of this non-smooth non-convex problem (3.5), other methods have

been proposed for TV-based denoising of rician contaminated images. The first of them, was the use

of an ε-approximation of the TV term [Martin et al., 2011, Getreuer et al., 2011] (see Subsection 3.2.1)

to obtain a smooth minimization problem. With this regularization, a standard gradient descent can be

applied to solve the Euler-Lagrange equations of the problem. In the following we will call TVε-Rician to

this approach. In the work of [Getreuer et al., 2011], a convexification of the functional was also proposed.

This new minimization problem is solved by a Split-Bregman approach [Goldstein and Osher, 2009]. We
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will refer to this convexification as Getreuer model in the following. Finally, a different convexification

of (3.5) by adding the term 1
σ

∫
Ω(
√
u−
√
f)2dx) has been recently presented in [Chen and Zeng, 2015].

This new convex problem is then solved using a primal-dual algorithm [Chambolle and Pock, 2011]. In

the comparisons, we will denote as Chen-Zeng this method.

All of these approaches rely on approximations of the problem (4.2) making it differentiable or

convex. Notably, the proposed algorithm (TV-Rician) based on the PPA scheme solves the original

non-smooth non-convex functional. For this comparison we use four images kindly provided by the

authors of [Chen and Zeng, 2015]: one natural image Camera man (256×256), and three MR images

Lumbar-Spine (200×200), Brain (217× 181) and Liver (214×304). The images are then corrupted by

Rician noise for σ = 20 and σ = 30. For the sake of fairness, all the algorithms were run until fulfill

convergence criterium based on the relative difference between the functional energy in two consecutive

iterations. In our test, we set the tolerance to 1 × 10−7. TVε-Rician, Getreuer and TV-Rician use a

regularization parameter λ that multiplies the data fidelity term, while the Chen-Zeng algorithm uses a

parameter γ = 1/λ multiplying the TV term. For all tests, the regularization parameters were separately

optimized to get the best PSNR and to get the best SSIM with respect to the original images. The results

of this comparison are displayed in Table 3.1. Notice that the optimal regularization parameter for each

case is displayed in the table as γ.

Table 3.1: Comparisons of the best PSNR values(in dB) and SSIM values by different methods for Rician
denoising. In brackets the value of γ = 1/λ used to obtain each corresponding result.

σ = 20 σ = 30
Image Method PSNR (γ) SSIM (γ) PSNR (γ) SSIM (γ)

Camera man TVε-Rician 28.12 (0.03) 0.8077 (0.05) 24.81 (0.02) 0.7148 (0.025)
Getreuer 27.83 (0.03) 0.7478 (0.05) 25.58 (0.02) 0.6653 (0.03)
Chen-Zeng 28.44 (0.035) 0.8229 (0.045) 25.69 (0.025) 0.7539 (0.035)
TV-Rician 28.64 (0.03) 0.8272 (0.04) 26.18 (0.025) 0.7655 (0.03)

Lumbar-Spine TVε-Rician 28.27 (0.03) 0.7716 (0.03) 25.28 (0.015) 0.6609 (0.02)
Getreuer 27.66 (0.035) 0.6685 (0.035) 24.81 (0.02) 0.5115 (0.02)
Chen-Zeng 28.35 (0.035) 0.7743 (0.04) 25.53 (0.025) 0.6705 (0.03)
TV-Rician 28.84 (0.03) 0.7892 (0.053) 26.5 (0.02) 0.6998 (0.02)

Liver TVε-Rician 29.06 (0.03) 0.8033 (0.03) 26.61 (0.02) 0.7201 (0.025)
Getreuer 28.84 (0.035) 0.7723 (0.04) 26.75 (0.025) 0.6742 (0.025)
Chen-Zeng 29.25 (0.04) 0.8047 (0.04) 27.03 (0.03) 0.7371 (0.03)
TV-Rician 29.4 (0.035) 0.8088 (0.035) 27.42 (0.025) 0.7452 (0.025)

Brain TVε-Rician 26.7 (0.025) 0.6550 (0.035) 23.67 (0.015) 0.5881 (0.025)
Getreuer 29.41 (0.035) 0.8996 (0.04) 27.03 (0.025) 0.8000 (0.03)
Chen-Zeng 26.63 (0.035) 0.6634 (0.04) 23.79 (0.025) 0.6067 (0.03)
TV-Rician 28.12 (0.03) 0.6780 (0.04) 25.61 (0.02) 0.6165 (0.025)

Average TVε-Rician 28.04 (-) 0.7594 (-) 25.09 (-) 0.6710 (-)
Getreuer 28.43 (-) 0.7721 (-) 26.04 (-) 0.6628 (-)
Chen-Zeng 28.17 (-) 0.7663 (-) 25.51 (-) 0.6921 (-)
TV-Rician 28.75 (-) 0.7758 (-) 26.42 (-) 0.7068 (-)

We see that TV-Rician gets the best results in both PSNR and SSIM for the Camera man, the Lumbar-

Spine and the Liver images for all levels of noise. The differences with other methods increase for higher

noise level (σ = 30), confirming that the original problem (3.5) is best suited than its approximations for
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rician denoising. For the case of the Brain image, Getreuer model scores the best denoising results. Still,

the proposed method (TV-Rician) gets higher PSNR and SSIM than TVε-Rician and Chen-Zeng in this

image, and it is the best algorithm when computing the averaged PSNR and SSIM.

Moreover, when using the same regularization parameter for all the methods, the TV-Rician method

also achieves a solution that is a lower minimum of (3.5). This comparison is performed for the Liver

image and the parameters σ = 20 and γ = 0.035. These results are shown in Figure 3.8 and Table

3.2: TV-Rician achieves the best denoising solution in terms of visual inspection, PSNR and energy

minimization.

(a) I (original image) (b) TVε-Rician (c) Getreuer (d) Chen-Zang (e) TV-Rician

(f) f (noisy with σ = 20) (g) | TVε-Rician - I | (h) | Getreuer - I | (i) | Chen-Zang - I | (j) | TV-Rician - I |

Figure 3.8: Denoised images (b)–(e) result of applying the compared methods to f (f), the nosy version of
I (a), the original image. In the second row, (g)–(j), show the absolute differences between the denoised
images and I .

Table 3.2: PSNR and energy values of the solutions of different methods for Rician denoising using the
same parameters.

σ = 20, γ = 0.035
Image Method PSNR TV-Rician energy (see (3.5))
Liver TVε-Rician 29.98 −1.4183× 107

Getreuer 28.84 −1.4184× 107

Chen-Zeng 29.18 −1.4180× 107

TV-Rician 29.4 −1.4192× 107
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3.3 Results on Diffusion Tensor Images

Once we completed the modeling exercise and the development of efficient numerical methods to

solve it, our main interest relies on the application to real brain images of the proposed algorithm. In

particular, we focus on the MRI modality known as Diffusion Weighted Imaging (DWI), which is an

intrinsically low SNR MRI technique [Basu et al., 2006]. The DW images are mainly acquired for its use

for Diffusion Tensor Image (DTI) reconstruction. DTI is one of the most popular methods for the in vivo

analysis of the white matter (WM) structure of the brain, helping to detect WM alterations that can be

found from early stages in some degenerative diseases [Gattellaro et al., 2009]. This technique measures

Brownian motion of water molecules in the brain is assumed to be isotropic when it is not restricted

by the surrounding structures. Hence, since WM regions contain densely packed fiber bundles, water

molecules are constrained and their difussion becomes anisotropic. In DTI, water diffusion at each voxel

is represented by a symmetric 3× 3 tensor, where preferred direction and amount of diffusion is given by

the eigenvectors and eigenvalues of the tensor. Different scalar measurements can be obtained from this

tensorial data such as the Fractional Anisotropy (FA) of the tissue, which is defined as

FA =

√
3 ((µ̂− µ1)2 + (µ̂− µ2)2 + (µ̂− µ3)2)

2
(
µ2

1 + µ2
2 + µ2

3

) , (3.35)

where µi are the eigenvalues of the tensor and µ̂ is the mean of the eigenvalues. The FA values vary from

0, if the water motion in the voxel is completely isotropic, to 1, if the diffusion follows an unique direction,

i. e. it is totally anisotropic. When representing the FA images, darker colors tipically corresponds to

values near zero (isotropic regions) while light colors corresponds to values near one (anisotropic regions).

Another typical image obtained from the DTI data consist in a colormap representation of the main

diffusion direction over the FA (CO-FA), where red means right-left direction, green, anterior-posterior

and blue, inferior-superior. In these images, fibers with an oblique angle have a color that is a mixture of

the principal colors and black color is used for the isotropic regions as the cerebrospinal fluid. Examples

of FA and CO-FA images can be seen in Figures 3.9b, 3.9e and Figures 3.9c, 3.9f respectively. In order

to reconstruct the DTI, a set of DWI has to be acquired to obtain the diffusion characteristics of the tissues

at different directions of the space. At least six DWI volumes are needed in order to be able to calculate

the DTI, which is a positive defined matrix. The noise and other imperfections on the DW images can

generate small, negative eigenvalues. By increasing the number of directions along which the brain is

scanned, image quality is improved but at the expenses of an increased acquisition time. Moreover, this

need for multiple DWI volumes, implies a reduced time for their acquisition thus resulting in low SNR

properties. Hence, an accurate denoising of the DWI can improve the DTI quality and allow to shorten the

total scanning time.

The first DWI dataset we used has been provided by Fundación CIEN-Fundación Reina Sofía. The

data was acquired with a 3 Tesla General Electric scanner equipped with an 8-channel coil. The DWI

have been obtained with a single-shot spin-echo EPI sequence (FOV = 24 cm, TR = 9100 ms, TE =

88.9 ms, slice thickness = 3 mm, spacing = 0.3 mm, matrix size = 128x128, NEX = 2). The DWI data

consists on a volume obtained with b=0/mm2 and 15 volumes with b=1000s/mm2 corresponding with

the gradient directions specified in [Jones, 2008]. These DWI, which represent diffusion measurements

along multiples directions, are denoised by solving the proposed functional (3.5) previously to the DTI
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(a) Original DWI (b) FA from original DWI data (c) CO-FA from original DWI data

(d) DWI denoised with λ = σ2/2 (e) FA from denoised DWI data (f) CO-FA from denoised DWI data

Figure 3.9: Central slice of the Diffusion Weighted Image (DWI)corresponding to the (1, 0, 0) gradient
direction, its estimated Fractional Anisotropy (FA) and the colormap orientation of the DTI main eigen-
vector over the FA (CO-FA). The top row ((a)-(c)) shows images from the original data. Below, images
obtained from the denoised DWI data ((d)-(f).

reconstruction, which was performed using the 3d Slicer tools3.

In Figure 3.9a we show a slice of the original DWI data corresponding to the (1, 0, 0) gradient direction

where the affecting noise is clearly visible. To perform the denoising, the rician noise σ parameter was

estimated for each slice and each gradient direction following [Sijbers et al., 1998] and we set λ = σ2/2.

The same slice resulting from the denoising process is shown in Figure 3.9d. It can be observed how noise

has been removed but main details and edges have been preserved. The effect of this denoising process

over the reconstructed tensor and their derived scalar measurements (also obtained with the 3d Slicer

tools) can be seen when comparing Figures 3.9b and 3.9c with Figures 3.9e and 3.9f. Figures 3.9b and

3.9e show a slice of the Fractional Anisotropy images. Structures and details are clearly enhanced and

noise has been removed in the image obtained from the denoised DWI (Fig. 3.9e). In Figures 3.9c and

3Freely available in http://www.slicer.org/
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(a) DTI reconstructed from original DWI data

(b) DTI reconstructed from denoised DWI data with λ = σ2/2

Figure 3.10: A detail of the first eigenvectors of the DTI over the FA image. The color of the vectors is
based on the main orientation of the tensorial data. Red means right-left direction, green anterior-posterior
and blue inferior-superior. Fibers with an oblique angle have a color that is a mixture of the principal
colors and dark color is used for the isotropic regions.

3.9f the color-coded orientation map based on the first eigenvector of each voxel is represented. It can be

seen how in the pre-processed DTI 3.9f, spurious values are removed while details are preserved. The

denoising effect can also be observed in Figure 3.10, where the main eigenvector of the tensor at each

voxel is represented. The noise on the original DWI data cause artificial inhomogeneities in the vector

field (Fig. 3.10a), which are mostly removed after the denoising (Figure 3.10b).

A second DWI dataset also provided by Fundación CIEN-Fundación Reina Sofía was used for a

tractography test. The DTI information can be used to generate a tractography of a particular area of the

brain, which is a 3D representation of the fibers of WM. The data was acquired with a 3 T General Electric

scanner equipped with an 8-channel coil. The DWI have been obtained with a single-shot spin-echo

EPI sequence (FOV = 24 cm, TR = 9600 ms, TE = 91.5 ms, slice thickness = 2 mm, spacing = 0.6 mm,
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Figure 3.11: Tractography generated from a seed placed in the corpus callosum. At left, the tractography
generated from the original DWI (and DTI) data. At right, the tractography generated from the TV-Rician
denoised data. Particular areas where the tractographies are different because of the noise are pointed by
white arrows in the image

Figure 3.12: Tractography generated from the corpus callosum over a sagital view of the FA image. Notice
that after the pre-processing, the tracts of the left arcuate fasciculus is recovered.

matrix size = 128x128, NEX = 1). The DWI data consists in two volumes obtained with b=0/mm2 and 45

volumes with b=1000s/mm2 corresponding with gradient directions that equally divide the 3-D space.

Notice that here we have diffusion measurements along three times more directions than in the previous

dataset, but at the cost of spending less time in the acquisition of each slice. In this dataset, we did

not average two acquisitions of each volume as we did in the previous case, therefore obtaining noisier

measurements.

These DWI are denoised by solving the proposed minimization problem (3.5) using the Algorithm

3.3. The rician noise σ parameter was estimated for each slice of each gradient direction using a Matlab

implementation of [Aja-Fernández et al., 2009]4. Based on previous tests, λ was set equal to σ2/2. Then

DTI are reconstructed from the original and denoised DWI data using the 3D Slicer tools.

In Figure 3.11, the tractographies generated from a seed placed in the corpus callosum are shown. In
4Freely available in http://www.mathworks.com/matlabcentral/fileexchange/36769-noise-estimators-for-mri-data-toolbox
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the locations indicated by the white arrows, the noise in the image generated from the original data (at

left) affects to the reconstruction of specific tracts that are nevertheless recovered in the tractography from

the pre-processed data (at right).

In order to better observe the difference on the tracts reconstruction we displayed the tractographies

over a sagital view of the Fractional Anistropy (FA) generated from the same DTI data. It can be seen

how the left arcuate fasciculus can not be reconstructed from the original data but it is recovered after the

pre-processing. The correct reconstruction of the left arcuate fasciculus is important since it is involved in

important tasks like the language and praxis [Catani and Thiebaut de Schotten, 2008].

3.4 Conclusions

We have presented in this Chapter a Total Variation-based denoising model that uses the knowledge about

the rician distribution of noise in MRI. This led us to consider a non-smooth (because of the TV term)

and non-convex (derived from the rician likelihood) problem, which introduced several difficulties on the

study of efficient numerical implementation.

Four different methods to solve the proposed problem have been considered here. The first one

consists in a regularization of the TV term that allows to consider the associated Euler-Lagrange equations

of this approximated problem. A gradient descent scheme is then implemented to solve them. Despite

of its good performance and simplicity, this approach suffers from a major drawback, a over smoothing

in the resulting images because of the regularization of the TV term. In order to avoid this smoothing,

we proposed a second algorithm that transforms the rician denoising problems into a sequence of ROF

problems. Each one of these problems can be exactly solved using duality arguments thus avoiding the

regularization of the TV term. Following this line of thought, the third method we describe is a primal-dual

algorithm that uses duality arguments on the TV operator to transform the problem in a equivalent saddle

point algorithm [Zhu and Chan, 2008]. Finally, the last approach proposed is a proximal point algorithm

that makes use of the special structure of the studied model (3.6) as the difference of convex functionals

[Sun et al., 2003]. Despite of being a non-convex problem, this algorithm guarantees its convergence to a

critical point of the functional and thus, using the result of subsection 4.2.4, to a global minimum if the

solution is not trivial.

The model has been first validated with phantom MR images, contaminated artificially with rician

noise, and real MRI, where the noise has to be estimated. A comparison with previous methods proposed

to tackle this denoising model [Getreuer et al., 2011, Chen and Zeng, 2015] shows the advantages of

solving the exact non-smooth and non-convex problem instead of regularized [Getreuer et al., 2011] or

convexified [Getreuer et al., 2011, Chen and Zeng, 2015] versions of it. Finally, an application on in-vivo

Diffusion Tensor Images has been presented using two different datasets. By using the proposed denoising

algorithm, the three-dimensional reconstruction of fibers in the brain is improved compared with the

original, unprocessed, data.
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Existence Results
The contents of this Chapter have been developed in collaboration with Professor Sergio

Segura de León from Universidad de Valencia.

This research has been accomplished under the Spanish National Grants TEC2012-39095-

C03-02 and MTM2012-31103 at the Applied Mathemathics Department at Universidad Rey

Juan Carlos and the Department of Mathematical Analysis at Universidad de Valencia.

This Chapter is devoted to present the main findings of a recent work [Martin et al., 2015b] where

existence results and some qualitative properties of the TV rician denoising problem presented in the

previous Chapter are stated. With the purpose of not removing details which are required for the full

understanding of the proofs and results, the reader shall find a theoretical leap between the contents of this

Chapter and the rest of the Thesis. Readers with less experience in functional analysis and differential

equations may focus on the main results stated in Section 4.1 at first reading and then go through the most

technical sections in subsequent readings.

We have seen in the previous Chapter that modeling the rician statistics of the noise in Magnetic

Resonance Imaging (MRI) in the framework of a Tikhonov Regularization through the Total Variation

(TV) operator leads to consider a 1–Laplacian elliptic equation (3.9) with a nonlinear lower order term

defined in terms of modified Bessel functions (see Section 3.1). The TV operator

TV(u) = sup
{∫

Ω
u divφ

∣∣∣φ ∈ C∞c (Ω,RN ), ‖φ‖∞ ≤ 1

}
(4.1)

was introduced in the image community by Rudin, Osher and Fatemi, [Rudin et al., 1992] through their

celebrated denoising model (ROF in the following), which is the Gaussian counterpart of the rician model

we are considering (see (2.6) in Chapter 2). The 1–Laplacian operator characterizes the subdifferential of

the TV functional; for a proof of such result in the L2–framework, we refer to [Andreu-Vaillo et al., 2004]

(see [Andreu-Vaillo et al., 2004, Proposition 1.10]). We point out that in [Bredies and Holler, 2012] the

1–Laplacian operator has also been characterized as the pointwise subdifferential of the TV operator in

form

−div
(
Du

|Du|

)
∈ ∂TV (u) .

It is well known that inverse ill–posed problems can be dealt with in the framework of generalized

Tikhonov regularization. The resulting functional is composed of two basic terms that reflect our belief in

the data through one or more (hyper)–parameters weighting the amount of regularization. This in turn

determines the smoothness of the denoised image and functional analysis is invoked in order to select the

appropriate functional space. Sobolev spaces are rapidly ruled out because of their excessive smoothing

that generates continuous unrealistic images. So this very nonlinear operator, the TV operator emerges

because it allows for (weak) distributional solutions in the very large space of functions of bounded

65
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variation, those whose gradient is a Radon measure [Ambrosio et al., 2000]. Such a sophisticated setting

is a generalized approach that allows for truly discontinuous functions and opens the way to theoretical

as well as practical and accurate digital image processing [Chambolle et al., 2010]. Since the seminal

paper from Rudin, Osher and Fatemi [Rudin et al., 1992], there has been a burst in the application of the

Total Variation regularization to many different image processing problems, which among others include

inpainting, blind deconvolution or multichannel image segmentation (see for instance [Chan et al., 2005]

for a review on this topic). Fast and robust numerical methods have been proposed to exactly solve

convex optimization problems with TV regularization, such as the dual approach of [Chambolle, 2004]

and, more recently, the Split Bregman method [Goldstein and Osher, 2009] and the primal–dual approach

of [Chambolle and Pock, 2011].

Our proposed model equation arises as the (formal) Euler–Lagrange equation associated to an energy

minimization problem obtained in a Bayesian framework. A key feature of this problem is that the

nonlinear term modeling rician noise in the energy functional can be a non–convex changing sign function

with a double well profile. This leads to the study of non–convex non–smooth minimization problems. In

fact, this non–convexity of the energy functional is crucial because otherwise we could show uniqueness

of the trivial solution u ≡ 0. The variational minimization problem associated to the model equation we

consider was proposed in [Martin et al., 2011], where the multivalued Euler–Lagrange equation for the 1–

Laplacian operator is deduced as a first order necessary optimality condition. This minimization problem

was simultaneously and independently considered in [Getreuer et al., 2011], where blurring effects were

included and existence and comparison results in the pure denoising case were reported. In order to

cope with the multivalued Euler–Lagrange equation an ε-regularization of the TV term was introduced in

both works [Martin et al., 2011, Getreuer et al., 2011]. More recently, in [Chen and Zeng, 2015] a convex

variational model for restoring blurred images corrupted by rician noise have been proposed to overcome

the difficulties related to the non–convex nature of the original problem we are considering here.

The non–smoothness property of the model comes from the very singular 1–Laplacian elliptic equa-

tion, which had firstly been studied as a limit of equations involving the p–Laplacian. The interest in

studying such a case came from an optimal design problem in the theory of torsion and related geometrical

problems (see [Kawohl, 1990] and [Kawohl, 1991] for constant data, and [Cicalese and Trombetti, 2003]

for more general data). The suitable notion of solution to the 1–Laplacian had to wait at the turn of the

century [Andreu et al., 2001a]. Other important related papers published in the early twenty–first cen-

tury include [Andreu et al., 2001b, Bellettini et al., 2002, Demengel, 2002, Kawohl and Fridman, 2003,

Andreu and Mazón, 2004, Demengel, 2004, Bellettini et al., 2006]. Due to its unique properties, this op-

erator has been the optimal choice for PDE based image processing in the last twenty years. Briefly, the

1–Laplacian describes isotropic diffusion within each level surface with no diffusion across different level

surfaces. In this way, its action does not over-regularize the data and preserves edges and fine details. This

is not true when the p–Laplacian operator, for p > 1, is used, since an artificial smoothing is introduced.

While the ROF model has been mathematically studied and existence and uniqueness results have been

obtained [Chambolle and Lions, 1997], the Euler–Lagrange quasilinear equation associated to the rician

problem has not been considered yet for mathematical analysis. Notice that the same is true even for the

semilinear equation accounting for rician noise and linear diffusion. Here we focus on the mathematical

analysis of the TV based rician model. We show that the nonlinear 1–Laplacian problem has, aside

from the trivial solution, at least a positive distributional solution, which is also a global minimum of
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the energy problem (provided that the datum is big enough). This result makes the solutions of the TV

rician denoising model attractive for the application in MRI and in particular for the DWI modality. The

existence result is based on the consideration of a sequence of approximating problems of the p–Laplacian

type for which no existence results are known due to the very special nonlinearity associated to the rician

noise term. Standard techniques can be used. When p = 2, existence and uniqueness of positive solutions

is also deduced. In contrast, for general 1 ≤ p < 2, the uniqueness of positive solutions is still an open

problem. Nevertheless, it is proved that for constant data we have uniqueness of constant solutions for any

p.

This Chapter is organized as follows. In the Section 4.1 we define the model problem characterizing

the Bessel ratio function and its properties jointly with the statement of our main result (see Theorem 1

below). Weak solutions are defined in Section 4.2 where the main result is obtained considering suitable

regularizing approximating problems of the p–Laplacian type. Then, some qualitative properties are

discussed in Section 4.3. Finally, the numerical resolution of the minimization problems is studied and

some results showing the numerical convergence of the p–Laplacian problems to the 1–Laplacian case are

presented (Section 4.4).
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4.1 The model problem and the statement of the main result

Let Ω be an open, bounded domain in RN (N ≥ 2) with Lipschitz boundary ∂Ω (usually a rectangle in

image processing). Thus, there exists a outer unit normal vector n(x) at x ∈ ∂Ω, forHN−1–almost all

point; here and in what followsHN−1 stands for the (N − 1)–dimensional Hausdorff measure.

We will consider in Ω a Neumann problem involving the 1–Laplacian, obtained as the associated

Euler-Equation (3.9) of the proposed energy functional E1(u) defined in (3.5). This operator has to be

studied in the framework of functions of bounded variation. Recall that a function u : Ω → R is said

to be of bounded variation if u ∈ L1(Ω) and its distributional gradient Du is a (vector) Radon measure

having finite total variation. We denote by BV (Ω) the space containing all functions of bounded variation.

For a systematic study of this space, we refer to [Ambrosio et al., 2000] (see also [Giusti, 1984]). The

appropriate concept of solution to deal with the Neumann problem for the 1–Laplacian is introduced in

[Andreu et al., 2001a]. For a review on the early development of variational models in image processing

and a deep study of equations involving the 1–Laplacian, see [Andreu and Mazón, 2004].

Here we slightly modify the notation for the data fidelity term presented in Eq. (3.2) to include the

regularization parameter λ in it. Thus, the functional E1(u) is redefined as

E1(u) = J1(u) +H(u, f) (4.2)

where J1(u) = TV (u) is the Total Variation regularization functional, previously defined in (4.1), and

the fidelity term is

H(u, f) =

∫
Ω
h(x, u)dx =

(
λ

2σ2

)∫
Ω
u2dx− λ

∫
Ω

log I0

(
uf

σ2

)
dx . (4.3)

Notice that H(0, f) = 0, ∀ f and we have

h(x, u) =

(
λ

2σ2

)
u2 − λ log I0

(
uf

σ2

)
, (4.4)

with h(x, 0) = 0 and the logarithm is well–defined and nonnegative for any f ≥ 0 and u ≥ 0 because the

first order modified function I0(s) ≥ 1, ∀ s ≥ 0.

The boundary value problem in which we are interested is:
−div

(
Du

|Du|

)
+ h′(x, u) = 0, in Ω,(

Du

|Du|

)
· n = 0, on ∂Ω .

(4.5)

We shall assume that h′ : Ω× R→ R is a non monotone Carathéodory function defined as

h′(x, u) =

(
λ

σ2

)
u−

(
λ

σ2

)
rσ(x, u)f(x) (4.6)

where λ > 0 and σ2 6= 0 are real given parameters, f(x) ≥ 0 for almost all x ∈ Ω, and the function

rσ(x, u) =

I1

(
u(x)f(x)

σ2

)
I0

(
u(x)f(x)

σ2

) (4.7)
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is the ratio between the first and zero order modified Bessel functions of the first kind. Series representa-

tions and general properties can be found in [Watson, 1922]. Notice the dependence (that we shall omit)

rσ(x, u) = r(x, u) of the Bessel ratio function on the parameter σ2, which is the estimated variance of

the original gaussian noise of the complex MRI data. This implicit dependence renders problem (4.5) a

truly 2–parametric problem in so far σ2 cannot be scaled out from λ and it has to be estimated from the

noisy data f(x). This function h′(x, u) is obtained as the Gateaux derivative of h(x, u) (4.4):

h(x, u) =

∫ u

0
h′(x, t)dt

Assuming λ > 0, σ2 6= 0 fixed and f(x) ∈ L∞(Ω) given, problem (4.5) reads:
(
λ

σ2

)
u− div

(
Du

|Du|

)
=

(
λ

σ2

)
r(x, u)f, in Ω ;(

Du

|Du|

)
· n = 0, on ∂Ω.

(4.8)

The modified Bessel functions Iν(s), ν ≥ 0, s ≥ 0 that define the ratio r(x, u) (4.7) are monotone,

exponentially growing functions and this distinguishes their behavior from ordinary Bessel functions,

which have oscillating wave–like forms [Amos, 1974, Neuman, 1992]. Moreover I0(0) = 1, I0(s) > 1

for any s > 0 and Iν(0) = 0, Iν(s) > 0 for any s > 0 and ν > 0 so r(x, 0) = 0 and the Bessel ratio

function r(x, u) in (4.7) is well–defined and non–negative for any f ≥ 0 and u ≥ 0. Also I1(s) < I0(s)

for any s > 0 and then 0 ≤ r(x, u) < 1. By (4.6) we then have h′(x, 0) = 0 and u ≡ 0 is always a

solution of (4.5) and (4.8) for any non-negative datum f(x) and fixed parameters λ > 0 and σ2 6= 0.

The minimization problem for image denoising of rician corrupted data is formulated as follows.

Fixed real parameters λ > 0 and σ2 6= 0 and given a noisy image f ∈ L∞(Ω) recover a clean image

u ∈ BV (Ω) ∩ L∞(Ω) minimizing the energy (4.2). This minimization problem can naturally be studied

in the L2–setting since

|H(u, f)| ≤ λ

2σ2

∫
Ω
u2 dx+

λ

σ2

∫
Ω
|u|f dx

(see (4.10) in Lemma 1 below).

Thus, our main result can be stated as follows:

Theorem 1. Let λ > 0 and σ2 6= 0 be given real parameters. For every non–negative f ∈ L2(Ω), there

exists a non–negative u ∈ BV (Ω) ∩ L2(Ω) that is a solution to problem (4.5) and it is a global minimum

of functional E1 in (4.2).

Remark 1. This existence result relates problem (4.5) and the global minimization of functional (4.2),

which is a non–smooth and non–convex optimization problem. Its proof can be found in Section 3 below,

while Section 4 is devoted to complete this theorem. Among others, it is shown that the solution we find

satisfies the following properties:

1. If f ∈ L∞(Ω), then u ∈ L∞(Ω) and ‖u‖∞ ≤ ‖f‖∞.

2. Solution u vanishes identically when f(x) ≤
√

2σ2 a.e. in Ω.

3. Solution u is strictly positive when f(x) ≥ µ >
√

2σ2 a.e. x ∈ Ω, and moreover E1(u) < 0 holds.

This last feature provides a sufficient condition in order to have a non trivial minimizer of functional (4.2).
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Remark 2. Using the same arguments from [Aubert and Aujol, 2008] and some properties of the mod-

ified Bessel Functions, a comparison result for the solutions of the minimization problem is stated in

[Getreuer et al., 2011, Theorem 2]. This comparison result establishes that given 0 < f1 < f2 a.e. x ∈ Ω,

then u1 ≤ u2 a.e. x ∈ Ω, with u1, u2 being minimizers of (4.2) for f = f1, f = f2 respectively. Since f1

and f2 must be different, it does not imply uniqueness.

The existence result in Theorem 1 will be proved by approximating our functional through functionals

defined on the Sobolev space W 1,p(Ω) and having p–growth (with p > 1). The main advantage of these

approximating functionals is their differentiability (in contrast with E1, which is not differentiable). So,

we introduce, for subsequent analysis, the (differentiable) energy

Ep(u) = Jp(u) +H(u, f) (4.9)

=
1

p

∫
Ω
|∇u|p dx+ λ

∫
Ω

u2

2σ2
− λ

∫
Ω

log I0

(
uf

σ2

)
dx .

Notice that Ep(0) = 0 for any p > 1, and also E1(0) = 0. The weak (distributional) solutions of (4.8)

formally coincide with the critical points of (4.2). The crucial point is that these energies (including (4.9)

for p > 1) may be non–convex depending on the datum f and the (estimated) parameter σ2. This fact does

not depend on the regularizer but it is a feature of the rician likelihood function. To explore further this

point we analyse the behaviour of the Bessel ratio function defined in (4.7), which governs the qualitative

properties of the energies (4.2) and (4.9). This leads to show the coercitiveness of the functional in section

4.1.2, implying the existence result for the p-approximating problems in section 4.1.3.

4.1.1 A Non–Convex Semi–Linearity

The characterization of the model semilinearity h(x, u) leads to the study of the properties of the modified

Bessel functions of the first kind. Our results are founded on some fundamental inequalities regarding the

ratio function r(x, u) and its derivative, which can be found in [Amos, 1974]. These results will allow

to characterize suitable growth conditions related to the rician statistics. Moreover we shall prove that,

depending on the data and parameters of the problem, h
′′
(x, u) is negative near u = 0 and hence h′ is

non–monotone and h is non–convex.

Lemma 1. Let h′ be defined as in (4.6) with datum f(x) ≥ 0 and fixed parameters λ > 0 and σ2 6= 0.

Then

|h(x, u)| ≤ λ

2σ2
u2 +

λ

σ2
|u|f(x), a.e. x ∈ Ω. (4.10)

|h′(x, u)| ≤
(
λ

σ2

)
(|u|+ f(x)), a.e. x ∈ Ω. (4.11)

and (
λ

σ2

)(
1− f2

2σ2

)
≤ h′′(x, u) ≤

(
λ

σ2

)
, a.e. x ∈ Ω. (4.12)

Moreover

lim
u→0+

h
′′
(x, u) = h

′′
(x, 0) =

(
λ

σ2

)(
1− f2

2σ2

)
, (4.13)

and

lim
u→∞

h
′′
(x, u) =

λ

σ2
, a.e. x ∈ Ω. (4.14)
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PROOF: Let r(s) = I1(s)/I0(s), s ≥ 0. By definition and the monotonicity properties of the modified

Bessel functions 0 ≤ r(s) < 1 for any s > 0 and r(s) → 1 when s → ∞. The first inequality is then

straightforward. We simply use definition (4.6), the fact that 0 ≤ r(x, u) < 1 and the triangle inequality

to deduce that h′ verifies the sublinear growth condition (4.11) for a.e x ∈ Ω.

As a consequence, we obtain (4.10). Indeed,

|h(x, u)| ≤
∫ |u|

0
|h′(x, t)| dt ≤ λ

σ2

∫ |u|
0

(|t|+ f(x)) dt ≤ λ

σ2

(u2

2
+ |u|f(x)

)
.

In order to show (4.12) we compute the second derivative of h(x, u) with respect to u, which reads

h
′′
(x, u) =

(
λ

σ2

)
[1− r′(x, u)f(x)] (4.15)

=
λ

σ2

1−
(
f2

2σ2

)1 +

I2

(
uf

σ2

)
I0

(
uf

σ2

) − 2

I2
1

(
uf

σ2

)
I2

0

(
uf

σ2

)



where we used that I
′′
0 (s) = I

′
1(s) = (1/2)[I2(s) + I0(s)], ∀ s ≥ 0 [Amos, 1974].

Reasoning as in [Amos, 1974] and using its formulas 11, 12, 15, pg.242, the following bounds hold:

0 ≤ s

1 +
√
s2 + 1

≤ r(s) ≤ s√
s2 + 4

< 1, s ≥ 0.

Using that r′(s) = 1 − r(s)

s
− r2(s), s > 0, and inequalities 0 < r′(s) <

r(s)

s
, s > 0 we get the

improved bounds

0 < r′(s) <
1

1 +
√
s2 + 1

<
r(s)

s
<

1√
s2 + 4

<
1

2
, (4.16)

for all s > 0.

We now set s = uf/σ2. To show (4.12) we derive with respect to u the relationship r(x, u) = r(s)

to have f(x)r′(s) = σ2r′(x, u) and

0 ≤ σ2r′(x, u) = f(x)r′(s) <
f(x)

2
, a.e. x ∈ Ω

because r′(s) < 1/2 for any s ≥ 0 by (4.16). Using (4.15) the above inequality implies:(
λ

σ2

)[
1−

(
f2

2σ2

)]
≤ h′′(x, u) =

(
λ

σ2

)[
1− r′(x, u)f(x)

]
≤ λ

σ2

and (4.12) holds true. Finally (4.13) is checked using (4.15) and I0(0) = 1, Iν(0) = 0 for any ν > 0.

Because of I2(s)/I0(s)→ 1, I1(s)/I0(s)→ 1 when s→∞ we deduce (4.14). As a consequence

of the above analysis h
′′
(x, u) > 0 a.e. in Ω for (uniformly) small data f(x) <

√
2σ2 and then h′ is

monotone increasing and uniqueness of the trivial solution can be deduced (see Subsection 4.3.2 below).

Summing up we have shown (see figure 4.2) that h
′′
(x, 0) > 0 for f(x) <

√
2σ2, h

′′
(x, 0) = 0 for

f(x) =
√

2σ2 and h
′′
(x, 0) < 0 for f(x) >

√
2σ2. The same fact is true for small u as h′′(x, u) is

continuous with respect to u. These properties characterize the local behavior near u = 0 of h(x, u).

It turns out that h
′′
(x, u) is a changing sign function depending on the datum f and the parameter σ2.

Then h(x, u) is possibly non-convex. This implies that h′(x, u) is non monotone. Multiple solutions to

problem (4.5) corresponding to critical points of the energy functional may exist. For f ≡ 0 we have



72 Existence Results

Figure 4.1: The profile of h
′′
(x, u) is computed for constant data f = 1 and parametric values f2/σ2 = 1,

f2/σ2 = 2 and f2/σ2 = 3. The value of λ is chosen to get a constant ratio λ/σ2 = 3. A limit behavior
is obtained when f2/σ2 = 2 (σ = 1/

√
2, in red). For f2/σ2 ≤ 2 we have uniqueness. On the other hand,

for f2/σ2 > 2 we have f2 > 2σ2 and the corresponding profile is negative in a neighborhood of s = 0.
Some properties of h′′(x, u), (4.12), (4.13) and (4.14), can be observed in the figure.

h(u) = (λ/2σ2)u2, h′(u) = (λ/σ2)u and h
′′
(u) = λ/σ2 > 0. Multiplying (formally) by u in the model

equation appearing in (4.5) and integrating it is easily seen that u ≡ 0 is the unique solution. We shall see

in Subsection 4.3.2 that the same phenomenon is true when f is small enough.

To get a deep insight into the features of the energy term related to rician noisy data, in this Subsection,

we fix x ∈ Ω and describe the profile of h(x, u) defined in (4.4). We have:

Lemma 2. Let h be defined as in (4.4) with datum f(x) ≥ 0, a.e. x ∈ Ω and fixed parameters λ > 0 and

σ2 6= 0. Then

lim
t→±∞

h(x, t) = +∞, a.e. x ∈ Ω. (4.17)

Moreover:

1. If f(x)2 ≤ 2σ2 a.e. x ∈ Ω, then the function t 7→ h(x, t) is convex and its minimum is attained at

0.

2. If f(x)2 > 2σ2 a.e. x ∈ Ω, then t 7→ h(x, t) has a unique positive critical point where it attains a

global minimum.

PROOF: We fix x ∈ Ω. When f(x) = 0, the result is straightforward since then h(x, t) =

(
λ

2σ2

)
t2.

Assuming that f(x) > 0, we begin by showing the limit behavior. Consider (4.6) written in form

h′(x, u) +

(
λ

σ2

)
r(x, u)f(x) =

(
λ

σ2

)
u .
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As h′(x, u) is the Gateaux derivative of h(x, u) we formally integrate in (0, |u|) with respect to u to obtain

h(x, |u|) +

(
λ

σ2

)∫ |u|
0

r(x, t)f(x)dt =

(
λ

2σ2

)
|u|2 .

We deduce from the boundedness |r(x, t)| ≤ 1 a.e. in Ω for any t, the inequality

0 ≤
(
λ

σ2

)∫ |u|
0

r(x, t)f(x)dt ≤
(
λ

σ2

)
|u|f ,

and owing to the fact that h(x, t) is an even function (because I0 is even), it yields

h(x, u) +

(
λ

σ2

)
|u|f(x) ≥

(
λ

2σ2

)
u2 . (4.18)

Now, Young’s inequality implies(
λ

σ2

)
|u|f(x) ≤ ε

(
λ

σ2

)
u2 + C(ε)

(
λ

σ2

)
f(x)2

for 0 < ε < 1
2 and C(ε) > 0. Thus, (4.18) becomes

h(x, u) ≥
(1

2
− ε
)( λ

σ2

)
u2 − C(ε)

(
λ

σ2

)
f(x)2 , (4.19)

from where (4.17) follows.

To go on, we need to know more features of the function s 7→ r(s)

s
. Our starting point is (4.16).

Indeed, letting s→ 0 in (4.16), it yields lim
s→0

r(s)

s
=

1

2
and letting s→ +∞, we deduce lim

s→+∞

r(s)

s
= 0.

On the other hand, (4.16) implies that the function s 7→ r(s)
s is decreasing in [0,+∞[.

Next let w(x) be a positive critical point of

h(x, t) =

(
λ

2σ2

)
t2 − λ log I0

(
tf(x)

σ2

)
,

then h′(x,w(x)) = 0 and so w(x) = r
(f(x)w(x)

σ2

)
f(x). In other words,

σ2

f(x)2
=
r
(f(x)w(x)

σ2

)
f(x)w(x)

σ2

According to (4.16), it leads to the following dichotomy:

1. If 0 < f(x)2 ≤ 2σ2, then σ2

f(x)2 ≥ 1
2 , so that we cannot find a positive critical point. In this case

h(x, t) is convex and its minimum is attained at 0.

2. If f(x)2 > 2σ2, then σ2

f(x)2 <
1
2 and consequently there exists w(x) > 0 satisfying that h(x, t) has

a critical point at t = w(x). Due to be the function s 7→ r(s)
s (strictly) decreasing, recall (4.16), this

positive critical point is unique. Since h(x, t) is negative in a neighbourhood of 0 (as a consequence

of h′′(x, 0) < 0 and h′(x, 0) = h(x, 0) = 0) and limt→±∞ h(x, t) = +∞, it follows that h(x, t)

has, at least, a local minimum; wherewith that positive critical point must be a local minimum.

Therefore, h(x, t) is an even function that, on [0,+∞[, has the following profile: it is negative and

decreasing in [0, w(x)]; it attains a global minimum at the point w(x); from the point w(x) on, it is

increasing; and goes to +∞ as t→ +∞.



74 Existence Results

Figure 4.2: In the figure above we represent the profile of function t 7→ h(t) for f2 = σ2 = 5 (Convex
case), f2 = 2σ2 = 10 (limiting behavior), f2 = 4σ2 = 20 (double well).

4.1.2 Coercitiveness and lower bound

In this Subsection we show that the energy minimization problem related to the (formal) Euler–Lagrange

equation in (4.5) is coercive in BV (Ω) ∩ L2(Ω) because the energy H(u, f) defined in (4.3) is coercive

in L2(Ω). This shall be used to show that the energy E1(u) has, at least, a positive, non trivial minimum

(provided that the datum is big enough).

Integrating (4.19) in Ω, using definition (4.3) and noticing that r(x, 0) = 0 we deduce:

H(u, f) ≥
(1

2
− ε
)( λ

2σ2

)∫
Ω
u2dx− C(ε)

(
λ

σ2

)∫
Ω
f2dx ,

where 0 < ε < 1/2 and C(ε) > 0, and the functional H(u, f) is coercive in L2(Ω). Then the energy

functional Ep(u) in (4.9) is coercive in W 1,p(Ω) ∩ L2(Ω) and E1(u) (defined in (4.2)) is coercive in

BV (Ω) ∩ L2(Ω). These energies are also (uniformly) bounded from below

Ep(u) ≥ −C(ε)

(
λ

σ2

)
‖f‖22, p ≥ 1

4.1.3 Existence Result for the Approximating problems

The analysis of problem (4.5) begins with the consideration of problems involving the p−Laplacian:
−div

(
|∇u|p−2∇u

)
+ h′(x, u) = 0, in Ω,

(
|∇u|p−2∇u

)
· n = 0, on ∂Ω .

(4.20)

Since we want let p→ 1, it is enough to take 1 < p < 2. For such p, the existence of a solution to (4.20)

is a standard result although we have not found references for this specific problem; so that we include its

proof for the sake of completeness. We are proving the following adaptation of Theorem 1.
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Proposition 1. Let 1 < p < 2 and λ > 0, σ2 6= 0 be given real parameters. For every non–negative

f ∈ L2(Ω), there exists a non–negative u ∈W 1,p(Ω) ∩ L2(Ω) that is a solution to problem (4.20) and it

is a global minimum of functional Ep.

PROOF: Consider the functional, written in terms of (4.4),

Ep(u) =
1

p

∫
Ω
|∇u|p dx+

λ

2σ2

∫
Ω
u2dx− λ

∫
Ω

log I0

(uf
σ2

)
dx .

Since the Euler–Lagrange equation corresponding to the functional Ep is (4.20) and Ep is differentiable,

it is enough to find a nonnegative minimizer of Ep in the space W 1,p(Ω) ∩ L2(Ω).

The weakly lower–semicontinuity of Ep can be obtained as follows. If (un)n is a sequence in

W 1,p(Ω) ∩ L2(Ω) such that

un ⇀ u , weakly in L2(Ω) ;

∇un ⇀ ∇u , weakly in Lp(Ω;RN ) ;

then, due to the lower semicontinuity of the p–norm and the 2–norm, it yields∫
Ω
|∇u|p ≤ lim inf

n→∞

∫
Ω
|∇un|p∫

Ω
u2 ≤ lim inf

n→∞

∫
Ω
u2
n .

To pass to the limit in the remainder term, another consequence is in order, namely: the sequence (fun)n

is weakly convergent in L1(Ω), so that it is equi–integrable. Thus, it follows from the estimate

λ log I0

(unf
σ2

)
≤ λ

σ2
f |un|

that the sequence
(
λ log I0

(
unf
σ2

))
n

is equi–integrable as well. Moreover, applying the compact embed-

ding of W 1,p(Ω) into L1(Ω), we will assume that

un(x)→ u(x) , pointwise a.e. in Ω .

This fact implies

λ log I0

(un(x)f(x)

σ2

)
→ λ log I0

(u(x)f(x)

σ2

)
, a.e. in Ω .

By Vitali’s Theorem we conclude that

Ep(u) ≤ lim inf
n→∞

Ep(un) .

On the other hand, we have already proved the coerciveness and the lower bound of Ep in Subsection

4.1.2. Therefore, there exists u ∈W 1,p(Ω) ∩ L2(Ω) that minimizes Ep.

Moreover, we may choose u to be nonnegative. This feature is a consequence of being h(x, s) an

even function with respect to s, since this fact induces Ep(|u|) = Ep(u) and so |u| is a minimizer of Ep
as well.

Remark 3. Regarding uniqueness of problem (4.20), we point out that there always exists the trivial

solution u ≡ 0. This solution may be unique if the datum is small enough (see section 4.3 below).

Nevertheless, we are interested in uniqueness of positive solutions. When p = 2, we may invoke the

results in [Brezis and Oswald, 1986] and, noting that the function u 7→ r(x, u)

u
is decreasing, deduce that

the positive solution to (4.20) must be unique. Since u 7→ r(x, u)

up−1
is not decreasing, this argument does

not hold for p < 2, so that we cannot presume that the positive solution we have found be unique.
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4.2 Solving the model problem

In this section we write rigorously the model equation formally introduced in (4.5). We shall prove the

existence of a weak (distributional) solution that is a global minimum of the energy functional E1(u) in

(4.2).

4.2.1 Definition of solution for the model problem

We shall say that u ∈ BV (Ω) ∩ L2(Ω) is a weak solution of problem (4.5) if h′(x, u) ∈ L2(Ω) and there

exists a vector field z ∈ L∞(Ω,RN ), with ‖z‖∞ ≤ 1, such that

1. −div(z) + h′(x, u) = 0 in D′(Ω)

2. the equality (z, Du) = |Du| holds in the sense of measures

3. [z, n] = 0,HN−1–a.e. on the boundary ∂Ω.

Roughly speaking, z plays the role of Du
|Du| . The expressions (z, Du) and [z, n] have sense thanks

to the Anzellotti theory (see [Anzellotti, 1983]) that defines a Radon measure (z, Dw), when w ∈
BV (Ω) ∩ L2(Ω) and div(z) ∈ L2(Ω), and provides the definition of a weakly trace on ∂Ω to the normal

component of z, denoted by [z, n]. That Radon measure is defined, as a distribution, by the expression

〈(z, Dw), ϕ〉 = −
∫

Ω
wϕ div(z) dx−

∫
Ω
wz · ∇ϕdx , (4.21)

and its total variation satisfies the fundamental inequality

|(z, Dw)| ≤ ‖z‖∞|Dw| . (4.22)

Furthermore, this theory also guarantees a Green’s formula that relates the function [z, n] and the measure

(z, Dw): ∫
Ω
w div(z) dx+

∫
Ω

(z, Dw) =

∫
∂Ω

[z, n]w dHN−1 .

Using this Green formula, we deduce a variational formulation of the solution to problem (4.5),

namely ∫
Ω
|Du| −

∫
Ω

(z, Dv) +

∫
Ω
h′(x, u)(u− v) = 0 , (4.23)

for all v ∈ BV (Ω) ∩ L2(Ω).

This formulation allows us to show in which sense solutions to problem (4.5) are critical points of the

functional E1 = J1 +H . In fact, it follows from (4.23) that

−
∫

Ω
h′(x, u)(v − u) =

∫
Ω

(z, Dv)−
∫

Ω
|Du| ≤

∫
Ω
|Dv| −

∫
Ω
|Du|

for all v ∈ BV (Ω) ∩ L2(Ω). Hence,

−h′(x, u) ∈ ∂J1(u)

(see in (2.7) the definition of subgradient).

Remark 4. Observe that if we denote F (u) = λ log
(
I0

(fu
σ2

))
, then we get that F ′(u) lies in the

subdifferential at u of the convex functional defined by v 7→ λ

2σ2

∫
Ω
v2 +

∫
Ω
|Dv|.
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4.2.2 A priori estimates

We are proving that problem (4.5) has a solution u for each f ∈ L2(Ω). Moreover, we are getting u ≥ 0.

For 1 < p < 2, consider up ∈W 1,p(Ω) ∩ L2(Ω) a nonnegative solution to the approximating problem
−div

(
|∇up|p−2∇up

)
+ h′(x, up) = 0, in Ω,

(
|∇up|p−2∇up

)
· n = 0, on ∂Ω .

(4.24)

The weak (variational) formulation of the boundary value problem (4.24), written in terms of (4.8), is:

λ

σ2

∫
Ω
upvdx+

∫
Ω

(|∇up|p−2∇up) · ∇vdx =
λ

σ2

∫
Ω
r(x, up)fvdx , (4.25)

for all v ∈W 1,p(Ω) ∩ L2(Ω). Choosing v = 1 we have the compatibility integral condition∫
Ω
h′(x, up)dx = 0 (4.26)

i.e., h′(x, up) has mean zero and we easily deduce a first estimate:

‖up‖1 =

∫
Ω
updx =

∫
Ω
r(x, up)fdx ≤

∫
Ω
fdx = ‖f‖1 = M1 .

We now use v = up as a test function in the variational formulation obtaining

λ

σ2

∫
Ω
u2
pdx+

∫
Ω
|∇up|pdx =

λ

σ2

∫
Ω
r(x, up)fup dx

≤ λ

σ2

∫
Ω
fup dx ≤

λ

2σ2

(∫
Ω
f2dx+

∫
Ω
u2
pdx

)
,

hence the uniform estimate

λ‖up‖22 + 2σ2‖∇up‖pp ≤ λ‖f‖22 = M2 .

It follows now from Young’s inequality that

‖up‖22 + ‖∇up‖1 ≤ ‖up‖22 +
1

p
‖∇up‖pp +

p− 1

p
|Ω| ≤

(
1

λ
+

1

2σ2

)
M2 + |Ω| = M3 .

Thus, (up)p is bounded in BV (Ω) ∩ L2(Ω) and there exist u ∈ BV (Ω) ∩ L2(Ω) and a subsequence, still

denoted by up, satisfying

∇up ⇀ Du , *–weakly as measures

up(x)→ u(x) , a.e. in Ω

up ⇀ u , weakly in L2(Ω)

up → u , strongly in Lr(Ω) ∀1 ≤ r < 2 (4.27)

We point out that u ≥ 0 due to being a pointwise limit of nonnegative functions. We deduce from

u ∈ L2(Ω) that h′(x, u) = (λ/σ2)[u− r(x, u)f ] ∈ L2(Ω) since r(x, u) is bounded. The boundedness

of (up)p in BV (Ω) also implies that for every q, 1 ≤ q < p′, we have∫
Ω
|∇up|(p−1)q dx ≤

(∫
Ω
|∇up|p dx

)(p−1)q/p
|Ω|1−

(p−1)q
p ≤M

(p−1)q
p

3 |Ω|1−
(p−1)q
p ≤M3+|Ω| . (4.28)
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So, for any q > 1 fixed, the sequence |∇up|p−2∇up is bounded in Lq(Ω;RN ) and then there exists

zq ∈ Lq(Ω;RN ) such that, up to subsequences,

|∇up|p−2∇up ⇀ zq in Lq(Ω;RN ) for all 1 ≤ q < +∞ .

Moreover, by a diagonal argument we can find a limit z that does not depend on q, that is

|∇up|p−2∇up ⇀ z in Lq(Ω;RN ) for 1 ≤ q < +∞ . (4.29)

Now by (4.28) we deduce

‖|∇up|p−2∇up‖Lq(Ω;RN ) ≤ (M3 + |Ω|)1/q

for 1 ≤ q < +∞ and for p ∈]1, q′[ . Therefore, by lower semicontinuity of the norm, we have

‖z‖Lq(Ω;RN ) ≤ (M3 + |Ω|)1/q for all 1 ≤ q < +∞ .

Letting q →∞, we get that z ∈ L∞(Ω;RN ) and

‖z‖L∞(Ω;RN ) ≤ 1 .

4.2.3 Checking that function u is a solution to the model problem

We have to see that u satisfies the requirements of our definition (see Subsection 4.2.1 above).

Taking v = ϕ ∈ C∞0 (Ω) in (4.25) and letting p→ 1, it yields

λ

σ2

∫
Ω
uϕdx+

∫
Ω
z · ∇ϕdx =

λ

σ2

∫
Ω
r(x, u)fϕdx ,

so that our equation holds in the sense of distributions.

Once we have proved 1 in the definition of solution, we proceed to see 2 and 3. To begin with 2,

consider ϕ ∈ C∞0 (Ω) such that ϕ ≥ 0. Taking upϕ as test function in (4.25), we obtain

λ

σ2

∫
Ω
u2
pϕdx+

∫
Ω
ϕ|∇up|pdx+

∫
Ω
up|∇up|p−2∇up · ∇ϕdx =

λ

σ2

∫
Ω
r(x, up)fupϕdx .

We are studying each term in (4.30) to let p→ 1. We apply Fatou’s Lemma in the first term. In the second,

we use Young’s inequality and the lower semicontinuity of the total variation as follows:∫
Ω
ϕ|∇up| ≤ lim inf

p→1

∫
Ω
ϕ|∇up| dx

≤ lim inf
p→1

(1

p

∫
Ω
ϕ|∇up|pdx+

p− 1

p

∫
Ω
ϕdx

)
= lim inf

p→1

∫
Ω
ϕ|∇up|pdx .

Third term is handled using (4.27) and (4.29). In the right hand side is enough to have in mind that r is

bounded. Therefore, (4.30) becomes

λ

σ2

∫
Ω
u2ϕdx+

∫
Ω
ϕ|Du|+

∫
Ω
uz · ∇ϕdx ≤ λ

σ2

∫
Ω
r(x, u)fuϕdx .
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Taking into account that our equation holds in the sense of distributions and simplifying, we may write

this inequality as ∫
Ω
ϕ|Du|+

∫
Ω
uz · ∇ϕdx ≤ −

∫
Ω
uϕ divz dx .

By (4.21), this is just ∫
Ω
ϕ|Du| ≤ 〈(z, Du), ϕ〉 ,

that is, |Du| ≤ (z, Du) as measures. The reverse inequality is a consequence of (4.22). Hence, 2 is seen.

It only remains to prove 3. To this end, consider v ∈W 1,2(Ω) in (4.25) and take limits as p goes to 1.

It yields
λ

σ2

∫
Ω
uv dx+

∫
Ω
z · ∇v dx =

λ

σ2

∫
Ω
r(x, u)fv dx .

Using the equality
λ

σ2
(u− r(x, u)f) = div z, it follows that∫

Ω
v div z dx+

∫
Ω
z · ∇v dx = 0 ,

so that Green’s formula implies ∫
∂Ω
v[z, n] dHN−1 = 0 .

By a density argument, this leads to [z, n] = 0HN−1–a.e. on ∂Ω.

Remark 5. We explicitly point out that the compatibility condition (4.26) also holds for the solution u to

problem (4.5). To check this fact, it is enough to multiply

−div (z) + h′(x, u) = 0

by a constant function and apply Green’s formula. Then we get∫
Ω
h′(x, u)dx = 0 .

The same condition can be deduced letting p→ 1 in (4.26) since |h′(x, up)| ≤ C(|up|+ f) and up → u

strongly in L1(Ω).

4.2.4 Function u is a global minimizer of functional E1

We will prove that the nonnegative nontrivial solution we have found satisfies

E1(u) ≤ E1(v) , for all v ∈ BV (Ω) ∩ L2(Ω) .

To see it, we use several stages.

Step 1.- To begin with, assume that v ∈ W 1,2(Ω). Observe first that the interpolation inequality

implies
1

p

∫
Ω
|∇v|p dx ≤ 1

p
‖∇v‖2(p−1)

2 ‖∇v‖p−2(p−1)
1

for all 1 < p < 2. Thus,

lim sup
p→1

1

p

∫
Ω
|∇v|p dx ≤

∫
Ω
|∇v| dx .
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On the other hand, as a consequence of Young’s inequality, we have∫
Ω
|∇v| dx ≤ 1

p

∫
Ω
|∇v|p dx+

p− 1

p
|Ω| ,

for all 1 < p < 2; so that ∫
Ω
|∇v| dx ≤ lim inf

p→1

1

p

∫
Ω
|∇v|p dx .

Hence, the conclusion is ∫
Ω
|∇v| dx = lim

p→1

1

p

∫
Ω
|∇v|p dx ,

that is

E1(v) = lim
p→1

Ep(v) . (4.30)

Since up is a minimizer of Ep and v ∈W 1,p(Ω) ∩ L2(Ω), we obtain

Ep(up) ≤
1

p

∫
Ω
|∇v|p dx+

∫
Ω
h(x, v) dx ,

for all 1 < p < 2. On account of (4.30), using the lower–semicontinuity of functional E1 and Young’s

inequality we deduce that

E1(u) ≤ lim inf
p→1

E1(up) ≤ lim inf
p→1

(
Ep(up) +

p− 1

p
|Ω|
)

≤ lim
p→1

Ep(v) = E1(v) .

Step 2.- Assume now that v ∈ W 1,1(Ω) ∩ L2(Ω) satisfies v
∣∣
∂Ω
∈ W 1/2,2(∂Ω). Then there exists

w ∈W 1,2(Ω) such that v
∣∣
∂Ω

= w
∣∣
∂Ω

and so v − w ∈W 1,1
0 (Ω) ∩ L2(Ω). Thus, there exists a sequence

(vn)n in C∞0 (Ω) such that

vn + w → v , strongly in W 1,1(Ω) ;

vn + w → v , strongly in L2(Ω) .

Since Step 1 provides us

E1(u) ≤ E1(vn + w) , for all n ∈ N ,

it follows that

E1(u) ≤ E1(v) .

Step 3.- Consider the general case: v ∈ BV (Ω) ∩ L2(Ω). Some approximation sequences of v are in

order. First (see [Ambrosio et al., 2000, Theorem 3.9] and [Giusti, 1984, Remark 2.12]) there exists a

sequence (vn)n in C∞(Ω) ∩W 1,1(Ω) ∩ L2(Ω) such that

vn → v , strongly in L2(Ω) ,∫
Ω
|∇vn| →

∫
Ω
|Dv| ,

vn
∣∣
∂Ω

= v
∣∣
∂Ω
, for all n ∈ N .

On the other hand, given v
∣∣
∂Ω
∈ L1(∂Ω), we may find a sequence (ϕn)n in W 1/2,2(∂Ω) satisfying

ϕn → v
∣∣
∂Ω
, strongly in L1(∂Ω) .
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For each n ∈ N, we apply [Anzellotti, 1983, Lemma 5.5] to get wn ∈ C(Ω) ∩W 1,1(Ω) ∩ L2(Ω)

such that ∫
Ω
|∇wn| dx <

∫
∂Ω
|ϕn − v| dHN−1 +

1

n
,∫

Ω
|wn|2 dx <

1

n
,

wn
∣∣
∂Ω

= ϕn − v
∣∣
∂Ω
, for all n ∈ N .

Summing up, we have

1. wn + vn ∈ C(Ω) ∩W 1,1(Ω) ∩ L2(Ω) for all n ∈ N;

2. wn + vn → v, strongly in L2(Ω);

3. (wn + vn)
∣∣
∂Ω

= ϕn ∈W 1/2,2(∂Ω) for all n ∈ N.

Moreover, since∫
Ω
|∇(wn + vn)| dx ≤

∫
Ω
|∇wn| dx+

∫
Ω
|∇vn| dx <

∫
∂Ω
|ϕn − v| dHN−1 +

1

n
+

∫
Ω
|∇vn| dx

and ϕn → v
∣∣
∂Ω

strongly in L1(∂Ω), it follows that

lim sup
n→∞

∫
Ω
|∇(wn + vn)| dx ≤

∫
Ω
|Dv| .

The lower semicontinuity of the total variation now leads to

lim
n→∞

∫
Ω
|∇(wn + vn)| dx =

∫
Ω
|Dv| .

Therefore,

E1(wn + vn)→ E1(v) .

Finally, by Step 2, we already get

E1(u) ≤ E1(wn + vn) , for all n ∈ N .

Letting n go to∞, we see that E1(u) ≤ E1(v). Since this fact holds for all v ∈ BV (Ω) ∩ L2(Ω), we are

done.

4.3 Remarks and Properties of the Problem

4.3.1 Summability of the solutions

We are interested in dealing with bounded data f . In this case, the solution we find is also bounded. More

generally, we will see in this remark that if f ∈ Lq(Ω), with q > N , then the solution u is bounded.

It is enough to check that an L∞–estimate holds on the approximate solutions up. Since q > N , then
N

q′(N−1) > 1. Fix p0, such that 1 < p0 <
N

q′(N−1) , and take p such that 1 < p ≤ p0. For any k > 0

consider Gk(s) := s− Tk(s), s ∈ R. Taking Gk(up) as test function in (4.25), we get

λ

σ2

∫
Ω
upGk(up) dx+

∫
Ω
|∇Gk(up)|p dx ≤

λ

σ2

∫
Ω
fr(x, up)Gk(up) dx .
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Disregarding a nonnegative term and applying r(x, up) ≤ 1, Hölder’s inequality leads to∫
Ω
|∇Gk(up)|p dx ≤

λ

σ2

∫
Ω
fGk(up) dx ≤ ‖f‖q

(∫
Ω
|Gk(up)|q

′
dx
)1/q′

.

This is the starting point for using the Stampacchia technique and get an L∞–estimate. Just be careful to

check that the various constants appearing in the calculations do not depend on p. Details can be found at

[Mazón and Segura de León, 2013, Theorem 3.5, Step 3].

Furthermore, if f ∈ L∞(Ω), we may clarify a little more the situation by seeing the estimate

‖u‖∞ ≤ ‖f‖∞. This inequality makes explicit and extends the statement 8 of [Getreuer et al., 2011,

Theorem 1].

Taking uqp, with q > 1 large enough, as test function and dropping a nonnegative term, we obtain

λ

σ2

∫
Ω
uq+1
p dx ≤ λ

σ2

∫
Ω
fr(x, up)u

q
p dx ≤

λ

σ2

∫
Ω
fuqp dx .

It follows from Hölder’s inequality that∫
Ω
uq+1
p dx ≤

∫
Ω
fuqp dx ≤

(∫
Ω
f q+1 dx

)1/(q+1)(∫
Ω
uq+1
p dx

)q/(q+1)
,

and so (∫
Ω
uq+1
p dx

)1/(q+1)
≤
(∫

Ω
f q+1 dx

)1/(q+1)
.

Letting q →∞, it yields ‖up‖∞ ≤ ‖f‖∞ for all 1 < p < 2, and recalling that u is the pointwise limit of

up, we are done.

4.3.2 Uniqueness

We will prove that if the function t 7→ h′(x, t) is increasing, then there exists at most a solution to (4.5).

PROOF: Assume, to get a contradiction, that u1 and u2 are two solutions to (4.5) in the sense of the

definition stated in Subsection 4.2.1 above. Denote by z1 and z2 the respective vector fields. It follows

that

−div zi + h′(x, ui) = 0 , i = 1, 2 ;

in the sense of distributions. Multiply both equations by u1 − u2, use Green’s formula, recall the second

condition in the Definition of solution to problem (4.5) and substract one expresion from the other to

obtain∫
Ω
|Du1| − (z2, Du1) +

∫
Ω
|Du2| − (z1, Du2) +

∫
Ω

(h′(x, u1)− h′(x, u2))(u1 − u2) dx = 0 .

The three terms are nonnegative since (zi, Duj) ≤ ‖zi‖∞|Duj | ≤ |Duj |, for i, j = 1, 2, and the function

t 7→ h′(x, t) is increasing. Hence, they must vanish; in particular,∫
Ω

(h′(x, u1)− h′(x, u2))(u1 − u2) dx = 0

and h′ increasing implies u1 ≡ u2, as desired.
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Figure 4.3: Profile of h
′
(x, u) for fixed x ∈ Ω and the parametric values λ = 10, σ2 = 10 for different,

constant values of the data: f = 2, f = f∗ =
√

20 and f = 10. A limit behavior is obtained when
f = f∗ =

√
20 =

√
2σ2. For f ≤ f∗ we have uniqueness of the trivial solution. For f > f∗ we have

f2 > 2σ2 and the corresponding profile is negative in a neighborhood of s = 0. Notice that when u is
small, h′ < 0 and h′ behaves as a reactive term (a source) in the Euler-Lagrange equation. When u is
sufficiently big h′ > 0 and h′ define an absorption term (a sink) in the equation.

4.3.3 Non trivial solutions

We have already commented that there always exists a trivial solution u ≡ 0. On the other hand,

0 ≤ f ≤
√

2σ2 implies that h′(x, s) is increasing with respect to s and, as a consequence of the uniqueness

result of the previous Subsection, there is no other solution aside from the trivial one. Nevertheless, we

are interested in the case when f ∈ L∞(Ω) is a.e. above this threshold and in finding non trivial solutions.

We are showing that if the datum is constant f(x) = µ and µ >
√

2σ2, then the solution is unique,

constant and non trivial. It is worth remarking that we obtain uniqueness of positive solutions for constant

data.

Considering (4.4) we define the function

Γ(µ, t) =

(
λ

2σ2

)
t2 − λ log I0

(
tµ

σ2

)
Computing its derivative we have, ∀µ > 0, t > 0,

Γµ(µ, t) = −λt
σ2

[
I1(tµ/σ2)

I0(tµ/σ2)

]
< 0 (4.31)

and Γ(µ, t) is decreasing with respect to µ. Owing to µ >
√

2σ2, the function Γ(µ, t) attains a negative

minimum at a positive point, say t = γ. Then, fixed µ, γ = ArgMin Γ(µ, t) satisfies Γt(µ, t) = 0, which

is

γ =

[
I1(γµ/σ2)

I0(γµ/σ2)

]
µ . (4.32)

Actually, there is just a positive point γ satisfying (4.32); to see this it is enough to check that sµ = µγ
σ2 is

the unique solution to problem

sµ =
I1(sµ)

I0(sµ)

µ2

σ2
= r(sµ)

µ2

σ2
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and this fact is a consequence of being the function s 7→ r(s)
s decreasing in [0,+∞[ (see (4.16)). Thus γ

is given by (4.32) and satisfies

Γ(µ, γ) < 0 and 0 < γ < µ . (4.33)

Taking u(x) = γ for all x ∈ Ω, it yields that u is the unique minimizer of the functional E1. Indeed,

if v ∈ BV (Ω) ∩ L2(Ω), then h(x, u) ≤ h(x, v) and h(x, u) = h(x, v) only when v(x) = γ a.e., so that

E1(u) =

∫
Ω
h(x, u) dx ≤

∫
Ω
|Dv|+

∫
Ω
h(x, v) dx = E1(v)

and E1(u) = E1(v) only when u = v.

4.3.4 Comparing with constant functions

Using the same notation of the above Subsection, we may go further and prove that 0 ≤ µ1 ≤ f(x) ≤ µ2

implies γ1 ≤ u(x) ≤ γ2 a.e.in Ω, where γi ≥ 0 minimizes Γ(µi, t), i = 1, 2. We also assume that

µ1 >
√

2σ2, otherwise γ1 = 0 and the first inequality becomes obvious.

We begin by claiming that, for almost all x ∈ Ω,

function t 7→ h(x, t) is (strictly) decreasing in [0, γ1] (4.34)

and

function t 7→ h(x, t) is (strictly) increasing in [γ2,+∞[ . (4.35)

In both cases, we will use that functions

s 7→ sI0(s)

I1(s)
and s 7→ I1(s)

I0(s)
are increasing (4.36)

and these facts are derived from (4.16). Notice that, for almost all x ∈ Ω, the positive minimum w(x) of

h(x, t) satisfies

w(x) =

[
I1

(
f(x)w(x)/σ2

)
I0 (f(x)w(x)/σ2)

]
f(x) . (4.37)

It follows that

sf (x) =

[
I1(sf (x))

I0(sf (x))

]
f(x)2

σ2
,

where sf (x) = f(x)w(x)
σ2 . As seen in the previous subsection, a similar identity holds for the positive

minimum γ1 of Γ(µ1, t):

sµ1 =

[
I1(sµ1)

I0(sµ1)

]
µ2

1

σ2
,

where sµ1 = µ1γ1

σ2 . Hence, by (4.36), µ1 ≤ f(x) implies sµ1 ≤ sf (x) a.e. and so µ1γ1 ≤ f(x)w(x) a.e.

Going back to (4.37), for almost all x ∈ Ω, we have

w(x)2 =

[
I1

(
f(x)w(x)/σ2

)
I0 (f(x)w(x)/σ2)

]
f(x)w(x)

≥

[
I1

(
f(x)w(x)/σ2

)
I0 (f(x)w(x)/σ2)

]
µ1γ1

≥

[
I1

(
µ1γ1/σ

2
)

I0 (µ1γ1/σ2)

]
µ1γ1 = γ2

1 ,
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where the last inequality is due to (4.36). Therefore, we have seen that w(x) ≥ γ1 a.e. Finally, since

h(x, ·) is decreasing in [0, w(x)] for almost all x ∈ Ω, it yields that h(x, ·) is decreasing in [0, γ1] for

almost all x ∈ Ω and (4.34) is proved. The second claim follows using a similar argument.

Now we turn to check that u(x) ≥ γ1 a.e. Since u is a global minimizer of functional E1, it follows

that ∫
Ω
|Du|+

∫
Ω
h(x, u) dx ≤

∫
Ω
|D(u+ (γ1 − u)+)|+

∫
Ω
h(x, u+ (γ1 − u)+) dx

≤
∫

Ω
|Du|+

∫
{u≥γ1}

h(x, u) dx+

∫
{u<γ1}

h(x, γ1) dx .

Simplifying and dropping the nonnegative gradient term, we obtain∫
{u<γ1}

h(x, u) dx ≤
∫
{u<γ1}

h(x, γ1) dx .

Applying now our first claim (4.34), we deduce that h(x, γ1) < h(x, u) a.e. in {u < γ1}. Therefore,

|{u < γ1}| = 0, that is u(x) ≥ γ1 a.e. in Ω.

Starting from the inequality∫
Ω
|Du|+

∫
Ω
h(x, u) dx ≤

∫
Ω
|D(u− (u− γ2)+)|+

∫
Ω
h(x, u− (u− γ2)+) dx ,

it follows that ∫
{u>γ2}

h(x, u) dx ≤
∫
{u>γ2}

h(x, γ2) dx .

and our second claim (4.35) implies that u(x) ≤ γ2 a.e. in Ω.

4.3.5 The minimum is decreasing with respect to the datum

In this remark we will make explicit the dependence on the data. To this end, we stand our functional

for Ef1 . Let fi ∈ L2(Ω), i = 1, 2, be two data and denote by ui the corresponding function where the

minimum of Efi1 is attained. We will show that f1 ≤ f2 implies Ef1
1 (u1) ≥ Ef2

1 (u2).

Since f1(x) ≤ f2(x) implies H(v, f1) ≥ H(v, f2) for all v ∈ BV (Ω) ∩ L2(Ω), recall (4.31), it

follows that

Ef2
1 (u2) ≤ Ef2

1 (u1) =

∫
Ω
|Du1|+H(u1, f2)

≤
∫

Ω
|Du1|+H(u1, f1) = Ef1

1 (u1) .

Combining this fact with the previous Subsection and having in mind (4.33), we get that f(x) ≥ µ >√
2σ2 implies

Ef1 (u) ≤ Eµ1 (γ) = Γ(µ, γ)|Ω| < 0 .

4.3.6 Resolvents of the subdifferential

With a view to the numerical resolution of problem (4.5), we now consider some properties of the

resolvents of the sub–differential of a (possibly) quadratically perturbed Total Variation energy functional.

It is well–known that subdifferentials of convex functions have nonexpansive resolvents. Thanks to the
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characterization of the subdifferential of the Total Variation appearing in [Andreu-Vaillo et al., 2004], we

may make explicit this feature in our case. Indeed, fix α ≥ 0 and set

P1(u) =


∫

Ω
|Du|+ α‖u‖22 , if u ∈ BV (Ω) ∩ L2(Ω) ;

+∞ , if u ∈ L2(Ω)\BV (Ω) .

(4.38)

Using [Andreu-Vaillo et al., 2004, Lemma 2.4], it yields that u ∈ (I + c ∂P1)−1(f), with c > 0, if and

only if u is a solution to 
u+ cαu− c div

( Du
|Du|

)
= f , in Ω ;

( Du
|Du|

)
· n = 0 , on ∂Ω .

(4.39)

We point out that this problem has a unique solution (just follow the arguments in Subsection 4.3.2).

Consider now ui solution to problem (4.39) with datum fi, i = 1, 2. In other words, we have

ui = (I + c ∂P1)−1(fi), i = 1, 2. Then there exist zi ∈ L∞(Ω;RN ) satisfying the requirements of

Section 4.2. Take u1− u2 as test function in each equation (4.39) (that with datum f1 and that with datum

f2) and subtract them. Then we get∫
Ω

(u1 − u2)2dx+ cα

∫
Ω

(u1 − u2)2dx+ c

∫
Ω

(z1 − z2, D(u1 − u2)) =

∫
Ω

(f1 − f2)(u1 − u2) dx .

Dropping a nonnegative term and applying Hölder’s inequality, it follows that

(1 + cα)

∫
Ω

(u1 − u2)2dx ≤ ‖f1 − f2‖2‖u1 − u2‖2 ,

from where we conclude

‖u1 − u2‖2 ≤
1

1 + cα
‖f1 − f2‖2 .

Therefore, if α > 0, then the Lipschitz constant satisfies 1
1+cα < 1 and so each resolvent is actually a

contraction. Similar, simpler arguments show that the same result is true for 1 < p < 2:

Pp(u) =


‖∇u‖pp + α‖u‖22 , if u ∈W 1,p(Ω) ∩ L2(Ω) ;

+∞ , if u ∈ L2(Ω)\W 1,p(Ω) .

(4.40)

4.4 Numerical Resolution

In this Section, we exploit the underlying structure of the energy functional (4.9) to write it as the

difference of convex functions as we already did for the Total Variation case (4.2) in Subsection 3.2.4 of

the previous Chapter. Using the functional Pp(u) defined above in (4.40) we can decompose the functional

(4.9) as Ep(u) = Pp(u) +Q(u), with

Q(u) = λ

∫
Ω

log I0

(
uf

σ2

)
dx , (4.41)

which is the same functional Q(u) defined in (3.26) for the TV case.
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In the discrete setting introduced before in Section 2.3 we can write the discrete version of the

functional (4.9) as

Ep(u) =
1

p
‖∇u‖p2,p;V +

λ

2σ2

∑
i.j

u2
i,j − λ

∑
i.j

log I0

(
ui,jfi,j
σ2

)
, (4.42)

with

‖∇u‖p2,p;V =
∑
i.j

‖(∇u)i.j‖p2;V =
∑
i.j

(√
((∇u)xi.j)

2 + ((∇u)yi.j)
2
)p

and the discrete gradient ∇ defined as in (2.12). With this the discrete version of the functionals (4.40)

and (4.41) are respectively:

Qh(u) = λ
∑
i.j

log I0

(
ui,jfi,j
σ2

)
, and Pp,h(u) = ‖∇u‖p2,p;V +

λ

2σ2

∑
i.j

u2
i,j .

For notation simplicity, in the following we will omit the subscript h because we will always refer to the

discrete functionals. Notice that Q is differentiable with Frechet derivative Q′(u).

Then, we can apply the Proximal Point algorithm (PPA) as we did for the TV case (see Eq.

(3.29) - (3.31)). Step 1 (3.29) is explicitly given by wk = Q′(uk) =
λ

σ2
r(uk, f)f with r(uk, f) =

I1

(
ukf

σ2

)
/I0

(
ukf

σ2

)
. Step 2 (3.30) sets the descent direction for Step 3 (3.31). Finally, to compute

the proximal operator (I + c ∂P )−1 in Step 3 (3.31) we need to solve the following strictly convex

minimization problem:

uk+1 = arg min
u∈U

(
Pp(u) +

1

2c
‖u− yk‖22

)

= arg min
u∈U

‖∇u‖p2,p;V +
λ

2σ2

∑
i.j

u2
i,j +

1

2c

∑
i.j

(ui,j − yki,j)2

 (4.43)

To solve this problem let now set Rp(u) = ‖∇u‖p2,p;V , and S(u) =
λ

2σ2

∑
i.j

u2
i,j +

1

2c

∑
i.j

(ui,j − yki,j)2

Using the Legendre Fenchel’s duality, we write the minimization problem (4.43) as a saddle point problem:

arg min
u∈U

R(u) + S(u) = arg min
u∈U

(
max
v∈V
〈∇u, v〉V −R∗p(v)

)
+ S(u) (4.44)

Here is where the algorithm differs from the TV case, because now we have

R∗p(v) =
1

p′
‖v‖p

′

2,p′;V =
1

p′

∑
i.j

‖vi,j‖p
′

2;V

with 1/p+ 1/p′ = 1. In order to solve this saddle-point problem (4.44) with the Primal Dual algorithm

presented in [Chambolle and Pock, 2011], we have to calculate the resolvent operator (I + τd∂R
∗)−1 (v̄),

which leads to solve the following strictly convex minimization problem:

vn+1 = arg min
v∈Y

(
1

p′
‖v‖p

′

2,p′;V +
1

2τd
‖v − v̄‖22

)

= arg min
v∈Y

 1

p′

∑
i.j

‖vi,j‖p
′

2;V +
1

2τd

∑
i.j

(vi,j − v̄i,j)2
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The first order necessary (and sufficient) condition for optimality reads:

f(v) = τd‖v‖p
′−2

2;V v + v − v̄ = 0

It is easily seen that f(v) is continuous, monotone increasing with f(0) = v̄ and the equation f(v) = 0

has a unique real positive solution 0 < |v| ≤ |v̄| for any p′.We can apply the Newton’s method to solve

the nonlinear equation resulting in the following fixed point iteration:

vl+1 = φ(vl) =
τd(p

′ − 2)‖vl‖p
′−2

2;V vl + v̄

τd(p′ − 1)‖vl‖p
′−2

2;V + 1

where all the operations are considered pointwise. The resolvent for S(u) was already calculated in (3.34).

Then, the complete procedure is summarized in Algorithm 4.1.

Algorithm 4.1: PPA-DC P-LAPLACIAN RICIAN DENOISING

Input: given λ, σ, and f , set τd = τp = 1/
√

12, c = 1, NPPA and tolPPA, the max. number of
iterations and the convergence tolerance for the outer loop, NPD and tolPD the max.
number of iterations and the convergence tolerance for the inner loop and NFP and tolFP
the max. number of iterations and the convergence tolerance for the fixed point iteration.

Output: u, the denoised image
1 u0 ← f ; k ← 0

2 while k < NPPA or ‖uk − uk−1‖2;U/‖uk−1‖2,U > tolPPA do

3 yk ← uk +
λ

σ2
r(uk, f)f

4 u0 ← yk; v
0 ← 0; ū0 ← u0

5 while n < NPD or ‖un − un−1‖2/‖un−1‖2 > tolPD do
6 v̄ = vn + τd∇ūn
7 while l < NFP or ‖vnl − vnl−1‖2;V /‖vnl−1‖2;V > tolFP do

8 vnl+1 ←
τd(p

′ − 2)‖vnl ‖
p′−2
2;V vnl + v̄

τd(p′ − 1)‖vnl ‖
p′−2
2;V + 1

9 l← l + 1

10 return vn+1 ← vnl

11 un+1
i,j ←

σ2
(
τpyk + un + τp div pn+1

)
i,j

τpλ+ σ2(1 + τp)
. ∀(i, j)

12 ūn+1 ← 2un+1 − un
13 n← n+ 1

14 return uk ← un

15 k ← k + 1

16 return u← uk

Because we used the same algorithm for the TV case (see Algorithm 3.3), we can fairly test the numer-

ical convergence of the p-approximating problems to the TV model. In order to assess the performance of

the proposed algorithm we used a synthetic brain image obtained from the BrainWeb Simulated Brain

Database 1 at the Montreal Neurological Institute [Cocosco et al., 1997]. The central slice of the original

phantom was extracted and normalized to be between 0 and 255. Finally, the slice was contaminated

artificially with rician noise for σ = 15. To compute the denoising quality we use two different measures:
1available at http://www.bic.mni.mcgill.ca/brainweb
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Figure 4.4: Denoising test on a phantom brain image. At left, the original free-of-noise slice. In the center,
the same slice contaminated with rician noise for σ = 15. At right, the best denoised image obtained
using TV-Rician as measured by PSNR and SSIM.

Figure 4.5: Denoising results of the noisy phantom brain image of Figure 4.4 using the p-Laplacian for
p = 1.75, 1.5, 1.5, 1.1 and 1 (Total Variation).

the Peak-Signal-to-Noise-Ratio (PSNR) and the Structural Similarity Index (SSIM) [Wang et al., 2004].

In Figure 4.4, we show the denoising results of the TV-Rician method for λ = 22. The λ value was

optimized to obtain the best PSNR and SSIM. We can see how in the denoised image (Fig. 4.4c) most of

the noise has been removed while the fine details are preserved. Using the same regularization parameter,

we repeat this test solving (4.42) for different values of p, p = {1.1, 1.25, 1.5, 1.75}, to numerically

asses the convergence of the p−sequence of regularizing approximating up solutions when p→ 1. The

up solutions are shown in Figure 4.5, where, as expected, the closer p gets to 1, the more similar the

p-Laplacian solution is to the TV image. This p-convergence can also be observed when plotting the

energy minimization evolution of the Proximal Point Algorithm for these same values of p and the TV

case (see Figure 4.6).

4.5 Conclusions

In this Chapter we presented the mathematical analysis of the quasi-linear elliptic equation for the 1-

laplacian operator that arises from considering the minimization of the Total Variation based energy

functional modeling rician denoising for MRI. Theoretical difficulties come from both ingredients of the

model: the TV regularization term, which makes the problem non–smooth, and the rician statistics of the
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Figure 4.6: Energy minimization evolution of functional (4.42) for p = 1.75, 1.5, 1.5, 1.1 and 1 (Total
Variation) for the images displayed in Fig. 4.5.

noise in MRI, which yields a non-convex minimization problem. We provided sufficient conditions on the

data for the existence of a bounded non-trivial BV solution of the elliptic equation that turns out to be a

global minimizer of the associated energy functional. Several qualitative properties of this solution have

been deduced. The uniqueness of a strictly positive solution is still an open problem. Extensive numerical

experiments not reported here suggest that there exists only one such solution.

We also implemented a convergent Proximal Point Algorithm to solve the p-approximating problems.

Then, we compared their solutions with the TV solution obtained using the same algorithm (detailed

in Subsection 3.2.4). The numerical convergence of the p-approximating solutions was showed both in

functional energy and the image domain.
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In this chapter we step forward in the modeling exercise introducing three different approaches to

accelerate the MRI acquisition process using Total Generalized Variation (TGV) operator as regularizer.

The TGV generalizes the concept of Total Variation (TV) to incorporate and balance information from

higher order derivatives of the images. In particular, we use the second-order TGV, which promotes

piece-wise linear solutions over piece-wise constant solutions, thus mitigating the typical stair-casing

artifact observed in TV-regularized models.

As a first approach we consider a model for MRI denoising. Signal-to-noise ratio (SNR) is known

to be proportional to the square root of total scan time [Nishimura, 1996, Section 7.5]). Therefore, by

developing accurate denoising methods we can mitigate this expected consequence of shortening the

time patients are in the scanner. Here, in Section 5.1, we first adapt the model presented in Chapter 3 to

use the TGV as regularizer and we also propose a variational denoising model for MRI data acquired

using multiple receiver coils. However, SNR is also proportional to the acquired voxel size (see again

[Nishimura, 1996, Section 7.5]). Thus, keeping a good SNR while accelerating MRI comes at the cost

of decreasing image resolution. Super-resolution techniques can partially recover this high resolution

information. In Section 5.2, we propose a TGV-based super-resolution model for MRI that takes into

account the different types of noise.

The two previous techniques, denoising and super-resolution, try to mitigate the effects of reducing

MRI scan time after the acquisition. Alternatively, there are other approaches that aim to reduce the

amount of acquired data (so accelerating the scan process) while preserving image quality (i.e. SNR and

voxel size). Parallel imaging [Pruessmann et al., 1999, Griswold et al., 2002] and compressed sensing

[Lustig et al., 2007] are two of the most popular approaches from this group. Here, in section 5.3 we

present a variational model that makes use of these concepts and benefits from the shared information on

multiple MRI contrasts to further reduce the amount of data acquired. Vectorial TGV is used as regularizer

in order to exploit the redundant information on multiple contrast of the same region of interest.
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5.1 Total Generalized Variation Based MRI Denoising
This research has been accomplished under the Spanish National Grant TEC2012-39095-C03-

02 at the Applied Mathemathics Department at Universidad Rey Juan Carlos.

In this section we introduce two different TGV-based methods to improve the SNR of MR images after

the acquisition. The noise modeling exercise has evolved in the last decade because of the consolidation

of parallel MRI as the standard acquisition technique in clinical practice. Parallel imaging protocols

consists of an established yet still developing family of procedures that aim to reduce scanning times

in MRI by using information from multiple receiver coils. This technology, based in the NMR phased

array developed in the late 1980s [Roemer et al., 1990], became predominant since the beginning of the

XXI century, with the simultaneous development of several techniques. These include SiMultaneous

Acquisition of Spatial Harmonics (SMASH) [Sodickson and Manning, 1997], SENSitivity Encoding for

fast MRI (SENSE) [Pruessmann et al., 1999], GeneRalized Autocalibrated Partially Parallel Aquisitions

(GRAPPA) [Griswold et al., 2002] and a large list of methods proposed in the last years based in these

three different approaches (see [Blaimer et al., 2004] for a review on SMASH, SENSE and GRAPPA).

How to faithfully model the characteristics of noise for parallel imaging MRI has been the topic

of extensive research [Constantinides and Atalar, 2008, Dietrich et al., 2008, Aja-Fernández et al., 2009,

Aja-Fernández et al., 2011, Aja-Fernández et al., 2013]. For algorithms where the global image is re-

constructed in the frequency domain, such as GRAPPA and its derivations, the noncentral-χ (nc-χ)

distribution function describes faithfully the noise behavior [Aja-Fernández et al., 2011], even when the

data is obtained from a correlated multiple-coil system [Aja-Fernández et al., 2013]. However, for the

case of SENSE and related algorithms that operate in the image domain, the magnitude signal is still

considered Rician distributed but the image combination introduces a spatial dependence of its statistical

parameters [Dietrich et al., 2008].

Some recent works in MRI denoising take into account the nc-χ distribution of the noisy MR data

using LMMSE techniques [Brion et al., 2011] and non-local methods [Rajan et al., 2012], but to the best

of our knowledge no variational image processing model existed for these images before the one presented

in [Martín and Schiavi, 2014]. In this Section we model this nc-χ noise in GRAPPA-type reconstructed

images in the variational framework presented in Section 2.1 with the TGV as regularizer. Moreover,

we also use the TGV operator to extend the method proposed in Chapter 3 for rician denoising. This

model is valid for single-coil images and it is a good approximation when using low acceleration factors

in SENSE-type techniques and spatially dependence on the noise can be neglected.

5.1.1 Proposed Model for the Single- and Multiple-Coil Cases

First, we know that for the case of a single-coil MRI acquisition and multiple-coil combined in the image

space, the noise follows a rician distribution (3.1) (see [Dietrich et al., 2008]). Then, the data fidelity term

is the same derived before in section 3.1 for the case of TV-based rician denoising. This functional is:

HRician(u, f) =

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx (5.1)

for u the underlying uncorrupted image, f the noisy measured data and where σ is the standard deviation

of the gaussian noise in the original complex data and I0 is the modified zeroth-order Bessel function of

the first kind.
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Secondly, in the case of images obtained using parallel imaging methods that combine the image

in the k-space, noise is described using a nc-χ distribution [Aja-Fernández et al., 2011]. Its probability

distribution function is given by the formula

pnc−χ(g|u) =
g

σ2

(g
u

)n−1
exp

(
−g

2 + u2

2σ2

)
In−1

(ug
σ2

)
(5.2)

with n the number of channels used for the acquisition and In−1 being the (n− 1)th order modified Bessel

function of the first kind. Notice that the noisy data is here represented by g to differentiate it from the

previous case. Then, following (2.4), we can write the data fidelity term for the case of pure denoising (i.e.

K = I) of images affected by nc-χ noise as

Hnc−χ(u, f) = −
∫

Ω
log pnc−χ(g|u)

resulting the following functional

Hnc−χ(u, f) =

∫
Ω

[
u2

2σ2
− log

(
u1−n In−1

(ug
σ2

))]
dx . (5.3)

Notice that some constant terms have been dropped because they do not affect to the minimization

result. Using Taylor’s expansions, the limiting asymptotic behavior for small arguments of the α-order

modified Bessel function of first kind is Iα(x) ∼ xα/(2αα!), for x→ 0, α > 0 (see formula (6.5.14) in

[Press et al., 2007]). Thus, for α = n− 1 the logarithmic term in (5.3) has no singularity.

Analogously to the general rician denoising problem in (3.3), we write the nc-χ denoising minimiza-

tion problem for a noisy image g as

min
u
J(u) + λ

∫
Ω

[
u2

2σ2
− log

(
u1−n In−1

(ug
σ2

))]
dx

for a regularizing functional J(u) and λ the parameter that controls the amount of regularization.

Our choice for the regularizer here in both cases is the second order TGV (2.11):

J(u) = TGV2
α(u) = min

v∈BD(Ω)
α1‖Du− v‖M + α0‖Ev‖M

and we can describe the TGV-based denoising problems for images contaminated by noise following a

rician or a nc-χ distribution.

Total Generalized Variation Based Rician Denoising. Given a noisy image f ∈ L∞(Ω), acquired using

a single coil or combining the information from several coils in the image domain and σ2, an estimation

of the variance of the noise in the originally acquired complex image, and fixed λ, the parameter that

balances between the amount of regularization and data fidelity of the solution, and (α0, α1) the weights

of the TGV. The denoised image u solves the problem:

min
u∈BGV(Ω),v∈BD(Ω)

α1‖Du− v‖M + α0‖Ev‖M + λ

∫
Ω

[
u2

2σ2
− log I0

(
uf

σ2

)]
dx (5.4)

This model was originally proposed in [Martin et al., 2012] for Diffusion Tensor Imaging (DTI) prepro-

cessing.
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Total Generalized Variation Based noncentral-χ Denoising. Given a noisy image g ∈ L∞(Ω), ac-

quired using n coils and whose information was combined in the frequency domain, and σ2, the variance

of the noise in the acquired complex images, and fixed λ, the regularization parameter, and (α0, α1) the

weights of the TGV. The denoised image u solves:

min
u∈BGV(Ω),v∈BD(Ω)

α1‖Du− v‖M + α0‖Ev‖M + λ

∫
Ω

[
u2

2σ2
− log

(
u1−n In−1

(ug
σ2

))]
dx (5.5)

This denoising model was proposed in a more general framework [Martín and Schiavi, 2014] which

included image deblurring or super-resolution.

5.1.2 Numerical Resolution

In order to solve problems (5.4) and (5.5) we adapt the same PDHG algorithm (see [Zhu and Chan, 2008])

that we used for the TV-Rician denoising problem (see Subsection 3.2.3). First, we write the discrete

versions of the data fidelity functionals (5.1) and (5.3):

GRician(u) = λ
∑
i,j

[
u2
i,j

2σ2
− log I0

(
ui,jfi.j
σ2

)]
(5.6)

Gnc−χ(u) = λ
∑
i,j

[
u2
i,j

2σ2
− log

(
u1−n
i,j In−1

(
ui,jfi.j
σ2

))]
(5.7)

Then, using the discrete second order TGV defined in (2.20), we can write the discrete version of problems

(5.4) and (5.5) as

min
u∈U,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W + λ
∑
i,j

[
u2
i,j

2σ2
− log I0

(
ui,jfi.j
σ2

)]
(5.8)

and

min
u∈U,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W + λ
∑
i,j

[
u2
i,j

2σ2
− log

(
u1−n
i,j In−1

(
ui,jfi.j
σ2

))]
(5.9)

respectively. In order to use the PDHG algorithm to solve a generic minimization problem in form

min
x∈X

F (Ax) +G(x)

we use the Fenchel-Legendre transform of F (Ax) to obtain a equivalent saddle-point problem:

min
x∈X

max
y∈Y
〈Ax, y〉 − F ∗(y) +G(x)

where y is the dual variable and F ∗ the conjugate function of F . Then, the following two steps are iterated

until convergence:

yk+1 = (I + τd∂F
∗)−1(yk + τdAx

k) (5.10)

xk+1 = xk − τp
(
A∗yk+1 + ∂G(xk)

)
(5.11)

with τd and τp time steps chosen as described in [Zhu and Chan, 2008, Esser et al., 2010].
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Now if we identify x = (u, v)>, G(x) = G(u) with G(u) being equal to GRician(u) (5.6) or

Gnc−χ(u) (5.7), A =

(
∇ −I
0 E

)
and F (Ax) = α1‖∇u− v‖2,1;V +α0‖Ev‖2,1;W we can use the above

outlined algorithm to solve the proposed problems. This lead us to the following saddle-point problem:

min
u∈U,v∈V

max
p∈V,q∈W

〈∇u− v, p〉V + 〈Ev, q〉W − IP (p)− IQ(q) +G(u)

where we can identify y = (p, q)>, the dual variables living in the dual space Y = V × W , and

F ∗(y) = −IP (p)− IQ(q) with IP (p) and IQ(q) denoting the indicator functions of the sets P and Q,

which are respectively P = {v ∈ V | ‖v‖∞ ≤ α1}, Q = {w ∈W | ‖w‖∞ ≤ α0}.
Notice that F ∗(y) is composed of independent functions on p and q. Then, the proximal operator

(I + τd∂F
∗)−1 can be decoupled: (I + τd∂F

∗)−1(ỹ) = (I + τd∂I∗P )−1(p̃) + (I + τd∂I∗Q)−1(q̃). Since

IP and IQ are the indicator functions of the convex sets P and Q respectively, their proximal maps are

the Euclidean projector into these sets. Thus, we can write the update for p and q explicitly:

pk+1
i,j = (I + τd∂I∗P )−1(p̃) =

p̃i,j
max (1, ‖p̃i,j‖2,V )

, (5.12)

qk+1
i,j = (I + τd∂I∗Q)−1(q̃) =

q̃i,j
max (1, ‖q̃i,j‖2,W )

.

The update for the primal variables x = (u, v)> from (5.11) can be calculated explicitly as well.

Identifying A∗ =

(
−div 0

−I −divE

)
, with −div and −divE defined in (2.14) and (2.19), respectively, and

∂G(u) =


λu

σ2
− λ

σ2

I1(uf/σ2)

I0(uf/σ2)
f if G(u) = GRician(u),

λu

σ2
− λ

σ2

In(uf/σ2)

In−1(uf/σ2)
f if G(u) = Gnc−χ(u).

Hence if we define rn(u, f) = In(uf/σ2)/In−1(uf/σ2), we can put together both cases in one algorithm

with n = 1 for the rician noise case. Finally, this procedure is outlined in Algorithm 5.1.

5.1.3 Results

In this section, the two methods proposed above for MRI denoising are validated. In both cases, the

algorithms are tested using synthetic and real MRI, with special emphasis on Diffusion Weighted Imaging

(DWI) denoising, an inherently low SNR modality.

Rician denoising

For the validation of the proposed TGV-based rician denoising method we used a 4D-DWI phantom with

15 diffusion directions built as described in [Tristán-Vega and Aja-Fernández, 2009], kindly provided by

the authors. The images were normalized between 0 and 1 and contaminated artificially for different values

of σ = {0.0025, 0.005, 0.0075, 0.01, 0.025}. In the following, we will denote Algorithm 5.1 for n = 1,

as TGV-Rician. To asses the importance of a faithful modeling of the noise, we compare the TGV-Rician

with the TGV-based gaussian denoising proposed in [Knoll et al., 2011] (denoted as TGV-Gaussian from

now on). We performed a parametric study of the regularization parameters (α0, α1, λ) for each noise

level and choose the parameters that yielded the best denoising results measured as the PSNR with the
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Algorithm 5.1: TGV-RICIAN AND TGV-NC-χ DENOISING

Input: given λ, σ, f and Nc, the number of coils, set τd, τp the dual and primal time steps
respectively, Niter the maximum number of iterations, and tol the convergence tolerance.

n← 1, for rician denoising.
n← Nc, for nc-χ denoising.
Output: u, the denoised image

1 u0 ← f ; v0 = p0 ← 0V ; q0 ← 0W ; k ← 0.

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 pk+1
i,j ←

pki,j + τd(∇uk − vk)i,j

max

(
1,
‖pki,j + τd(∇uk − vk)i,j‖2;V

α1

)

4 qk+1
i,j ←

qki,j + τd(Evk)i,j

max

(
1,
‖qki,j + τd(Evk)i,j‖2;W

α0

)
5 uk+1

i,j ← (1− τp)uki,j + τp

[
σ2

λ
(div pk+1)i,j + rn(uki,j , fi,j)fi,j

]
6 vk+1

i,j ← vki,j + τp

(
pk+1
i,j + (divEq)i,j

)
7 k ← k + 1

8 return u

original phantom (see Table 5.1). The proposed method gets better denoising results than TGV-Gaussian

for all levels of noise. For relatively low noise levels the results are similar, as expected because of the

characteristics of the rician distribution (see Figure 3.1 in the previous Chapter). However, with low SNR

(higher σ), the TGV-Rician clearly outperforms TGV-Gaussian because its more accurate noise treatment.

Table 5.1: Comparisons of the best PSNR values obtained by denoising with TGV-Gaussian and TGV-
Rician the DWI phantom for different levels of noise (σ)

Method σ = 0.0025 σ = 0.005 σ = 0.0075 σ = 0.01 σ = 0.025

TGV-Gaussian 55.12 dB 53.30 dB 52.51 dB 49.67 dB 42.35 dB
TGV-Rician 55.24 dB 53.72 dB 52.26 dB 50.78 dB 45.55 dB

The DWI are then used to reconstruct the corresponding Diffusion Tensor Images (DTI) using the

3D Slicer software1. DTI represents the water diffusion for each voxel and it is used to study the white

matter fibers within the brain (see Section 3.3 in the previous Chapter for more information). We study the

denoising performance of TGV-Rician for two noise levels, σ = {0.005, 0.01}, calculating the DTI from

the ground-truth, the noisy and the TGV-Rician denoised DWI volumes. In order to have a measure of the

improvement on the denoised images, the Fractional Anisotropy (FA) (see (3.35)) was also calculated

for all the DTI volumes. These results are shown in Figures 5.1 (σ = 0.005) and 5.2 (σ = 0.01). The

central slice of the FA image calculated from the original, the noisy and the denoised DWI volumes is

displayed in the first row. Below, a zooom-in detail of the first eigenvector of the DTI is displayed over

the FA. For σ = 0.005, it can be seen in Figure 5.1c how the FA image from the denoised DWI is almost

1Freely available in http://www.slicer.org/
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Figure 5.1: Results of denoising of a DTI phantom contaminated with rician noise for σ = 0.005. Above,
from left to right, the central slice of the FA image calculated from the original (a), the noisy (b) and the
denoised phantom (c). Below, a zoom-in of the central part of the slice showing the first eigenvector of
the DTI at each point using a colormap representation of the DTI main orientation: red (right-left), blue
(top-bottom), and green (anterior-posterior).

identical to the original image (Figure 5.1a) with a minimal loss of contrast. The PSNR between the noisy

FA (Figure 5.1b) and the original FA is 29.87 dB is improved to 32.8 dB for the denoised FA. Moreover,

the eigenvector field perturbed by the noise (in red) is very well corrected in the denoised DTI (in green).

With a higher level of noise (σ = 0.01) most of the FA image details get lost (Figure 5.2b) and the PSNR

with original FA (Figure 5.2a) gets reduced to 22.18 dB. The TGV-Rician (Figure 5.2c) recovers most

of these details and increase the PSNR to 30.38 dB (which is higher than the PSNR of the noisy FA for

σ = 0.005). In the zoomed-in eigenvector fields in Figure 5.2c, it can be seen how the denoising recover

the main diffusion directions that were highly affected by the noise (Fig. 5.2b). These results were first

presented in [Martin et al., 2012].

If we fix λ = 1 this TGV-Rician algorithm still depends on the two hyper-parameters α0, α1, which

have to be finely tuned in order to enhance the performance of the model specially for its application in

in-vivo data. For the case of TGV-Gaussian restoration, an interesting method for spatially dependent

regularization parameter selection have been proposed [Bredies et al., 2013]. However, these results
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Figure 5.2: Results of denoising of a DTI phantom contaminated with rician noise for σ = 0.01. Above,
from left to right, the central slice of the FA image calculated from the original (a), the noisy (b) and the
denoised phantom (c). Below, a zoom-in of the central part of the slice showing the first eigenvector of
the DTI at each point using a colormap representation of its orientation: red (right-left), blue (top-bottom),
and green (anterior-posterior).

are not easily translated for TGV-Rician due to the non linear characteristics of the rician noise. Here

we propose a simpler but very effective approach to automatically select these parameters. Using the

previously describe DWI phantom, we calculate the best choice of the parameters α0, α1 for different

levels of noise, varying σ between 0.025 and 0.1. The PSNR was used to decide which was the better

reconstruction for each σ value. The best choices of α0 and α1 provided us with two functions depending

on σ that we approximate with a second order polynomial regression. Then, to estimate the noise level

of the images we used an algorithm that adapts the Median Absolute Deviation (MAD) estimator in the

wavelet domain for Rician noise [Coupé et al., 2010]2. Once the value of σ is known, α0 and α1 are

calculated using the functions obtained from the DWI Phantom.

The validation on in-vivo images of the denoising results is a difficult issue because of the lack of a

gold standard. Here we propose to use a well tested algorithm for image registration to check if the TGV-

Rician denoising improves the results. We follow here the procedure used in [Khader and Hamza, 2011]

2The code is available online in http://personales.upv.es/jmanjon/analysis/noise.htm .
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for testing their registration method in the monomodality case:

(1) First, we distorted the original (noisy) image with a non-rigid transformation; (2) then, the original

and the distorted image were registered using the mutual information (MI) non-rigid registration algorithm

from [Myronenko and Song, 2010]; (3) finally, PSNR and correlation between the original image and the

registered image were measured to test the accuracy of the registration.

This same series of steps is later repeated for the denoised images to compare the results in terms

of image registration accuracy. We used for this test the FA images obtained from the original and the

denoised DWI. This validation procedure is summarized in Figure 5.3. In the first row (red), the FA slice

obtained from the original DWI data is first transformed and then registered back to the initial slice. In the

second row (green), the same process is repeated for the FA slice obtained from the denoised data.

We have performed this study with five sets of real DWI volumes kindly provided by the Fundación

CIEN-Fundación Reina Sofía, which were acquired with a 3 Tesla General Electric scanner equipped

with an 8-channel coil. The DW images have been obtained with a single-shot spin-echo EPI sequence

(FOV=24cm, TR=9100, TE=88.9, slice thickness=3mm, spacing=0.3, matrix size=128x128, NEX=2). The

DWI data consists on a volume obtained with b=0/mm2 and 15 volumes with b=1000s/mm2 corresponding

with the gradient directions specified in [Jones et al., 1999]. The DTI and then the FA images were

calculated from the DWI volumes using the 3D Slicer software. Ten central slices of each FA volume were

used for this validation. The results of this validation procedure are shown in Table 5.2. The averaged

PSNR and correlation across slices for each subject are displayed for the images obtained from the original

and denoised data. The registration accuracy for the denoised images is always higher for all the subjects,

thus underlining the good performance of the TGV-Rician method.

Figure 5.3: In vivo validation of the TGV-Rician denoising. Each slice is distorted and then registered
back for the original (red) and denoised data (green).
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Table 5.2: Average PSNR and correlation across slices after registration procedure in each subject for the
original and the denoised Fractional Anisotropy (FA) images.

Original FA Denoised FA
PSNR (dB) Correlation PSNR (dB) Correlation

Subject #1 73.26 0.9906 75.22 0.9926
Subject #2 72.23 0.9856 74.65 0.9892
Subject #3 71.73 0.9859 73.73 0.9895
Subject #4 72.21 0.9891 74.85 0.9928
Subject #5 75.39 0.9937 76.44 0.9943
Average 72.96 0.9890 74.98 0.9917

Non-central Chi Denoising

For the validation of the proposed approach we used a Matlab toolbox 3 to simulate GRAPPA noisy

phantoms acquired with 2, 4 and 8 coils and with noise intensity of σ = {5, 7, 10}. The proposed model

(TGV-nc-χ) is compared with the denoising method described in [Knoll et al., 2011], which implicitly

assumes a gaussian noise distribution (denoted here by TGV-Gaussian). Following this work, we fixed

the weights (α0, α1) and tuned λ. Two different fixed choices, (α0, α1) = (2, 1) and (α0, α1) = (0.5, 1),

were tested in the experiments while λ was optimized to obtain the best Peak-Signal-to-Noise-Ratio

(PSNR) with respect to the original phantom. All the results presented here correspond to (α0, α1) =

(0.5, 1), which were found to be optimal in all the cases.

The denoising results for TGV-Gaussian and TGV-nc-χ are shown in Figure 5.4. The image quality,

measured by the PSNR, was higher in all the cases studied for the proposed method (see 5.4a). The

differences between methods increase with the complexity of the simulated multichannel system as

expected by using a more accurate model of the noise in TGV-nc-χ. The visual aspects of the denoising

performance can be seen in Figure 5.4c-f. Noise is removed with a minimum loss of structure details with

respect to the original image (Figure 5.4b).

The proposed method was also tested on one in-vivo Diffusion Weighted Images (DWI) dataset

obtained from a 32-coil Verio B173T MR Scanner Siemens with GRAPPA factor of 2 kindly provided by

the Neurinfo platform of the University of Rennes I and Inria Visages team. The acquisition parameters

were: TE/TR = 99ms/11s, 128× 128 acquisition matrix, 60 slices, 2× 2× 2mm/s2 resolution, space

between slice 2mm. The DWI data consists on a volume obtained with b=0/mm2 and 30 volumes

with b=1000s/mm2. For the noise estimation (σ) we applied the Brummer-Aja’s method proposed in

[Aja-Fernández et al., 2009] and we fixed the values (α0, α1) = (0.5, 1) and λ = 0.5σ for the TGV-nc-χ

denoising. The Diffusion Tensor Images (DTI) and the Fractional Anisotropy (FA) were calculated from

the original and denoised DWI dataset with the FSL software 4.

In Figure 5.5, we can see examples of the original and denoised DWI slices. After using the TGV-nc-χ

method, the inhomogeneities produced by noise are mostly corrected while the structures have been

preserved. These denoising effects are also notorious in the subsequent DTI calculation. The Fractional

Anisotropy (FA) slice obtained from the denoised DWI (Figure 5.6b) shows an enhancement of the

structural details compared to the original image (Figure 5.6a). In the non-corrected data, noise introduces

3Avaliable online in http://www.mathworks.com/matlab/central/fileexchange/36893-parallel-mri-/noisy-phantom-simulator
4http://fsl.fmrib.ox.ac.uk/fsl



5.1. Total Generalized Variation Based MRI Denoising 101

Figure 5.4: Validation on simulated GRAPPA images of the TGV-nc-χ denoising: (a) best PSNR obtained
for TGV-Gaussian (green) and TGV-nc-χ (red) on noisy GRAPPA phantoms for different number of coils
and levels of noise; (b) the simulated noise-free GRAPPA phantom with 8 coils; (c)-(f) pairs of noisy and
TGV-nc-χ denoised images for 8 coils and σ = 5, 7.

artificial changes on the main diffusion directions that are corrected after denoising (zommed-in details in

Figure 5.6).
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(a) Original DWI (b = 0) (b) Original DWI (1st dir.) (c) Original DWI (2nd dir.)

(d) Denoised DWI (b = 0) (e) Denoised DWI (1st dir.) (f) Denoised DWI (2nd dir.)

Figure 5.5: Examples of the original and denoised in-vivo DWI dataset. In the first row, central slice of
the baseline volume and the first and second diffusion directions measured, (a)-(c) respectively. In the
second row, the denoised version of the same slices.

(a) FA slice from the original DWI (b) FA slice from the denoised DWI

Figure 5.6: Fractional Anisotropy (FA) central slices obtained from the original and denoised DWI
volumes, (a) and (b) respectively. A detail of the image is zoomed-in to show the main diffusion directions
of the original (in red) and denoised (in green) images.
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5.2 Total Generalized Variation Based MRI Super-Resolution

The contents of this Section have been developed in collaboration with Professor Antonio

Marquina from Universidad de Valencia.

This research has been accomplished under the Spanish National Grant TEC2012-39095-C03-

02 at the Applied Mathemathics Department at Universidad Rey Juan Carlos and the Applied

Mathematics Department at Universidad de Valencia.

Spatial resolution in MRI is constrained by several factors such as acquisition time, signal-to-noise

ratio (SNR) or hardware limitations like the gradients amplitude and their performance. However, in

many applications the acquired voxel size has to be a posteriori reduced in order to fit with a specific

resolution requirement. This is usually the case when co-registration between different modalities has to

be conducted as, for instance, between functional MRI (fMRI) and structural T1-weighted MRI. Common

interpolation techniques such as linear interpolation or spline-based methods, have been typically applied

to upsample the acquired low-resolution (LR) image to the new resolution.

However, on many occasions, these approaches are not accurate enough and super-resolution (SR)

algorithms are proposed as an alternative. There are two main types of SR techniques that have been

previously used in MRI. On the one hand, there are SR acquisition techniques based on the combi-

nation of multiple acquired LR images to reconstruct a high-resolution (HR) image. It was shown in

[Greenspan et al., 2002] that sub-pixel shifting strategies cannot provide any in-plane resolution enhance-

ment. However, in this same work [Greenspan et al., 2002], they showed the possibilities of SR techniques

to increase the slice-direction resolution. On the other hand, there exists single image SR methods that

does not require specific acquisition protocols of multiple LR images. These are pure post-processing

methods that derive from non-MRI-specific techniques (a review of single image SR algorithms for natural

images can be found in [van Ouwerkerk, 2006]). In the last years, several single image SR methods

have been proposed for MRI using patch-based approaches [Manjón et al., 2010a, Coupé et al., 2013],

intermodality priors [Rousseau, 2010] or using overcomplete dictionaries [Rueda et al., 2013].

In this section, we propose a variational method that belongs to this family of single image SR

techniques. Using the second-order TGV as regularizer, we formulate the reconstruction of a HR image

from a LR image in a noisy environment in the bayesian framework previously described in Section 2.1.

This super-resolution model is based on a previous TV-based SR work for MRI [Joshi et al., 2009]. Here,

we introduce the TGV operator, which alleviates the staircasing problems of the TV, and we also model

other noise distributions found in MRI such as rician an nc-χ (see previous Section 5.1). One of the

main advantages of the proposed method is that naturally include the noise into the model as opposed

to other SR techniques [Manjón et al., 2010a, Rueda et al., 2013], which require a previous denoising

step for noisy LR images. This TGV-based SR model is shown to outperform widely used interpolation

techniques in phantom and in-vivo brain images.

5.2.1 Proposed Model

The LR image observation model can be formulated in the same bayesian framework presented in Section

2.1, with the linear transformation K being a down-sampling operator denoted by L in the following.

We assume a LR noisy image f ∈ Ω ⊂ Rk (with k = 2 or k = 3 in the case of images or volumes
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respectively). Then in the case of additive gaussian noise, we can write the observation model as

f = Lu+ η,

where η is white noise with variance σ2 and u is the unknown HR image. Then, following equations (2.1)

and (2.5), we can write the data fidelity term to recover the HR image u as:

HSR
Gaussian(Lu, f) = ‖Lu− f‖22.

As stated in the preceding section, noise distribution depends on the MRI acquisition. This gaussian

model can only be used for high SNR images but in other cases, rician and non-central-χ distributions

have to be considered (see the introduction of Section 5.1). Analogously to the denoising case (5.1) and

(5.3), the SR data fidelity terms for rician and non-central-χ noise are

HSR
Rician(Lu, f) =

∫
Ω

[
(Lu)2

2σ2
− log I0

(
(Lu)f

σ2

)]
dx (5.13)

and

HSR
nc−χ(Lu, f) =

∫
Ω

[
(Lu)2

2σ2
− log

(
(Lu)1−n In−1

(
(Lu)f

σ2

))]
dx , (5.14)

respectively. Here σ2 is the variance of the original gaussian noise and Ik denotes the kth-order modified

Bessel function of the first kind. In order to reconstruct the SR image u we use the second order TGV

operator as regularizer (2.11). Then, we can describe the proposed SR model as follows.

Total Variation Based MRI Super-Resolution. Given a noisy low resolution image f ∈ L∞(Ω), σ2,

the estimated noise variance of the acquired complex image. Set λ the parameter that balances between

the amount of regularization and data fidelity of the solution, and (α0, α1) the weights of the TGV.

(1) Then, in a high SNR case, the high resolution free-of-noise image u solves

min
u∈BGV(Ω),v∈BD(Ω)

α1‖Du− v‖M + α0‖Ev‖M +
λ

2

(
‖Lu− f‖22 − σ2

)
. (5.15)

(2) Else in a low SNR case where the image was acquired using a single coil or by combining the

information from several coils in the image domain, solve:

min
u∈BGV(Ω),v∈BD(Ω)

α1‖Du− v‖M + α0‖Ev‖M + λ

∫
Ω

[
(Lu)2

2σ2
− log I0

(
(Lu)f

σ2

)]
dx . (5.16)

(3) Finally, for low SNR image f acquired using n coils and combined in the frequency domain, the

high-resolution image u results from minimizing

min
u∈BGV(Ω),v∈BD(Ω)

α1‖Du− v‖M + α0‖Ev‖M

+λ

∫
Ω

[
(Lu)2

2σ2
− log

(
(Lu)1−n In−1

(
(Lu)f

σ2

))]
dx . (5.17)

Solving these minimization problems involves using an upsampling operator S, verifying the relation

L ◦ S = I. The proper choice of this operator governs the local performance of the method and its ability

to reconstruct high-resolution details and edges. The use of common interpolation operators can result in

a non-desired lost of fine elements in the image that are impossible to recover later by the SR algorithm.

In this work, we chose the edge-preserving upsampling operator presented in [Joshi et al., 2009]. This

interpolator define a piecewise linear approximation of the image u on the high-resolution grid that

preserves edges in the image.
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5.2.2 Numerical Resolution

The first step is to write the discrete versions of the proposed variational problems (5.15), (5.16) and

(5.17), which are respectively:

min
u∈U,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W +
λ

2

∑
i,j

[(Lu)i,j − fi,j ]2 (5.18)

min
u∈U,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W + λ
∑
i,j

[
u2
i,j

2σ2
− log I0

(
(Lu)i,jfi.j

σ2

)]
(5.19)

min
u∈U,v∈V

α1‖∇u−v‖2,1;V +α0‖Ev‖2,1;W+λ
∑
i,j

[
(Lu)2

i,j

2σ2
− log

(
((Lu)i,j)

1−n In−1

(
(Lu)i,jfi.j

σ2

))]
(5.20)

Here, U = RM×N , V = RM×N×2 as defined in Section 2.3, with M ×N the number of pixels of the

HR images. Then, f is defined in R = Rm×n with m by n nodes in the LR grid. For the problems

(5.19) and (5.20) we can apply the PDHG algorithm [Zhu and Chan, 2008] analogously as we did for

the denoising case in the previous section (Subsection 5.1.2). See the details in Algorithm 5.2, where

rn(u, f) = In(uf/σ2)/In−1(uf/σ2) is the ratio of modified Bessel functions.

Algorithm 5.2: TGV-RICIAN AND TGV-NC-χ SUPER-RESOLUTION

Input: Given f , the LR noisy image, σ, the estimated s.d of the noise, and Nc, the number of coils,
fixed τd, τp the dual and primal time steps respectively, Niter the maximum number of
iterations, tol the convergence tolerance and set λ, the regularization parameter. Let L, S be
the down- and up-sampling operators respectively.

n← 1, for rician super-resolution.
n← Nc, for nc-χ super-resolution.
Output: u, the HR free-of-noise image

1 u0 = ū0 ← Sf ; v0 = v̄0 = p0 ← 0V ; q0 ← 0W ; k ← 0.

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 pk+1
i,j ←

pki,j + τd(∇uk − vk)i,j

max

(
1,
‖pki,j + τd(∇uk − vk)i,j‖2;V

α1

)

4 qk+1
i,j ←

qki,j + τd(Evk)i,j

max

(
1,
‖qki,j + τd(Evk)i,j‖2;W

α0

)

5 uk+1
i,j ← uki,j + τp

[
(div pk+1)i,j − λS

(
(Lu)ki,j − rn((Lu)ki,j , fi,j)fi,j

σ2

)]
6 vk+1

i,j ← vki,j + τp

(
pk+1
i,j + (divEq)i,j

)
7 k ← k + 1

8 return u

In order to solve the Super-Resolution model for gaussian-type noise (5.18), we use the primal-dual

algorithm proposed by Chambolle and Pock (PDCP) for general saddle-point problems in the form

min
x∈X

max
y∈Y
〈Ax, y〉 − F ∗(y) +G(x), (5.21)
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where y is the dual variable and F ∗ the conjugate function of F . In this algorithm, the following steps are

iterated until the convergence of the solution:

yk+1 = (I + τd∂F
∗)−1(yk + τdAx̄

k), (5.22)

xk+1 = (I + τd∂G)−1(xk − τpA∗yk+1), (5.23)

x̄k+1 = 2xk+1 − xk, (5.24)

with τd and τp the dual and primal time steps. The main difference between this algorithm and the PDHG

can be found in their second steps, (5.23) for PDCP and (5.11) for PDHG, where in (5.23) the proximal

operator for G has to be calculated. For the gaussian case, this operator only involves quadratic functions

and an analytic solution can be provided. Using duality arguments on the data fidelity term, it can be

written in the form
λ

2
‖Lu− f‖22 = max

r∈R
〈Lu− f, r〉R −

1

2λ
‖r‖22 (5.25)

and we can reformulate (5.18) as the following saddle point problem:

min
u∈U,v∈V

max
p∈V,q∈W,r∈R

〈∇u− v, p〉V + 〈Ev, q〉W + 〈Lu− f, r〉R − IP (p)− IQ(q)− 1

2λ
‖r‖22, (5.26)

where again IP (p) and IQ(q) denote the indicator functions of the sets P = {v ∈ V | ‖v‖∞ ≤ α1} and

Q = {w ∈W | ‖w‖∞ ≤ α0} respectively.

The problem (5.26) is already in the form of (5.21). If we identify x = (u, v)>, X = U × V ,

y = (p, q, r)>, Y = P × Q × R, A =

 ∇ −I
0 E
L 0

, F ∗(y) = IP (p) + IQ(q) + 1
2λ‖r‖

2
2 + 〈f, r〉 and

G(x) = 0, we can apply the PDCP algorithm to solve it.

Notice that F ∗(y) is composed of independent functions on p, q and r and its proximal operator can

be decoupled. For p and q, we already calculated their explicit update in (5.12) in the previous section.

The proximal operator for r also has the following closed form solution:

rk+1
i,j =

r̃i,j
1 + τd/λ

Then, with G(x) = 0, its resolvent operator is the identity. Finally, we only have to identify A∗ to

explicitly write the second step (5.23):

A∗ =

(
−div 0 S

−I −divE 0

)
,

with −div and −divE defined in (2.14) and (2.19), respectively, and S the upsampling operator described

in [Joshi et al., 2009]. Summarizing all these steps, we propose Algorithm 5.3 to solve problem 5.18.

5.2.3 Results

Two datasets were used to test the performance of the proposed model (5.15) to enhance MR image

resolution using Algorithm 5.3 (denoted by TGV-SR). This noise model is valid for MRI modalities with

good SNR properties like the commonly used T1-weighted images. The first experiment consisted in

reconstructing downsampled versions of the HR Brainweb phantom T1 weighted volume of 181×217×180
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Algorithm 5.3: TGV SUPER-RESOLUTION

Input: Given f the LR noisy image, fixed τd = τp = 1/
√

12 the dual and primal time steps
respectively, Niter the maximum number of iterations, tol the convergence tolerance and set
λ, the regularization parameter. Let L, S be the down- and up-sampling operators
respectively.

Output: u, the HR free-of-noise image
1 u0 = ū0 ← Sf ; v0 = v̄0 = p0 ← 0V ; q0 ← 0W ; k ← 0.

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 pk+1
i,j ←

pki,j + τd(∇uk − vk)i,j

max

(
1,
‖pki,j + τd(∇uk − vk)i,j‖2;V

α1

)

4 qk+1
i,j ←

qki,j + τd(Evk)i,j

max

(
1,
‖qki,j + τd(Evk)i,j‖2;W

α0

)

5 rk+1
i,j ←

rk+1
i,j − τd ((Lūn)i,j − fi,j)

1 + τd/λ

6 uk+1
i,j ← uki,j + τp

(
(div pk+1)i,j − (Srk+1)i,j

)
7 vk+1

i,j ← vki,j + τp

(
pk+1
i,j + (divEq)i,j

)
8 k ← k + 1

9 return u

voxels (voxel size=1× 1× 1 mm2) 5. With this synthetic images we could test TGV-SR’s performance in

noise-free and noise-controlled scenarios. The second set of images consisted on in-vivo data acquired

from a healthy-young subject (24 years old) in Fundación CIEN-Fundación Reina Sofía with a 3 Tesla

General Electric scanner equipped with an 8-channel coil. We acquired 2 volumes of a 3DT1 SPGR

sequence with matrix sizes of 256 × 256 (voxel size=0.9375 × 0.9375 mm2) and 512 × 512 (voxel

size=0.4688× 0.4688 mm2), 26 slices, TR=17.212 ms, TE=8.252 ms, TI=500 ms, flip angle=12, slice

thickness 2.1 mm. For comparison purposes the images were also reconstructed with the Linear, Cubic

and B-spline interpolators as implemented on MATLAB 7.10. The Peak-Signal-to-Noise-Ratio (PSNR)

was measured to asses the accuracy of the reconstructed images with respect to the original HR data. For

Algorithm 5.3 we fixed (α0, α1) = (2, 1)) and optimize the λ parameter.

Following [Manjón et al., 2010a], the synthetic volume was downsampled in the z-direction to sim-

ulate a slice thickness of 2 mm. The reconstruction accuracy of the compared methods is shown in the

first graphic of Figure 5.7a. For the following test, the central slice of the phantom, was downsampled to

an in-plane resolution of 2× 2 mm2 and then reconstructed to its original dimensions (see the first two

cases in Figure 5.7a). We also repeated this test by contaminating the low resolution slice with gaussian

noise to assess the robustness of the methods in the presence of noise. The standard deviation of the

noise was fixed to be a 4% and a 10% of the maximum intensity of the image. These results are the

last two cases displayed in Figure 5.7a. The proposed method, TGV-SR, clearly outperforms all the

standard interpolation techniques considered here in all the tests. As expected, TGV-SR presents a good

performance even when the images are affected by high levels of noise in contrast with the widely used

5available at http://www.bic.mni.mcgill.ca/brainweb
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Figure 5.7: Results of HR T1 brain phantom images reconstruction with the proposed method (TGV-SR)
and linear, cubic and splines interpolation. In (a), tests on phantom brain data: increase by 2 of resolution
in the slice direction; double the in-plane resolution with no-noise and noise of 4% and 10% of the
maximum image intensity. In (b), increase of the in-plane (sagital) resolution to 1× 1 mm2 and 0.5× 0.5
mm2 for in-vivo data.

cubic and splines interpolators.

(a) Original image (0.5× 0.5 mm2) (b) Linear Interp.: PSNR=23.68 dB (c) Splines Interp.: PSNR=27.84 dB

(d) Downsampled image (1× 1 mm2) (e) Cubic Interp.: PSNR=26.31 dB (f) TGV-SR Recon.: PSNR=30.83 dB

Figure 5.8: Results of in-plane resolution increasing on in-vivo T1 brain image. The original image (a)
resolution 0.5× 0.5 mm2 was downsampled to obtain 1× 1 mm2 voxels (d). In (b), (c), (e) and (f), the
results of recovering the original resolution with linear, splines and cubic interpolation, and with the
proposed method, respectively.Colored boxes indicate areas of the images that are zoomed-in and shown
in Figure 5.9.
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The in-plane resolution enhancement was also tested on the in-vivo dataset. The 1× 1 mm2 and the

0.5× 0.5 mm2 volumes were downsampled to half of the original resolution. Then, the resolution of the

images was recovered using TGV-SR and the same interpolation methods used before. In Figure 5.7b, we

can see their performance. TGV-SR obtains significantly better results than the interpolation techniques

for the two volumes considered.

(a) Original image (0.5× 0.5 mm2) (b) Linear Interp.: PSNR=23.68 dB (c) Splines Interp.: PSNR=27.84 dB

(d) Downsampled image ( 1× 1 mm2) (e) Cubic Interp.: PSNR=26.31 dB (f) TGV-SR Recon.: PSNR=30.83 dB

Figure 5.9: A zoomed-in detail of the in-vivo in-plane resolution increasing results showed in Figure 5.8.

The reconstructed slices with 0.5× 0.5 mm2 voxels can be seen in Figures 5.8 and 5.9. The original

HR image and the downsampled LR image are displayed (Figures 5.8.a and 5.8.d) together with the

images obtained using linear (5.8.b), cubic (5.8.e) and splines (5.8.c) interpolation, and the proposed

method (5.8.f). Differences between the reconstructed images can be more easily seen in Figure 5.9,

where a zoomed-in area of these images is shown. The details, specially edges and contrast, are better

preserved for the proposed reconstruction method (5.8.f), as expected from the PSNR values displayed in

Figure 5.7b.

In order to validate the Super-resolution model proposed for images contaminated with rician noise

(5.16) we used a 0.94× 0.94× 2 mm2 4D-DWI phantom with 15 diffusion directions built as described

in [Tristán-Vega and Aja-Fernández, 2009] kindly provided by the authors. The DWI volumes were first

normalized between 0 and 255 and then downsampled to half the original in-plane resolution. The

LR images were finally contaminated artificially with rician noise for values of σ = {5, 10, 15}. In

the following, we will denote the proposed algorithm to recover the original free-of-noise HR images,
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Figure 5.10: Results of 4-D phantom DWI brain images reconstruction with the proposed method (TGV-
SR-Rician) and linear, cubic and splines interpolation. Average RMSE and SSIM across slices for
each DWI volume are displayed. The original DWI phantom with a 0.94 × 0.94 mm2 resolution was
downsampled to obtain 1.9× 1.9 mm2 voxels and contaminated with rician noise for σ = 5 (a), σ = 10
(b) and σ = 15 (c).

Algorithm 5.2 for n = 1, as TGV-SR-Rician. The noisy LR DWI were also reconstructed with the

Linear, Cubic and B-spline interpolators as implemented on MATLAB 7.10. The Peak-Signal-to-Noise-

Ratio (PSNR) and the structural similarity (SSIM) index were measured to asses the accuracy of the

reconstructed images with respect to the original HR data.

These results are displayed in Figure 5.10, where the average PSNR and SSIM across slices of

the different reconstruction techniques are shown for each DWI volume. In all the cases studied, the

TGV-SR-Rician method achieves the best results in both PSNR and SSIM measures revealing a good

performance with different levels of noise. Cubic and splines interpolations obtain good results with a

low level of noise (Fig. 5.10a), but according to PSNR and specially with SSIM, these methods do not

perform well for high levels of noise (Fig. 5.10a).

This can be also seen in Figures 5.11 and 5.12, where the DWI obtained by the different methods for

the case of σ = 10 are shown. The TGV-SR-Rician is able to reconstruct a HR image where most of noise

has been removed and edges have been preserved, but for the other interpolation methods the noise is still

present in the HR images. In order to better observe the differences between the compared methods, in

Figure 5.12, a detail of the DWI shown in Figure 5.11 is zoomed in and displayed. The image obtained

using with TGV-SR-Rician (Fig. 5.12f) clearly recovers the most important features of the original HR

image (Fig. 5.12a).
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(a) Original image (0.9× 0.9 mm2) (b) Linear Interp.: PSNR=32.23 dB (c) Splines Interp.: PSNR=32.78 dB

(d) Downsampled image (1.9× 1.9 mm2) (e) Cubic Interp.: PSNR=32.64 dB (f) TGV-SR-Rician: PSNR=33.29 dB

Figure 5.11: Results of in-plane resolution increasing on phantom DWI brain image. The original image
(a) resolution 0.94× 0.94 mm2 was downsampled to obtain 1.9× 1.9 mm2 voxels and contaminated with
rician noise (d). In (b), (c), (e) and (f), the results of recovering the original resolution with linear, splines
and cubic interpolation, and with the proposed method, respectively. Colored boxes indicate areas of the
images that are zoomed-in and shown in Figure 5.12.

We also used the 3d Slicer tools6 to calculate the Diffusion Tensor Images (DTI) from the reconstructed

DWI volumes to test the effects of the different upscaling techniques. We chose for this experiment the

case of σ = 10 and the two methods that obtained the best DWI reconstruction (in terms of PSNR): the

splines interpolation and the proposed method. In Figure 5.13, the Fractional Anisotropy (FA) images

calculated from these DTI are displayed together with the FA image obtained from the original, free-of-

noise data (Fig. 5.13a). The FA image calculated from the splines interpolated data contains multiple

locations with spurious FA values that were originated from the corrupted LR DWI (Fig. 5.13b). In

contrast, the proposed method is able to recover a better FA image (Fig. 5.13c). The differences between

these FA images can be better observed in a zoomed-in detail in the second row of the same Figure 5.13.

6Freely available in http://www.slicer.org/
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(a) Original image (0.9× 0.9 mm2) (b) Linear Interp.: PSNR=32.23 dB (c) Splines Interp.: PSNR=32.78 dB

(d) Downsampled image (1.9 × 1.9
mm2)

(e) Cubic Interp.: PSNR=32.64 dB (f) TGV-SR-Rician: PSNR=33.29 dB

Figure 5.12: A zoomed-in detail of the DWI phantom in-plane resolution increasing results showed in
Figure 5.11.
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Figure 5.13: Fractional Anisotropy (FA) image calculated from the DWI Phantoms in Figure 5.11 in which
different methods were tested for increasing the in-plane resolution. In (a), the original FA image. In (b)
and (c), the FA resulting of recovering the original resolution with splines interpolation (SSIM=0.8904)
and with the proposed method (SSIM=0.9208), respectively. In the second row, figures (d)-(f) show a
zoomed-in detail of the FA images.
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5.3 Multi-Contrast Total Generalized Variation Based
Undersampled Reconstruction

The contents of this Section shall also appear in the PhD Thesis dissertation of Itthi Chat-

nuntawech to be presented at the Massachusetts Institute of Technology.

A. Martin and I. Chatnuntawech contributed equally to this joint work with Professor Elfar

Adalsteinsson from Massachusetts Institute of Technology (MIT), and Dr. Berkin Bilgic and Dr.

Kawin Setsompop from MGH/HST Martinos Center for Biomedical Imaging.

This research has been accomplished under the Spanish National Grant TEC2012-39095-C03-

02 and the NIH grants R01 EB017219, EB006847, EB017337 at the Applied Mathemathics

Department at Universidad Rey Juan Carlos, the Research Laboratory of Electronics at MIT

and MGH/HST Martinos Center for Biomedical Imaging.

In the previous sections we have presented different post-processing techniques to improve the image

quality of MRI after the acquisition. As we stated, reducing scan time in a standard MRI setting will

reflect in noise increasing and loss of image resolution. However, in the last decade this MRI acquisition

and reconstruction scenario has suffered a radical change. First, with the wide adoption of parallel

imaging techniques, specially SENSitivity Encoding for fast MRI (SENSE) [Pruessmann et al., 1999] and

GeneRalized Autocalibrated Partially Parallel Aquisitions (GRAPPA) [Griswold et al., 2002], then with

the successful application of compressed sensing (CS) concepts [Candes et al., 2006, Donoho, 2006] to

reduce the amount of data acquired in MRI [Lustig et al., 2007], and of course, later with techniques that

combine ideas from both strategies [Knoll et al., 2012, Uecker et al., 2014], the possibility of shortening

scan time while preserving image quality has become a reality.

Moreover, in clinical routine, MRI protocols typically include multiple acquisitions of the same

region of interest under different contrast settings. The complementary diagnostic information from

distinct soft tissue contrasts comes at a cost of prolonged acquisition time and a subsequent increase in

patient discomfort, which also increases susceptibility to patient motion. This is the reason why using CS

ideas, several models that exploit shared information across the images have been developed to specif-

ically accelerate MC-MRI [Majumdar and Ward, 2011, Trzasko and Manduca, 2011, Bilgic et al., 2011,

Huang et al., 2014, Li and Dumoulin, 2012, Gong et al., 2015]. These same concepts have been used

not only for multi-contrast MRI, but also for various imaging applications such as multi-channel MRI

[Majumdar and Ward, 2012], diffusion imaging [Haldar et al., 2013], MR-PET [Knoll et al., 2015b] or

spectral computed tomography [Rigie and La Rivière, 2015].

In this work, we combine an MRI adaptation of the vectorial Total Generalized Variation (TGV)

operator, originally proposed for color photography [Zhu et al., 2014], with the sensitivity encoding

(SENSE) technique [Pruessmann et al., 1999] to jointly reconstruct multi-channel multi-contrast images

from undersampled k-space data. Total variation (TV) regularization has been widely used in the MRI

community to improve the reconstruction quality of compressed sensing [Lustig et al., 2007], parallel

imaging [Liu et al., 2009] and the combination of both techniques [Block et al., 2007, Jiang et al., 2013].

The TGV operator (see section 2.2) has proved to be a better alternative to TV in various MRI applications

[Knoll et al., 2011, Knoll et al., 2012], because it alleviates the staircasing artifact inherent to TV-based

reconstructions. In order to solve the proposed model, the alternating direction method of multipliers

(ADMM) [Bertsekas and Tsitsiklis, 1989, He et al., 2002, Boyd et al., 2010] and the Chambolle-Pock
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primal-dual algorithm [Chambolle and Pock, 2011] have been implemented and compared. Finally, two

in-vivo datasets are used to compare the proposed approach with previous multi-contrast and contrast-by-

contrast reconstruction algorithms.

5.3.1 Proposed Model

In the following, we describe the reconstruction model in a discrete variational framework. This setting

differs from the one described in Section 2.3 because here we work with multi-contrast complex images

instead of one-contrast real-valued images. Let u ∈ U be the multi-contrast complex image to be

reconstructed, with U = CM×N×L, i.e. the space of M -by-N -by-L complex-valued matrices, where M

and N are the number of rows and columns of the images respectively, and L is the number of contrast

settings. We denote each image contrast as ul ∈ CM×N . Let assume there are Nc channels, and that the

corresponding complex coil sensitivity maps Sc, with 1 ≤ c ≤ Nc are known. We denote as gc.l ∈ CM×N ,

for 1 ≤ l ≤ L and 1 ≤ c ≤ Nc, as the L ·Nc measurements of the undersampled k-space (each contrast l

is acquired by each coil c). Then, the undersampled multi-contrast SENSE acquisition process can be

formulated as follows:

MlFScul = gc,l, 1 ≤ l ≤ L, 1 ≤ c ≤ Nc (5.27)

Here, F denotes the discrete Fourier transform, and Ml is the undersampling mask corresponding to

the lth-contrast. We propose to recover the unknown multi-contrast image u by solving the following

minimization problem

min
u∈U

vTGV2
α(u) +

λ

2

Nc∑
c=1

L∑
l=1

‖MlFScul − gc,l‖22 (5.28)

where λ is a parameter that controls the amounts of regularization in the problem and vTGV2
α(u) is

the discrete vectorial Total Generalized Variation (TGV) of second order proposed in [Zhu et al., 2014],

which we adapt here to complex-valued images. In the following, we will denote this reconstruction

method as MC-TGV-SENSE.

We characterize the vTGV2
α(u) using a discrete complex multi-contrast version of its minimum

formulation (2.11):

vTGV2
α(u) = min

v∈V
α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W (5.29)

with V = CM×N×L×2. Here, the discrete component- and contrast- wise gradient ∇ : U → V is defined

using forward finite differences:

(∇u)i,j =

(
(∇u)xi,j
(∇u)yi,j

)
=

(
(∇u1)xi,j . . . (∇uL)xi,j
(∇u1)yi,j . . . (∇uL)yi,j

)
=

(
(∆+

x u1)i,j . . . (∆+
x uL)i,j

(∆+
y u1)i,j . . . (∆+

y uL)i,j

)
(5.30)

with

(∆+
x ū)i,j =

ūi+1,j − ūi,j if 1 ≤ i < N,

0 if i = N,
(∆+

y ū)i,j =

ūi,j+1 − ūi,j if 1 ≤ j < M,

0 if j = M.
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Analogously, we define the discrete symmetric gradient operator E : V → W = CM×N×L×3.

(Ev)i,j =

 (Ev)xi,j
(Ev)yi,j
(Ev)xyi,j

 =

 (Ev1)xi,j . . . (EvL)xi,j
(Ev1)yi,j . . . (EvL)yi,j
(Ev1)xyi,j . . . (EvL)xyi,j

 (5.31)

=


(∆−x v

x
1 )i,j . . . (∆−x v

x
L)i,j

(∆−y v
y
1)i,j . . . (∆−y v

y
L)i,j

(∆−y v
x
1 )i,j + (∆−x v

y
1)i,j

2
. . .

(∆−y v
x
L)i,j + (∆−x v

y
L)i,j

2


using backward differences:

(∆−x ū)i,j =


ūi,j if i = 1,

ūi,j − ūi−1,j if 1 < i < N,

−ūi−1,j if i = N,

(∆+
y ū)i,j =


ūi,j if j = 1,

ūi,j − ūi,j−1 if 1 < j < M,

−ūxi,j−1 if j = M.

for elements ū ∈ CM×N (notice that each element in (5.31) is such that vxl , v
y
l ∈ CM×N ). Finally, the

norms ‖ · ‖2,1;V and ‖ · ‖2,1;W for elements in v̄ ∈ V and w̄ ∈ W respectively as follows:

‖v̄‖2,1;V =
∑
i.j

‖v̄i.j‖F ;V =
∑
i.j


√√√√ L∑

l=1

(
|v̄xl |2 + |v̄yl |2

)
i,j

and

‖w̄‖2,1;W =
∑
i.j

‖w̄i.j‖F ;W =
∑
i.j


√√√√ L∑

l=1

(
|w̄xi.j |2 + |w̄yi.j |2 + 2|w̄xyi.j |2

)
i,j

,

where ‖ · ‖F ;V is the Frobenius norm, which couples the contrasts’s information, and | · | denotes the

complex modulus operation.

5.3.2 Numerical Implementation

In order to solve the reconstruction problem (5.28) we propose two alternatives: the primal-dual

algorithm from Chambolle and Pock [Chambolle and Pock, 2011] (PDCP in the following), as we

did in Section 5.2 for super-resolution, and the alternating direction method of multipliers (ADMM)

[Bertsekas and Tsitsiklis, 1989, He et al., 2002, Boyd et al., 2010], which has been shown to be an effi-

cient algorithm for MRI reconstruction problems [Ramani and Fessler, 2011]. The proposed method aims

to solve the minimization problem

min
u∈U ,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W +
λ

2

Nc∑
c=1

L∑
l=1

‖MlFScul − gc,l‖22. (5.32)

For notation simplicity, we denote in the following the composition of coil weighting operations and

contrast-wise undersampled Fourier transformations as the linear operator K. We also write g ∈ R =

CM×N×L×Nc denoting all the k-space data acquired for all the channels and contrasts. Notice that

Ku ∈ R and its adjoint operator K∗ sends elements inR to the space of the multi-constrast images U .

Using this notation, we can write the minimization problem as

min
u∈U ,v∈V

α1‖∇u− v‖2,1;V + α0‖Ev‖2,1;W +
λ

2
‖Ku− g‖22;R. (5.33)
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where for an element r̄ ∈ R, we have ‖r̄‖2;R =
√∑

i,j,l,c |r̄i,j,l,c|2.

ADMM and PDCP are two of the most powerful and flexible methods in convex optimization

because of their ability to deal with non-differentiable convex terms such as TV or TGV. As shown in

[Chambolle, 2001], these two algorithms are closely related: the PDCP algorithm is equivalent to the

application of a particular preconditioned ADMM to the dual problem. Moreover, both algorithms could

easily benefit from GPU implementations since they mostly involve simple point-wise operations, which

are well suited for parallelization.

Primal-Dual algorithm for MC-TGV-SENSE

In order to apply the PDCP algorithm in our problem, we first need to write it in the general saddle-point

form (5.21). Applying the Fenchel-Legendre transformation on the vTGV2
α defined in (5.29) we obtain:

vTGV2
α = min

u∈U ,v∈V
max

p∈V,q∈W
〈∇u− v, p〉V + 〈Ev, q〉W − IP(p)− IQ(q) (5.34)

where IP(p) and IQ(q) denotes the indicator functions of the sets P = {v ∈ V | ‖v‖∞;V ≤ α1} and

Q = {w ∈ W | ‖w‖∞;W ≤ α0} respectively. Using dual arguments on the data fidelity term as we did

before in (5.25) for the super-resolution (SR) case, we obtain the following saddle-point formulation of

(5.33):

min
u∈U ,v∈V

max
p∈V,q∈W,r∈R

〈∇u− v, p〉V + 〈Ev, q〉W + 〈Ku− g, r〉R−IP(p)−IQ(q)− 1

2λ
‖r‖22;R. (5.35)

To apply the PDCP algorithm we write (5.35) in the general saddle-point form of 5.21 identifying:

x = (u, v)>, X = U × V, y = (p, q, r)>, Y = P ×Q×R,

A =

 ∇ −I
0 E
K 0

 , F ∗(y) = IP(p) + IQ(q) +
1

2λ
‖r‖22;R + 〈g, r〉 and G(x) = 0.

Notice that here F ∗(y) is composed of independent functions on p, q and r and its proximal operator can

be decoupled in pointwise update operations for p, q and r, as done for SR in the Subsection 5.2.2. For

the PDCP’s second step (5.23), we have to identify A∗:

A∗ =

(
−div 0 K∗

−I −divE 0

)
,

with −div = ∇∗ and −divE = E∗, which are defined analogously to (2.14) and (2.19), respectively.

Finally, The resolvent operator of G(x) is here the identity. Then, writing the PDCP steps (see (5.22),

(5.23) and (5.24)) explicitly for MC-TGV-SENSE results in the Algorithm 5.4.

ADMM algorithm for MC-TGV-SENSE

In this section we present an ADMM implementation for solving the proposed problem MC-TGV-SENSE

in the simplified form of (5.33). Notice that as pointed out before in [Esser, 2009], the resulting iterations

in ADMM are equivalent to the ones obtained using Split Bregman [Goldstein and Osher, 2009] in the
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Algorithm 5.4: MC-TGV-SENSE: PRIMAL-DUAL APPROACH

Input: given Nc, the number of coils, L, the number of constrats, g the acquired K-space data for
all the coils ands contrasts, Ml, 1 ≤ l ≤ L, the undersampling patterns and Sc, 1 ≤ c ≤ Nc

the coil sensitivity maps; set τd = τp = 1/
√

12 the dual and primal time steps respectively,
α0, α1, λ, the regularization parameters, Niter the maximum number of iterations, tol the
convergence tolerance, and K =

∑L
l=1MlF (

∑Nc
c=1 Sc)

Output: u, the reconsctructed multi-contrast image
1 u0 = ū0 ← K∗g; v0 = v̄0 = p0 ← 0V ; q0 ← 0W ; r0 ← 0R; k ← 0.

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 pk+1
i,j ←

pki,j + τd(∇uk − vk)i,j

max

(
1,
‖pki,j + τd(∇uk − vk)i,j‖2;V

α1

)

4 qk+1
i,j ←

qki,j + τd(Evk)i,j

max

(
1,
‖qki,j + τd(Evk)i,j‖2;W

α0

)

5 rk+1
i,j ←

rk+1
i,j − τd ((Kūn)i,j − gi,j)

1 + τd/λ

6 uk+1
i,j ← uki,j + τp

(
(div pk+1)i,j − (K∗rk+1)i,j

)
7 vk+1

i,j ← vki,j + τp

(
pk+1
i,j + (divEq)i,j

)
8 k ← k + 1

9 return u

same problem. First, we have to transform MC-TGV-SENSE into an equivalent constrained problem in

the form:

min
x,p,q

F(x) + G(p) +H(q) (5.36)

s.t. Apx+ Bpp+ Cpq = dp,

Aqx+ Bqp+ Cqq = dq.

If we write (5.33) as

min
u∈U ,v∈V,p∈V,q∈W

λ

2
‖Ku− g‖22;R + α1‖p‖2,1;V + α0‖q‖2,1;W (5.37)

s.t. ∇u− v − p = 0V ,

Ev − q = 0W ,

we can identify x = (u, v)>, F(x) = λ
2‖Ku − g‖22;R, G(p) = α1‖p‖2,1;V , H(q) = α0‖q‖2,1;W ,

Ap = (∇ − I), Aq = (0 E), Bp = Cq = −I, Bq = Cp = 0, and dp = dq = 0.

The augmented Lagrangian for a problem in the form (5.36) is

Lµp, µq(x, p, q, sp, sq) = F(x) + G(p) +H(q) + 〈sp,Apx+ Bpp〉+ 〈sq,Aqx+ Cqq〉 (5.38)

+
µp
2
‖Apx− Bpp‖22 +

µq
2
‖Aqx− Cqq‖22

where we have dropped the elements that are zero in our problem (5.37), sp, sq are the Lagrange multipliers

and µp, µq the augmented Lagrangian penalty parameters. Defining ŝp = sp/µp and ŝq = sq/µq, the
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scaled form of the ADMM iterations can be expressed as:

xk+1 = arg min
x

F(x) +
µp
2
‖Apx+ Bppk + ŝkp‖22 +

µq
2
‖Aqx+ Cqqk + ŝkq‖22, (5.39)

pk+1 = arg min
p
G(p) +

µp
2
‖Apxk+1 + Bpp+ ŝkp‖22, (5.40)

qk+1 = arg min
q
H(q) +

µq
2
‖Aqxk+1 + Cqq + ŝkq‖22, (5.41)

ŝk+1
p = ŝkp +

(
Apxk+1 + Bppk+1

)
, (5.42)

ŝk+1
q = ŝkq +

(
Aqxk+1 + Cqqk+1

)
(5.43)

Now, substitutingAp,Aq, Bp and Cq in Equations (5.39)-(5.43), we obtain the following ADMM iterations

for our problem:

(uk+1, vk+1) = arg min
(u,v)∈U×V

λ

2
‖Ku− g‖22;R +

µp
2
‖∇u− v − pk + ŝkp‖22;V +

µq
2
‖Ev − qk + ŝkq‖22;W

(5.44)

pk+1 = arg min
p∈V

α1‖p‖2,1;V +
µp
2
‖∇uk+1 − vk+1 − p+ ŝkp‖22;V (5.45)

qk+1 = arg min
q∈W

α0‖q‖2,1;W +
µq
2
‖Evk+1 − q + ŝkq‖22;W (5.46)

ŝk+1
p = ŝkp +

(
∇uk+1 − vk+1 − pk+1

)
(5.47)

ŝk+1
q = ŝkq +

(
Evk+1 − qk+1

)
(5.48)

Here, the problem (5.44) is quadratic and can be quickly solved using a preconditioned conjugate gradient

method. Notice, that this operation can be parallelized to update each contrast (ul, vl) independently. The

updates (5.45) and (5.46) can be easily performed through the generalized vectorial soft-thresholding

operation. We summarize all these explicit steps in Algorithm 5.5.

5.3.3 Results

Using in vivo data, we compared slice-by-slice reconstruction quality of the proposed method MC-TGV-

SENSE with aims to solve problem (5.28) with two contrast-by-contrast reconstruction methods: Total

variation sensitivity encoding (TV-SENSE)

min
ul∈U

‖∇ul‖2,1;V +
λ

2

Nc∑
c=1

‖MlFScul − gc,l‖22 ∀l,

and Total generalized variation sensitivity encoding (TGV-SENSE)

min
ul∈U,vl∈V

α1‖∇ul − vl‖2,1;V + α0‖Evl‖2,1;W +
λ

2

Nc∑
c=1

‖MlFScul − gc,l‖22 ∀l,

(with U = CM×N , V = CM×N×2 and W = CM×N×3); and also one multi-contrast reconstruction

method, Multi-contrast total variation sensitivity encoding (MC- TV-SENSE):

min
u∈U
‖∇u‖2,1;V +

λ

2

Nc∑
c=1

L∑
l=1

‖MlFScul − gc,l‖22.
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Algorithm 5.5: MC-TGV-SENSE: ADMM APPROACH

Input: given Nc, the number of coils, L, the number of constrats, g the acquired K-space data for
all the coils ands contrasts, Ml, 1 ≤ l ≤ L, the undersampling patterns and Sc, 1 ≤ c ≤ Nc

the coil sensitivity maps; set α0, α1, λ, µp, µq, the regularization parameters, Niter the
maximum number of iterations, tol the convergence tolerance, and
K =

∑L
l=1MlF (

∑Nc
c=1 Sc)

Output: u, the reconsctructed multi-contrast image
1 u0 =← K∗g; v0 = p0 = ŝp ← 0V ; q0 = ŝq ← 0W ; k ← 0.

2 while k < Niter or ‖uk − uk−1‖2;U/‖uk−1‖2;U > tol do

3 (uk+1, vk+1)← arg min(u,v)∈U×V

∣∣∣∣∣∣
∣∣∣∣∣∣
K 0
∇ −I
0 E

(u
v

)
−

 g
pk − ŝkp
qk − ŝkq

∣∣∣∣∣∣
∣∣∣∣∣∣
2

2;R×V×W

4 pk+1
i,j =

(
∇uk+1 − vk+1 + ŝkp

)
i,j
·max

(
1− α1

µp‖
(
∇uk+1 − vk+1 + ŝkp

)
i,j
‖2;V

, 0

)

5 qk+1
i,j =

(
Evk+1 + ŝkq

)
i,j
·max

(
1− α0

µq‖
(
Evk+1 + ŝkq

)
i,j
‖2;W

, 0

)
6 ŝk+1

p;i,j = ŝkp;i,j +
(
∇uk+1 − vk+1 − pk+1

)
i,j

7 ŝk+1
q;i,j = ŝkq;i,j +

(
Evk+1 − qk+1

)
i,j

8 k ← k + 1

9 return u

ADMM was adapted to solve the regularized minimization problems that result from the four methods

for the sake of a fair comparison. The conjugate gradient method with a Jacobi preconditioner and warm

start (tolerance = 0.0001, and maximum number of iterations = 200) was used to solve the u-update

in the TV-based methods and (u, v)-update in the TGV-based methods. The reconstruction algorithms

were implemented in MATLAB and run on a machine with 16 Intel Xeon E5-2670 processors and 128

GB of memory. For all comparisons, image reconstruction quality was measured using the normalized

root-mean-square error (RMSE) within the brain excluding the skull.

RMSE =
‖û− u‖2
‖u‖2

where u is the fully sampled data, and û is the reconstructed data. The structural similarity (SSIM)

index was also included as a complementary measure of reconstruction quality [Wang et al., 2004]. In all

experiments, different undersampling patterns were used for different contrasts, which was seen to improve

joint reconstruction quality [Majumdar and Ward, 2011] and the regularization parameters were selected

to yield the smallest RMSE. The ADMM regularization parameters µp, µq were set equal to 0.1 for all the

algorithms. For both TGV-SENSE and MC-TGV-SENSE, λ was fixed, and we set α0 = 2α1 as suggested

for previous TGV-based MRI applications [Knoll et al., 2011, Knoll et al., 2013]. This results in only one

parameter (α1) to be tuned, the same that happened for the TV-SENSE and MC-TV-SENSE cases (λ).

The stopping criteria were that: i) the change in values of the cost function between consecutive iterations

are less than 0.001% and change of the solution between consecutive iterations are less than 0.05% or ii)

the maximum number of iterations is reached (which by default was set equal to 100). Coil sensitivity

maps were estimated from a calibration region using the method proposed in [Uecker et al., 2014], which

is available in the Berkeley Advanced Reconstruction Toolbox (BART) [Uecker et al., 2013].
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First dataset: In-Vivo 3-Contrast Turbo Spin Echo

A dataset with 3 contrasts and 23 slices was acquired fully sampled from a healthy volunteer with

Institutional Review Board approval and informed consent at 3T (MAGNETOM Trio, A Tim System,

Siemens, Erlangen, Germany) using the turbo spin-echo (TSE) sequence in 4:20 minutes with the

following parameters: in-plane field-of-view (FOV) = 22 x 22 cm2; voxel size = 0.9x0.9x3 mm3; number

of receive coils = 32; repetition time (TR) = 4 s; echo times (TE) = 22/55/99 ms. The 32-channel k-space

data were retrospectively undersampled using two different types of undersampling at various acceleration

factors with a calibration region of size 20x20. For the first undersampling type (1D undersampling),

the k-space data were undersampled along the phase encoding direction using pseudo-random variable-

density undersampling pattern at acceleration factors between 4 and 7 (R = 4, 5, 6, 7). For the second

undersampling type (2D undersampling), the k-space data were undersampled along the two phase-

encoding directions, kx, and ky, using variable-density Poisson-disc sampling [Uecker et al., 2013] at

acceleration factors between 11 and 25. Figure 5.14 shows the reconstruction quality of TV-SENSE, TGV-

SENSE, MC-TV-SENSE, and MC-TGV-SENSE as measured by RMSE and SSIM index at acceleration

factors between 4 and 7 (1D undersampling) and between 11 and 25 (2D undersampling). The average

reconstruction times per slice per contrast for all acceleration factors (both 1D and 2D undersampling

patterns) were 30.8 s for TV-SENSE, 39.6 s for TGV-SENSE, 28.9 s for MC-TV-SENSE, and 39.6 s for

MC-TGV-SENSE. The joint reconstruction methods had lower RMSEs and higher SSIM indices than the

contrast-by-contrast reconstructions at all acceleration factors with more pronounced RMSE improvement

at higher acceleration factor for both 1D and 2D undersampling types. MC-TGV- ENSE yielded lowest

RMSE and highest SSIM indices, whereas TV-SENSE yielded highest RMSE and lowest SSIM indices in

all cases.

Figure 5.15 displays the reconstructed multi-contrast images along with the sum of absolute differences

(SAD) across all contrasts at R=5. A particular region of the brain for the second contrast (indicated by

colored box in the figure) is zoomed-in and displayed in Figure 5.16. As shown in both SAD (Fig. 5.15)

and zoomed-in views (Fig. 5.16), the undersampling artifacts can be seen more clearly in the images

reconstructed using the contrast-by-contrast reconstruction methods (TV-SENSE and TGV- SENSE)

compared to the joint reconstruction methods (MC-TV-SENSE and MC-TGV-SENSE). Relative to the TV-

based reconstructions, the TGV-based methods improved the image quality by mitigating the staircasing

artifacts.

As shown in Figure 5.15, MC-TGV-SENSE reconstruction at R=6 had comparable RMSEs and SSIM

indices compared to TV- SENSE at R=5. In order to visually asses theses results, Figure 5.17 displays

multi-contrast images reconstructed using TV-SENSE (R=5) and MC-TGV-SENSE (R=6). As shown on

the zoomed-in views of this Figure, MC-TGV-SENSE showed fewer undersampling artifacts and sharper

edges than TV-SENSE, which used 20% more acquired samples than the proposed method. Moreover,

when representing the image intensities as surfaces, the staircasing artifacts that were observed in the

TV-SENSE reconstruction were alleviated with the proposed method. Equivalent results were found for

the 2D undersampling case, where MC-TGV-SENSE at R=17 had comparable RMSE and SSIM index to

TV-SENSE at R=15 (see Figure 5.14).
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Figure 5.14: In vivo 3-contrast reconstruction results obtained from TV-SENSE, TGV-SENSE, MC-TV-
SENSE, and MC-TGV-SENSE at different acceleration factors measured by averaged RMSE and SSIM
across all contrasts. (a) Results for R={4, 5, 6, 7} (1D undersampling). (b) Results for R={13, 15, 17, 19,
21, 23, 25} (2D undersampling).

Second dataset: In-Vivo 4-Contrast Data

A dataset with 4 contrasts and 10 slices was acquired fully sampled from a healthy volunteer with

Institutional Review Board approval and informed consent at 3T (MAGNETOM Trio, A Tim System,

Siemens, Erlangen, Germany) with the following parameters: in-plane FOV = 22.4 x 22.4 cm2; voxel

size = 0.9x0.9x4 mm3; number of receive coils = 32. Four different contrasts, T1-weighted, fluid

attenuated inversion recovery (FLAIR), TSE, and gradient echo (GRE), were acquired using the acquisition

parameters listed in Table 5.3. To reduce the processing time, principal component analysis (PCA) was

applied to the k-space data to reduce the number of channels from 32 to 12 [Huang et al., 2008]. The 12-

channel k-space data were then retrospectively undersampled using two different types of undersampling

with an autocalibration region of size 20x20. For the first undersampling type (1D undersampling), the

k-space data were undersampled along the phase encoding direction using pseudo-random variable-density

undersampling pattern at R=5. For the second undersampling type (2D undersampling), the k- space
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Figure 5.15: Reconstruction results for in-vivo 3-contrast TSE at 3T (0.9x0.9x3.0 mm3 voxels) at
acceleration factor R=5 (1D undersampling). Below each image its corresponding RMSE with respect to
the fully sampled image is displayed. Colored boxes indicate areas of the images that are zoomed-in and
shown in Figure 5.16.

(a) TV-SENSE (b) TGV-SENSE (c) MC-TV-SENSE (d) MC-TGV-SENSE

Figure 5.16: A zoomed-in detail of the reconstructed images for TE=55 ms of the in-vivo 3-contrast TSE
experiment shown in Fig. 5.15.
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Figure 5.17: Reconstruction results for in-vivo 3-contrast TSE at acceleration factor R=5 for TV-SENSE
(a) and R=6 for MC-TGV-SENSE (b), the proposed method. Zoomed-in views of the boxed regions of
the images corresponding to TE=99 ms are displayed for TV-SENSE (c) and MC-TGV-SENSE (d). The
image intensities of a smaller detail of those zoomed-in views are represented as surfaces to show the
differences between methods.

Table 5.3: In-vivo 4-Contrast data acquisition parameters: Repetition time (TR), Echo Time (TE),
Inversion Time (TI), Flip Angle (FA) and Scan Time (T)

Contrast TR (ms) TE (ms) TI (ms) FA (deg.) T (min)
T1 400 2.93 - 90 1:44
FLAIR 4680 71 1650 130 2:36
TSE 4000 74 - 180 2:14
GRE 85 3.81 - 25 0:23

data were undersampled along the two phase-encoding directions, kx, and ky, using variable-density

Poisson-disc sampling [Uecker et al., 2013] at R=12.
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Figure 5.18: In vivo 4-contrast results at R = 5 (1D undersampling). At left, RMSEs, and, at right,
structural similarity indices (SSIM) of the reconstructed images obtained from TV-SENSE, TGV-SENSE,
MC-TV-SENSE, and MC-TGV-SENSE.

Figure 5.18 shows the RMSEs and SSIM indices of the reconstructed T1, FLAIR, TSE, and GRE

contrasts obtained using TV-SENSE, TGV-SENSE, MC-TV-SENSE, and MC-TGV-SENSE at R=5 (1D

undersampling). Figure 5.19 displays the reconstructed multi-contrast images along with the sum of

absolute differences across contrasts at R=12 (2D undersampling). A detail of the TSE images is zoomed-

in and displayed in Figure 5.20. The average reconstruction times per slice for all acceleration factors

(both 1D and 2D undersampling patterns) were 7.6 s for TV- SENSE, 15.8 s for TGV-SENSE, 5.7 s for

MC-TV-SENSE, and 15.9 s for MC-TGV-SENSE. The proposed method achieved the lowest RMSEs,

highest SSIM indices, and the best visual quality for both the 1D and 2D undersampling cases.

Comparison: ADMM and PDCP implementations of MC-TGV-SENSE.

In order to assess the efficiency of the numerical resolution of MC-TGV-SENSE we implemented the

ADMM and PDCP algorithms detailed in Subsection 5.3.2. We compared the performances of our

ADMM implementation and PDCP algorithm at several acceleration factors using the first dataset (in vivo

3 contrast TSE), and different acceleration factors and undersampling patterns (1D undersampling for

R = 5, 6, 7 and 2D undersampling for R = 11, 13). All the comparisons were performed with Matlab

implementations of the algorithms that were run on the same machine without using GPU accelerated

computing. The results are displayed in Figure 5.21.

We first run both algorithms using the stopping criteria detailed before and compared the reconstruction

accuracy. In most of the cases PDCP stopped earlier (second column on Fig. 5.21) than ADMM (first

column), but the reconstruction accuracy obtained was always worse than the ADMM results. In order to

determine the reconstruction time that the PDCP algorithm took to achieve the same mean RMSE across

contrasts obtained by the ADMM implementation, a second test was performed with this as stopping

criteria. The PDCP algorithm spent 78.4 s on average to achieve these results, which was approximately

two times longer than the ADMM-based algorithm (40 s).

Discussion on the results

Compared to the contrast-by-contrast reconstructions (TV-SENSE and TGV-SENSE), the joint recon-

structions (MC-TV-SENSE and MC-TGV-SENSE) improve reconstruction quality by exploiting shared

information between image contrasts. Specifically, the joint reconstruction methods enforce similar

supports of the image contrasts in the spatial gradient domain while preserving the good properties of the
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Figure 5.19: Reconstruction results for in-vivo T1, FLAIR, TSE, and GRE images at 3T (0.9x0.9x4.0
mm3 voxels) at acceleration factor R=12 (2D undersampling). Below each image its corresponding RMSE
with respect to the fully sampled image is displayed. Colored boxes indicate areas of the images that are
zoomed-in and shown in Figure 5.20.

scalar TV and TGV operators, by promoting piecewise constant images in the MC-TV-SENSE case or

piecewise smooth images in the MC-TGV-SENSE case. The proposed method combines the advantages

of both joint reconstruction (shared information between the multi-contrast images) and TGV operator

(staircasing artifact mitigation) by using the vectorial TGV operator as a regularizer, and provides the best
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(a) TV-SENSE (b) TGV-SENSE (c) MC-TV-SENSE (d) MC-TGV-SENSE

Figure 5.20: A zoomed-in detail of the reconstructed images for the TSE contrast of the in-vivo 4-contrast
acquisition shown in Fig. 5.19.

Figure 5.21: Reconstruction times of in-vivo 3-contrast TSE for ADMM and PDCP implementations of
MC-TGV-SENSE for acceleration factors of R={5, 6, 7, 11, 13, 15}.

reconstruction quality compared to other methods under consideration.

However, one of the assumptions in the proposed joint reconstruction algorithm is that images with

different contrast settings share the same set of support in the gradient domain. The mismatch between the

spatial supports of the multi-contrast images would lead to a degradation in the reconstruction accuracy.

Based on our observations, the current model of MC-TGV-SENSE is robust to small displacements

between the spatial supports of the multi-contrast images. For instance, the in vivo 4-contrast data that

we used for our comparisons contain small involuntary motion (up to 0.44-degree rotation and 1.85-

millimeter translation as estimated by the FSL linear registration tool [Jansons and Alexander, 2003]),

but MC-TGV-SENSE still gave better reconstruction quality than all the other methods. In order to

assess the effect of potential mismatch across contrasts, we have made one additional comparison. We

simulated the displacement between the spatial supports by shifting one of the four image contrasts by

two pixels (up, down, left, right) corresponding to 1.8-millimeter translation, which is comparable to the

amount of involuntary motion observed in our in vivo 4-contrast data. In this comparison, the shifted

fully-sampled images with complex-valued zero-mean additive Gaussian noise (SNR=20) were multiplied

by the original 32-channel coil sensitivity profiles followed by the application of the undersampled Fourier

transform with a reduction factor of 12. With these known coil sensitivity profiles, we reconstructed the

multi-contrast images using TV-SENSE and MC-TGV-SENSE. With the 1.8- millimeter translations, the

mean RMSE of MC-TGV-SENSE was 5.05%, whereas the mean RMSE of TV-SENSE was 5.30%. Based

on these observations, we predict a small effect on the reconstruction quality of the proposed method with
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up to 1.8-millimeter involuntary subject motion from one contrast to another.

As can be observed in the sum of absolute differences maps in Figures 5.15, 5.17 and 5.19, the

errors obtained from all four reconstruction methods are not equally distributed across different spatial

locations. The dominant locations of errors include subcutaneous tissues, brain periphery, division

between hemispheres, and vessels. Because these locations consist of some elements that violate the

model assumptions, it is expected to see higher reconstruction errors at these locations. For instance,

moving spins in the vessels could cause unexpected phase changes that are not captured by the model,

hence introducing phase artifacts in the reconstruction process. Such model assumption violations

are not specific to the joint multi-contrast reconstructions. They also occur in the contrast-by-contrast

reconstructions.

Several ways to improve the current implementation of the proposed method should be explored in

the future. First, the reconstruction speed can be increased. A dedicated preconditioner can be used to

speed up the (u, v)-update hat is currently solved using the conjugate gradient method with a Jacobi

preconditioner. Moreover, all of the image contrasts can be updated in parallel as opposed to the sequential

update done in the current implementation. Faster implementation of the proposed method will enable the

adoption of existing automatic regularization parameter selection techniques [Bredies et al., 2013] because

most of these techniques require repetitive reconstruction of the data with different parameter values.

Furthermore, MC-TGV-SENSE can be extended to reconstruct all slices simultaneously, which would

allow us to also exploit inter-slice correlation, as opposed to the slice-by-slice reconstruction. Finally, as

discussed earlier, a combination of motion correction techniques [Zaitsev et al., 2006, Tisdall et al., 2012]

and joint reconstruction technique would lead to a more robust extension of the proposed method.
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5.4 Conclusions

In this Chapter we have presented three different approaches that ultimately allow to accelerate the

MRI acquisition process. All of them are variational models that use the Total Generalized Variation as

regularizer term, which improves the Total Variation by mitigating the staircasing artifact in the images

obtained. While the two first methods focus on alleviating noise problems and poor resolution caused by

reducing scan time, the last approach consists in a reconstruction algorithm which allows to reduce the

amount of data acquired while keeping a good image quality.

The first approach is a denoising method which extends the one proposed in Chapter 3 in order to

cope with the characteristic of MRI noise when using parallel imaging (Section 5.1). Not only rician but

also non-central-χ distribution of the noise have to be considered. The resulting non-convex problems

are solved using an efficient primal-dual hybrid gradient algorithm [Zhu and Chan, 2008]. Results on

phantom and in-vivo Diffusion Weighted Images show the effectiveness of these models for noise removal.

A super-resolution model is the approach considered in Section 5.2. A general method for images

with good SNR, where noise is approximately gaussian, is first presented and then extended to low SNR

images that follow the noise distributions studied in the previous Section for denoising. On the one hand,

for the gaussian case the functional is convex and the primal-dual algorithm proposed by Chambolle and

Pock is used to solve it [Chambolle and Pock, 2011]. On the other hand, for the non-convex problems

derived from rician and non-central-χ distributions of noise, the primal-dual hybrid gradient algorithm

[Zhu and Chan, 2008] is implemented. The proposed methods are validated with phantom and in-vivo

MRI data and compared with interpolation techniques commonly used to increase the resolution of MRI.

Finally the vectorial TGV is used as regularizer for multi-contrast MRI reconstruction in the last

Section. This operator combines the shared information from multiple images allowing to reduce the

amount of acquired data required. Randomly undersampled k-space acquisition and multiple coils receiver

are also included in the proposed model. Two different numerical approaches are implemented and

compared: the primal-dual algorithm [Chambolle and Pock, 2011] and the alternating direction method

of multipliers (ADMM) [Bertsekas and Tsitsiklis, 1989]. In this particular case, ADMM is found to be

faster for fixed reconstruction accuracy. The proposed algorithm is successfully compared using two

in-vivo datasets with other similar alternatives, such as contrast-by-contrast SENSE reconstruction with

scalar TV or TGV regularization and multi-contrast reconstruction using vectorial TV regularization. In

particular, the proposed method yielded up to 17.3% relative RMSE reduction compared to the widely

used TV-regularized SENSE.

In summary, the TGV reveals as a versatile regularization operator very well suited for different MRI

applications. Compared to the more widely used TV regularization, TGV introduced a better image

model, which mitigates the staircase artifact while preserving most of the good properties of TV such as

edge preservation, sparse support of image derivatives and the existence of efficient numerical methods

to solve it. The three MRI applications are presented chronologically in this Chapter, showing what is a

current trend in the MRI field: shortening scan time by reducing the amount of data acquired better than a

posteriori mitigating the effect of noise or the low resolution.
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The strength of the static magnetic field (B0) is the main responsible for the amount of available signal in

Magnetic Resonance Imaging (MRI). 3 Tesla clinical scanners are widely used nowadays with industry

pushing forward for even higher field whole body scanners (7 T and more). The potential benefits from

increasing the strength of the B0 field include higher signal-to-noise ratio (SNR), higher contrast-to-noise

ratio, higher spatial resolution and faster acquisition. However, several technological, physical and safety

limitations prevent the full achievement of high-field MRI potential.

One of the most important technological challenges is the improvement of the radiofrequency field

(B1) homogeneity. The spatial inhomogeneity of theB1 field is especially problematic since tissue contrast

is a function of the excitation flip angle for many clinical and research imaging applications. Then, a non-

uniformly transmitted B1 field results in spatially dependent tissue contrast which reduces its diagnostic

power. Parallel transmission (pTx) techniques have been demonstrated to be a good solution to improve

the B1 field homogeneity [Wald and Adalsteinsson, 2007]. PTx coils provide additional degrees- of-

freedom (DOFs) for excitation of the nuclear spins, that allows fine control of the transverse magnetization

[Katscher et al., 2003, Zhu, 2004, Setsompop et al., 2006, Grissom et al., 2006, Setsompop et al., 2008a,

Cloos et al., 2012]. Nevertheless, safety limitations in high field MRI have to be carefully studied when us-

ing pTx techniques, because higher power radiofrequency pulses have the potential for tissue heating. This

is the reason why specific absorption rate (SAR) management is one of the major concerns in these applica-

tions. It has been shown that the additional transmit (Tx) DOFs of these coils can be used in the pulse design

process to reduce the SAR, both global [Zhu, 2004, van den Bergen et al., 2007, Setsompop et al., 2008b,

Homann et al., 2011b, Deniz et al., 2012] and local (usually using methods to reduce the amount of

constraints to be controlled) [Brunner and Pruessmann, 2010, Graesslin et al., 2010, Cloos et al., 2010b,

Eichfelder and Gebhardt, 2011, Lee et al., 2012, Sbrizzi et al., 2012, Guérin et al., 2014].

Agreement between the actual SAR and the SAR predicted by the monitoring system depends on the

accuracy of the electromagnetic (EM) simulation by which the electric fields are computed as well as on the

fidelity of the radiofrequency (RF) Tx chain (i.e., its capacity to accurately reproduce the desired RF wave-
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forms). The first issue (i.e., accuracy of the EM simulation) is being studied from different perspectives. In

particular, promising advances in the estimation of the in-vivo permittivity and conductivity maps using so-

called electrical property tomography [Sodickson et al., 2013, Marques et al., 2014, Zhang et al., 2014]

offer the promise of accurate patient-specific EM simulations, which is considered the gold standard for

safety evaluation. However, most previously published techniques for SAR control in pTx assume that

the RF transmit channel does not introduce any error in the pulses. In other words, they assume that

the RF pulse being played at the coil plug (we refer to this pulse as the pulse actually played) is exactly

the same as the pulse calculated by the pulse design algorithm (the reference pulse). Some strategies

have been proposed to reduce RF fidelity errors, such as the use of Frequency-Offset Cartesian feedback

[Zanchi et al., 2011], which improves the original Cartesian feedback approach for RF power amplifier

(RFPA) linearization [Hoult et al., 2004], and the design of smooth RF pulses with intrinsically lower

amplifier distortions [Grissom et al., 2010]; however these approaches are not perfect and are not always

applicable.

Several authors have proposed direct monitoring of the RF waveforms played on each Tx element

using small pick-up coils [Graesslin et al., 2007, Gagoski et al., 2010] or by analysis of the reflected

signal from the directional couplers (DiCos) [Brote et al., 2009, Cloos et al., 2010a, Gagoski et al., 2011,

Gumbrecht et al., 2013]. Such strategies can be used to abort the scan when significant deviations are

detected between the pulse actually played and the reference pulse. The performance of these monitoring

systems has been increased by patient specific real-time calculations of local SAR caused by deviations

based on SAR matrices databases with different patient models and scenarios [Homann et al., 2011a,

Graesslin et al., 2012]. A major drawback of such strategies is that they can un-necessarily stop the

scan even if the RF deviations being detected do not cause a SAR in excess of the tolerated limit. A

recent improvement in the real-time SAR monitoring is the approach developed by Gumbretch et al.

[Gumbrecht et al., 2013], which calculates local SAR with a safety margin to take into account the latency

of RF measurements. However, this real-time SAR monitoring strategy may also result in frequent scan

interruptions for high-SAR protocols with power levels close to the tolerated limit. Ideally, the pTx RF

pulse should be designed with knowledge of the worst-case SAR estimation error in order to guarantee

the safety of the patient and that the scan is not interrupted.

In this work, we propose a predictor-corrector pulse design strategy producing RF pulses that will

satisfy the SAR limits in the presence of potentially large RF fidelity errors. There are two basic

components to our approach: (i) a RF pulse design algorithm with explicit global SAR and local SAR

constraints [Guérin et al., 2014] and (ii) an optimization method to compute the maximum possible local

and global SAR (worst-case SAR) produced by possible RF deviations that are within the expected

performance of the RF Tx chain. Based on these two tools, we design RF pulses for which the worst-case

SAR is within the SAR limits even if RF fidelity errors are large. This is done by iterating between (i)

computation of an RF pulse subject to fixed local and global SAR limits and (ii) adjustment of these

SAR limits based on the worst-case SAR of the previous pulse. We show in this work that the worst-case

SAR is a theoretical upper bound that is extremely unlikely to be reached in practice. However, it is a

useful metric that we propose to use for the incorporation of the safety margins in the SAR monitoring

process. To our knowledge, only two previous works, Neufeld et al. [Neufeld et al., 2011] and Gumbrecht

[Gumbrecht, 2013], have performed similar worst-case analysis. In [Neufeld et al., 2011], worst-case

local and global SAR amplifications were computed in realistic body models using an eigenvalue-based
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analysis of SAR matrices. On the other hand, [Gumbrecht, 2013] calculated the worst-case SAR in the

case of bounded errors in a similar formulation to the one used in this paper. However this information was

not used in the pulse design, but only for SAR monitoring [Gumbrecht et al., 2013, Gumbrecht, 2013].

In this work, published first in [Martin et al., 2015c] we measured the RF fidelity of an actual

8 channel 7 T pTx system using a real-time monitoring system based on measurement from DiCos

[Gagoski et al., 2011]. We then evaluated our pulse design approach in electromagnetic (EM) simulations

of a 3 T (8 Tx channels) and a 7 T (8 Tx channels) pTx coil for torso and head imaging, respectively,

using the RF fidelity performance measured previously. We show in these simulations that our approach

yields pulses with excellent SAR properties even in the face of RF fidelity errors for both magnitude

least-squares (MLS) slice-selective spokes (RF-shimming and two-spoke) and non-selective spiral pulses,

while achieving high quality flip-angle excitations.

6.1 Measurements of RF Chain Errors

We measured the forward and reflected power in an 8 channel pTx coil array (Magnetom 7 T, Siemens

Healthcare, Erlangen, Germany) using DiCos. The DiCos were placed as close to the transmit coil

elements as possible. The received monitoring signals were attenuated by 60 dB at the receiver, which

was the level necessary to allow transmission at 200 V simultaneously on all 8 channels without clipping

artifacts. The value of 200 V was the maximum voltage that each of the 8 RFPA could deliver. A

dedicated calibration sequence, with scan time of less than 10s, estimated the complex-valued 8x8

coupling matrices (designated by αFWD and αREF for the forward and reflected measurements) that

transform the transmitted power waveform for each channel set by the digital pulse waveform to the

forward or reflected power at each 50 Ω matched coil. Given a designed pulse b played at a maximum

transmit voltage TXvol, we define the pulse actually played (bm) as the difference between the forward

and reflected RF signals for the DiCos. This pulse is compared against the reference pulse (br) defined as

br = TXvol · b · (αFWD − αREF ).

We measured the fidelity of the RF transmit chain of our 8 channels pTx system for both a four-spoke

pulse and a spiral pulse. The first dataset consists of the prescribed RF pulse (reference pulse, br) and

the measured RF values on the scanner (pulse actually played, bm) of a four-spoke pTx excitation for a

designed flip angle of 30o. The length of the pulse (LRF ) was 4.1 ms, the maximum voltage was 170 V,

with a repetition time (TR) of 7.82 ms and 64 repetitions. The second dataset consists of a measured

spiral-shaped pTx excitation of 40o (LRF = 6.42 ms , TXvol = 180 V, TR = 18.9 ms, 64 repetitions).

RF measurements with amplitude smaller than the 1% of the maximum voltage were not included in

the analysis. The amplitude and the phase information from these pulse samples have a relatively small

impact on the excited magnetization profile and SAR.

Errors in amplitude and phase were analyzed for values of the four-spoke pulse where the voltage

was over the 1% of the maximum amplitude value (see Figure 6.1). Phase errors are especially high (>

8o) for small voltage values of the pulses while the amplitude errors increase with the nominal voltage

getting above 1 V. Error histograms show that a 95% of total errors are below the 6% of the prescribed

voltage and 2o in phase (see Figures 6.1c and 6.1e). The second pulse analyzed was a spiral shaped pulse

(Figure 6.2). This kind of pulses is of special interest for this study, as they are challenging for the RF

system because of their high frequency contents and they are known to generate high SAR values. Errors

in both amplitude and phase are considerably higher than the ones obtained for the spokes pulses (Figure
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Figure 6.1: (a) Four-spoke pulse played on 8 Tx channels (reference pulse is in blue, the pulse actually
played in red). A zoom-in detail of Channels #1 and #8 is displayed to better visualize the differences. (b)
Difference between the desired and played RF amplitude as a function of the desired RF amplitude (linear
correlation coefficient equal to 0.75). (c) Histogram of the RF amplitude errors (standard deviation (s.d.)
equal to 2%). (d) Difference between the desired and played RF phase as a function of the desired RF
amplitude. (e) Histogram of the RF phase errors (s.d. equal to 0.7o). In (c) and (e) the 50th, 90th and 95th
percentiles are indicated with vertical lines.

6.1). Punctual errors of 1̃0 V in amplitude were found for prescribed values in the range 20-40 V (see

Figure 6.2b.). Indeed, more than 50% of the measured values show deviations of more than 3 V and 2.5o

(Figures 6.2c. and 6.2e.).

Figure 6.2: (a) Spiral pulse played on 8 Tx channels (reference pulse is in blue, the pulse actually played
in red). A zoom-in detail of Channels #4 and #7 is displayed to better visualize the differences. (b)
Difference between the desired and played RF amplitude as a function of the desired RF amplitude (linear
correlation coefficient equal to 0.44). (c) Histogram of the RF amplitude errors (standard deviation (s.d.)
equal to 6.5%). (d) Difference between the desired and played RF phase as a function of the desired RF
amplitude. (e) Histogram of the RF phase errors (s.d. equal to 4.4o). In (c) and (e) the 50th, 90th and 95th
percentiles are indicated with vertical lines.
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6.2 Worst-case SAR Constrained Pulse Design

Our pulse design strategy is a predictor-corrector approach that iterates between (i) design of a pTx

pulse subject to strict SAR limits and (ii) adjustment of these SAR limits based on an estimation of the

worst-case SAR amplification due to RF transmit errors. The problem of designing a pTx RF pulse subject

to strict global and local SAR constraints was described previously [Brunner and Pruessmann, 2010,

Guérin et al., 2014]. In summary, we solve a constrained optimization problem that minimizes the

magnitude least-squares (MLS) difference between the target magnetization and the magnetization

distribution created by the RF pulse. Quadratic, hermitian, semidefinite positive SAR matrices and power

constraints are added that guarantee that the pulse being designed is safe (SAR constraints) and can be

played on the scanner (power constraints) [Guérin et al., 2014]. To speed up the pulse optimization, we

compress the original set of SAR matrices (one SAR matrix per voxel of the body model) using the virtual

observation points (VOPs) algorithm [Eichfelder and Gebhardt, 2011]. This speeds up the constrained

optimization procedure considerably while guaranteeing that local SAR does not exceed the tolerated

safety limit [Guérin et al., 2014]. The MLS optimization problem, in the small tip-angle regime where

the magnetization and the RF pulse are linearly related, is formulated as follows:

min
b
‖|Ab| −mt‖22 (6.1)

s. t.
dc
Nt

Nt∑
i=1

b∗(ti)Qv b(ti) ≤ lSAR, ∀v

dc
Nt

Nt∑
i=1

b∗(ti) Q̂ b(ti) ≤ gSAR

b2c(ti) ≤ 8Z0Ppeak, ∀ti, 1 ≤ c ≤ C

1

Nt

Nt∑
i=1

b2c(ti) ≤ 8Z0Paver, 1 ≤ c ≤ C

where mt ∈ RM is the magnetization target (with M the number of voxels magnetized), A ∈ CM×(Nt·C)

represents the gradient matrix as described in [Guérin et al., 2014], Nt is the total number of samples

in the pulse, C is the number of pTx channels, b ∈ CNt·C is the designed pulse (with b(ti) ∈ CC and

bc ∈ CNt), Qv ∈ CC×C is the vth VOP matrix, Q̂ ∈ CC×C is the global SAR matrix and dc accounts for

the duty-cycle. Then, lSAR and gSAR are the local and global SAR regulatory limits, Z0 is the reference

impedance of the coil while Paver and Ppeak are the average and peak lower limits on each channel. The

source is assumed to be an ideal voltage source V with a Z0 = 50Ω internal resistance outputting power

into the coil, which is represented by the load Zl.

The pulse designed in the previous step (denoted in the following by b0) does not account for any

possible error in the transmitted RF waveform. Hence, in the presence of RF waveform distortions due to

imperfections of the power amplifiers, it is possible that the SAR actually exceeds the safety limits. To

avoid this scenario, we compute the worst possible local and global SAR (worst-case SAR, or SARWC)

that may be caused by such distortions. We then adjust iteratively the SAR constraints to ensure that the

worst-case SAR is below the safety limit. For a given RF pulse b0, the worst-case SAR for Q ∈ CC×C , a
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generic SAR matrix (i.e., the global SAR matrix or one of the VOPs), is computed as follows:

SARWC,Q(b0) = max
b

1

Nt

Nt∑
i=1

b∗(ti)Qb(ti) (6.2)

s. t. | |bc(ti)| − |bc;0(ti)| | ≤ ε|b0(ti)|, ∀ti, 1 ≤ c ≤ C (6.3)

|∠bc(ti)− ∠bc;0(ti)| ≤ δ, ∀ti, 1 ≤ c ≤ C (6.4)

where b0 ∈ CNt·C is the reference RF pulse computed in the previous step, | · | and ∠· denote the complex

modulus and phase, ε and δ are the maximum percent RF magnitude error and the maximum absolute RF

phase error, respectively. ε and δ characterize the accuracy of the RF transmit chain and must be provided

to the algorithm. These parameters can be given by the technical specifications of the vendors, measured

directly on the scanner or set by the user. Then, the worst-case SAR associated with the initial pulse b0 is:

SARWC(b0) = max
Q∈{Qv}

⋃
Q̂

SARWC,Q(b0).

If SARWC exceeds the SAR limit, we then re-design the pulse by scaling the limit using the worst-case

SAR information (see the pseudo code in Algorithm 6.1). Once a new pulse is designed the process

is repeated until the worst-case SAR in case of errors is below the initial safety limit. This procedure

is also summarized in Figure 6.3 for a spoke pulse design. We used two different implementations

Algorithm 6.1: WORST-CASE SAR CONSTRAINED PULSE DESIGN

Input: given Qv, Q̂, the VOP and global SAR matrices respectively; A the gradient matrix, lSAR0

and gSAR, the local and global SAR limits; Paver and Ppeak are the average and peak lower
limits on each channel.

Output: b, the designed pulse.
1 lSAR←lSAR0; SARWC ← lSAR0 + 1
2 while SARWC >lSAR0 do
3 b0 ← Solution to Problem (6.1)
4 foreach Q ∈ {Qv}

⋃
Q̂ do

5 SARWC,Q ← Solution to Problem (6.2)

6 SARWC ← maxQ SARWC,Q
7 if SARWC >lSAR0 then
8 α← SARWC/lSAR
9 lSAR← lSAR0/α

10 return b

of the pulse design algorithm (6.1) [Guérin et al., 2014]. A Magnitude Least Squares algorithm was

coded in Matlab R©(Mathworks, Natick, MA) for the design of spokes pulses using the interior-point

method available in Matlab [Byrd et al., 1999] (since the number of unknown in spoke pulses is not

large, we used the standard implementation). For the design of the spiral pulses subject to local and

global SAR constraints, we used a Least Squares interior-point design approach implemented in C++

using parallel computing (multithreading on multiple CPU cores) and optimized linear algebra libraries

[Guérin et al., 2015] for maximum performance.

Notice that due to the linearity of the SAR calculation in Eq. (6.2), solving the optimization problem

for the pulse b is equivalent to solving it for each time sample b(ti) separately. In the specific case that
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Figure 6.3: Flowchart of the robust pulse design process. A first pulse is designed while constraining SAR
to the FDA limit (Step 1). The worst case SAR (SARWC) for every VOP (and the global SAR matrix) is
then calculated for maximum RF amplitude and phase chain errors (Step 2). If SARWC exceeds the SAR
limit, a new pulse is designed with a reduced SAR constraint (Step 3). This process is iterated until we
obtain an RF pulse with a worst-case SAR (global and local) below the safety limit. This guarantees that
the SAR is never exceeded, even in the presence of error in the transmitted RF waveform.

the designed pulse b0 is a spokes-type pulse, the worst-case SAR calculation in Eq. (6.2) becomes much

simpler. For instance, for a one-spoke pulse (RF-shimming), fixing any particular time point tj , we

have that ∀ti there exists a complex scalar di such that b0(ti) = di · b0(tj). Then, if we denote bWC(tj)

to the solution of the problem in Eq. (6.2) and Dj = bWC(tj) − b0(tj), we have that ∀ti, we obtain

bWC(ti) = b0(ti) + di ·Dj . Hence, we just need to solve the optimization problem (6.2) only for one

time sample instead of doing it for all the points. This relation can be generalized for the case of more

than one spoke pulses, with the need in that case to solve only one optimization problem for each spoke.

6.2.1 Numerical Implementation of the Worst-Case SAR Calculation

Here we sketch the most important steps for the calculation of the worst-case SAR solving Problem

(6.2). As we stated before, we can calculate independently the solution for each time sample denoted as

b(ti) = bt ∈ CC . Then, we want to solve the following optimization problem for each time sample bt;0 of

the pulse b0 designed solving (6.1):

SARWC,Q,t(bt;0) = max
b

b∗t Qbt (6.5)

s. t. | |bt,c| − |bt,c;0| | ≤ ε|bt,c;0|, 1 ≤ c ≤ C, (6.6)

|∠bt,c − ∠bt,c;0| ≤ δ, 1 ≤ c ≤ C. (6.7)

We use the interior-point algorithm [Byrd et al., 1999] implemented in Matlab R©(Mathworks, Natick,

MA) to solve each Problem (6.5). In order to do that, we first need to write this complex optimization

problem as a real optimization problem in the form:

min
x

f(x) (6.8)

s. t. gj(x) ≤ 0 ∀j
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Then, the interior-point algorithm solves a sequence of approximate constrained minimization problems

of the form

min
x,s

fµ(x, s)

= min
x,s

f(x)− µ
∑
j

ln(sj)

s. t. gj(x) + sj = 0, ∀j

where sj > 0 are the slack variables and µ > 0 an optimization parameter. As µ → 0, the minimum

of fµ should approach the minimum of f . The added logarithmic term is called a barrier function (see

[Byrd et al., 1999, Nocedal and Wright, 1999]). In order to get the best results from the interior point

algorithm, the analytic gradient and hessian of the objective and constraints functions should be calculated,

i. e. ∇f(x), Hf(x),∇gi(x) and Hgi(x).

For the sake of notation simplicity, let denote as z = bt ∈ CC the value of a generic pulse for a

particular time sample. Then, we have

z =

z1

. . .

zC

 =

 <(z1) + i=(z1)

. . .

<(zC) + i=(zC)

 =

 x1 + iyi

. . .

xC + iyC


We can transform our complex problem into a real problem by defining the variable x ∈ R2C as

x =



<(z1)

. . .

<(zC)

=(z1)

. . .

=(zC)


=



x1

. . .

xC

y1

. . .

yC


Then, we can write our objective function f(x) as

f(x) = −zQz∗ (6.9)

to recover the objective function in (6.5). Now, if we denote z0 = bt;0 the value of the original pulse for a

particular time sample, we can write a smoothed version of the constraints (6.6) and (6.7) as

gj(x) =

(√
x2
k + y2

k −
∣∣z0
k

∣∣)2

− ε2
∣∣z0
k

∣∣2 , 1 ≤ k ≤ C, j = k (6.10)

and

gj(x) =
(
∠ (xk + iyk)− ∠

(
z0
k

))2 − δ2, 1 ≤ k ≤ C, j = C + k, (6.11)

respectively. Finally, we have an optimization problem in the form (6.8) with f(x) and gj(x) defined in

(6.9), (6.10) and (6.11). In the case of the objective function, we have:

∇f : R2C → R2C , ∇f(x) =



∂f(x)
∂x1

. . .
∂f(x)
∂xC
∂f(x)
∂y1

. . .
∂f(x)
∂yC


=

(
−2< (Qz∗)

−2= (Qz∗)

)
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and the Hessian

Hf : R2C → R2C × R2C ,Hf (x) =

(
−2< (Q) −2= (Q)>

−2= (Q)> −2< (Q)

)
.

For the constraint functions, to compress the notation, let us define the function g(x) : R2C → R2C as

g(x) = (g1(x) . . . gc(x))>. Then, its Jacobian matrix Jg is defined as

Jg(x) =
(
∇g1(x) . . . . ∇g2C(x)

)>

=



∂g1(x)
∂x1

0 ∂g1(x)
∂y1

0

... ...

0 ∂gC(x)
∂xC

0 ∂gC(x)
∂yC

∂gC+1(x)
∂x1

0
∂gC+1(x)

∂y1
0

... ...

0 ∂g2C(x)
∂xC

0 ∂g2C(x)
∂yC


=

 diag
(
∂gj(x)
∂xj

)
diag

(
∂gj(x)
∂yj

)
diag

(
∂gC+j(x)
∂xj

)
diag

(
∂gC+j(x)

∂yj

)

=


diag

2xj

(√
x2
j + y2

j − |z0
j |
)

√
x2
j + y2

j

 diag

2yj

(√
x2
j + y2

j − |z0
j |
)

√
x2
j + y2

j


diag

2yj

(
∠(xj + iyj)− ∠(z0

j )
)

x2
j + y2

j

 diag

2xj

(
∠(xj + iyj)− ∠(z0

j )
)

x2
j + y2

j




The Hessian matrix of each function gj(x), Hgj : R2C → R2C × R2C has all its elements equal to 0

except for

(
Hgj (x)

)
k,k

=
∂2gj(x)

∂x2
k

(
Hgj

)
k,k+C

=
∂2gj(x)

∂xk∂yk(
Hgj

)
k+C,k

=
∂2gj(x)

∂yk∂xk

(
Hgj

)
k+C,k+C

=
∂2gj(x)

∂y2
k

with k = j when 1 ≤ j ≤ C and k = j − C if C + 1 ≤ j ≤ 2C. For the constraints on the magnitude,

gj(x) with 1 ≤ j ≤ C, these elements are:

(
Hgj

)
k,k

= 2−
2|z0

k|y2
k

(x2
k + y2

k)
3/2

(
Hgj

)
k,k+C

= −
2|z0

k|xkyk
(x2
k + y2

k)
3/2(

Hgj

)
k+C,k

= −
2|z0

k|xkyk
(x2
k + y2

k)
3/2

(
Hgj

)
k+C,k+C

= 2−
2|z0

k|x2
k

(x2
k + y2

k)
3/2

Finally, in the case of C + 1 ≤ j ≤ 2C, the constraints on the phase, we write:

(
Hgj

)
k,k

=
2y2
k + 4xkykθ(
x2
k + y2

k

)2 (
Hgj

)
k,k+C

=
−4xkyk − 2

(
x2
k − y2

k

)
θ(

x2
k + y2

k

)2
(
Hgj

)
k+C,k

=
−4xkyk − 2

(
x2
k − y2

k

)
θ(

x2
k + y2

k

)2 (
Hgj

)
k+C,k+C

=
2x2

k + 4xkykθ(
x2
k + y2

k

)2
with θ =

(
∠(xk + iyk)− ∠(z0

k)
)
.
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6.3 Results

We evaluated our method using electromagnetic (EM) simulations of a 3 T body and 7 T head pTx

coil. Both coils have 8 transmit (Tx) channels and were loaded with the 33 tissue types Ansys (Ansys,

Canonsburg, PA) realistic male body model. Simulation of these arrays was performed using a co-

simulation strategy based on HFSS (Ansys, Canonsburg PA) and the circuit simulator ADS (Agilent,

Santa Clara CA) described previously [Guérin et al., 2014, Kozlov and Turner, 2009]. Coupling between

the Tx channels was modeled. Tuning, matching and decoupling capacitors were optimized in the circuit

simulator using the gradient routine of ADS so as to yield -30 dB matching at all ports (at 128 MHz

and 297 MHz for the 3 T and 7 T coils, respectively) and better than -15 dB coupling between any pair

of channels. B1+ maps were computed from the magnetic field created by each coil element. 10-g

average SAR matrices were computed from the electric fields as well as the conductivity and density

distribution, as explained in [Guérin et al., 2015]. The original SAR matrices obtained from the co-

simulation step were subsequently compressed into a smaller set of control matrices using the VOP

algorithm [Eichfelder and Gebhardt, 2011]. For the 3T simulation (eight-channel body coil), the VOP

algorithm was run with an SAR overestimation factor of 1% of the maximum possible 10-g average SAR,

yielding 1289 VOPs. For the 7T simulation (eight-channel head coil), the algorithm was run with an SAR

overestimation factor of 5%, yielding 484 VOPs.

For all the simulated scenarios we compare the results obtained by designing the pulse using, and not

using the proposed algorithm:

• MLS RF-shimming sinc-shaped pulse design of a uniform slice with flip angle equal to 45o for both

the body (3 T pTx) and head models (7 T pTx) (duty-cycle equal to 10% and 20% respectively).

The time-bandwidth product (TBW) is 4 for both scenarios and the length of the RF pulse (LRF ) is

1.4 ms and 1.6 ms for the body and the head models, respectively.

• MLS two-spoke sinc-shaped pulse design of a uniform slice with flip angle equal to 45o for both

body and head models (duty-cycle equal to 10% and 20% respectively). TBW is 8 and LRF is 2.3

ms and 2.7 ms for the body and the head models, respectively.

• LS spiral pulse design for a 20o excitation of the liver for the body model (duty-cycle=20%,

LRF = 4 ms).

• LS spiral pulse design for a 20o excitation of the brain for the head model (duty-cycle=20%,

LRF = 2.4 ms).

In all cases, the predicted 10-g average SAR and the worst-case SAR in the case of RF errors are calculated

for all the VOPs as well as the actual 10-g average SAR for the complete body or head model. Worst-case

SAR was calculated by solving Eq. (6.2) using the error bounds (ε, δ) = (5%, 2.5o) for the RF-shimming

and the two-spoke pulse, and (ε, δ) = (15%, 12.5o) for the spiral pulse. These values were chosen as a

proof of concept from the 94th-97th percentiles of the measured error distribution of the spokes and spiral

pulses correspondently.
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6.3.1 Effect of Random RF Errors in SAR Predictions

To test the effect of random errors on SAR, we simulated ten thousand perturbations of an RF-shimming

and a spiral pulse and computed the SAR of each randomly perturbed pulse. SAR histograms were created

from this data. Random perturbations of the original RF-shimming and spiral pulses were created by

drawing random numbers from the non-parametric probability distributions (PDF) of RF errors shown

in Fig. 6.1 and 6.2 and measured on our pTx system. In order to draw random numbers from these

non-parametric PDFs, we used the so-called inverse transform sampling whereby uniformly distributed

random numbers are generated and are converted into the desired PDF by inversion of the cumulative

distribution. SAR histograms were generated for two of the pulse cases presented in the previous section:

RF-shimming (MLS RF-shimming 3 T body) and spiral (LS spiral excitation of the liver at 3 T). SAR

histograms for the RF-shimming (spiral) pulse were obtained using error distributions measured for the

4-spoke (spiral) pulse. Worst-case SAR, as explained in the previous Subsection, was calculated for a

maximum amplitude error of 5% (15%) and a maximum phase error of 2.5o (12.5o) for the spokes (spiral)

pulse, consistently with the measured errors reported in Section 6.1. We generated SAR histograms using

Figure 6.4: (a) Distribution of the maximum local SAR of 10,000 random perturbations of an RF-shimming
slice-selective excitation of 45o in the body (duty-cycle = 10%). (b) Maximum local SAR distribution
of 10,000 perturbed versions of a spiral pulse excitation of the liver for a flip angle of 20o (duty-cycle =
20%). Both pulses were originally designed to produce a maximum peak local SAR of 8 W/kg. Random
perturbations of the original pulses were generated from the RF amplitude and phase error distributions of
Fig. 6.1 for the RF-shimming and Fig. 6.2 for the spiral pulse. In both scenarios, worst-case SAR is far
from the SAR values obtained in the VOPs for the perturbed pulses. However, errors as measured in the
pTx system produce pulses exceeding SAR limits.

different values of the small signal rejection threshold (i.e., 2% and 3% of the maximum RF waveform in

addition to the value of 1% used to generate the SAR histograms of Figure 6.4) and have found that the

resulting histograms were almost identical. This indicates that the specific manner in which the small

samples of the input RF waveform are rejected is not crucial, as long as we prune these deviations in small

signals that can artificially bias the error distribution. Histograms of the maximum 10 g local SAR for the

original VOPs are plotted for an RF-shimming (Figure 6.4a) and a spiral pulse (Figure 6.4b).

We observe in Fig. 6.4a that 41% of the randomly perturbed pulses produced SAR values above the

safety limit. However, all perturbed pulses had SAR values far below the worst-case SAR (which was

10.2 W/kg for the RF-shimming pulse). In fact, 99% of the pulses had a SAR below 8.17 W/Kg and the

maximum local SAR obtained for all pulses was 8.42 W/Kg. For the spiral pulse, 76% of the perturbed

pulses exceeded the local SAR limit. The perturbed pulse with the greatest SAR reached 9.86 W/kg,



142 Robust Parallel Transmission Pulse Design

which is 123% of the local SAR limit (8 W/kg). Still, this value was much smaller than the worst possible

SAR consistent with bounded RF errors, which was 23.6 W/kg for this spiral pulse. Furthermore, 99% of

the pulses reached a maximum SAR below 8.85 W/kg. In both cases, although it is clear that reaching the

worst-case SAR becomes practically impossible, errors in RF fidelity can cause SAR problems, if these

errors are not taken into account when designing the pulse.

6.3.2 Evaluation of the Pulse Design Strategy

Table 6.1: Number of RF Time Samples (Nt), Number of VOP of the Model (NV OP ), Size of the
Magnetization ROI, Number of Iterations of the Predictor-Corrector Strategy (NP−C), Total Time Spent
in the Pulse Design (TPD), and Total Time Spent in the Worst-Case Calculations (TWC)

Pulse Design Scenario Nt NV OP ROI size NP−C TPD (s) TWC (s)
3T 8Ch Body: MLS RF-shimming 135 1289 80× 120 3 1,467 132
3T 8Ch Body: MLS Two-spoke 225 1289 80× 120 3 2,199 199
3T 8Ch Body: LS Spiral 398 1289 80× 120 4 1,168 37,600
7T 8Ch: MLS RF-shimming 159 484 100× 100 2 248 36
7T 8Ch: MLS Two-spoke 265 484 100× 100 2 476 62
7T 8Ch: LS Spiral 243 484 100× 100 4 316 8,184

Figures 6.5 and 6.6 show the performance of our approach for RF-shimming and two-spoke pulses

in the body and head models, respectively. The optimization details together with the total time spent

for the pulse and the worst-case SAR calculations are displayed in Table 6.1. Notice that for the spokes

pulses, the time spent in the worst-case SAR calculation is significantly shorter than the time spent in the

MLS pulse design. This is due to the fact that worst-case calculations are not performed for all the time

samples, but only for one and two time points in the RF-shimming and the two-spoke cases, respectively.

Using the realistic knowledge obtained from the error distribution for spokes pulses showed in Figure

6.1, the maximum amplitude error was fixed to the 5% of the designed pulse amplitude and a maximum

deviation of 2.5o in the phase was allowed. In the cases considered, the worst possible SAR calculated

for all the VOPs shows that it exceeds the safety limits in several locations when the errors in the RF

chain are not taken into account in the pulse design. This problem was found to be more severe for

the RF-shimming pulses than for the two spokes design, leading to a worst-case SAR higher than 10

W/kg in the RF-shimming design for body excitation. Robust pulses have a very similar performance in

terms of excitation fidelity while the worst-case SAR is controlled to be under the safety limits for both

RF-shimming and two-spoke pulses in the 3T and 7T simulated scenarios (see Figures 6.5 and 6.6). The

corresponding loss in the excitation accuracy becomes almost negligible for the two-spoke pulses design

because of its better behavior in terms of worst possible SAR after errors, as can be easily seen in the

third row of these figures. To force the SAR limits, we set a high target flip angle (45o), which provoked

large errors in the flip angle maps for the 7T head model (Fig. 6.6).

The same strategy was also applied in the design of a spiral pulse for tailored excitation in the body

and in the head models (optimization details and total calculation times can be found in Table 6.1). This

case is especially interesting because spiral pulses were found to be more affected by errors in the Tx

chain in the experiments carried out (Fig. 6.2). Following the error distribution showed in Figure 6.2, a

maximum deviation of 15% in the amplitude and a maximum error of 12.5o in the phase were set. The

spiral pulse was used for the excitation of the liver in the body model; these results are shown in the
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Figure 6.5: Evaluation of our approach in 3 T body simulations (8 Tx channels) for MLS design of spoke
pulses. The worst case SAR was calculated for a maximum deviation of 5% for the amplitude and 2.5o in
the phase. The first row shows the original pulses as well as those modified to be robust in the presence of
transmit errors. The second row shows the SAR distribution across VOPs of the original pulse (in blue)
and its worst-case SAR version (in red). Horizontal black lines indicate the FDA SAR limits. The third
row shows MIPs of the worst-case SAR distribution of all pulses. In the last row the achieved flip angle
maps are displayed. These results show that our method produces RF pulses that are robust even in the
presence of worst-case errors in the transmit RF chain. The price to pay for this additional safety-margin
is a small loss in the flip-angle distribution that becomes almost negligible for the two-spoke pulse design
(see (b)).

two first columns in the Figure 6.7. The feasible big deviations in this type of pulse lead to a worst-case

SAR three times higher than the predicted 10-g average SAR in the VOPs, exceeding the 20 W/kg for

some locations. The proposed method achieves reducing the worst-case SAR to be under the limits with

a tolerable loss in the excitation fidelity (12.5% RMSE versus an initial RMSE of 6.4%). The two last

columns of the Figure 6.7 display the results for the brain excitation in the head model simulation. In this

case the proposed method reduces the worst possible 10-g average SAR from values over 15 W/kg to

values below the FDA limit (8 W/kg) with a small loss in terms of excitation fidelity.

6.4 Discussion and Conclusion

We presented a framework for the design of pTx pulses that uses information about the fidelity of

the RF transmit chain to avoid exceeding local SAR safety limits even in the presence of potentially
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Figure 6.6: Evaluation of the proposed method for MLS spokes pulse design for head simulations in a 7
T scanner. The worst-case SAR was calculated for a maximum deviation of 5% for the amplitude and
2.5o in the phase. The first row shows the original pulses as well as those modified to be robust in the
presence of transmit errors. The second row shows the SAR distribution across VOPs of the original pulse
(in blue) and its worst-case SAR version (in red). Horizontal black lines indicate the FDA SAR limits.
The third row shows MIPs of the worst-case SAR distribution of all pulses. In the last row the produced
flip angle maps are displayed. The proposed algorithm design pulses that never exceed the safety limits
with a minimum difference in the flip-angle distribution. Notice the large errors in the flip-angle maps due
to the high target flip-angle value (45 degrees).

large, but bounded, RF transmission errors. This strategy is based on the computation of the maximum

possible local and global SAR (i.e., worst-case SAR) produced by bounded RF deviations from the

prescribed RF waveforms. We used the worst-case SAR to re-compute the RF pulse to ensure that it

does not violate the SAR limit even in the presence of maximally constructive RF errors. We showed

the efficacy of our method in simulations of 3T body and a 7T head imaging. We showed in this

work that the worst-case SAR is a theoretical upper bound that is highly unlikely to be reached in

practice. Indeed, actual SAR values obtained by random perturbation of the reference pulse were

much lower than the worst-case SAR. Despite this, we believe this metric is very useful to derive

safety margins to be incorporated in the pulse design process to ensure safety even in the presence

of RF transmission errors. The price to pay for introducing a new safety margin is a decrease in the

excitation performance of the RF pulses. If the original pulse reaches the tolerated limit, worst-case SAR

constraints become more constraining than FDA regulations. As expected, decreasing the maximum

local SAR limits may drive the designed pulse solution to a different minimum in the optimization
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Figure 6.7: Evaluation of the proposed method for LS design of spiral pulses. The two first columns
(see (a)) correspond to the tailored excitation of the liver in the 3 T 8 channels body model. The last
columns, (b), show the result of the technique for brain excitation in the 7 T head model. The worst case
SAR in both scenarios was calculated for a maximum deviation of 15% for the amplitude and 12o in
the phase. The first row shows the original pulses as well as those modified to be robust in the presence
of transmit errors. The second row shows the SAR distribution across VOPs of the original pulse (in
blue) and its worst-case SAR version (in red). Horizontal black lines indicate the FDA SAR limits. The
third row shows MIPs of the worst-case SAR distribution of all pulses. In the last row the achieved flip
angle maps are displayed. Worst possible SAR values because of errors are severe when the proposed
strategy is not applied. In cases where the worst-case SAR is large compared to the tolerated SAR limit,
incorporation of the worst-case SAR information in the pulse design may result in a significant worsening
of the flip-angle excitation profile. However, in the examples studied in this work we found that the quality
of all excitation profiles remained acceptable even after scaling the SAR constraints using the worst-case
SAR information.

problem and increase the excitation error. Figure 6.7 shows how our method produces good excitation

maps even when very large deviations were considered (a 15% of the original amplitude and 12o in the

phase). This framework is independent of the type of pulse designed and of the specific pulse design

algorithm used, as long as it explicitly constrains global and local SAR, other alternative approaches, e.g.

the methods proposed in [Brunner and Pruessmann, 2010, Lee et al., 2012, Sbrizzi et al., 2012] can be

applied. This strategy can be used in the same way in the design of SAR constrained high flip angle pulses

[Hoyos-Idrobo et al., 2014, Yetisir et al., 2014], where SAR limitations are much more problematic.

The goal of this preliminary study is to demonstrate the validity of the proposed approach. RF

measurements were performed in a single pTx system for two particular RF pulses (Figures 6.1 and 6.2).
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Then, errors bounds were estimated from this measured data under the assumption that pulses within the

same class will suffer from similar RF fidelity errors. In this work, we characterized the RF fidelity of

the transmit chain using spoke and spiral pulses played at relatively large duty-cycles (52% for the spoke

pulse and 34% for the spiral pulse). Most MRI sequences are played with smaller duty-cycle (which is

the ratio of the TR and the excitation pulse duration). Because we expect the fidelity of the RF system

to worsen as the duty-cycle increases, the errors estimated in this work are likely to be upper-bound

of the actual errors that can reasonably be expected for most MRI sequences. As a consequence, the

worst-case SAR values computed in this work are conservative values that are guaranteed to be robust for

less demanding duty-cycles. Errors in spiral pulses were experimentally found to be more severe (Fig.

6.2) than the ones measured for the spokes pulse (Fig. 6.1). The proposed method is finally applied to

certain pulse design scenarios with duty- cycles of 10% and 20%. The SAR increase results due to RF

phase and amplitude errors were obtained for an individual system. These results cannot be generalized

and should be individually studied for specific systems and pulse design scenarios.

In this work, we characterized the fidelity of the RF transmit chain using a relative amplitude and an

absolute phase error metrics. In the work of [Zanchi et al., 2011], RF fidelity was also characterized in

terms of relative magnitude and absolute phase errors for correction of amplifier nonlinearities. Gumbrecht

[Gumbrecht, 2013], also used this representation for real-time analysis of the impact of RF errors on SAR

(Sections 7.1 and 7.2). To prevent the small signal to artificially skew our error histograms, we rejected

from our analysis those RF samples with a magnitude smaller than 1% of the pulse peak voltage. The entire

error analysis contained in this work could have been carried out using a real/imaginary representation

of RF pulses. Similar to magnitude/phase representation, one needs to be very careful not to skew the

RF error histograms with artificially large errors associated with RF samples with small magnitude.

Therefore, small signals should always be rejected for a worst-case SAR analysis. The relative RF

amplitude error that we use in this work can be seen as a linear approximation of the amplifiers fidelity and

it is, therefore, a first-order approximation to the full nonlinear RFPA behavior, see [Zanchi et al., 2011,

Grissom et al., 2010, Chan et al., 1992, Kenington, 2000, Cripps, 2002, Schick, 2005, Hoult et al., 2008]

for more information on amplifiers nonlinearities). The complex fidelity response of RFPAs can be better

modeled using the transfer function approach [Cripps, 2002]; however, it is not straightforward to calculate

explicit transfer functions for each amplifier that could be easily included in the calculation of the worst-

case SAR. The linear model of the RFPAs deviations, which we use in this work, is approximate, but

yields a formulation of the worst-case SAR that can be evaluated using standard optimization algorithms

and can also account for other random errors in the RF chain. Therefore, we retain this error metric as a

practical compromise between accuracy and computational feasibility. We will study in future work how

to include more complex model of RFPA fidelity in the computation of the worst-case SAR. Furthermore,

a benefit of using a relative magnitude error metric expressed in percent of the input RF waveform is

that this avoids the need for performing a complete error analysis for every new pulse. Indeed, if we had

chosen to compute the worst-case SAR using error bounds expressed in absolute units (i.e., Volts) as

opposed to percentages, we would have to recompute the RF fidelity histogram for every new pulse being

studied. This would render the worst-case SAR metric impractical to use in actual scans. A fundamental

assumption behind the use of a relative error metric to characterize the fidelity of the RF transmit chain is

that this error bound does not vary dramatically for different pulses in the same class. As we showed in

Figures 6.1 and 6.2, the percent RF error is different for spokes and spiral pulses. However, we assume in
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this work that the percent error computed using a specific spoke (spiral) pulse is roughly constant for all

spoke (spiral) pulses.

The optimization problem presented in (6.2) is not convex. Indeed, it consists in maximizing a

quadratic form (convex) while enforcing that the solution (i.e., the unknown RF perturbations yielding

the worst-case SAR) lays in a convex set. According to the general theory of maximization of convex

functions [Rockafellar, 1970], solutions to this type of problems lie at the boundary of the constraint set.

In this case, there exist no theorems proving that a solution is the globally optimal one (theorem only

exists for the minimization of a convex function within a convex set). The only way to verify this is

by comparison of the optimized solution with all possible pulses laying on the constraint set boundary

(i.e., pulses that reach the maximum allowed amplitude and phase deviations), which is an NP-hard

problem. In this work, we solve the worst-case SAR optimization (Eq. (6.2)) using an interior-point

approach, which converges quickly but does not guarantee convergence to the global optimum. Despite

the lack of guarantee of global optimality, we have found in practice that the pulse solutions found by this

approach are associated with values of the objective function equal or greater than other pulses laying on

the boundary of the constraint set of Eq. (6.2) (Eq. (6.3) and (6.4)). In other words, we were not able to

find pulses that outperformed the interior-point solutions (since the constraint set boundary is continuous,

we checked all pulses laying at vertices of the boundary). We also compared the solutions provided by

interior-point with solutions obtained using sequential quadratic programming (SQP), which has been

suggested as a good alternative for non-linear nonconvex problems before [Nocedal and Wright, 1999],

and found that the two approaches yielded the same worst-case SAR. These observations tend to indicate

that, in practice, the worst-case SAR computed by solving Eq. (6.2) using the interior-point method is

close to the global optimum.

In a general pulse design scenario, the worst-case SAR is calculated for each time point of the RF

discretization and each SAR matrix. As explained before, we do not have to solve an optimization problem

for each time point when spokes pulses are considered. Because there exists a linear relation between

every two pulse samples, it is enough to perform the calculations for one time point of each spoke. This

leads to a very fast worst-case SAR calculation for spokes-type pulses thus providing an attractive method

to be implemented in practice (Table 6.1). For the spiral pulse design, total processing time increases

linearly with the length of the pulse and the number of SAR matrices (see Table 6.1). On the other

hand, all these problems are completely independent one from the other, which facilitates a faster parallel

implementation using multiple threads or GPU programming. Current code was implemented using the

multi-threads options of the Parallel Computing Toolbox in Matlab (Mathworks, Natick, MA). Compared

with sequential code, the parallel implementation is more than 6 times faster on average. The iterative

process that we use in this work to generate robust pulses in the presence of RF transmit errors may not be

optimal. Direct incorporation of the worst-case SAR as constraints in the SAR-constrained pulse design

calculation may be taken into account. However, such a problem involves adding as new constraints as

much optimization sub-problems as SAR matrices are involved, and, therefore, may be hard to solve and

very time consuming. In this sense, our approach is a practical strategy that seems a reasonable trade-off

between SAR safety, pTx excitation performance and computational complexity. We also point out that

there are many other errors that could be modeled in the pulse design process in addition to RF transmit

errors, such as B1 maps and gradient trajectory errors. Including these effects in the pulse design would

increase the robustness of pTx pulses.





7

Discussion and Conclusions

This manuscript describes the resolutions of four different problems that result from reducing scan time in

Magnetic Resonance Imaging using mathematical optimization techniques. Chapters 3-5 cover three MRI

problems solved through variational formulations that use Total Variation and Total Generalized Variation

regularization. Denoising, super-resolution and reconstruction from undersampled multi-contrast data

are modeled, implemented and applied in simulated and in-vivo data. In Chapter 6, we present a robust

optimization approach for pulse design at high-field MRI that allows to ensure patient safety in the scanner

despite possible errors in the transmission chain.

The denoising effort has led us to propose new models to cope with the special properties of noise in

MRI. First, in a Total Variation regularized framework, we have considered the rician distribution which

describes noise in MR images obtained from single-coil systems or using parallel imaging techniques that

combine acquired data in the image domain (Section 3.1). This problem presents several theoretical and

numerical difficulties that arise from being non-smooth (because of the TV) and non-convex (because of

the rician term). On the numerical side, we have developed several alternatives to solve this model that

improve previously proposed TV-based methods to remove rician noise in MRI (see Section 3.2). It is

noteworthy to mention that despite of being a non-convex problem, we propose a proximal point algorithm

that assures its convergence to a critical point of the functional (3.6), exploiting that is the difference of

convex functionals [Sun et al., 2003]. Moreover, we can say that if this critical point is not trivial it is a

global minimum of (3.6) using the result of subsection 4.2.4. Results in in-vivo images from the DTI

modality show the potential benefits of accurate noise removal (Section 3.3). The study of the theoretical

aspects of this model have been covered in Chapter 4. The main result is given in Theorem 1, where we

provided sufficient conditions on the data for the existence of a bounded non-trivial BV solution of the

elliptic equation that is a global minimizer of the associated energy functional (see the proof in Section

4.2). Several qualitative properties of this solution have been also deduced in Section 4.3. However, the

uniqueness of a strictly positive solution is still an open problem. Extensions of this initial denoising

model have been developed in Section 5.1, introducing two main contributions: the Total Generalized

Variation is adapted as preferred regularizer and non-central-χ distribution of noise is considered for MR

images acquired with parallel imaging techniques that combine data in the frequency domain. An efficient

primal-dual hybrid gradient algorithm was adapted to solve these new models (in Subsection 5.1.2), which

were tested in phantom and in-vivo MRI denoising cases.

Despite of the good performance of these local variational models, they have been superseded in

the last years by non-local filtering approaches since the introduction of the Non-Local (NL) Means in

[Buades et al., 2005]. Inspired in this algorithm, multiple methods specially adapted to the characteristics

of MRI noise have been presented [Wiest-daesslé et al., 2008, Manjón et al., 2010b, Manjón et al., 2012].

149
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A complete survey of these and other MRI denoising techniques can be found in a recent review

[Mohan et al., 2014]. These non-local approaches suffer from intense computation requirements com-

pared to the efficient methods here presented. In order to compete in image quality results with

these approaches, non-local regularization operators should be considered in the variational approach

[Gilboa and Osher, 2008]. In [Liu et al., 2015], a recent method that uses non-local TV regularization

and the rician data fidelity (Eq. (3.2)) has been proposed and successfully compared with several NL MRI

filters. Hence, the models presented in this manuscript are a first (and essential) modeling step towards

the development of more complex variational methods for denoising or other image processing tasks.

This is the case, for instance, of the new super-resolution methods developed in Section 5.2 that

are built up over the previous denoising models to perform upsampling of low-resolution MR images

in a noisy environment. This is an important advantage of these variational models for SR, which can

naturally include noise properties, as opposed to other SR techniques for MRI [Manjón et al., 2010a,

Rueda et al., 2013, Coupé et al., 2013] that perform a previous denoising step in noisy LR images. Here,

in Subsection 5.2.1, we proposed TGV-based SR models for noise following gaussian (5.15), rician

(5.16) and non-central-χ (5.17) distributions. Primal dual algorithms are adapted to efficiently solve these

problems. Once again, if the computational resources are not limited, the incorporation of NL variational

regularization should be explored. A natural extension of the proposed models in Section 5.2 shall be

the use of the recently proposed NL Total Generalized Variation [Ranftl et al., 2014]. Moreover, the

SR methods presented in this manuscript are not restricted to MRI. In a yet not published extension to

general color images, the SR model for gaussian noise (5.15) presents competitive results when compared

with very popular methods using sparse representations of over-complete dictionaries [Yang et al., 2010,

Zeyde et al., 2010]. This extension to color images was performed with a vectorial TGV regularization

[Zhu et al., 2014] that combines the color channels using the Frobenius norm. In recent works, the benefits

from using other norms to combine these channels such as the spectral norm [Goldluecke et al., 2012] or

the nuclear norm [Holt, 2014] have been shown, suggesting that in future work these options should be

explored.

A better knowledge of current trends in MRI development led us to the application of variational

methods for improving MRI reconstruction. The above described work in denoising and super-resolution

using Total Generalized Variation regularization facilitated the understanding of the reconstruction problem

and the adaptation of previously developed numerical techniques to solve it. In Section 5.3, we describe a

new TGV-based method to reconstruct undersampled multi-contrast k-space data acquired using multiple

receiver coils (5.28). Vectorial TGV, first described in [Zhu et al., 2014], is used here to combine shared

information from different contrasts of the same object, thus allowing to reduce the amount of data acquired

and therefore accelerating the MRI scan. A new numerical implementation for vectorial TGV-based

methods is proposed using ADMM [Bertsekas and Tsitsiklis, 1989] (Subsection 5.3.2). A comparison

between this ADMM implementation and the primal-dual algorithm typically used in TGV-based methods

[Chambolle and Pock, 2011] is performed in Subsection 5.3.3 for this specific application, showing a a

faster convergence of the ADMM algorithm. These results cannot be generalized and depend on the

application. Future work shall include a comparison of these implementation for several image processing

applications. Compared with other similar variational alternatives that use scalar TV, scalar TGV or

vectorial TV regularization to reconstruct two multi-contrast in-vivo dataset, the proposed method had the

best reconstruction accuracy and the best visual quality at all acceleration factors. This model was first
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presented in the ISMRM 2015 Annual Meeting [Martin et al., 2015a]. Two other methods using vectorial

TGV were also proposed in this same conference for joint reconstruction of Positron Emission Tomography

(PET) and MRI in PET-MRI scanners [Knoll et al., 2015a, Knoll et al., 2015b], thus confirming the good

performance and flexibility of this regularization operator for MRI-related problems. In order to improve

the proposed method the study of using the spectral norm [Goldluecke et al., 2012] or the nuclear norm

[Holt, 2014] to combine the multi-contrast information instead of currently used Frobenius norm shall be

explored in future work.

Finally, in Chapter 6 we presented a framework for the design of pTx pulses at high-field MRI that

uses information about the fidelity of the RF transmit chain to avoid exceeding local SAR safety limits

even in the presence of potentially large, but bounded, RF transmission errors. This strategy is based on

the computation of the maximum possible SAR (i.e., worst-case SAR) produced by bounded deviations

from the designed RF pulse (Section 6.2). The price to pay for introducing a new safety margin is a

decrease in the excitation performance of the RF pulses. We showed the efficacy of our method in

simulations of 3T body and a 7T head imaging to reduce the risk for patients while preserving a good

excitation performance (Section 6.3). Moreover, for spokes-type pulses the proposed approach only

takes approximately a 10% of the total pulse design time, so its practical inclusion does not suppose an

important increase of the computational burden. The worst-case SAR optimization problem presented is

not convex. Indeed, it consists in maximizing a quadratic form (convex) while enforcing that the solution

lays in a convex set. By Weierstrass’ Theorem a global maximum solution there exists. According to

[Rockafellar, 1970], solutions to this type of problems lie at the boundary of the constraint set. In this

work, we solve this optimization problem using an interior-point approach, which converges quickly

but does not guarantee convergence to the global optimum. Despite the lack of guarantee of global

optimality, we have found in practice that the pulse solutions found by this approach are associated

with values of the objective function equal or greater than other pulses laying on the boundary of the

constraint set. We also compared the solutions provided by interior-point with solutions obtained using

sequential quadratic programming (SQP), which has been suggested as a good alternative for non-linear

nonconvex problems before [Nocedal and Wright, 1999], and found that the two approaches yielded the

same worst-case SAR. In future, work we should explore the direct incorporation of the worst-case

SAR as constraints in the SAR-constrained pulse design calculation. However, such a problem involves

adding as many new constraints as the number of SAR matrices involved, and, therefore, may be very

time consuming. The solution presented here is a practical strategy that results in a reasonable trade-off

between safety, excitation performance and computational complexity.

The study of the above described problems constituted a natural learning process of the state-of-the-art

on the two main subjects of this work: mathematical optimization and Magnetic Resonance Imaging.

Starting from a first variational method using Total Variation regularization and solved with a gradient

descent approach, the proposed models have evolved to include more advanced regularization operators

(Total Generalized Variation), new numerical schemes to deal with non-convex problems (Proximal Point

Algorithm), primal-dual approaches (which constitute the state-of-art methods for variational optimization

problems) or more general algorithms for non-linear optimization problems (ADMM or interior-point

algorithm). Moreover, this study of new optimization techniques have progressed in parallel to a deeper

learning of problems arising in shortening MRI scan time. From image processing approaches that

mitigate the drawbacks of accelerating MRI to state-of-the-art image reconstruction and pulse design
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methods that act from the acquisition data process itself.

The application-driven research conducted in this work has led us to propose new models that open

interesting mathematical problems. The non-convexity of the functionals modeling rician and non-central-

χ noise presents theoretical difficulties that shall be studied in future work. In Chapter 4, a study about

the existence solutions for the first model proposed in this work (TV-based rician denoising) has been

presented. The uniqueness of these solutions is still an open problem. Following this path, the theoretical

study of solutions of models presented in Sections 5.1 and 5.2 shall be performed. This is an important

feature of applied mathematics, which on its way of proposing solutions for real problems generate new

theoretical questions.

New optimization models and methods have been proposed in this manuscript to solve problems

arising from accelerating MRI, with contributions on denoising, super-resolution, image reconstruction

and robust pulse design. Results on simulated and in-vivo MRI demonstrate the efficacy of the developed

approaches. This research paves way for future improvements of the techniques proposed and for the

mathematical study of the open problems arising from this work.
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