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Resumen
Antecedentes
En el campo de la bioingeniería, específicamente en aquél centrado en el ámbito de la electrofisiología cardíaca, existe una amplia literatura focalizada en técnicas para la detección, identificación y tratamiento de las arritmias, siendo éstas una de las principales causas de muerte en el
mundo. Estas arritmias se encuentran hoy en día en constante investigación debido a la falta de
conocimiento del mecanismo generador de la misma y la dificultad de localización e identificación
que conlleva. Por otro lado, desde un punto de vista cardiológico, las arritmias cardiacas se definen como un desorden en el ritmo cardiaco normal, generado de forma natural en respuesta a
necesidades fisiológicas, o por trastornos en la actividad eléctrica que controla la contracción del
musculo cardíaco. Estas arritmias son provocadas, en la mayoría de sus casos, por regiones del
corazón que se encuentran enfermas, esto es, con conducción lenta o cicatriz dentro del tejido
cardiaco.
Una de las principales fuentes de información para el estudio de las arritmias son los electrogramas intracavitarios (EGM). Un EGM es un registro endocárdico de la señal eléctrica generada
por el impulso eléctrico que contrae el músculo cardiaco. El procedimiento utilizado en electrofisiología para el registro de los EGM es el estudio electrofisiológico (EEF), en el cuál se evalúa
el mecanismo que genera la arritmia y se trata mediante ablación, esto es, la cauterización con
radiofrecuencia o frío intenso del tejido cardiaco enfermo, utilizando catéteres intracavitarios.
Los sistemas de navegación cardíaca (SNC) se han desarrollado como herramienta de apoyo en
los EEF. Estos sistemas generan mapas con información anatómica y eléctrica de la cavidad
cardíaca que ayudan a identificar el origen y/o la secuencia de activación de las arritmias. Para
la generación de estos mapas, se insertan una serie de catéteres que muestrean distintas localizaciones espaciales de la cavidad cardíaca, registrando y evaluando los EGM allí recogidos. Sin
embargo, el número de puntos y su distribución espacial durante los procedimientos se toman
de forma heurística y requieren un tiempo de exploración y registro secuencial de los EGM que
alarga la duración de los EEF.
En la actualidad se han desarrollado sistemas no invasivos para la generación de mapas con
información anatómica y eléctrica de la cavidad cardíaca llamados sistemas de imagen electrocardiográfica (ECGI). Estos sistemas utilizan la variación de campo eléctrico generada por las
corrientes bioeléctricas que mueven el músculo cardiaco, la cual puede registrarse a través de
una serie de electrodos ubicados en el torso y la espalda del paciente. Esto nos permite estimar
un número elevado de EGMs unipolares virtuales (del orden de varios cientos) sobre un mallado
de la superficie epicárdica, aumentando así la información bioeléctrica que podemos tener del
corazón en tiempo real y de forma no invasiva. El sistema ECGI utiliza el problema inverso
en electrocardiografía para calcular y estimar los EGMs unipolares virtuales de la superficie
epicárdica a partir de los registros de superficie de alta densidad obtenidos en torso y espalda. El
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problema inverso en electrocardiografía es un problema numéricamente mal condicionado, debido
a la inversión de la matriz de características del sistema. Es por ello que se utilizan métodos
de regularización como el de método de Tikhonov, o la Descomposición de Valores Singulares
Truncados para resolver este problema. Si bien estos métodos resuelven el problema inverso en
cardiología, aún presentan problemas de resolución en la solución que proporcionan. Por otro
lado, los sistemas ECGI se encuentran limitados en su utilización con los criterios usados habitualmente en los EEF, dado que estos suelen estar en función de los EGM bipolares. En los EEF,
los EGM bipolares son normalmente utilizados para ver el ancho del complejo, la amplitud que
tiene la onda de despolarización y la fragmentación que puede presentar el EGM bipolar. Estos
EGM bipolares se obtienen gracias a la utilización de catéteres que captan los EGM unipolar de
cada uno de los electrodos del catéter obteniendo la señal bipolar mediante la resta de dos señales
unipolares. Los sistemas ECGI utilizan los EGM unipolares para obtener mapas de activación
del corazón, pero esta información es insuficiente si queremos realizar un análisis de los EGM y
poder así identificar y/o localizar la arritmia.
Objetivos
La presente Tesis Doctoral tiene como objetivos:
O.1 Realizar un estudio de las arritmias reentrantes utilizando un autómata celular, que nos
permita utilizar imágenes detalladas de los mecanismos de la arritmia que estamos estudiando.
O.2 Realizar un análisis de las señales EGM unipolares de los sistemas ECGI, para determinar
un operador que permita obtener los EGM bipolares en estos sistemas que mejoren su
comparabilidad con los actualmente usados en los EEF en la práctica clínica.
O.3 Proponer una nueva aproximación al problema inverso, utilizando la teoría de sistemas
lineales y las máquinas de vectores soporte (SVM, del inglés, Support Vector Machine),
que aporten una mayor resolución en su solución.
Metodología
La metodología propuesta para garantizar la consecución de los objetivos definidos se ha basado
en el uso de técnicas de aprendizaje de máquinas, algoritmos de análisis de señales y sistemas
lineales.
En relación con el trabajo de esta Tesis Doctoral, y más específicamente para resolver el
O.1, se utiliza un modelo de autómata celular anteriormente programado [1] que, mediante el
análisis de señales, se ha optimizado para realizar pruebas clínicas sobre arritmias para analizar
sus mecanismos de una manera más visual y detallada. En concreto, se realizaron pruebas
computacionales para arritmias reentrantes y así ver el comportamiento de éstas en los EEF
cuando se utiliza el encarrilamiento cardiaco como técnica para capturar e identificar los circuitos
reentrantes. Esta técnica es utilizada por los electrofisiólogos para la localización de los circuitos
reentrantes y poder realizar ablaciones en estas zonas, eliminando así la arritmia. En particular
se necesita analizar el comportamiento de la arritmia en el momento en que chocan los frentes
de onda estimulados y el circuito reentrante, observando lo que ocurre con el circuito reentrante
y explorando el comportamiento de la arritmia desde un punto de vista clínico.
En el caso del O.2, utilizando la base de datos del sistema ECGI cedida por el Laboratorio del
Profesor Yoram Rudy, se realizó un estudio de los potenciales epicárdicos correspondientes a los
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EGM unipolares captados por un mallado de electrodos ubicados en el torso. Para realizar una
validación clínica del sistema es necesario obtener los EGM bipolares, ya que son éstos los que se
utilizan en los EEF para evaluar la amplitud, el ancho y la posible presencia de fragmentación
del EGM. Para ello se proponen una serie de Operadores de Procesamiento de Señal Digital
(DSPO, del inglés, Digital Signal Processing Operator ) y se analizan la idoneidad de los EGM
bipolares obtenidos con cada uno de ellos. Los DSPO propuestos son: la amplitud máxima
y mínima, la distancia máxima y mínima, el vecino aleatorio más cercano, y la media de los
vecinos más cercanos. El DSPO más idóneo en morfología se comparó con la Primera Derivada
Temporal (FTD) del EGM unipolar, que es un DSPO comúnmente utilizado para obtener los
EGM bipolares en los sistemas ECGI. En cada uno de los DSPO propuestos se realizó un análisis
electrofisiológico de la señal. Primero, se consideró la amplitud de cada uno de los EGM bipolares
obtenidos, analizando si cumplía con los criterios clínicos. A continuación, con los dos mejores
DSPOs encontrados, se realizó un análisis morfológico de la señal, viendo la fragmentación del
EGM bipolar y la duración de la despolarización. Posteriormente, con los dos mejores DSPOs
anteriormente mencionados, se realizó un análisis espacio-temporal de los EGM unipolares y
los EGM bipolares. Y, por último, se realizó una regionalización del tejido cardiaco utilizando
técnicas de aprendizaje no supervisado para obtener una forma visual las distintas regiones del
tejido cardiaco. Esta regionalización se realizó con el algoritmo K-medias para distintas medidas
de distancia y diferentes valores del orden K. Las distancias utilizadas en el algoritmo fueron,
distancia cuadrada euclídea, norma L1 , distancia coseno y distancia correlación. Primero, se
determinó cuál de estas distancias regionalizaba mejor los EGM unipolares para luego con la
medida de distancia realizar un estudio para distintos valores de K. Una vez encontrado la
medida de distancia y el valor de K clases que mejor representaba cada una de las regiones del
tejido cardiaco, se utilizó el DSPO anteriormente encontrado para obtener los EGM bipolares y
probarlo con el algoritmo de K-medias.
Para el O.3, se propone una nueva aproximación para resolver el problema inverso, utilizando
los conocimientos de sistemas lineales y de Máquinas de Vector Soporte para Regresión (SVR, del
inglés Support Vector Regression). El algoritmo SVR se ha utilizado para abordar problemas de
procesamiento de señal de una manera directa, esto es, con pocas o ninguna modificación de los
algoritmos SVR para adaptar la estructura y datos subyacentes del conjunto disponible a los modelos de señal. Mientras que este enfoque ha dado buenos resultados, a menudo el rendimiento de
este algoritmo se ve afectado porque su modelo de datos no coincide con el modelo de datos propio del problema. Utilizando la aproximación propuesta para abordar problemas de estimación
en el procesamiento de señal digital utilizando SVM, se establece una estimación no lineal al
problema llamado Modelo de Señal en el Dual (DSM, , del inglés Dual Signal Model ), siguiendo
una metodología de trabajos previos a la SVM que abordan así la deconvolución dispersa y la
interpolación no uniforme. Posteriormente, proponemos crear un algoritmo SVR que explica
explícitamente las singularidades del modelo de datos, las ecuaciones físicas y las restricciones
del problema inverso en electrofisiología. Para ello, se propone un núcleo de distancia Laplaciana
para su utilización como núcleo de Mercer en la SVR, y se sigue el DSM para crear un algoritmo
SVR que garantice su idoneidad como método. En general, todos los métodos de aprendizaje
estadístico basados en SVR han demostrado excelentes propiedades de regularización y, además,
nos permiten introducir fácilmente información relevante a priori del problema en cuestión en
las ecuaciones del algoritmo, lo cual es una ventaja deseable para esta nueva aplicación.
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Resultados
Los resultados obtenidos en la Tesis Doctoral los podemos ver detalladamente en cada uno de
sus capítulos.
Los resultados obtenidos para el O.1 se pueden ver en el Capítulo 2, en el que se detalla
una situación en la que se generó, localizó y estudió un circuito de reentrada con la técnica
de encarrilamiento utilizada en el EPS. Con las mejoras propuestas en el autómata se pudo
visualizar detalladamente el choque de los pulsos, donde se pudo identificar la fusión del circuito
reentrante con el pulso de encarrilamiento. Esto se logró gracias a la mejora de la resolución en
la captación de los EGM del autómata y a la nueva propuesta de visualización de los resultados
del autómata.
Por otra parte, para el O.2, se comprobó que la DSPO que mejores resultados proporcionaba
era el de máxima amplitud. Este operador nos entregaba un EGM bipolar más claro para el
análisis de los parámetros electrofisiológicos analizados, ancho del complejo, amplitud del EGM
bipolar y fragmentación en la despolarización del EGM. Posteriormente, se realizó un análisis
morfológico de la señal EGM bipolar obtenida con el DSPO de máxima amplitud. Se realizaron
pruebas desplazando 10, 40 y 80 muestras el EGM unipolar de referencia y realizado la resta
con el mismo EGM unipolar sin desplazar. Esto nos proporcionó una señal EGM bipolar con
una morfología más cercana a una observada en los EEF, pero se identificó que en algunas regiones existían inconsistencias electrofisiológicas en la morfología del EGM bipolar, ya que no
asegurábamos el sentido de propagación del potencial bioeléctrico. Es por esto, que posteriormente se realizó el desplazamiento del EGM unipolar de máxima amplitud y realizando la
resta con el EGM unipolar de referencia, obteniendo así mejores resultados con los parámetros electrofisiológicos analizados en el estudio. Con este nuevo operador nos acercamos a una
morfología del EGM bipolar más cercana a la utilizada en los EEF. Posteriormente, se realizó
un análisis de regionalización de tejido cardiaco, para comprobar la localización de la región
de cicatriz de tejido cardiaco. En esta regionalización hemos visto que utilizando el algoritmo
K-medias con un K = 5 y una medida de distancia coseno o de correlación, se puede lograr una
buena regionalización del tejido cardiaco, identificando principalmente los EGM unipolares que
tienen fragmentación en su despolarización. Está misma prueba se realizó con los EGM bipolares
obtenidos desplazando el EGM unipolar de máxima amplitud, encontrando resultados similares
al caso de los EGM unipolares anteriormente mencionado.
Finalmente, con respecto al O.3, las simulaciones en modelos homogéneos de una y dos dimensiones del problema inverso en electrofisiología muestran el rendimiento de la técnica DSM-SVM
con núcleo de distancia Laplaciana frente a los métodos convencionales de Variación Total de
Primer orden (FTV, del inglés First Total Variation), Descomposición de Valores Singulares
Tikhonov de Primer orden (FTSVD, del inglés First-order Tikhonov Singular Value Decomposition) y Tikhonov de Primer-orden (FOT, del inglés First-Order Tikhonov ). En primer lugar, el
modelo unidimensional de simulación y captación se ajustó para producir EGM grabados, obteniendo una morfología similar a los que generalmente se observan en los EEF, y se diseñó una
estrategia adecuada para la búsqueda de parámetros libres. En segundo lugar, las simulaciones
en modelos de una y dos dimensiones mostraron una mayor sensibilidad al ruido en la matriz
de transferencia estimada (del inglés, H-matrix Noise to Ratio, HNR), que para el ruido de las
mediciones en la observación, en donde la DSM-SVR se muestra más robusta a un HNR ruidoso
que la TSVD, con valores de error absoluto medio para la DSM-SVR de 1.75 mV, 1.05 mV, 0.35
mV, 0.107 mV para HNR de 25 dB, 30 dB, 40 dB y 50 dB. Estos resultados sugieren que nuestra
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propuesta de DSM-SVR con núcleo de distancia Laplaciana puede ser una alternativa eficiente
para mejorar la resolución en sistemas de imágenes intracardiacas actuales y emergentes.
First-Order Tikhonov First-order Tikhonov Singular Value Decomposition
Conclusiones
La presente Tesis Doctoral presenta una serie de herramientas para el análisis de arritmias cardiacas, nuevas soluciones al problema inverso en cardiología a partir de los métodos de aprendizaje
de máquina y un análisis de señal de los EGM obtenidos en los sistemas ECGI.
Sin duda un análisis de las arritmias cardiacas a partir de modelos computacionales donde se
puedan visualizar las arritmias a nivel celular es una alternativa muy potente desde el punto de
vista académico. Si bien se han desarrollado sistemas más avanzados computacionalmente, para
un electrofisiólogo es muy importante la simplicidad en el manejo de una herramienta computacional que le permita una visualización clara de los resultados obtenidos en una simulación. Es
por esto por lo que se mejoró el autómata celular de [1] para dar mejores prestaciones al análisis
de las arritmias, en especial, para el estudio realizado con los circuitos reentrantes.
Por otro lado, al trabajar con los sistemas ECGI y realizar el análisis de los EGM unipolares,
se ha enfatizado aquí que es importante la progresiva mejora en la resolución de estos sistemas y
la propuesta realizada utilizando la DSM-SVR con núcleo de distancia Laplaciana puede ser una
alternativa eficiente para mejorar la resolución en sistemas de imágenes intracardiacas actuales
y emergentes. Si bien faltan aún los pasos subsiguientes para llegar a los modelos en 3D con
sustrato heterogéneo, los resultados obtenidos hasta ahora en los modelos 1D y 2D con sustratos
homogéneos nos entregan una línea por donde podemos continuar la investigación utilizando
como base el aprendizaje máquinas y el análisis de sistemas lineales. Uno de los puntos más
importantes observados ha sido la sensibilidad de los métodos tradicionales ante el HNR, en
donde la DSM-SVR proporcionó mejores prestaciones.
Finalmente, gracias al análisis realizado a los EGM unipolares del sistema ECGI, hemos
podido proponer una forma diferente para obtener los EGM bipolares en estos sistemas. Aquí
se hace evidente la importancia de la información espacial aportada por cada uno de los EGM
unipolares de los nodos del mallado, contrastada con la información proporcionada sobre el tejido
cardiaco. Es por esto por lo que es importante realizar un análisis a nivel de señal de los EGM
unipolares, para determinar la mejor configuración que genera los EGM bipolares, permitiendo
determinar los parámetros electrofisiológicos utilizados en los EEF, y además determinar una
óptima regionalización del tejido cardiaco, utilizando técnicas de aprendizaje no supervisado.
Esta regionalización del mallado nos puede ayudar con información adicional sobre enfermedades
cardiacas, regiones de cicatriz o de conducción lenta que pueda presentar el tejido cardiaco,
permitiéndonos localizar e identificar con mayor facilidad las arritmias cardiacas que se puedan
generar en el corazón.
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Abstract
Background
In the field of bioengineering, specifically in cardiac electrophysiology research, there is a lot
of scientific work on techniques for the early detection, identification and treatment of cardiac
arrhythmias, which are one of the leading causes of death in the world. These cardiac arrhythmias
are under constant investigation due to the lack of knowledge in their mechanisms and the
difficulty in their location and identification. On the other hand, from a cardiological point
of view, cardiac arrhythmias are defined as a disorder in the normal heart rhythm, generated
naturally in response to physiological needs, or by disturbances in the electrical activity that
controls the contraction of the cardiac muscle. These arrhythmias are caused, in most cases, by
regions of the heart that are diseased, with slow conduction, or with scars.
One of the main information sources for the study of arrhythmias are the intracavitary electrograms (EGMs). An EGM is an endocardial recording of the bioelectrical signal generated by
the electrical impulse that contracts the cardiac muscles. The procedure used to register the
EGMs, identify the arrhythmia mechanism, and treat it with ablation therapy is the electrophysiological study (EPS). Cardiac ablation consists of the suppression of the arrhythmia by
cauterizing the diseased cardiac tissue with radiofrequency or intense cold using intracavitary
catheters. As supporting systems in the EPS, cardiac navigation systems (CNS) are used to generate maps with anatomical and electrical information of the cardiac cavity. These maps help
to identify the arrhythmia and the sequence of activation by registering the EGMs in different
spatial locations of the cardiac chamber. The number of points and their spatial distribution are
determined during the procedure heuristically and require a time of exploration and sequential
recording of the EGMs that lengthens the duration of the EPS.
At present, non-invasive systems for the generation of maps with anatomical and electrical
information of the heart have been developed. These systems, called electrocardiographic image
(ECGI) systems, estimate the epicardial unipolar EGMs in an cardiac epicardial mesh by using
the variation of the electric field generated by the bioelectric currents and registered with electrodes located on the patient torso and back. This allows us to obtain meshes of the epicardial
unipolar EGMs with a high number of nodes in real time and in a non-invasive way. The ECGI
system uses the inverse problem in electrocardiography to calculate and estimate these virtual
EGMs. This inverse problem is a numerically ill-conditioned problem, due to the inversion of
the matrix characteristics. Although regularization methods, such as Tikhonov or the Decomposition of Truncated Singular Values, have been proposed to solve this problem, they still present
resolution problems in their provided solution. On the other hand, ECGI systems are limited
in their use with the EPS criteria, since bipolar EGM are used in EPS while unipolar EGM are
provided by ECGI. The width of the EGM complex, the amplitude of the depolarization wave,
and the fragmentation of the bipolar EGM are features used in the EPS. These bipolar EGMs
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in EPS are obtained by the subtraction of the unipolar EGM captured with a pair of catheter
electrodes. In the ECGI systems, the unipolar EGM are used to create activation maps of the
heart, but this information is insufficient to perform an analysis of the EGMs and to determine
the type of arrhythmia or its location.
Objectives
O.1 To carry out a study of reentrant arrhythmias using a cellular automaton, which allows us
to use detailed images of the mechanisms of the arrhythmia that we are studying.
O.2 To perform an analysis of the unipolar EGM signals of the ECGI systems, to determine an
operator that allows us to obtain the bipolar EGM in these systems in order to improve
their comparability with those currently used in clinical practice.
O.3 To propose a new approach to the inverse problem, using the Linear System Theory and
Support Vector Machine (SVM), which provide a greater resolution in their solution.
Methodology
The methodology proposed to guarantee the attainment of the defined objectives has been based
on the use of machine learning techniques, signal processing algorithms and linear systems.
In relation to research of this Doctoral Thesis, and more specifically to solve the O.1, a model
of cellular automaton has been optimized using signal processing techniques to perform clinical
tests on arrhythmias and to see its mechanisms in a more visual and detailed way. Specifically,
computational tests were performed for reentrant arrhythmias when cardiac entrainment was
used as a technique to capture and identify the reentrant circuits. The entrainment is used by
electrophysiologists to locate the reentrant circuits and to ablate the most suitable area to stop
this arrhythmia. It is particularly important to analyze the behavior of the arrhythmia when
the stimulated wavefronts and the reentrant circuit collide and to explore the behavior of the
arrhythmia from a clinical point of view.
In the case of the O.2, the database of the ECGI system developed by the Laboratory of
Professor Yoram Rudy is used for this goal. This database is composed by a mesh of epicardial
unipolar EGMs obtained from the electrical field recorded in the patient torso and back with
this system. Given that the bipolar EGM is the recording used in EPS, it is required to obtain
these bipolar EGMs to perform a clinical validation of the system. The amplitude, the width of
the EGM, and the fragmentation of the bipolar EGMs were used as electrophysiological features
for the validation. Digital Signal Processing Operators (DSPO) have been proposed to analyze
the suitability of the bipolar EGMs obtained with each of the DSPO in terms of clinical criteria.
The proposed DSPOs are the maximum and minimum amplitude, the maximum and minimum
distance, the closest random neighbor, and the average of the nearest neighbors. The most
suitable DSPO in morphology was compared with the First Temporary Derivative (FTD) of
unipolar EGM, which is a DSPO commonly used to obtain the bipolar EGMs in ECGI systems.
In each of the proposed DSPOs, an electrophysiological analysis of the signal was performed by
using the electrophysiological features previously mentioned. First, the amplitude of each bipolar
EGM should meet the clinical criteria. Next, a morphological analysis of the signal was made in
terms of the bipolar EGM fragmentation and the duration of the depolarization. Subsequently,
a spatio-temporal analysis of the unipolar EGM and the bipolar EGM obtained with the DSPO
was performed. Finally, a regionalization of cardiac tissue was obtained using unsupervised
learning techniques to visualize different regions of the cardiac tissue. This regionalization was
PhD Dissertation
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done with the K-means algorithm for different distance measurements and different K values.
The distances used in the algorithm were Euclidean square distance, norm L1 , cosine distance
and correlation distance. First, the best distance algorithm was determined for regionalizing
with the unipolar EGM, and then, the best K value was evaluated. Once, it was found the
best measure of distance and the value of K to represent the regions of the cardiac tissue, the
previously selected DSPO was used to obtain the bipolar EGMs and to test it with the K-means
algorithm.
For the O.3, a new approach to solve the inverse problem is proposed, using the knowledge of
linear systems and of the Support Vector Regression (SVR). The SVR algorithm has been used
to address signal processing problems directly, that is, with little or no modification of the SVR
algorithms to adapt the underlying structure and data of the available set to the signal models.
While this approach has yielded good results, the performance of this algorithm is often limited
due to its data model does not match the data model of the problem itself. Using a proposed
approach to address estimation problems in digital signal processing using the SVM, a non-linear
estimation is established for the problem called the Signal Model in the Dual (DSM), following a
methodology of previous works of the SVM that addresses sparse deconvolution and non-uniform
interpolation. Subsequently, we proposed to create an SVR algorithm that explicitly explains the
singularities of the data model, the physical equations and the restrictions of the inverse problem
in electrophysiology. In addition, a Laplacian distance kernel is proposed as a Mercer kernel in
the SVR, and the DSM is followed to create an SVR algorithm that guarantees its suitability
as a method. In general, all statistical learning methods based on SVR have shown excellent
regularization properties and allow us to easily introduce a priori relevant information of the
problem in the algorithm equations, which is a desirable advantage for this new application.
Results
The results obtained in the Doctoral Thesis are detailed in specific chapters.
The results obtained for the O.1 are detailed in Chapter 2, where a reentry circuit was
generated, located, and studied with the entrainment technique commonly used in the EPS.
Thanks to the proposed improvements in the cellular automaton, it was possible to visualize in
detail the collision of the pulses and to identify the fusion of the reentrant circuit with the pulse
of entrainment. The improvements include a better resolution in the capture of the EGM and
new ways of visualizing the results in the cellular automaton.
It was verified that the DSPO with the best results was the maximum amplitude DSPO
in the O.2. This operator gave us a clearer bipolar EGM for the analyzed electrophysiological
features, i.e. the width of the complex, the amplitude of the bipolar EGM, and the presence of
fragmentation in the depolarization of the bipolar EGM. Subsequently, a morphological analysis
of the bipolar EGM signal obtained with the DSPO of maximum amplitude was performed.
Firstly, tests were carried out by subtracting the unipolar EGM reference with the same signal
but shifted 10, 40, and 80 samples. This new bipolar EGM signal had a morphology closer to that
observed in the EPS; however, some parts of the signal had electrophysiological inconsistencies
in the morphology of the bipolar EGM, since we did not assure the propagation direction of
the bioelectrical potential. To solve these inconsistencies, the subtraction was performed with
the unipolar reference EGM and the shifted unipolar EGM of maximum amplitude. A closer
bipolar EGM morphology to those used in the EPS and better results for the electrophysiological
features were obtained with this new configuration. Subsequently, an analysis of regionalization
of cardiac tissue was performed to check the location of the scar region. A good regionalization
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of cardiac tissue can be achieved with the new configuration finding results that were similar to
the case of the unipolar EGM aforementioned.
Finally, with respect to O.3, the simulations in homogeneous models of one and two dimensions (1D and 2D, respectively) of the inverse problem in electrophysiology show the performance
of the DSM-SVM technique with Laplacian distance kernel versus conventional methods of FirstOrder Total Variation (FTV), First-Order Tikhonov Singular Values Decomposition (FTSVD)
and First-Order Order Tikhonv (FOT). First, 1D model of simulation and recording was adjusted
to produce recorded EGMs similar morphology to those observed in the EPS. An appropriate
strategy was designed to search the most appropriate free parameters for the SVM. Second, the
simulations in 1D and 2D models show a greater sensitivity to noise in the estimated transfer
matrix (H-matrix to Noise Ratio, HNR) than the noise of the measurements in the observation.
DSM-SVR was shown to be more robust for HNR than the TSVD with average absolute error
values for the DSM-SVR of 1.75 (mV), 1.05 (mV), 0.35 (mV), 0.107 (mV) for HNR of 25 ( db), 30
(db), 40 (db) and 50 (db). These results suggest that our proposal of DSM-SVR with Laplacian
distance kernel may be an efficient alternative to improve the resolution in current and emerging
intracardiac imaging systems.
Conclusions
This Doctoral Thesis has presented a series of tools for the analysis of cardiac arrhythmias, new
solutions to the inverse problem in electrophysiology based on machine learning methods, and a
signal processing framework of the EGM obtained in the ECGI systems.
Undoubtedly, an analysis of cardiac arrhythmias from computational models where arrhythmias can be visualized at the cellular level is a very powerful alternative from the academic
point of view. Although more advanced systems have been developed computationally, it is very
important the simplicity for an electrophysiologist to handle a computational tool that allows
a clear visualization of the results obtained in a simulation. Therefore, an existing cellular automaton was improved to give better performance to the analysis of arrhythmias, especially for
the study performed with the reentrant circuits.
On the other hand, it has been emphasized that the progressive improvement in the resolution
of ECGI systems and the analysis of unipolar EGMs are important for the identification and
location of the arrhythmias. The proposal of the DSM-SVR with distance Laplacian kernel may
be an efficient alternative to improve resolution in current and emerging intracardiac imaging
systems. Although the subsequent steps to the 3D models with heterogeneous substrate are
still in study, the results obtained up to now in the 1D and 2D models with homogeneous
substrates give us a to continue the research using machines learning techniques and the linear
systems analysis. Note that, one of the most important drawbacks of traditional methods was
the sensitivity to the HNR, however, the DSM-SVR provided us with better benefits in this
setting.
Finally, thanks to the analysis of the ECGI unipolar EGM, we have been able to propose
a different way to obtain the bipolar EGM in these systems. It was evident the importance of
the spatial information provided by each of the unipolar EGMs in the mesh to compare it with
information recorded during an EPS. Thus, it also is important to perform a signal analysis of
the unipolar EGMs to determine the best configuration that generates bipolar EGMs. These
new ECGI bipolar EGMs allow to compare the signal provided by the ECGI systems with the
electrophysiological parameters used in the EPS, and to determine an optimal regionalization of
cardiac tissue using unsupervised learning techniques. In addition, this mesh regionalization may
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help us with additional information about scar or slow conduction regions that cardiac tissue
may present, allowing us to more easily locate the cardiac arrhythmias that can be generated in
the heart.
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1.2
Motivation
and
Objectives

1.3
Structure
and Contributions

1.1
Background

Chapter 1
Introduction

The act of studying is sacred and, in analogy with the holy mass, it really is a spiritual holocaust,
spiritual offering, of all our intelligence, of all our soul, so that we may express Christ, as the rational
beings we are, in the most elegant, most complete possible way. And that is a continuous act
of improvement, where the effort and the qualities of all and each one keep overcoming the own
limitations and the limitations of the others. (Fernando Rielo: Cristo y su sentido de empresa [Christ
and His Sense of Enterprise / Business], p. 119)
The different sub-specialities of cardiology study and treat the different diseases of the heart
from different points of view, such as its mechanical function or electrical activity, among others. Cardiac electrophysiology focuses on the study of the electrical activity of the heart and its
affections. Despite the important growth in technological advances and the raise of electrocardiographic imaging (ECGI) tests and the electrocardiogram (ECG) in the interpretation of heart
rhythm disorders, the intracardiac electrogram (EGM) remains the main interpretation element
for clinical diagnosis of cardiac arrhythmias. Recently, studies of bioengineering and biomedicine
have helped to improve the interpretation of arrhythmias by using techniques of digital signal
processing and machine learning, in the analysis of EGM. Besides, the computer science has
contributed to improve the visualization of the 3D reconstruction of the heart activity for the
detection and visualization of anomalies in the heart rhythm.
This chapter is a brief introduction to the Thesis. First, the anatomy and electrical functioning of the heart are described together with the main electrophysiology concepts. A description
of the basic concepts of ECGI is also given. After that, we present the basic concepts about the
cardiac inverse problem and the support vector machines (SVM), which are basic concepts of
the dissertation. Second, the motivation and objectives of this Thesis are concisely enumerated.
Third, the methodology applied to achieve the proposed objectives is presented. Finally, the
structure of Thesis and its contributions are given.

1

2

1.1

CHAPTER 1. INTRODUCTION

Background

Tis section summarizes the main concepts of cardiac electrophysiology and anatomy, non-invasive
imaging modalities for cardiac electrophysiology, and machine learning techniques used in the
Thesis. It begins with a brief review of the cardiac anatomy and its electrical functioning. The
pathological alterations of the cardiac rhythm, so-called arrhythmias, are cataloged according to
their origin and type. The electrostimulation techniques for the diagnosis in the electrophysiological studies (EPS) are also introduced. The EGMs are presented as one of the main sources
of information about the arrhythmias, in addition to noninvasive techniques of cardiac electrophysiology, the ECGI, and the cardiac inverse problem. Finally, the SVMs are introduced as
the proposed machine learning technique to be used as an emerging alternative to current ECGI
estimation algorithms.

1.1.1

Anatomy and Electrophysiology of the Heart

The heart is one of the most important and vital organ of the human body. It works as a pump
that pushes blood to the organs, tissues, and cells of our organism. It is relatively small, as it
roughly weighs between 200 to 425 grams, and it has the size of a closed fist. It is about 12 cm
long, 9 cm wide at its broadest point, and 6 cm thick, with an average mass of 250 g in adult
females and 300 g in adult males. By the end of a long life, a person’s heart may have beat
more than 3.5 billion times. In fact, each day, the average heart beats 100.000 times, pumping
about 7.571 liters of blood. This pumped blood is carried from the heart to the rest of the body
through a complex network of arteries, arterioles, and capillaries, and it is returned to the heart
through veins and venules. It is located between the lungs in the middle of the chest, behind
and slightly to the left of the breastbone. A double-layered membrane called the pericardium
surrounds the heart like a sac. The outer layer of the pericardium surrounds the roots of the
heart major blood vessels, and it is attached by ligaments to our spinal column, diaphragm, and
other parts of our body. A coating of fluid separates the two layers of the membrane, allowing
the heart to move as it beats [10, 11].
Anatomy of the Heart
The heart consists of three main types of cardiac muscles, namely, atrial muscle, ventricular
muscle, and specialized excitatory-conductive muscle fibers. The atrial and ventricular muscles
are contracted in the same way as the skeletal muscle, except that the duration of the cardiac
muscle contraction is much longer. The specialized excitatory and conductive fibers contract
only feebly because they contain few contractile fibrils. However, they exhibit an automatic
rhythmic electrical discharge in the form of action potentials through the heart, providing an
excitatory system that controls the rhythmical beating of the heart [12].
In Fig. (1.1), we can see that the heart consists of two separate pumps: a right side that
pumps blood to the lungs, and a left side that pumps blood to the peripheral organs. In turn,
each side of the heart is a pump with two chambers, namely, an atrium and a ventricle. Each
atrium is a pump that helps to move blood to the corresponding ventricle. The ventricles are the
main pumping force that drives blood towards pulmonary circulation through the right ventricle,
and peripheral circulation through the left ventricle. Four valves regulate the blood flow through
the heart. In the right side, the tricuspid valve regulates the blood flow between the right atrium
and the right ventricle, and the pulmonary valve controls the blood flow from the right ventricle
into the pulmonary arteries. In the left side, the mitral valve makes blood pass from the left
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Figure 1.1: Diagram of the anatomy of the heart [2].

atrium into the left ventricle, and the aortic valve opens to allow the blood to pass from the left
ventricle into the aorta.
Electrophysiology of the Heart
The cardiac conduction system (Fig. (1.2)) consists of specialized fast conducting tissue though
which the electric activity of the heart spreads from the atria to the ventricles. On a larger
level, its function is controlled predominantly by the autonomic nervous system. Especially the
sinoatrial (SA) node and the atrioventricular (AV) node are responsive to the autonomic nerve
system. The electrical signal begins in the SA node, located in the right atrial wall just inferior
and lateral to the opening of the superior vein cava. The SA node has the property of depolarizing
repeatedly and spontaneously. Each electrical impulse from the SA node propagates throughout
both atria via the cells and the gap junctions in the intercalated discs of atrial muscle fibers.
Following the electrical impulse raise, the atria contract. By conducting along atrial muscle
fibers, the electrical impulse reaches the AV node, located in the interatrial septum, just anterior
to the opening of the coronary sinus. From the AV node, the electrical impulse enters the AV
bundle, also known as the His bundle, which is the only site where electrical impulse can conduct
from the atria to the ventricles. Elsewhere, the fibrous skeleton of the heart electrically insulates
the atria from the ventricles. After propagating along the AV bundle, the electrical impulse
enters both the right and left bundle branches, and the bundle branches extend through the
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Figure 1.2: Diagram of electrical function of the heart [3].

interventricular septum toward the apex of the heart. Finally, the large-diameter Purkinje fibers
rapidly conduct the electrical impulse beginning at the apex of the heart upward to the remainder
of the ventricular myocardium. Then the ventricles contract, pushing the blood upwards [13].
The conduction velocity of the electrical impulse along both atrial and ventricular muscle
fibers is about 0.3 to 0.5 m/s, which is about 1/250 the velocity in very large nerve fibers and
about 1/10 the velocity in skeletal muscle fibers. The velocity of conduction in the specialized
heart conductive system, in the Purkinje fibers, is as large as 4 m/s in most parts of the system,
which allows a reasonably rapid conduction of the excitatory signal to the different parts of the
heart [12].
Action Potential
In a normal beat, the action potential (AP) is initiated by the SA node and travels along
the conduction system to excite the atrial and ventricular muscle fibers, so-called contractile
fibers. The AP recorded in a ventricular muscle fiber is about 100 mV, which means that the
intracellular potential rises from a very negative value (about −85 mV between beats) to a
slightly positive value (about 20 mV) during each beat. After the initial rise, the membrane
remains depolarized for about 0.2 s exhibiting a maintained depolarization, followed at its end
by an abrupt repolarization [14]. In Fig. (1.3) we can see summarized the phases of the AP
in the cardiac muscle, where we identify 3 different states, namely the reset (R), the absolute
refractory (AR), and the relative refractory (RR) state. Subsequently, the diastolic interval (DI)
can be identified, which corresponds to the time between the end of an AP, the state R, and the
start of the next AP, or phase 0 of depolarization. An AP occurs in a contractile fiber as follows:
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Figure 1.3: The AP and its duration in the different phases.

Phase 0 (Depolarization): The contractile fibers have a stable resting membrane potential
that is close to −90 mV. When a contractile fiber is brought to threshold by an AP from
neighboring fibers, its voltage-gated fast sodium channels open and permit sodium to
rapidly flow into the cell and depolarize it. Within a few miliseconds, the membrane
potential reaches about +20 mV, and the sodium inflow decreases until the sodium channels
close.
Phase 1 (Initial Repolarization): The sodium channels close, the cell begins to repolarize,
and potassium ions leave the cell through open potassium channels.
Phase 2 (Plateau): The next phase of an AP in a contractile fiber is the plateau, a period
of maintained depolarization. It is due in part the opening of calcium slow channels, and
closing fast potassium channels. A brief initial repolarization occurs and then the AP
then plateau stats as a result of (1) increased calcium ion permeability, and (2) decreased
potassium ion permeability. The into voltage-gated calcium ion channels open slowly during
phases 0 and 1, and calcium enters the cell. Then potassium channels close, and the
combination of decreased potassium ion efflux and increased calcium ion influx causes the
AP to plateau.
Phase 3 (Rapid Repolarization): The recovery of the resting membrane potential during the
repolarization phase of a cardiac AP resembles that in other excitable cells. The closure of
calcium ion channels and increased potassium ion permeability permit the potassium ions
to rapidly exit the cell, ending the plateau and returning the cell membrane potential to
its resting level.
Phase R (Reset): The potassium outflow restores the negative resting membrane potential,
at about −90 mV.
The previously mentioned states can be identified in each AP phase (see Fig (1.3)). Phases
0, 1, 2 corresponds to the AR state, and Phase 3 corresponds to the RR state. Each of these
states will help us to understand the substrate models presented in Chapter 2 of this Thesis.
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Figure 1.4: The ECG tracing corresponding to the heart contraction [4]. (1) All cardiac cell at
reset, (2) atrial depolarization, (3) the electrical impulse passing trough the AV node, (4) ventricular depolarization (QRS complex), (5) total ventricular depolarization, and (6) ventricular
repolarization.

Electrocardiogram
Before a new heartbeat is initiated by the SA node, all cardiac cells are at rest, which is observed
by a isoelectric line in the ECG, called baseline, see Fig (1.4)-(1). During atrial depolarization,
the dominant vector is directed downwards of the AV node. As a result, an atrial wave with
positive polarity is generated in the recorded ECG, called P wave (see Fig. (1.4)-(2)). The
amplitude of the resulting P wave is low because the muscle mass of the atria that produces
the electrical wavefront is relatively small. Once depolarization of the atria has been completed,
the ECG returns to the isoelectric line called PQ interval, remains until the ventricles become
depolarized, see Fig. (1.4)-(3). Depolarization of the AV node and the His bundle starts at the
end of the atrial wave but it does not produce any visible ECG wave because of the small muscle
mass of these two cardiac structures.
The waves associated with ventricular depolarization, called QRS complex, are much larger
than the atrial wave since the ventricles have much larger muscle mass. The ventricular depolarization begins at the wall between the ventricles, called septum, in such a way that the associated
vector is directed away from the exploring electrode 1 , see Fig. (1.4)-(4), hence, the related ECG
wave has negative polarity. Due to the high conduction velocity of the cells in this part of the
heart, the negative wave has short duration. During continued ventricular depolarization, the
1

Electrode that is positioned closer to the source whose electrical activity is recorded.
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dominant direction of the vector gradually turns toward the exploring electrode. This behavior
is related to the fact that the wall of the left ventricle is three times thicker than that of the
right ventricle and consequently it takes longer to depolarize. Depolarization terminates with
the dominant vector pointing away from the exploring electrode, and thus a wave with negative
polarity is produced in the ECG.
Once ventricular depolarization has been completed, the ECG returns to the isoelectric line
called ST segment, and it remains there until ventricular repolarization occurs, see Fig. (1.4)(5). During ventricular repolarization, a similar sequence of dominant vectors to those during
ventricular depolarization appears, called T wave (see Fig. (1.4)-(6)). Since atrial repolarization
is concurrent with ventricular depolarization, the related atrial repolarization wave is masked by
the ventricular waves given that they have much larger amplitudes.

1.1.2

Arrhythmias and Electrophysiological Study

Some of the most distressing types of cardiac malfunction occur as a result of abnormal rhythm
of the heart. For instance, sometimes the beat of the atria is not coordinated with the beat of
the ventricles, so the atria no has a longer normal function. The cardiac malfunctions can be
originated by factors stimulating the heart (e.g., stress, caffeine or alcohol), or congenital defects including Wolff-Parkinson-White syndrome, coronary artery disease, myocardial infarction,
hypertension, or defective heart valves. [15]
Arrhythmias
The rhythm of the normal heart, called sinus rhythm, is controlled by the electrical impulses
of the SA node and produces a heart rate between 50 and 100 beats/minute at rest. Any
disturbance of the sinus rhythm is called arrhythmia. An arrhythmia may come about when
depolarization is initiated by other pacemaker cells of the heart than those of the SA node, thus
altering the formation of the electrical impulses. Another arrhythmia mechanism is produced
when the conduction of the electrical impulses is altered.These alterations are analyzed in the
electrophysiological studies carried out by the electrophysiologists, for the control and diagnosis
of arrhythmias in their patients.
The causes of cardiac arrhythmias are usually one or a combination of the following abnormalities in the rhythmicity-conduction system of the heart:
• Abnormal rhythm of the natural pacemaker (SA node).
• Shift of the natural pacemaker from the SA node to another place in the heart.
• Blocks at different points in the propagation of the APs through the heart.
• Abnormal pathways of AP transmission through the heart.
• Spontaneous generation of APs in almost any part of the heart.
A classification of the most common arrhythmias is next presented depending on the arrhythmia
mechanism [16–20]:
Automatism alterations: The normal heart rate ranges between 60 and 100 beats/min controlled by the SA node. An alteration of the automatism of the SA node, increasing or
decreasing the normal limits, can cause arrhythmias known as sinus tachycardias and sinus
bradycardia, respectively.
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Impulse formation alterations: During repolarization, the AP may present an oscillation
called early post-potential. This potential can reach enough voltage to start a new activation of the heart cells. Ventricular tachycardias called torsade de pointes are attributed
to this mechanism. On the other hand, late oscillations originate an abnormal ectopic
impulse, these being responsible for arrhythmias secondary to digitalis toxicity (digitalis is
a drugs used to treat certain heart conditions [21]).
Conduction alterations: Under normal conditions, the cardiac cells demand that the AP has
a certain voltage and is generated with a certain speed. In some areas of the heart, such
as the AV node, the normal AP is slow and with low amplitude. It is said that this
zone has decremental conduction and is very vulnerable to the effect of drugs, electrolyte
disorders, or ischemia. When the normal conditions of the AP deteriorate, the conduction
is interrupted and a blockage appears. When the electrical impulse reaches the branches
of the His during the refractory period, the QRS complex widens and acquires the branchblock morphology. On the other hand, some patients have anomalous beams that directly
connect the atrium and the homolateral ventricle (Kent bundle), avoiding the AV node. In
these cases, the driving time is increased, hence producing arrhythmias.
Reentrant alterations: It is one of the most frequent mechanisms in arrhythmias and it explains many of the extrasystoles and tachycardias. Reentries occur in areas of decreased
conduction and unidirectional block. When the electrical impulse reaches one of these
zones it stops, while the conduction in the rest of the normal cardiac tissue continues. The
impulse that continues can penetrate the abnormal area retrogradely and slowly return to
healthy tissue, thus causing a new impulse (see Fig. (1.5)).
Excitability alterations: Although less frequent, they are the cause of arrhythmias, such as the
phenomenon of Wefenski, which consists of an increase in the intensity of the excitability.
Likewise, the increase in excitability that occurs at the end of the repolarization can be
the origin of heart rhythm disorders.
Electrophysiological Study
The EPS is an invasive procedure designed to study cardiac rhythm disorders (or arrhythmias).
This procedure is performed with sedation or general anesthesia. It consists of the placement
of multipolar electro-catheters by arterial and/or venous way in the heart chambers usually
with X rays or cardiac navigation system. The function of the cardiac conduction system is
then studied. These catheters are capable of stimulating and recording the cardiac electrical
activity or EGMs (atrial, ventricular, and intracavitary electrical potentials in the area of the
His bundle and its branches). In addition, these catheters can supply different energies from their
tip, such as radiofrequency ablation, cryoablation, or ultrasound exploration, among others (see
Fig. (1.6)). The EPSs are performed with a diagnostic objective, in order to obtain information
about the type of arrhythmia and its electrophysiological mechanisms. Beside, the EPSs are used
for a therapeutic purpose, by interrupting arrhythmias with electrical stimulation, evaluating
the effects of different pharmacological and/or electrical treatments on the arrhythmia, and
applying radio-frequency to ablate of myocardial tissue responsible of the perpetuation of the
arrhythmia [22].
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Figure 1.5: A prerequisite for reentrant: The signal splits in two at arrival, but no arrhythmia is
initiated as the slow signal becomes extinct when it meets the fast signal. After an extrasystole
(second image) the fast pathway is still refractory and conduction is by the slow pathway. The
signal that reaches the His by the slow pathway may find the fast pathway conducting and return
to the atria (third image). This may set in motion a re-entry pathway through the AV node
resulting in AV nodal tachycardia (fourth image) [5].

Intracardiac Electrogram
Despite technological advances and interpretation of arrhythmias using ECGs, EGMs are the
most reliable method to define the arrhythmia mechanism in the EPSs. The EGMs represent
cardiac potentials recorded from electrodes directly in contact with the cardiac tissue. Such
recordings register the activation of specific locations within the cardiac chambers. This provides
us with an accurate method to localize and characterize the arrhythmias, and this makes evident
the limitations of the surface ECG in the evaluation of the arrhythmias [23–26].
The registration of an interpretable EGM begins by obtaining the voltage difference between
two different electrodes of a catheter, located inside the heart. Subsequently, this difference
is amplified and filtered to remove artifacts such as high frequency noise, breathing, or heart
movements. Breathing and heart movements are filtered out with a high-pass filter, while high
frequency noise is filtered with low-pass filters. Finally, this amplified and filtered difference is
graphically represented for the interpretation of the electrophysiologist in the EPS.
The difference of the voltage recorded between two different electrodes of the catheter represents the electrical activation of the myocardium. The two points are electrodes that are usually
fixed in different positions of the electrophysiological catheter: The first one is a distal electrode,
located at the tip of the catheter, and it is know as the exploratory catheter (positive pole);
And the second reference electrode, located at a further position or less distant from the distal
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Figure 1.6: Panel A shows the cryoballoon system in EPS. Panel B shows the radiofrequency
catheter ablation system in EPS. (Reproduced with permission from [6], Copyright Massachusetts
Medical Society).

electrode and defined as a negative pole. The difference between the exploration electrode and
the reference electrode generates the EGM.
There are two types of EGM signals, which are determined depending on the distance between
the two electrodes:
Unipolar EGMs (see Fig. (1.7), lower panel): When the reference electrode is located at
a theoretically infinite distance, or enough far away so that it does not detect electrical
activity, the signal obtained is a unipolar EGM. Usually, this signal is filtered with a highpass filter of 0.005-0.5 Hz to eliminate the baseline noise and 500 Hz with a low-pass filter.
On the other hand, it is also possible to filter between 30 to 100 Hz to detect signals of
low amplitude in scar regions, or regions with slow conduction in some arrhythmias [27].
These EGMs are normally used in EPSs for the identification of local activation time,
which is the moment when the depolarization front activates the myocardium located
just below the explorer electrode. An important characteristic of unipolar EGMs is that
they register a combination of local and global electrical activity, with a contribution of
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Figure 1.7: EGMs signals: Upper panel is the bipolar EGM, and down panel is the unipolar
EGM.

distant electrical activity (far field) which decreases with the square of the distance to the
exploration electrode [15].
Bipolar EGMs (see Fig. (1.7), upper panel): When both electrodes are close to each other, the
difference between the signals recorded by these electrodes registers the local myocardial
electrical activity, and the obtained signal is a bipolar EGM. In these bipolar EGMs the
distance between the two electrodes is an essential element affecting the morphology of the
bipolar EGM. This distance between electrodes is directly proportional to the section the
cardiac tissue in which the potential difference of the myocardial tissue is established. The
local activity record is more accurate at lower distance because the presence of far field is
lower, i.e the far-field will be more similar and it will be canceled in the difference. In most
of the EPSs, the bipolar EGMs are obtained with catheters with interelectrode distance of
1 cm or less, usually 5 mm, and even 1 mm in mapping and cartography procedures [28].
The bipolar EGMs are filtered using a high-pass filter with a cut-off frequency of 10-40
Hz (normally 30 Hz) and a low-pass filter using a cut-off frequency of 250-500 Hz [27].
The bipolar EGMs are used, for example, in reentry arrhythmias in order to measure
the activation sequence even from small-amplitude low and fractionated signals in low
conduction areas.
The local activation time is used in the generation of electroanatomical activation maps
and the interpretation of the circuits that maintain some arrhythmias. The best criterion to
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Figure 1.8: Example of the entrainment technique: Tachycardia accelerated to 230 ms.

obtain the activation time is given by unipolar EGMs, and it corresponds to the time instant of
maximum descending slope of the unipolar EGMs, whether filtered or not. In the case of bipolar
EGM, a criterion for local activation is less known, but the point of maximum amplitude of the
first peak of the EGM that coincides with the maximum slope of the unipolar EGM is often used
in practice [15].
Another relevant characteristic of the EGMs is their voltage. The amplitude of a bipolar EGM
is related to the intensity and amount of activation of the underlying cardiac tissue. However,
both the interelectrode distance and the activation direction are decisive in this regard [25].
Entrainment Mapping
The entrainment mapping enables the diagnosis and characterization of reentrant arrhythmias
from the analysis of the specific interactions between pacing maneuvers and tachycardia. The
majority of supraventricular tachycardias are due to reentry. Entrainment mapping is the basis
to define and localize a reentrant circuit. The concept of entrainment was initially described
by Albert Waldo [29] while treating patients with atrial flutter following coronary artery bypass
graft surgery. The entrainment technique consists of the acceleration of a tachycardia up to
the same cardiac frequency in which a stimulus train is applied with a higher frequency. When
the over-stimulation is stopped, the tachycardia must continue without relevant changes in its
morphology and cycle length to consider that entrainment has been produced (see Fig. (1.8)).
The entrainment technique criteria of reentrant circuits are [30]:
First criterion: During tachycardia, overdrive pacing will result in constant fusion on the surface ECG, with the exception of the last beat, which will be captured but not fused.
Second criterion: During tachycardia, overdrive pacing at progressively faster rates will result
in progressive degrees of fusion that is constant at any given rate.
Third criterion: Overdrive pacing that interrupts tachycardia will cause localized conduction
block to a site for one beat followed by the activation of that site by the next paced beat
from a different direction and with a shorter conduction time.
Fourth criterion: During tachycardia, overdrive pacing and progressively faster rates will ultimately result in progressive change in conduction time and intracardiac EGM activation
sequence consistent with an entirely paced ECG and EGM morphology.
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Figure 1.9: Schematic representation of forward problem models. The forward problem model
describes the transmission of bioelectromagnetic activity from the heart to sensing electrodes.

1.1.3

Forward Problem in Electrocardiography

The forward problem in electrocardiography entails the calculation of the potentials on the body
surface (torso) due to the heart sources, using the theoretical equations of bioelectromagnetism
(see Fig. (1.9)). As a prerequisite for this calculation, it is required a suitable representations of
the heart sources and of the torso geometry. This problem usually starts from either equivalent
current dipoles that represent the heart electrical activity or from known epicardial potentials of
the heart. In both cases, a practical forward solution must first describe the sources, ideally in
some way that strikes a compromise between spatial/temporal fidelity and tractability.
The development of the forward problem has relied on experimental, mathematical, and numerical results. Each approach has its strengths and limitations. The advantages of experimental
approaches include the preservation, without simplification, of heart geometry and physiology.
Although these models contain the full complexity of the living tissues, measuring the parameters
of interest is limited by physical access to the sources and the maximum number of simultaneous
measurement channels, for example, the epicardial potentials can only be obtained invasively,
thus disrupting the integrity of the physiological volume conductor and the resulting body-surface
ECG [31–33]. The mathematical solution of the forward problem is approached analytically by
calculating the remote potentials from closed-form expressions for the cardiac sources. These
approaches remove the access limitations and, to a certain extent, the number of parameters that
one can monitor, thus offering numerical precision, complete access at any desired resolution,
and continuous variation of the parameters. However, they are only possible under the most
simplified geometric assumptions. They also implement an often highly simplified representation of the action potentials or activation spreading. The numerical approximations of forward
problems are certainly the most flexible and potentially powerful among all the options because
they can represent any sort of geometry in the form of discrete polygonal models and also any
conceivable representation of bioelectric sources and activation spreading [34,35]. Numerical forward problems in electrocardiography are generally unique solution, in the sense that a specific
set of source conditions leads to one and only one set of body-surface or epicardial potentials.
Although all three of these approaches – experimental, analytical, and numerical – have contributed to the knowledge of the forward problem, the dominant form in contemporary research
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is clearly the numerical simulation approach with experimental results serving the essential role
of validation [36, 37]
In the forward problem solution, one of two general approaches are used, namely, surface
methods or volume methods. Surface methods are also termed boundary-element methods,
since only the boundaries between torso regions enter into consideration. These computations
entail the solution of integral equations for the potential on the discretized surfaces of the torso
model. These methods use simpler torso models with less elements. However, the coefficient
matrix characterizing the set of equations to be solved is fully populated, since the underlying integral equations combine the potential at every element to the potential at every other
element. On the other hand, in volume methods, the entire three-dimensional torso model is
represented numerically, usually by a combination of tetrahedral and hexahedral elements. The
volume methods can be subdivided into finite-difference, finite-element, and finite-volume methods. These methods use more complex torso models, with more elements and consequently more
potentials to be determined. However, the potential at each point is expressed only in terms
of the potentials at its nearest neighbors. Consequently, the coefficient matrix, while large, is
also sparse. Volume methods represent the only way to incorporate individual regions of varying
conductivity [38, 39].
Surface Methods
As noted above, surface methods are based on integral equations for the potential derived by
applying Green’s second identity to the torso geometry. This geometry contains multiple homogeneous regions of different isotropic conductivities. In solutions from equivalent dipoles, we
assume that the torso interfaces are discretized into NT planar triangles and that the potential
is constant over each triangle, therefore the equation for the potential that on the surface moves
from triangle to triangle is represented by the following matrix equation [40]:
Φ = G + AΦ

(1.1)

where Φ is an NT × 1 matrix of the desired triangle potentials, G is an NT × 1 matrix representation of the first terms on the right of the NT equations, and A is an NT × NT matrix, where
diagonal terms are zero and depend only on the torso geometry and conductivities. For solving
Eq. (1.1) we can rewrite (I − A)Φ = G, where I is the identity matrix of size NT × NT . The
coefficient matrix (I − A) multiplying Φ is singular with an eigenvalue of λ = 1 of A. This
singularity is a consequence of the fact that Φ can only be determined up to a constant unless a
zero reference for the potential is established. This offending eigenvalue is usually removed and
thereby A converts to a deflated matrix, A∗ , so that we end up solving:
(I − A∗ )Φ∗ = G

(1.2)

This nonsingular set of equations can be solved for Φ∗ either by iterative methods or, if the
number of triangles is not too large, by direct inversion of coefficient matrix (I − A∗ ) [41–43].
On the other hand, the solution for epicardial potentials corresponds to the calculation of
the outer body-surface potentials from the epicardial-surface potentials. This work was first
described by Barr, et al. in [44]. The torso model now comprises two surfaces, namely, the torso
surface and the epicardial surface, and the integral equation is again obtained by an application
of Green’s second identity to the assumed homogeneous region contained between these two
surfaces. Two sets of matrix equations can be obtained, the first as the observation point sweeps
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all body-surface triangles and the second as the observation point sweeps all epicardial-surface
triangle:
ABB ΦB + ABH ΦH + B BH ΓH = 0
(1.3)
AHB ΦB + AHH ΦH + B HH ΓH = 0

(1.4)

where, for clarity, we have explicitly identified epicardial and body potentials by subscripts H
and B, respectively. The ΦB and ΦH are column matrices of potentials, ΓH is a column matrix
of epicardial potential gradients, and coefficient matrices A and B are determined solely by
integrations involving the geometry of the epicardial and body surfaces. The first subscript of
A (or B) identifies the surface on which the observation points are selected, and the second
whether the integration is over the heart or body surface. For obtaining the solution of Eq. (1.4)
we use the matrix of epicardial potential gradients ΓH , which is substituted in Eq. (1.3), thus
yielding:
ΦB = T BH ΦH

(1.5)

T BH = [ABB − B BH (B HH )−1 AHB ]−1 [B BH (B HH )−1 AHH − ABH ]

(1.6)

where
The elements of matrix T BH of Eq. (1.6) are called the transfer coefficients and relate the
potential at a particular epicardial-surface point to that at a particular body-surface point.
These coefficients only depend on the geometry of the epicardial and body surfaces.
Barr et al. [44] pointed out that it was computationally advantageous to select as the unknowns not the potential on each triangle, but rather the potential at each triangle vertex. This
vertex approach has the advantage that surface coordinates and potentials are known at the
same set of locations. In addition, this approach is also often used when body-surface potentials
have to be computed from equivalent dipoles. Other approximations are discussed by Meijs et
al. [45] and Wolters et al. [46]
Volume Method
As said before, volume methods can be subdivided in to finite-difference, finite-element, and
finite-volume methods. In the case of the finite-difference method, the torso geometry is represented by a three-dimensional grid of discrete points or nodes. Resistive elements selected to
reflect the intervening torso resistance are placed between the nodes. Kirchhoff‘s current law
represents a relationship between potentials of adjacent nodes, thus resulting in a large set of
equations relating these potentials. This method represents a discrete approximation to the
equation:
∇ · (σ∇φ) = −∇ · J s
(1.7)
where φ denote the potential, σ isotropic conductivities, and Isv = −∇ · J s denotes the cardiac
sources expressed in A/m3 . The set of equations is usually solved by Gauss-Seidel iteration
with successive over-relaxation. The accuracy of the solution depends upon the fineness of the
node spacing and the accuracy with which the intervening resistances can be estimated. The
main drawbacks of the finite-difference method are the large storage requirements and the slow
convergence. On the other hand, this method can handle any kind of boundary condition as
well as varying volume conductor anisotropies. An illustration of the application of the finitedifference method to electrocardiographic problems can be found in [47, 48].
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In the finite-element method, the torso geometry is approximated by a set of contiguous volume elements of simple geometrical shapes, such as tetrahedra or hexahedra. The finite-element
method also solves Eq. (1.7), which governs the quasi-static determination of electrocardiographic potentials, in conjunction with mixed boundary conditions of the form:
φ = φa on S01
(σ∇φ) · dS = Jn dS on S02

(1.8)

In these equations, φa is a known applied voltage, Jn is an injected normal current density, and
the union of the disjoint surfaces S01 and S02 is equals S0 , which corresponds to the entire outer
torso surface. A finite-element solution to Eqs. (1.7) and (1.8) can be obtained the weighted
residuals technique [49].
On the other hand, the finite-volume method was first applied to the bioelectric problem by
Abboud et al. [50]. Here, the equation in integral form is:
Z
I
Isv dV
(1.9)
σ∇φ · dS = −
S

V

which is numerically approximated for each volume element in the torso model. The gradient in
Eq.(1.9) is estimated from its integral definition:
I
1
∇φ =
φdS
(1.10)
V
The mechanics of implementing the finite-volume method are described with more detail in [51].
The finite-volume method approach is similar to the finite-element method, but with no a-priori
assumption for the variation of φ within an element, in the interests of accuracy it is essential
to employ a discretization. The final result is a large set of equations for the potentials at the
center of each volume element. However, the coefficient matrix is sparse and the equations can
be solved iteratively by using the successive over-relaxation method [52].
Surface and volume methods can be combined such that the former (the latter) are used where
the torso is isotropic (anisotropic). This combination takes advantage of any computational
savings afforded by surface methods, while at the same time allows to handle anisotropies [53].
Application of The Forward Problem
In terms of the applications of the forward problem in electrophysiology, the first one, is the
simulation of the ECG with computer heart models. A second relevant application has been
to study the effects of torso inhomogeneities on the ECG. And finally, the forward-problem
methodology has also been used for the reciprocal problem of obtaining the currents traversing
the heart due to current sources applied at the body surface. On the other hand, we can stand
out as the most usual applications:
• Research on the effect of electrophysiological properties of different cardiac tissues on the
body-surface potentials or on the epicardial potentials [54].
• Validation of cardiac cell models [55].
• Optimization of ECG measurements systems.
• Obtention of the transfer matrix for the inverse problem.
• Approximated solutions of the inverse problem with the model-based optimization.
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Figure 1.10: Schematic representation of inverse problem models. An inverse problem model
reverses the relation of the forward problem, thus allowing the non-invasive reconstruction of
electrical heart activity from measured body-surface potentials.

1.1.4

Inverse Problem in Electrocardiography

The inverse problem in electrocardiography can be defined as the determination of the bioelectrical sources of the heart from a number of remote recordings of potentials on some noninvasive or
minimally invasive surface. In other words, it starts with the measured body-surface-potential
distribution and attempts to adjust the parameters of the equivalent source to estimate the
potential distribution on the cardiac chamber surface (see Fig. (1.10)).
It represents the basis for a promising noninvasive imaging technique, which provides cardiologists with useful and straightforward information about the activation of the heart. However,
the following inherent difficulties of the inverse problem of ECG must be handled carefully:
• The non-uniqueness of the inverse problem solution means that different cardiac source
distributions can result in similar body surface potentials. By this, we mean that it is not
possible to identify unique cardiac sources within the heart as long as the active region
is inaccessible. The electric field that they generate outside any closed surface enclosing
them may be duplicated by equivalent single- or double-layer sources on the closed surface
itself [56].
• The ill-posed character of the inverse problem implies that the inverse solution is very
sensitive to small perturbations in the measurements and to the errors in the model [57–61].
Early formulations of the inverse problem in electrocardiography treated it as a kind of extension of the traditional ECG, based on measurements made on the body surface. With the
advent of intracavitary catheter-based probes for EPS procedures, researchers also began to use
measurements from multielectrode noncontact probes, located inside one of the heart chambers,
in an inverse solution to reconstruct the electric potential on the inner wall of the chamber. In
the literature, this has been called the endocardial inverse problem (see Fig. (1.11)). However, a
number of inverse problem solutions using body surface measurements can reconstruct parameters of electrical activity on the endocardium. In fact, the surface upon which the measurements
are made is not uniquely tied to the location of the sources to be reconstructed. Therefore, it is
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Figure 1.11: Basic types of inverse problem. On the first panel, body surface measurement
are used to reconstruct potentials. On the second panel, intracavitary potentials are used to
reconstruct surface potentials (endocardial inverse problem).

more just to distinguish between the measurement surface (intracavitary or body surface) and
the sources locations.
Inverse Problem Formulation
The requirements to solve the inverse problem in electrocardiography can be cataloged in: (1) A
mathematical-geometric description of the region through which electrical currents generated in
the cardiac tissue flow to the recording sensors (the sensors located on the surface of the torso
or intracavitary sensors can be used to assess it); (2) Recording of bioelectrical signals, sampled
at known locations, typically between 500 and 2000 samples per second.
In Fig. (1.11), we can see some solutions of the inverse problem, that is, the measurements of
the torso potentials, used for the reconstruction of the potentials (surface or transmembrane), or
to reconstruct the arrival times of the wavefront on the epicardial and endocardial surface (called
activation time maps). On the other hand, the measurements of the intracavitary potentials can
be used to reconstruct surface or transmembrane potentials, although usually this technique is
used to reconstruct endocardial potentials.
To talk about the inverse problem, we must first formalize, in a general way, the results
of a solution of the forward problem. Taking into account that in this section we will use a
more general notation, to introduce the topic that, will be developed more specifically for the
investigation, in Chapter 4.
We can propose the generalized forward model in the following way:
b = Ax + n

(1.11)

where A is a (possibly non-linear) forward operator, which includes a parameterized model of
the cardiac sources producing a prediction of the measured potentials. The x vector contains
the solution of interest, which can be the epicardial potentials or the activation isochrones, b
vector contains the surface-body or intracavitary measurements, and n vector represents the
measurement of the noise.
With Eq.(1.11), the inverse problem can be established in a very compact way, since we can
find a solution x that: (1) Matches the measurements that model A would predict for that
particular solution to the real measurements in b; And (2) it is a reasonable solution for the
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parameters of the cardiac source of the electrical activity. As mentioned above, the inverse
problem is ill-posed even with a linear matrix in the direct problem and x representing a vector
of epicardial potentials Φ [62–65]. This ill-posedness manifests itself in the severe ill-conditioning
of matrix A. There is no reason for A to be an invertible matrix. In such cases, it is usual to
obtain the Least Squares (LS) solution, assuming that the number of measurements is greater
than the number of potentials to be resolved on the surface, so that A is over-determined, that
is, it has more rows than columns. This solution minimizes the Euclidean magnitude of the
residual error ||AΦ − ΦB ||2 where Φ represents the solution x for each surface cardiac potential,
and ΦB represents b for the case of body surface measurements. The resulting solution solves
the square matrix equation [66]:
Φ = (AT A)−1 AT ΦB

(1.12)

In theory, this equation has a unique solution if the columns of matrix A are linearly independent. However, even if A is linearly independent, AT A is still ill-conditioned, which means
that its inverse is still hard to obtain. For the case in which the number of measurements is
less than the number of cardiac sources, matrix A is not determined, and there can not be a
single solution. The most common strategy for this case is to find a solution that minimizes
the magnitude of the Euclidean norm of the residuals. The formulation to find the solution is
similar to that of Eq. (1.12) and it also requires solving a system with very poorly conditioned
equations, leading to the same problem posed above.
Since the forward problem is ill-posed, solving the inverse problem by minimizing the residual
norm ||A(x) − b||22 , for any of the formulations can lead to an erroneous solution, with unrealistic
large magnitudes at some source locations. To obtain a inverse problem solution, prior knowledge
about the solution needs to be included in to the problem formulation as a constraint or set of
constraints. The difficulties in accomplishing this goal include the identification of: (1) Useful
physiologically descriptions of such prior knowledge; (2) Mathematically tractable ways of including them into the inverse problem mathematical formulation; And (3) practical algorithmic
approaches to solve the resulting constrained optimization problem [67].
Finding an optimal solution is not trivial in the inverse problem in electrocardiography,
thus two common approaches have been used up to now. The first one is in a deterministic
framework, usually called regularization, in which an objective function or a constraint function
is obtained as a combination of the norm of the residual error and the same kind of norm of one
or multiple constraint functions. The second one is a statistical framework, in which the solution
is treated as random, using an appropriate probability model. The measured probabilistic error
is minimized to find a probable solution. Conceptually, the first formulation, corresponding to
the deterministic regularization, can be summarized in two different ideas:
1. Approximate the solution that best fits the data: This approach defines one or
more spatial penalty functions that act on a set of data which are the goal solution. Then
a weighted sum of these functions plus the residual norm is minimized. This approach is
commonly called Tikhonov regularization [62, 68]. The penalty functions generally use as
a constrain the magnitude of the inverse problem solution or its high content of spatial
frequency that is often formulated through a first or second order spatial derivative. The
resulting formulation can be summarized as:
x̂λ = argmin{||A(x) − b||22 + λ2 ||R(x)||},

(1.13)

were R represents a regularization operator and λ is the regularization parameter whose
value controls the balance between the data fit and the amount of regularization. For
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the case of a nonlinear operator A or a nonlinear regularization operator R, nonlinear
optimization methods are used to obtain the solution. For the linear cases, A and R
become matrices and the Tikhonov solution is defined as:
x̂λ = (AT A + λ2 RT R)−1 AT ΦB

(1.14)

2. Approximate the forward problem operator: In this approach, the operator of the
direct problem A is approached by an operator Ar that is similar to A in a well-defined
sense, that is, much better conditioned. Given Ar as an approximation of well-behaved A,
we solve:
x̂λ = argmin{||Ar (x) − b||22 }
(1.15)
In the discrete linear case, the most common version of this approach is called the truncated
singular value decomposition (TSVD) [68], and Ar is Ar is a well-conditioned low-rank LS
approximation to A.
We note that, under quite general conditions, the linear versions of these two approaches can
be closely related. In the present Thesis, the new approach developed in Chapter 4 is contrasted
with existing methods based on the approaches outlined above.

1.1.5

Invasive and Noninvasive Clinical Applications

As mentioned above, there are invasive procedures in the EPS for the identification of arrhythmias. Currently, these studies are aided by different cardiac mapping techniques and navigation
systems that make EPSs much more efficient [69–71]. Within these invasive procedures, we have
the alternatives of contact and noncontact recordings and their use to create electroanatomical maps. Although both contact and noncontact electroanatomical mapping can be used to
facilitate ablation of arrhythmias, the noncontact mapping has the potential advantage to be
applicable in cases where the arrhythmia can not be tolerated during the EPS [7, 72–74].
On the other hand, recent studies in the inverse problem in electrocardiography have led
to the development of non-invasive techniques, such as the ECGI, which allows to reconstruct
the potentials of the heart surface from many simultaneous measurements of potentials on the
body surface [75]. Traditional non-invasive ECG techniques have limited ability to determine the
location of electrical events in the heart with acceptable resolution. Recent studies have shown
that the ECGI has improved ability to noninvasive reconstruct epicardial EGM and isochronic
potentials during EPSs [76–79].
In the following subsections, we see a tour of the noncontact mapping systems used recently
in the EPS, and the emerging and currently active development of ECGI systems in electrocardiography.
Noncontact Mapping System
In the last years, great advances have been developed in the diagnosis and treatment of cardiac
arrhythmias from the EPSs. Single catheter endocardial recordings enable us to obtain further
insight into the pathophysiological mechanisms underlying most of the common arrhythmias.
Endocardial EGMs combined with the valuable information derived from the surface ECG have
been proven not only to be capable of delineating diagnosis, but also to guide interventional
treatments. Radiofrequency catheter ablation procedures in EPSs fully revolutionize the management and clinical course of the majority of clinical arrhythmias, thus providing the possibility
of definitive therapy and cure with acceptable cost-effectiveness and complication risks.
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Figure 1.12: Left, noncontact mapping system catheter. Central lumen allows the passage of a
0.8128 mm guidewire while the side lumen is used to inflate the balloon (inset) used to deploy
the multielectrode array (MEA). Rigth, Diagrammatic representation of the balloon showing
positions of electrodes around it. Exact positions can vary with each balloon, therefore, electrode
positions on each MEA are determined at the manufacturer and recorded on a microchip, which
is used to calibrate and orient the computer. (adapted from [7], Copyright permission with
license number 4354910320351).

Electroanatomical mapping has been proven to be very useful for managing arrhythmias
with complex pathophysiological substrate and in poorly tolerated arrhythmias. The dynamic
changes of the arrhythmogenic substrate induced by radiofrequency ablation can be continuously evaluated by the electrophysiologist. This advantage is of clinical importance, given the
unexpected changes of the arrhythmogenic substrate, which may occur during the ablation of
ventricular tachycardias. Continuous monitoring of the virtual EGMs and of the propagation
maps, afforded by the noncontact mapping during sinus rhythm and during ventricular arrhythmias, can help the electrophysiologist to effectively create a curative strategy [74,80]. In the case
of contact electroanatomic mapping, a complete remapping should be performed after the relapse
of an arrhythmia, because the previous electroanatomic map is no longer valid if radiofrequency
ablation lesions have been applied. This is time consuming, and in some cases it can be just
unfeasible.
Taccardi et al. [81] developed an alternative indirect electroanatomic mapping approach that
makes use of an intracavitary multielectrode array (MEA) catheter in olive or cylindrical shape
(see Fig. (1.12)), which can be introduced into the blood filled cavity. The catheter permits
simultaneous recording of intracavitary potentials from multiple directions, but unlike the traditional catheter, it is not in direct contact with the endocardium. Several publications show the
development and validation of the current methods for the reconstruction of endocardial potentials, EGMs, and isochrones, from a non-contact multielectrode intracavitary catheter [82–86].
Noncontact mapping systems use a MEA catheter to perform an anatomical reconstruction
of the ventricle and represent on them some property of the measured potentials or EGMs. This
MEA is a woven braid of 64 wires of 0.0762 mm diameter each that has the shape of a cylindrical
balloon (or an olive shape), mounted on a 9-French2 catheter (see Fig. (1.12)). Each wire has
2

It is a measure that is used to express the caliber of different tubular medical instruments including catheters
and probes.
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a 0.0635-mm break in insulation, thus producing a noncontact unipolar electrode. The far-field
data obtained by the electrodes of the MEA are acquired and fed to a multichannel amplifier
and recorder system with 1.2-kHz sampling rate, and the signals are filtered with bandwidth
between 0.1 and 300 Hz. The amplifier has 16 channels for the contact catheters and 12 for
the surface ECG. A ring electrode located in the proximal shaft of the MEA catheter in the
descending aorta is used as a reference for noncontact and contact unipolar EGMs recordings.
The system is able to locate any conventional catheter in space with respect to the MEA, between
the catheter being located and alternately between ring electrodes proximal and distal to the
MEA on the noncontact catheter. The MEA detects and determines the locator signal angles and
thus positions the source. This locator signal serves at 2 purposes. First, it is used to provide
measured samples for the geometry matrix of the inverse problem solution by constructing a
3-dimensional computer model of the endocardium. And second, the locator signal is also used
to display and log the position of the mapping catheter on the virtual endocardium during the
EPS.
The electrical activity detected by the MEA is primarily generated by the EGMs on the
endocardial surface. The potential field at any electrode is affected by the potentials from
the entire endocardium, their influence being inversely proportional to the distance between
the electrode and each endocardial point. A technique to enhance and resolve these far-field
potentials has been devised based on an inverse problem solution to Laplace’s equation by using
the boundary element method (BEM). In addition, the potential field created on the MEA
surface is related to the MEA endocardial geometry matrix. When this last is known, it is
possible to compute endocardial EGMs from the MEA potentials by solving the inverse problem
solution of Laplace’s equation. As mentioned before in this Thesis, the inverse problem solution
is inherently ill posed, meaning that noise from the MEA electrodes or inaccuracy in the MEA
endocardial geometry matrix can result in large errors on the EGM reconstruction. To minimize
this, stability is provided with the application of a mathematical constraint with physiological
basis to the solution, by using regularization techniques, for which a custom designed algorithm
based in method described by Tikhonov is developed in Section (1.1.4). The accuracy of the
endocardial reconstruction EGMs is therefore dependent on the solution to Laplace’s equation,
on the regularization technique used, and on the accuracy of the geometry matrix. Different
improvements have been made to traditional techniques in the solution of the inverse problem,
aiming to increase the system accuracy. The interested reader can review some of the most
relevant ones in [86–88].
These noncontact mapping systems have not been of extended use among the electrophysiologists in the EPS clinical procedures, due to the disadvantages that arise when using them:
• Due to the large number of electrodes, the system is expensive, rigid, bulky, and uncomfortable, compared to a conventional catheter, which makes it difficult to handle in the
EPSs and can bring the formation of thrombi on the catheter.
• The accuracy of the system decreases with the distance of the catheter, which in practice
is a problem on the resolution of the obtained maps.
• It has limited capabilities for anatomical virtual reconstruction, as a consequence of the
aforementioned drawbacks.
For these reasons, its use has not been extended, and in addition, in recent years noninvasive
techniques have been developed for the reconstruction of electrophysiological maps, as it is the
case of ECGI systems.
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Figure 1.13: The ECGI procedure consist of: Top, epicardial geometry data and the positions of
the electrodes of the body surface in the same geometric image are is obtained by CT. Bottom,
the electrical data is recorded in a total of 250 ECGs of the entire surface surrounding the
torso simultaneously to generate maps of body surface potentials for each millisecond. The
electrical and the geometrical data are combined and processed by the ECGI algorithms for the
reconstruction of the potentials, EGMs, activation isochrones, and repolarization patterns on the
surface of the heart. (Obtained from [8], Copyright permits with license number 4359251235270).

ECG Imaging Systems
The ECGI is a novel imaging modality developed in Rudy’s Laboratory [89–95], which maps
cardiac electrical activity noninvasively recorded on the torso to the heart epicardial surface.
Although modern medicine relies heavily on noninvasive imaging modalities such as computed
tomography (CT) or magnetic resonance imaging (MRI) to guide therapy, an equivalent modality
for imaging cardiac arrhythmias in terms of bioelectric activity is not fully available. Noninvasive diagnosis of arrhythmias is currently based on the standard 12-lead ECG [96, 97], which
involves measuring electric potentials from the heart, but these measurements still can not provide precise information on the localization of regional electrical activity in the heart, nor they
can provide the activation sequences during arrhythmias. In ECGI, a multi-electrode vest is first
used to record 250 simultaneous signals of body-surface ECGs. Then, these ECGs are used with
geometrical information from a CT or MRI scan, reconstructs the electrical potentials a mathematical algorithm with this potential correspond closely to unipolar EGMs, and them from,
activation sequences and repolarization patterns on the surface of the heart can be obtained.
The objective of the ECGI is to obtain a detailed description of the spatio-temporal pattern of the cardiac electrical activity in a noninvasive way [98]. Traditional non-invasive ECG
techniques have limited ability to determine the location of electrical events in the heart with
acceptable resolution. On the other hand, epicardial potentials reflect details of cardiac electrical
activity with high resolution [89, 90]. In several studies, the capacity to calibrate the distributions of epicardial potentials and isochrones from measurements of surface potentials has been
demonstrated [35, 99–102].
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The electric potential, corresponds to the field φ generated by the excitation of the heart
in the epicardium and captured from the surrounding torso volume, and it obeys the Laplace’s
Equation [103]:
∇2 φ = 0
(1.16)
where φ denote φ = φT if the field is measured on the torso surface and φ = φE if the field
is measured on the epicardium; ∇2 corresponds to the Laplacian operator. Field φT can be
measured noninvasively with electrodes placed on the surrounding surface of the torso. As
mentioned above, the objective of the ECGI is to calculate the φE from the measurements of φT
by applying the second Green’s Theorem, and using the discretization of the field generated by
the epicardium and torso surfaces into triangular elements. We use the following matrix equation
that relates fields φT and φE [44, 103]:
ΦT = AΦE

(1.17)

where ΦT is a vector of torso potentials measurements and ΦE is an unknown vector of epicardium potentials. Matrix A contains the geometric information that relates the heart and
torso surfaces. This last equation calculates ΦT given ΦE , and this formulation is what defines
the forward problem in electrocardiography (as seen Subsection 1.1.3). To calculate ΦE from
the measurements of ΦT , the ECGI system requires to find a solution to the inverse problem
in electrocardiography. As mentioned previously in Subsection 1.1.4, the inverse problem is
ill-posed, which means that small errors in the measurements of ΦT , maybe be due to noise
in the measurements or in the electrode positions, can result in large errors on the calculation
of ΦE . The solution proposed in the ECGI systems is often based on two different computational schemes, namely, the Tikhonov regularization [62,65] and the generalized minimal residual
(GMRes) iterative technique [93, 104].
ECGI algorithms need two data sets, first, the electrocardiographic potentials over several
points on the torso surface surrounding ΦT , and second, the matrix A of the heart and torso
geometries [105]. To obtain potentials ΦT , 250 electrodes mounted on strips are often used,
which are positioned on the torso of the patient, both on the posterior and the anterior areas
of the torso. These electrode strips are connected to a portable mapping system. Each of these
electrodes has a marker that is visible on the CT imaging, as it can be seen in Fig. (1.13).
The patient undergoes thoracic noncontrast gated CT with axial resolution of 3 mm. This
CT provides us with the epicardial geometry and the positions of the torso electrodes in a single
image. The torso surface potentials recorded by the 250 electrodes are sampled at 1 ms intervals,
and then, the registered potentials of the torso and the CT-derived geometric information are the
input data for the ECGI algorithm. This algorithm constructs noninvasive epicardial potentials
ΦE , EGMs, isochronous maps, and repolarization patterns [89]. This reconstruction is performed
during a single heartbeat and it does not require the accumulation of many beats. This property
makes possible an image of nonsustained and polymorphic arrhythmias, as well as arrhythmias
that are not hemodynamically tolerated. these ECGI systems are being supported by a growing
number of successful studies in the clinical practice [78, 90–92, 106–109], but limitations in the
spatial resolution still can be present in them. Other novel clinical applications are arising
from advanced uses of ECGI techniques, and among them we can find the support for the early
diagnosis of arrhythmogenic right ventricular cardiomyopathy with resonance medical imaging
and the help to guide the cardiac ablation of ventricular tachycardia in a completely non-invasive
way [79, 110–114].
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Clustering Methods

Clustering is one of the unsupervised learning methods used in recent years in the field of bioengineering [115–118]. The problem of unsupervised learning, or clustering, is the process of
dividing a data set into groups so that the members of each group are as close as possible to
each other, and the different groups are as different as possible (distant) to each other. This
grouping aims to discover relationships not previously detected in a data set. Therefore, the
result of applying a clustering technique to a data set is a set of clusters that provides us with
partitions of a data set.
There are two types of clustering algorithms, which have to be selected according to the
objective of the problem to be solved, namely:
Partitive clustering: They can be generated by methods that partition the data by creating a
set k number of clusters. Each of the clusters has at least one object, and these are grouped
exclusively, and may belong only to one cluster. In general, these clustering methods use
a distance measure to generate the clusters. In this kind of clustering, the most extended
algorithm is the K-means, which is used in this Thesis and described in more detail later.
There are other clustering algorithms such as based-density [119] or the self organizing
maps [120], which are not considered here.
Hierarchical clustering: There are hierarchical algorithms that give rise to a hierarchical
structure of clusters. In the first level of the hierarchy there is a single cluster that is
divided into clusters in a first iteration. Each of these clusters is divided in turn in each
iteration, and new clusters are generated in subsequent iterations. This is called a dividing
approach [121]. There are also algorithms that generate clusters in the opposite direction, called agglomerates [122], generating first the smallest clusters and grouping them
progressively to give a hierarchical structure.
There are also two other types of clustering. In the overlapping clustering, its objective is
to group through fuzzy sets, in such a way that each object can belong to one or more clusters
with different degrees of belonging. An example of this classification is the Fuzzy C-means
algorithm [123]. The other type is probabilistic clustering, which generates the clusters using a
probabilistic method. An example in this kind is the Expectation-Maximization algorithm [124].
Clustering can be used in isolation in order to analyze clusters and draw conclusions, but it
is also used as a preliminary step to the application of other techniques. The requirements for a
good-quality clustering method are:
• Its ability to discover some or all of the hidden clusters.
• Within-cluster similarity and between-cluster dissimilarity.
• Ability to deal with various types of attributes.
• Good performance or robustness with noise and outliers.
• Capable of handling Handling handle high dimensionality.
• Scalable, interpretable, and usable.
Another point to take into account for clustering algorithms is how to determine the similarity
between two objects, so that clusters can be formed from objects with high similarity within each
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Distance Measure
Square Euclidean
Distance

Description
The each centroid is calculated with the mean of the
points in that cluster.

L1 Distance

Sum of absolute differences.
The each centroid is calculated the component-wise median of the points in that cluster.
Each centroid is calculated
with the mean of the points in
that cluster, after normalizing
those points to unit Euclidean
length.
Each centroid is calculated
with the component-wise
mean of the points in that
cluster, after centering and
normalizing those points to
zero mean and unit standard
deviation.

Cosine Distance

Correlation
tance

Dis-

Equation
d(x, c) = (x − c)(x − c)0

d(x, c) =

P
X
j=1

|xj − cj |

xc0
d(x, c) = 1 − p
(xx0 )(cc0 )

(x − ~x̄)(c − ~c̄)0
p
1− p
,
(x − ~x̄)(x − ~x̄)0 (c − ~c̄)(c − ~c̄)0
where


P
1 X ~
• ~x̄ =
xj 1P
P
j=1



P
X
1
• ~c̄ = 
cj ~1P
P
j=1

• ~1P is a row vector ones with length
P.
Table 1.1: Distance measures for K-means.

clusters and low similarity among different clusters. A distance measure is commonly used to
measure similarity or dissimilarity between objects. Depending on the chosen distance measure,
an algorithm will give different clusters, therefore, it is important to select the appropriate
distance measure even though it is not always possible to know which is the optimal measurement
in absolute terms. The measures that are typically used can be seen in Table 1.1.
K-means
K-means clustering [125] intends to partition n objects into k clusters in which each object
belongs to the cluster with the nearest mean. An object belongs to one cluster or another based
on its distance to the centroids of the different clusters. The K-means clustering method produces
exactly k different clusters of greatest possible distinction. The best number of clusters k leading
to the greatest separation (distance) is not known as a priori and must be computed from the
data. The objective of K-means clustering is to minimize total intra-cluster variance.
The K-means algorithm solves the problem of clustering with the following steps, starting
from a certain number K of clusters defined a priori:
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1. Select an integer K as the number of clusters from the initial set randomly and choose the
maximum number of iterations. Each K represents each of the centroids of the K clusters.
Furthermore, choose an initial partition and compute the centroids.
2. Create a new partition by assigning each object to its closest centroid. This closeness is
calculated by a measure of distance between the object and the centroid. In this step, K
clusters or initial clusters are obtained.
3. Compute the new centroids. For each cluster generated in the previous step, the position
of the is recalculated as the average of the coordinates of the points belonging to that
centroid.
4. Repeat phases 2 and 3 until either the position of the centroid no longer vary or the
maximum number of iterations is attained.
Although the K-means algorithm can use different distance measures, it typically uses the
Euclidean distance and gives good results in many problems. In Table 1.1 we can see the distance
measurements that have been used in this study, whose results will be analyzed in the following
section.
K-means clustering is a relatively efficient method. However, we need to specify the number
of clusters a priori, and the final results are sensitive to initialization that often terminates
at a local optimum. Unfortunately there is no global theoretical method to find an optimal
number of clusters. A practical approach is to compare the outcomes of multiple runs with
different K values and to choose the best one based on a predefined criterion according to the
application requirements. In general, a large K probably decreases the error but increases the
risk of overfitting. In our case study, different tests were performed for different K values and
different distance measurements, which will allow us to reduce the error and not to fall into the
data overfitting (see Section 3.7).

1.1.7

Machine Learning and Support Vector Machines

Machine learning (ML) techniques have been widely studied in the literature to reproduce and
improve human abilities in the recognition of patterns in datasets through the use of autonomous
and intelligent algorithms. Examples of ML applications are web content search, medical diagnosis support, or early detection of complications, among others [126–132]. ML methods allow us
to learn relationships among different samples, observations, or data sets, each of them described
by a set of input characteristics and their respective associated output [133–135]. To this end,
a statistical model for the prediction of the output is constructed. There are two major groups
of ML methods: (1) Those ones used for classification, in which the output is a symbol from a
discrete set of possible ones [136]; (2) Regression data models, in which the estimated output is
given by one or more continuous variables [133].
In this Thesis, we focus on SVMs, which are learning systems that use a hypothesis space of
linear functions in a high dimensional feature space. They are trained with a learning algorithm
from optimization theory that implements a learning criterion derived from Statistical Learning
Theory. This learning strategy, introduced by Vapnick [137,138], is a principled and very powerful
method that in the few years since its introduction has already outperformed most other systems
in a wide variety of applications.
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Support Vector Machine for Digital Signal Processing
In the last years, SVM and kernel methods have been proposed for a variety of applications,
mainly for classification and regression schemes [138–141]. Theses uses of the SVMs has gained
popularity in recent years due to its advantages over other methods, namely, SVMs are flexible
non-linear methods that are intrinsically regularized and work well in low-sample-sized and highdimensional problems. SVMs can be designed to take into account different noise sources in the
formulation and to fuse heterogeneous information sources. Nevertheless, the use of SVMs in
estimation and regression problems has been traditionally limited to its mere use as a black-box
model. In attention to such limitations, an approximation was proposed in [142] for tackling
estimation problems in digital signal processing (DSP) using the SVM. In this approach, it is
token advantage of several properties of Mercer’s kernels and functional analysis, it is developed
a family of SVM methods for estimation in DSP. Three types of signal model equations were
analyzed in [143], and here they are used for the inverse problem algorithm proposed in Chapter
4 of this Thesis.
We start from the consideration that discrete-time processes should be treated in a conceptually different way from a regression model, to efficiently deal with data with underlying time
series structure. This framework can be summarized as follows:
The primal signal model (PSM) formulation: A linear signal model is first stated and
analyzed when a specific time-signal structure is assumed to model the underlying system
that generated the data. The statement of this model of equations in the primal problem,
or SVM-PSM, allows us to obtain robust estimators of the model coefficients [144] and
to take advantage of almost all the characteristics of the SVM methodology in classical
DSP problems, such as autoregressive exogenous input (ARX) time series modeling [145],
spectral analysis [146–148], and antenna array signal processing [149].
The reproducing kernel Hilbert spaces (RKHS) formulation: The first option for the
statement of non-linear signal model equations is the widely used RKHS Signal Models
(RSM). Also, Mercer’s kernels are readily used in SVM nonlinear algorithms. These formulation states the signal model equation in the RKHS and substitute the dot products
by Mercer’s kernels [138, 143, 150].
The dual signal model (DSM) formulation: This second option for the statement of
non-linear signal model equation is based in a signal expansion using an auxiliary signal
model equation. This signal model equation is given by a non-linear regression of each time
instant in the observed time series with appropriate Mercer’s kernels [151,152]. While RSM
allow us to scrutinize the statistical properties in the RKHS, DSM can give an interesting
and straightforward interpretation of the SVM algorithm under study, in connection with
classical Linear System Theory.
These building blocks can be used to generate different novel SVM-based methods for problems of signal estimation and regression, for example, nonuniform interpolation, sparse deconvolution, spectral analysis, among others.
SVM Elements for Regression and Estimation
The SVR algorithm contains all the necessary elements for the estimation problems, especially
the problem posed in Chapter 4 of this Thesis. Only the relevant properties for this document
are summarized here, and the interested reader can find more details in [140, 143].
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Definition 1 (Nonlinear SVR Signal Model Hypothesis). Be a labeled training iid data
set {(ν i , li ), i = 1, . . . , Nr }, where ν i ∈ Rd and li ∈ R. The SVR signal model first maps the
observed explanatory vectors to a higher dimensional kernel feature space through a non-linear
mapping φ : RNr −→ H, and then it calculates a linear regression model inside that feature space;
that is:
ˆli = hw, φ(ν i )i + b,
(1.18)
where w is a weight vector in H, and b is the bias term in the regression. Model residuals are
given by ei = li − lˆi .
In order to obtain the model coefficients, the SVR minimize a cost function of the residuals,
which is generally regularized by he L2 norm of w. This is, we minimize
N

r
X
1
||w||2 +
L(ei )
2

(1.19)

i=1

where L is a cost function. The Vapnik’s ε-insensitive cost is often used in the standard SVR
formulation [138]. But this cost function is a suboptimal estimator in applications when combined
with a regularization term [153, 154] and the noise follows a Gaussian distribution, because of
the linear nature of the cost function. This issue has been addressed in the formulation of LSSVM [155–157], where a quadratic cost is used. An alternative cost function of the residuals,
the ε-Huber cost, has been proposed [158] by combining both the quadratic and the ε-insensitive
cost. This has been shown to be a more appropriate residual cost for SVR in general [159], and
used in different applications [150, 160, 161].
Definition 2 (ε-Huber Cost Function). The ε-Huber cost is given by


o,
|ei | ≤ ε


 1
(|ei | − ε)2 ,
ε ≤ |ei | ≤ ec
LεH (ei ) =
(1.20)
2δ


1

 C(|ei |) − ε) − δC 2 , |ei | ≥ ec
2
where ec = ε + δC; ε is the insensitive parameter, and δ and C control the trade-off between the
regularization and the losses.
The ε-Huber cost function has three different regions that allows us to deal with different
kinds of noise: the ε-insensitive zone ignores absolute residuals lower than ε; the quadratic cost
zone uses the L2 -norm of the residuals, which is appropriate for Gaussian noise; and the linear
cost zone is an efficient limit for the impact of the outliers in the optimal model coefficients (see
Fig. (1.14)).
Several additional and very relevant properties can be obtained from the Karush-KhunTucker (KKT) conditions and the dual functional, which are summarized in Chapter 4 of [143].
With these properties we can to operate in a high-dimensional, implicit feature space without
ever computing the coordinates of the data in that space, but rather by simply computing the
inner products between the images of all pairs of data in the feature space. This approach is
called the Kernel Trick. In SVM, the kernel trick, consists of stating the problem at hand (e.g.
classification, regression, and many others) in terms of dot products of data in the RKHS, and
then substituting these products by Mercer’s kernels (Mercer’s Theorem in [162]). The kernel
expression is actually used in a given SVM algorithm, but neither the mapping function φ(·),
nor the RKHS, need to be known explicitly. The Lagrangian of (1.19) is used to obtain the dual
problem, which in turn yields the Lagrange multipliers used as model coefficients. The Mercer’s
kernels more populars used in SVM literature [163–166] we can see them in the Table 1.2.
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Figure 1.14: Cost Function. Left: ε-Huber Cost function. Right: Vapnik’s ε-insensitive cost
function.

Signal Processing Problems and Their Signal Models
The proposed SVM framework for DSP, starts defining a general signal model equation and
considering a time series structure of our observed data, consisting of an expansion in terms of a
set of signals spanning a Hilbert signal subspace and a set of model coefficients to be estimated.
Definition 3 (General Signal Model Hypothesis). Given a time series {yn } consisting of
N +1 observations, with n = 0, . . . , N an expansion for approximating this signal can be built with
(k)
a set of signals {sn }, with k = 0, . . . , K, spanning the Hilbert signal subspace. This expansion
is given by
K
X
ŷn =
ak s(k)
(1.21)
n
k=0

where ak are the expansion coefficients, to be estimated according to some adequate criterion,
and en = yn − ŷn are the model residuals.
(k)

The set {sn } are the explanatory signals, which are selected here to encode the a priori
belief about the time-series structure of the observations.
Definition 4 (Optimization Functional). Given a signal to be modeled and a set of explanatory signals, an optimization functional is used to estimate model coefficients. The functional is
a linear combination of a loss L of residuals en , and a regularization functional M expressed in
Kernel Function
Linear Kernel
Polynomial Kernel
Radial Basis Function Kernel
Exponential Kernel
Laplacian Kernel

Expression
K(x, y) = xT y + c
K(x, y) = (axTy + c)d

||x − y||2
K(x, y) = exp −
2σ 2 

||x − y||
K(x, y) = exp −
2σ 2 

||x − y||
K(x, y) = exp −
σ

Table 1.2: Main Kernel function used in the literature.
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terms of estimates coefficients ak , this is,
(
{aopt
k }

= argopt

N
X

n=0

)
L(en ) + M(ak )

(1.22)

Therefore, a general problem on time series modeling consists of first looking for an adequate
set of explanatory signals, and then estimating the coefficients with a proper criterion for the
residuals and for these coefficients. Next, the sparse deconvolution methodology is addressed
with the SVM methodology, which will be used later in this Thesis.
Sparse Deconvolution
The sparse deconvolution problem consists of the estimation of an unknown sparse sequence
which has been convolved with a noisy time series (impulse response of the known system)
producing the observed noisy time series. The non-null samples of the sparse series contain
relevant information about the underlying physical phenomenon in each application.
Property 1 (Sparse Deconvolution Signal Model Hypothesis). Let {yn } be a discrete-time signal
given by N +1 observed samples of a time series, which is the result of the convolution between an
unknown sparse signal {xn }, to be estimated, and known time series {hn } (with M + 1 duration).
Then, the following convolutional signal model equation can be written as,
ŷn = x̂n ∗ hn =

M
X
j=0

x̂j hn−j =

K
X

a(k) sn(k) ,

(1.23)

k=0

where ∗ denotes the discrete-time convolution operator, and x̂n is the estimation of the unknown
input signal.
The Sparse Deconvolution Signal Model corresponds to the General Signal Model in Definition
(k)
3 for model coefficients {ak } ≡ {xk } and explanatory signals {sn } ≡ {hn−k } . The performance
of sparse deconvolution algorithms can be degraded by several causes. First, they can result in illposed problems (the more important in this Thesis) [57,58,167–169], and regularization methods
are often required. Besides, when the noise is non-Gaussian, either maximum likelihood or LS
deconvolution can yield suboptimal solutions [170]. The approach to this problem is developed
in Chapter 4
PSM formulation for SVR
A class of linear SVM algorithms for DSP comes from the so-called PSM [144]. In this framework,
the goal of the SVM is a set of model coefficients that contain the relevant information. The use
of the ε-Huber cost allows to deal with Gaussian noise in all the SVM algorithms for DSP, while
still providing with robust estimations of the model coefficients. For this Thesis, the approach
consists of using the signal model equations in an SVR-like linear formulation.
Definition 5 (Time-Transversal Vector of a Signal Expansion). Let {yn } be a discrete
time series in a Hilbert space, and given the General Signal Model in Definition 3, then the nth
(k)
time-transversal vector of the signals in the generating expansion set {sn } is defined as
h
iT
(1)
(K)
sn = s(0)
(1.24)
n , sn , . . . , sn
Hence, it is given by the nth samples of each of the signals generating the signal subspace where
the signal approximation is made.
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Accordingly, the PSM problem can be stated as follows.
Theorem 1 (PSM Problem Statement). Let {yn } be a discrete time series in a Hilbert space,
then the optimization of
N
X
1
||a||2 +
LεH (en )
(1.25)
2
n=0

T

with a = [a0 , a1 , . . . , aK ] , gives an expansion solution whose signal model equation is
ŷn =

K
X
k=0

ak =

N
X
n=0

ηn skn

ak s(k)
n = ha, sn i
⇒a=

N
X

ηn sn

(1.26)

(1.27)

n=0

where ak is a primal coefficient, ηn are the SVM Lagrange multipliers, and the solution at instant
m is
N
X
ŷm =
ηn hsn , sm i
(1.28)
n=0

Only instants n with ηn 6= 0 are part of the solution (support time instants).
Hence, each expansion coefficient ak can be expressed as a linear combination of input space
vectors. Sparseness can be obtained in coefficients ak , but not in coefficients ηn and also that
robustness is ensured for coefficients ak when using th ε-Huber cost. The Lagrange multipliers
are obtained from the dual problem, which is built in terms of a kernel matrix depending on the
signal correlation.
Definition 6 (Correlation Matrix from Time-Transversal Vectors). Given the set of
time-transversal vectors, the correlation matrix of the PSM is defined as
s

R (m, n) ≡ hsm , sn i =

K
X

(k)
s(k)
m sn

(1.29)

k=0

Property 2 (Correlation Matrix and Dual Problem). Given the general PSM in Eq. (1.26) and
the correlation matrix from the time-transversal vectors in Eq. (1.29), the dual problem yielding
the Lagrange multipliers consists of maximizing
1
− (α − α∗ )T (Rs + δI)(α − α∗ ) + (α − α∗ )T y − ε1T (α + α∗ )
2

(1.30)

constrained 0 ≤ αn , αn∗ ≤ C.
In this setting, correlation matrix in Eq. (1.29) contains all the temporal correlations conveyed by the signals in different lags for the time correlations of the Hilbert signal subspace,
which is always a fundamental information when working with time series. The Property 2
can be readily shown from considerations on the Lagrange functional and the associated KKT
conditions [144]. Therefore, by taking into account the PSM for a given DSP problem, one can
determine the signals that generate the Hilbert subspace where the observations are projected.
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PSM for Convolutional Signal Models
Convolutional signal model equations are those models that contain a convolutive mixture in
their formulation. These models are relevant not only for their robustness, but also because
their analysis gives us the foundations of the DSM to be subsequently used in a variety of DSP
problem statements. In order to express the SVM-DSP algorithm for sparse deconvolution in
terms of signal processing blocks, we can use a well-known property that relates the residuals
of the model and Lagrange multipliers, valid for the general algorithms of SVM. This property
we can find in [143] (Property 21, Chapter 5), and establishes a non-linear relationship between
the model coefficients ηn and the residuals en depending on the free parameters of the ε-Huber
cost function. We next focus on summarizing the properties that are relevant for giving a signal
processing block structure. These properties will be used for the analysis of the inverse problem
described in Chapter 4 of this Thesis, following the framework proposed in [142].
Property 3 (PSM coefficients for Sparse Deconvolution). The estimated PSM coefficients of the
signal model hypothesis in Property 1 are
x̂n =

N
X

ηi hi−n

(1.31)

i=0

Property 4 (PSM Correlation and Dual Problem for Sparse Deconvolution). The dual problem
corresponding to Property 7 of [142] is found by using the time-transversal vector
sp = [hn , hn−1 , hn−2 , . . . , hn−p+1 ]T

(1.32)

Correlation matrix Rh is given by Eq. (1.29), and in this case it represents the correlation matrix
of hn . The dual functional to be maximized is given by Eq. (1.30).
Therefore, the model coefficients (or equivalently, the Lagrange multipliers) are mapped from
the model residuals by using a static non-linear map given by the first derivative of the ε-Huber
cost. In our case, this property can be easily shown by using the appropriate set of KKT
conditions [144], and it indicates that the model coefficients are a piece-wise linear function of
the model residuals.
According to this expression of the Lagrange multipliers as a time series, the sparse deconvolution model can be further analyzed, as follows.
Property 5 (PSM Block Diagram for Sparse Deconvolution). Let a discrete time signal be defined
by model coefficients ηn for n = 0, . . . , N , and being zero otherwise. Then, from Eq.(1.31) the
relationship between the model coefficients and the estimated signal can be written as follows:
x̂n = ηn ∗ h−n ∗ δn+M

(1.33)

where δn is the Kronecker delta sequence (1 for n = 0 and 0 elsewhere), the length of the impulse
response hn is M + 1 and ∗ denotes discrete-time convolution operator.
This is an interesting property from the signal processing point of view, and it can be easily
obtained by examining the KKT in the PSM of the sparse deconvolution problem [152]. Hence,
we can consider a joint equivalent closed-loop system, given in Fig. (1.15) which contains all the
elements of the SVM algorithm expressed as systems. Specifically, one is a non-linear system,
and the remaining ones are lineal time invariant (LTI) systems. According to the preceding
property, estimated signal x̂n will not be sparse in general, because its sparseness of ηn that can
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(a)

(b)

Figure 1.15: Signal Model for SVM sparse deconvolution. (a) Block diagram, elements and signals
in the PSM Signal Model for SVM sparse deconvolution. (b) Convolutional model for sparse
deconvolution, for an arbitrary impulse response, where the Mercer’s kernel is the autocorrelation
of the impulse response signal.

be controlled with the ε parameter, but there is a convolutional relationship between x̂n and ηn
that will depend on the impulse response, which in general does not have to be sparse.
Two highly relevant properties for translation invariant kernels, which are a particular class of
kernels which fulfilling K(u, v) = K(u − v). These properties will be useful for PSM algorithms
and later on for DSM algorithms.
Property 6 (Shift-invariant Mercer’s Kernels). A necessary and sufficient condition for a translation invariant kernel to be Mercer’s kernel [171] is that its Fourier transform must be real and
non-negative, this is,
Z +∞
1
K(v)e−j2π(f ,v) dv ≥ 0 ∀f ∈ Rd
(1.34)
2π v=−∞
Property 7 (Autocorrelation-Induced Kernel ). Let {hn } be an (N + 1)-samples limited-duration
discrete-time real signal, i.e., ∀n ∈
/ (0, N ) ⇒ hn = 0, and let Rhn = hn ∗ h−n be its autocorrelation
function. Then, the following shift-invariant kernel can be built:
K h (n, m) = Rhn (n − m)

(1.35)

which is called autocorrelation kernel. As Rhn is an even signal, its spectrum is real and nonnegative, and according to Property 6, an autocorrelation kernel is always a Mercer’s kernel.
Now, note that there is no Mercer’s kernel appearing explicitly in the problem statement of
PSM for sparse deconvolution, as it could be expected in an SVM approach. However, the block
diagram in Fig. (1.15)-(a) highlights that there is an implicitly present autocorrelation kernel,
given by
Rhn = hn ∗ h−n ,
(1.36)
in the case we associate the two systems containing the original system impulse response and its
reversed version. From Linear System Theory, the order of the blocks could be changed without
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modifying the total system. However, the solution signal is embedded between these two blocks,
which precludes the explicit use of this autocorrelation kernel in this PSM formulation. Finally,
the role of delay system, in impulse response of Eq. (1.33), can be interpreted as just an index
compensation that makes the total system causal.
RKHS Signal Model
The class of RSM algorithms algorithms consists of stating the signal model equation of the
time series structure in the RKHS. In this section, we state a general signal model equation for
estimation with discrete-time series notation.
Theorem 2 (RSM Problem Statement). Let {yn } be a discrete-time series and v n a vector of observations for each time instant. A non-linear signal model equation can be stated by
transforming the weight vector and the input vectors at time instant n to an RKHS,
ŷn = hw, ϕ(v n )i + b
Since the same signal model equation is used with weight vector w =
can be expressed as
ŷm =

N
X
n=0

ηn hϕ(v n ), ϕ(v m )i =

N
X

(1.37)
PN

n=0 ηn ϕ(v n ),

ηn K(v n , v m ) + b

the solution

(1.38)

n=0

For this proof we by using the conventional Lagrangian functional and the dual problem.
This is the most used approach to state data problems with SVM. This theorem is next used to
obtain the non-linear equations for several DSP problems [143].
DSM for Signal Processing
An additional class of non-linear SVM algorithms for DSP can be obtained by considering the
non-linear regression of the time lags or the time instants of the observed signals and using an
appropriate choice of the Mercer’s kernel. A very natural representation of a signal model stated
in SVR form, using the concepts of Mercer’s kernel and impulse response, can be
ŷ =

n
X

ηi K(xi , x) + b

(1.39)

i=1

we use the SVR problem statement as support for the algorithm, by making a non-linear mapping of each time instant to an RKHS; however, the signal model equation of the DSP to be
implemented will be the resulting kernel-based solution, by using autocorrelation kernels suitable with the problem at hand. Here, we summarize this approach and pay attention to the
sparse deconvolution (see [143,151,152] for details). These ideas are summarized in the following
theorem.
Theorem 3 (DSM problem statement). Let {yn } be a discrete time series in a Hilbert space,
which is approximated in terms of the SVR model in Definition 1, and let the explanatory signals
be just the (possibly non-uniformly sampled) time instants tn that are mapped to an RKHS. Then,
the signal model is given by
yn = y(t)|t=tn = hw, φ(tn )i
(1.40)
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and the expansion solution has the following form,
ŷ|t=tm (t) =

N
X

ηn K h (tn , tm ) =

n=0

N
X

ηn Rh (tn , tm )

(1.41)

n=0

where K h is an autocorrelation kernel originated by a given signal h(t) Model coefficients ηn
can be obtained from the optimization of Eq. (1.19) (non-linear SVR signal model hypothesis in
Definition 1), with kernel matrix given by
K h (n, m) = hφ(tn ), φ(tm )i = Rh (tn − tm )

(1.42)

Hence, the problem is equivalent to non-linearly transforming time instants tn , tm and making
the dot product in the RKHS. For discrete-time DSP models, it is straightforward to use discrete
time n for nth sampled time instant tn = nTs , where Ts is the sampling period in seconds.
In Eq. (1.41) we can observe that it is formally similar to the conventional output of SVR for
regression. The conceptual key difference is the use of the estimated autocorrelation of the output
in terms of the input data stands for a straightforward inclusion of the a priori information of the
problem into the SVM formulation. In fact, the use of kernels as the radial basis function can be
seen as an easy, yet rough approximation to the autocorrelation of the output as a function of the
input variables. The autocorrelation kernel enables to address a number of unidimensional and
multidimensional extensions of communications problems, from a different and still well founded
approach linking DSP and Statistical Learning [143].
Theorem 3 is used below to obtain the non-linear equations for several DSP problems. In
particular, and used in this Thesis, its interpretation in terms of linear system theory that allows
to propose a DSM algorithm for sparse deconvolution, even in the case that the impulse response
is not an autocorrelation.
DSM for Sparse Signal Deconvolution
Given the observation of two discrete sequences {yn } and {hn }, the deconvolution consists of
finding the discrete sequence {xn } fulfilling
yn = xn ∗ hn + en

(1.43)

In many practical situations, xn is a sparse signal, and solving this problem using an SVM
algorithm can have the additional advantage of its sparsity property in the dual coefficients. If
impulse response hn is an autocorrelation signal, then the problem can be stated as the sinc
interpolation problem (see Chapter 7 of [143]). If an autocorrelation signal is used as kernel, hn
is necessarily a non-causal LTI system. A first approach is the statement of the PSM, which was
developed previously. The solution can be expressed as
x̂n =

N
X

ηi hi−n

(1.44)

i=0

hence, an implicit signal model equation can be written down, as
x̂n =

N
X
i=M

ηi hi−n = ηn ∗ h−n+M = ηn ∗ h−n ∗ δn+m

(1.45)

This means that the estimated signal is built as the convolution of the Lagrange multipliers
with the time-reversed impulse response and with an M -lagged time-offset delta function δn .
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Figure (1.15)-(b) shows the schemes of the DSM-SVM algorithm. According to the KKT
conditions, the residuals between the observations and the model output are used to control the
Lagrange multipliers. In the DSM-SVM algorithms, the Lagrange multipliers are the input to
an LTI non-causal system whose impulse response is the Mercer’s kernel (see Fig. (1.15)-(b)).
Interestingly, the Lagrange multipliers can be seen as the input to a single LTI system, whose
input response is heq
n = hn ∗ h−n ∗ δn−m , in the PSM-SVM algorithms (Fig. (1.15)-(a)). It is
easy to show that heq
n is the expression for a Mercer’s kernel, that emerges naturally from the
PSM formulation. This provides a new direction to explore the properties of the DSM-SVM
algorithms in connection with classical linear system theory, which is next described.
Property 8 (DSM for Sparse Deconvolution Problem Statement). Given the sparse deconvolution signal model equation in Property 1, and given a set of observations {yn }, these observations
can be transformed into
zn = yn ∗ h−n ∗ δn−M ,
(1.46)
and hence, a DSM-SVM algorithm can be obtained by using an expansion solution with the
following form,
n
X
ŷm =
ηn k(n, m) = η ∗ hn ∗ h−n = ηn ∗ Rnh ,
(1.47)
n=0

Rnh

where
is the autocorrelation of hn , and Lagrange multipliers ηn can be readily obtained according to the DSM Theorem.
This simple transformation of the observations allows to address the sparse deconvolution
problem for any impulse response hn to be considered in the practical application.

1.2

Motivation and Objectives

In 2015, Statistics reveal that 17.7 million people died from cardiovascular diseases, representing
31% of global deaths. Among these deaths, 7.4 million were due to coronary artery disease and
6.7 million due to cerebrovascular accidents [172]. It has been predicted that, about 23.6 million
people will die of cardiovascular disease in 2030. The numbers also indicate that cardiovascular
diseases affect to a much greater extent low and middle income countries, as far as more than
80% of deaths from these diseases occur in these countries [173]. By sex, its impact is greater
in women than in men. According to the latest results from the National Institute of Statistics
(INE, from Instituto Nacional de Estadística in Spanish), cardiovascular diseases were the cause
of almost 30% of deaths occurred in Spain at 2015, with a total of 124.197 deaths. In our country,
10.000 women more than men died in this period according to this INE study. The main cause
was stroke (16.357), which causes up to 4.000 more deaths than among men [174].
The techniques used in engineering for the analysis of communication signals are a useful
tool for the analysis of any kind of signal. With the development of bioengineering, all these
techniques of signal analysis in communications have also been applied as a tool to help in the
field of electrophysiology and medicine. As we have seen previously, the EPS are used to evaluate
the mechanisms of the arrhythmias and then to stop them. The problems presented in the EPS,
in addition to the clinical difficulties inherent to these studies, are the cause of an unsuccessful
treatment of arrhythmias. These problems can be classified in:
1. Invasive and long-lasting EPSs in time, caused by the difficulty in the identification of
arrhythmias.
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2. Still partial knowledge about in the mechanisms of some types of arrhythmias and their
behavior during an EPS, for example atrial fibrillation.
Currently, non-invasive techniques have emerged to help in one identification of arrhythmia
mechanisms, particularly theECGI techniques, for which intense research is being carried out and
applied to EPS for having a prior knowledge of arrhythmias. But there are still some problems
that arise and there is no definitive solution for them, for example:
1. The image resolution is still limited in these system, which reduces their applications for
detailed visualization of the arrhythmia mechanisms in current ECGI systems.
2. The obtained EGMs in ECGI systems are unipolar EGMs, whereas many clinical procedures are defined in terms of bipolar EGMs, especially when the diagnosis is made based
on the EGM morphology and time characteristics.
The development of machine learning and application in different areas of research can allows
us to use these techniques as a tool to give a different approach to the solutions traditionally
proposed to the problems presented above, particularly in ECGI systems.
In this PhD Thesis, we present a study carried out with a cellular automaton as a research
tool, to study the mechanisms of reentrant circuits using entrainment as an electrophysiological
technique. In addition, we present a method to obtain the bipolar EGM from the unipolar EGM
delivered by the ECGI system. We present a study with different proposed configurations to
obtain the bipolar EGM. Subsequently, we checked these bipolar EGMs with electrophysiological
parameters used in EPS as the fragmentation and width of the bipolar EGM. Next, with the
obtained bipolar EGM, we present a clustering study using unsupervised learning algorithms to
determine regions in cardiac tissue. And finally, we present an approach to the inverse problem
using SVM and signal analysis algorithms, in order to deliver acceptable solutions to this problem,
approaching the problem the inversion that the matrix of characteristics presents.

1.3

Structure and Contributions

The structure of this Thesis is related to the motivation described above and to the different
contributions in national and international conferences, as well as publications in international
journals. A brief description of each of the chapters of this PhD Thesis is as follows:
Chapter 2: A computational application of a simple cellular automaton for the visualization
of cardiac arrhythmias at the cellular level is presented. This application can be used
both in the academic field and in research. The cellular automaton comes from a first
version [1], to which improvements were made in its algorithm using signal theory principles.
This application was presented in a national conference and carried out a review paper in
electrophysiology:
• Caulier-Cisterna, R.,Muñoz-Romero, S., García-Alberola, A., Almendral-Garrote,
J., & Rojo-ÁLvarez, J.L (2017). Entrainment Model Based on Spatio-temporal Impulse Response and Restitution Properties. In XXXV Congreso Anual de la Sociedad
Española de Ingeniería Biomédica 2017 (CASEIB 2017).
• Almendral, J., Caulier-Cisterna, R., & Rojo-Álvarez, J. L. (2013). Resetting and
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Chapter 3: In this chapter, we present a method to obtain the bipolar EGM from the ECGI
unipolar EGM. We present a study with different configurations to obtain the bipolar
EGM. Subsequently, we validated these bipolar EGMs with a statistical study, and with
electrophysiological parameters used in EPS as the fragmentation and width of the bipolar
EGM. Next, with the bipolar EGM obtained above, we present a clustering study using
unsupervised learning algorithms to determine regions in cardiac tissue. A first version of
this study was sent to the national conference and is preparing an article for a scientific
journal.
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Ingeniería Biomédica 2018 (CASEIB 2018).
Chapter 4: Here we present a new approach to the inverse problem the using DSM-SVR. This
is a new proposal made to solve the inverse problem in ECGI system, but improving
the resolution is of the cardiac transmembrane potentials. The theoretical-mathematical
proposal is validated only with computational models as a first approximation. The first
approach 1D was presented at an international congress and an extension of this work to
two-dimensional models was recently published.
• Caulier-Cisterna, R., Sanromán-Junquera, M., Rojo-Álvarez, J. L., & GarcíaAlberola, A. (2016) . A Support Vector Laplacian Distance Kernel Approach to the
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Cham.
• Caulier-Cisterna, R., Muñoz-Romero, S., Sanromán-Junquera, M., García-Alberola,
A & Rojo-Álvarez, J. L. (2018). A New Approach to the Intracardiac Inverse Problem
Using Laplacian Distance Kernel. Biomedical Engineering online, 17(1), 86.
Chapter 5: Includes the conclusions of this Thesis and the future research lines to continue
with this work.
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2.1
Introduction

Simple Electrophysiological Models and
Entrainment
Until the present day there has been no philosophical doctrine or religion or political system
which has been universally accepted. Even the positive sciences have their good and bad points. The
history of the evolution of the different scientific paradigms lead us to suspect that they ought not to
be accepted, either, with the universal certainty which is sought after. (Fernando Rielo: A Dialogue
with three Voices, p.139)

2.1

Introduction

Cardioelectric activation models have been widely used to study the underlying mechanisms of
cardiac arrhythmia. Simplified tissue descriptions with Cellular Automate (CA) were formerly
used in [175]. This system was based on direct connections to the nearest neighbors and on
some few possible states for each cell. These first-generation of CA provided models with wave
propagation, but they did not consider the curvature effect or the propagation in a partially
recovered medium, or spiral-waves related to fibrillatory reentrant circuits in a non-physiological
angular shape. The second generation of CA [176] modeled the curvature effects by considering
squared cell-neighborhoods greater than one element, in such a way that a resting cell was excited
when the number of excited cells in the neighborhood exceeded a threshold. A weighting mask,
inversely related to the distance of an element to the neighborhood center, was consider a more
realistic implementation [177]. The third generation of CA [178] introduced a computationally
efficient weighting mask given by a finite-difference approximation to the diffusion operator.
The reaction-diffusion models (RDM) have also been extensively proposed to model the cardioelectric activation. Based on differential equation systems, RDM are capable of reproducing
complex phenomena, such as the single myocardial-cell AP, the impulse propagation through the
tissue, or fibrillatory spiral waves [179]. The effect of microscopic variables (e.g., ionic concentrations or individual transmembrane currents) on the macroscopic media can be readily studied
with RDM, whereas this is not possible for CA models. RDM can be difficult to use in applica41
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tions such as realistic heart-size simulations, where the computational burden of RDM precludes
their use [180], specially in the study of cardiac electrophysiological situations, which do not require a detailed microscopical description of the dynamics, for instance, some sustained rhythms
and reentries [181]. CA models still can be extremely useful in these applications. However, in
order to use CA models as a nexus between the microscopic and the macroscopic levels, cardioelectric activation properties should emerge naturally from the description and interactions
of the model elements. For instance, wavefront curvature should appear in the model without
introducing specific operators for recreating them.
In a previous work [1], a CA model was proposed overcoming several of these limitations,
which still required a noticeable computational burden. In this work, we make it lighter and
affordable for recreating some arrhythmia mechanisms and diagnostic therapy with increased
complexity. Specifically, we propose to use a Linear System Theory based description of the
cell-to-cell impulse propagation in CA models. This description allows to uncouple the intrinsic
charge amount from the extrinsic conduction velocity, by means of a spatio-temporal impulse
response used to model the propagation. On the other hand, the intrinsic model component
is governed by restitution properties of the action potential duration (APD) in terms of the
preceding DI, as common in recent CA literature [182, 183]. With this description, wavefront
curvature appears as a natural response to functional or anatomical inhomogeneities. Not only
previously simulated situations could be obtained (plane wavefronts, focal activity, eight-reentry
circuits), but also fibrillatory conduction, reentry arrhythmias, and rotors can be reproduced.
In the present chapter of this Thesis, a description of the CA model used for modeling of
entrainment in reentrant circuits is presented. The results are detailed for a situation in which
a reentrant circuit was generated, located, and studied with the entrainment technique that is
used in the EPS. This simulation has been further detailed for supporting a deep and detailed
review on the entrainment technique in a clinical journal [184]

2.2

Cardiac Cell Models

Different membrane models and ion channels have been studied, and all of them take advantage of
the similarity that can be established between the ionic flow and the change movement circulating
through a cable. It is common in these models to analyze the behavior of the cell membrane
from a viewpoint of Circuit Theory, as proposed by Hodgkin and Huxley [185]. Afterward, Denis
Noble in [186] developed a mathematical model of cardiac cells, in which the Purkinje fiber
AP is described, from an adaptation to the Hadgkin and Huxley equations. Later, McAllister
et al [187] improves the Noble model by incorporating, in the form of new ion currents, new
experimental evidences on the properties of the cell membrane. Subsequently, Beeler and Reuter
[188] developed the first ventricular myocyte model. From this last work, Luo and Rudy [189]
reformulated the ventricular myocyte model, focusing their study on the depolarization and
repolarization phases of the AP and on the phenomena that involve interaction between these
processes. Characteristics of cardiac tissue such as ionic pumps and change concentrations had
not been taken into account until the development of DiFrancesco and Noble models [190] on
Purkinje cells. These characteristics would later be incorporated by Luo and Rudy in their
ventricular myocyte model in [9, 191].
Over the years, cardiac cell models have been updated and more detailed information has
been incorporated to provide a more realistic description. In contrast, the models have become
more complex, incorporating a large number of variables to describe the ionic currents that take
place during an AP, and thus arriving at much more realistic models [192–198] even in models
PhD Dissertation
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Figure 2.1: Schematic diagram of the cell model. The abbreviation representing ionic currents,
pumps, and exchangers are defined in [9] (Figure obtained from reference [9], Copyright permits
with license number 4362010345131).

of human ventricles [199–201]. Figure (2.1) summarizes the most relevant parameters used to
calculate the EGMs of the CA in the Luo-Rudy model.
Luo-Rudy Model
The equations of the original Luo-Rudy model can be found in [189]. This model, as mentioned
above, is a reformulation of the Beeler-Reuter model (which can be found with detail in [188])
with more detailed information on ionic currents and state variables, see Table (2.1). The main
difference is that the Luo-Rudy model describes in more detail the non-time-dependent current
of K + , whose contribution was separated into three contributions, namely, IK , Ikp , and Ib , as is
show in Fig. (2.1).
Ion
K+
K+
K+
K+
N a+
Ca2+

Way
Extracellular
Extracellular
Extracellular
Extracellular
Intracellular
Intracellular

Name
IK1
IKp
Ib
IK
IN a
Is ([Cai ])

State Variable
K1

X, Xi
m, h, j
d, f

Table 2.1: Ionic currents in the Luo-Rudy model.
This model was redefined by its authors in [9, 191], where they developed more realistic description of the processes that regulate intracellular concentration, known by the name of calcium
dynamics, and the movement of calcium ions to through the membrane and the sacroplasmic
reticulum 1 .
1

The sarcoplasmic reticulum is the main store of intracellular calcium in muscle and plays an important
role in regulating the coupling-excitation-contraction process in the heart muscle, regulating intracellular calcium
concentrations during contraction and muscle relaxation [202].
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The latest versions of the Luo-Rudy model have developed a model for the human ventricular
AP, which has been validated with detail, and its equations can be found in [199, 200]. As
mentioned later, a Luo-Rudy model [203] is used in our CA.

2.3

Design of the Used Model

Our proposed model of a CA consists of a 2-dimensional rectangular grid, representing a sheet
of tissue, which is divided into elements or pieces accounting for cell groups. The size is X × Y
cm2 , and the lateral resolution is adjusted to N elements/cm.
Element Reaction of the Tissue
According to the average state of the membrane channels, each element is described with 3 different states, namely, R, AR, and RR. Allowed transitions between states are due to depolarization
(R to AR), partial repolarization (AR to RR), or total repolarization (RR to R) events. The
time instants when transition events occur are calculated from two variables. First, the APD, or
time interval between a depolarization and its subsequent total repolarization. And second, the
DI, which is the time interval between a total repolarization and its subsequent depolarization,
see Fig. (1.3).
The electric restitution curves (see e.g. [1]) stand for the behavior of present cycle APD, which
is non-linear and increasing with the DI at the preceding cycle. The restitution of the conduction
velocity is not explicitly considered here. Hence, current APD is dynamically adapted according
to previous DI in each element. The relative duration of AR and RR must be determined for
each APD, so that AP D = AR + RR seconds. In our model, if F denotes the time fraction of
APD in the AR state with, 0 < F < 1, we have just:
AR = F · AP D, RR = (1 − F ) · AP D

(2.1)

Note that a state-based description does not provide us with physical levels of instantaneous
transmembrane voltage, which should be very convenient for visualization and for scrutinizing
some physical properties, such as the corresponding EGM. For this purpose, we obtained a single
AP by integration of the Luo-Rudy model [179], thus providing us with an AP prototype. During
the model simulation, this prototype is normalized in time to the APD at each element, and then
used as an interpolation look-up table for associating the time elapsed in the present state with
the transmembrane voltage level.
Bioelectrical Diffusion
The more neighbors of an element, the easier an element should be depolarized. This corresponds
to an extrinsic excitability term to be considered for each element, which is directly related to
the myocardial mass. Therefore, depolarization can be roughly modeled as a threshold process,
described by an excitation probability Pjhom for each tissue element j in a homogeneous medium.
This depolarization depends on the simultaneous consideration of the intrinsic excitability given
by the conduction velocity (CV), and of the extrinsic excitability Q, given by the (distanceweighted) number of depolarized neighbors. For model simplicity, we consider a reduction of the
influence of a proximal stimulus with the squared distance. The excitability for this element is
then
X Ai
Pjhom = K · CV · Q = K · CV ·
(2.2)
dij 2
i∈N
j
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where Nj denotes the defined neighborhood of element j; Ai is the binary excitation state (1
excited, 0 elsewhere); and dij is the distance between i and j element centers. Normalization
constant K is fixed in such a way that a flat wavefront propagates at the maximum CV provided
by the restitution curve, this is,
E[Pjhom ]
K=
(2.3)
CV · E[Q]
where E denotes the expectation operator, E[Pjhom ] = p is a priori chosen, and it plays a
key role to determine the integration time and the average excitation quantity E[Q]. Equation
(2.2) represents a spatial impulse response, and it allows us to use signal processing tools, such
as bi-dimensional Fourier Transform, to optimize the calculation of the excitation. Moreover,
this excitation can be weighted with time to give a spatio-temporal impulse response, hence
supporting better the properties of the diffusion process.
For a flat wavefront with constant velocity V propagating longitudinally through a sheet of
cardiac tissue with dimensions L × W cm, sampled at M = 1/∆s samples/cm, where ∆s is the
dimension of a single cell, a time interval T is needed, this is,
T =

L · M · ∆s
CV

(2.4)

where T is related to integration time by T = N · ∆t with N an integer whole number. Then,
the simulation step time can be calculated as
∆t =

L · M ∆s
·
,
N
CV

(2.5)

therefore, the total number of excited cells in ∆t is L · W · M 2 /N . Moreover, for a flat wavefront
and a neighborhood with R = 1 the maximum number of excited cells, becomes M · W so that
the average excitability probability p is then
p=

L · W · M 2 /N
L·M
=
M ·W
N

(2.6)

Introducing this relationship in Eq. (2.5), it gives
∆t = p ·

∆s
,
CV

(2.7)

where the direct relationship is clearly shown between time step and p. The dependence between
p and E[Q] has still to be checked. Choosing p = 1, the wavefront covers ∆s in ∆t so the
neighborhood for a single cell is up to three excited cells and then E[Q] = Qmax /3. For the
case p = 2, the wavefront covers a column in twice ∆t , and consequently, E[Q] is expected to be
bigger than the previous case, in fact, it can be shown that E[Q] = Qmax /2.
This expression can be easily extended to a heterogeneous substrate. If CVl denotes the mean
longitudinal CV along a fiber, and CVt denotes the transversal CV among proximal fibers, then:


X Ai
X Ai
,
Pjhet = K · CVl
(2.8)
2 + CVt
2
d
d
ij
ij
i∈N L
i∈N T
j

j

where N Lj , N Tj are the subsets of neighbors along the longitudinal and transversal directions,
respectively.
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Figure 2.2: Simulated cardiac tissue. Corridors are generated with blocked regions, so that the
impulse will follow the corridor path. An infarcted region in the middle of the tissue protects a
slow conduction way, in an eight-figure mechanism.

2.4

Application to Entrainment Modeling

In this section, we first present the results of a simulation with the proposed CA on a plane
wavefront, and then, a specific application is built, namely, the entrainment technique used in
EPS to help the physician to identify the arrhythmia mechanism. Our CA was previously used
in [184] to provide detailed simulations on the entrainment technique, and in this work we only
present the technical details and a different and new example.

2.4.1

Plane Wavefront

We start by showing the configuration of cardiac tissue in the CA for the simulation of the
entrainment technique. We start by recalling that the entrainment is a technique used by electrophysiologists in EPS to identify reentrant circuits, as we have seen in Section 1.1.2 of this
Thesis.
Used Tissue Model
Several tissue models can be used in the CA. From an electrophysiological point of view, a twodimensional cardiac tissue model can be made, including slow conduction pathways, corridors,
and infarcted regions. Corridors are used to extend the distance between the cardiac tissue
and the pacing electrodes, without a need for creating extremely large tissue models. Moreover,
unipolar and bipolar electrodes can be put in the desired position over the tissue, in order to
record the extracellular potential and to visualize the EGMs. Figure 2.2 depicts a 2 × 5-cm2
cardiac tissue model with 48 bipolar electrode pairs. The slow conduction pathway in the middle
of the infarcted regions is given a 50% slower CV.
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Figure 2.3: The EGM recording in the central electrodes of the simulated cardiac tissue. The
scope of bipolar electrodes can be seen in yellow, with their corresponding EGMs and the AP
below them.

EGM Catchment Model
To obtain the EGMs associated with the activation pattern, it is necessary to calculate the
transmembrane current from the AP. To obtain these currents, an AP prototype associated with
the Luo and Rudy model was used [9, 189, 191], which relates the time elapsed in the current
state of each cell with its voltage level. If we assume that cardiac tissue can be modeled as a
single-domain, isotropic, resistive, and homogeneous medium, the electrical potential obtained
near the extracellular surface is measured as the weighted sum of the transmembrane currents
that are originated in the neighboring cells of that tissue [204,205]. Therefore, a unipolar EGM is
modeled as the recording of the extracellular potentials measured on a point electrode of positive
polarity, whose reference is located at infinity. The distance from the electrode to the surface
quantifies the area of influence of the electrode, as seen in Fig. (2.3). On the other hand, a
bipolar EGM is modeled with the potential difference between two points close to each other,
that is, as the difference of two neighboring unipolar EGMs.
For this case study, both unipolar and bipolar electrodes are placed on the cardiac tissue at
a vertical distance, which is adjusted to provide with EGMs with similar shape to the observed
in the EPS, it corresponded to a height of 0.1 cm in this simulation. Figure (2.3) shows the
recording of bipolar electrode configuration along a cardiac tissue centered line. Panels in the
middle row shows the recorded EGM and the APs below these electrodes.
Simulation Visualization
The results of the CA simulations can be readily seen on a video generated by post-processing of
the data stored in Matlab R . These data are also used for subsequent analysis, such as activation
time maps generation of RR-peak detection.
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(a)

(b)

(c)

(d)

Figure 2.4: Results on entrainment modeling: (a) Photogram of a video generated with the
proposed CA. (b) Corresponding isochronal map for entrainment technique; (c) Reference EGM
for the isochronal map; (d) EGMs of bipolars electrodes catchment.

2.4.2

Application to Entrainment Technique

Thanks to the usefulness and user-friendly design of the proposed CA, it can be used as research
tool for a variety of pathologies, as well as a teaching tool. We show next an application to the
modeling of entrainment in reentrant circuits.
Under normal conditions, the electric impulse is generated in the sinus node and the activation
is driven to the atria and then to the ventricles. However, in some cases, the electrical activation
can persist without extinguishing in a cardiac region, over some time long enough to its neighbor
tissue can recover its excitability (and hence to overcome the refractory period), so that the
same impulse is able to excite again and (totally or partially) the heart. This is called reentrant
stimulus, and it is the mechanism for cardiac reentry. The path followed by the driving impulse
until exciting again the previously recovered tissue is called reentry circuit.
In the EPS, arrhythmia are often treated and controlled with stimulation techniques, such
as the entrainment techniques. These last consist of the acceleration of a tachycardia up to the
same cardiac frequency in which a stimulus train is applied, due to the continuous reentry with
each paced stimulus of the train [206]. In the case of reentry-originated tachycardia, each stimulus in the train enters the circuit and it propagates in two directions, namely, the antidromic
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(a)

(b)

Figure 2.5: Plane propagation front of the cardiac impulse. Panels (a) and (b) show the propagation of the cardiac impulse of a plane front in a cardiac tissue of the CA.

front shocks with the wavefront around the circuit, whereas the ortodromic front advances the
next beat of the tachycardia. When the over-stimulation is stopped, the tachycardia must continue without relevant changes in its morphology and cycle length, to consider that entrainment
technique has been produced (for more information on this topic, see Section 1.1.2 in this Thesis).
Figure 2.4 shows the results for an example of entrainment simulated with the CA. In a
3 × 3-cm2 tissue with an eight-figure in the center, up to 45 bipolar electrodes were placed at
0.1 mm height. An impulse was delivered in this tissue which generated a reentrant circuit
at 540-ms cycle-lenght, as seen in the EGMs of the Fig. (2.4). Then, from a point in the
lower side of the cardiac tissue, an impulse was generated at 480-ms cycle-length to capture the
reentrant circuit, as seen in panel (a) of Fig. (2.4). In panel (b) of Fig. (2.4), the isochronal
map is depicted, showing the collision of the antidromic front with the reentrant circuit front,
whereas the antidromic front is advanced to the next tachycardia beat, hence capturing the
reentring circuit. When the over-stimulation stops, the tachycardia continues without changing
its morphology or cycle length, as seen in panel (d) of Fig. (2.4). Therefore, the simulation has
generated an entrainment in a reentring circuit.

2.4.3

Other Applications

The CA has many more features. The previous section shows the results obtained for the case of
reentrant circuits and the analysis of a controlled electrostimulation technique called entrainment.
Next we show other functionalities that the CA has. These functionality can be programmed
very easily by the user, allowing the study of different mechanisms of arrhythmias.
In the CA it is possible to program different cardiac tissue configurations, and impulse propagation fronts. Figure (2.5) shows one of these configurations. Panel (a) shows the propagation
of a flat front over a region of cardiac tissue of size 1x1 cm. In this region of cardiac tissue
propagates a uniform impulse, generated at a distance by the sinus node. Panel (b) shows the
propagation of the next impulse that propagates in cardiac tissue. In addition, we can see the
impulses that move in the heart tissue are not extinguished in any region of the cardiac tissue.
This is because an CA configuration of a healthy region of cardiac tissue was performed. This
configuration is designed to see the behavior of the heart in sinus rhythm.
Raúl Paul Caulier Cisterna
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(a)

(b)

(c)

(d)

Figure 2.6: Simulation of cardiac tissue with scar regions, slow-path regions, and healthy regions.
In panel (a) we can see the generation of the electrical impulse, within the slow-path region and
between the scar region of cardiac tissue, panel (b) shows the propagation of the electrical impulse
through the healthy region and the corridors of cardiac tissue, panel (c) shows the generation of
an extopic focus at the lower left corner of cardiac tissue, and panel (d) shows the advance of
the electrical impulse generated by the extopic focus through the corridors of cardiac tissue.On
the surface of cardiac tissue we can see the meshing of bipolar electrodes.

Another simulation of more complex cardiac tissue can be seen in Fig. (2.6). In this simulation we can see a scar regions, slow-path regions, and healthy regions of the cardiac tissue.
Figure (2.2) shows each of these regions in the cardiac tissue and the mesh distribution of bipolar
uptake electrodes used for the simulation depicted in Fig. (2.6). In that cardiac tissue, we have
two regions that simulate a scar region, where there is no electrical conduction. Among them,
we find a slow-path region, where the cardiac tissue conducts the electrical impulse at half the
speed of a healthy tissue. In the rest of the cardiac tissue we see conduction corridors that allow
us to simulate distant points of cardiac tissue. These corridors are generated by placing blocks
where the electric impulse collides and extinguishes, thus allowing to direct the electrical impulse
through the corridors.
Figure (2.6) shows the simulation performed with the CA, where: Panel (a) shows the moment
and place where the electric impulse is generated, between the scar regions and in the middle
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(a)

(b)

(c)

(d)

Figure 2.7: Bipolar EGMs captured in the simulation of Fig. (2.6). In panels (a), (b), (c), and
(d) we can see the bipolar EGMs captured by the electrodes located at a height of 0.1 cm from
the cardiac tissue. Each bipolar EGM column represents a column of bipolar electrodes located
from left to right of the cardiac tissue.

of the slow-path region; Panel (b) shows the propagation of the electrical impulse through the
healthy regions of the cardiac tissue, and see how the electric impulse propagates through the
conduction passages located at the ends of the cardiac tissue; Panel (c) shows the time and
place where an ectopic focus is generated, the lower left corner of the heart tissue; And panel
(d) shows the propagation of this ectopic focus through the corridors of cardiac tissue to reach
the place where the other electrical impulse is generated. These ectopic foci are the ones that
cause alterations in heart rhythm, which cause the arrhythmias mechanisms, and they can be
generated anywhere in the cardiac tissue.
Figure (2.7) shows bipolar EGMs generated in this simulation, where 48 bipolar electrodes
at a height of 0.1 cm from the cardiac tissue capture the bioelectrical signal generated in the
cardiac tissue cells, transforming it into bipolar EGMs. This high density of electrodes allows
us to see details that in the EPS are difficult to see, making the CA a very useful study tool for
the mechanisms of arrhythmias. Each bipolar EGM column represents a column of electrodes
located on the cardiac tissue. In them, important detailed information can be distinguished
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for electrifisiologists, such as fragmented bipolar EGMs of the scar region, the location of the
collision place of the electrical impulses, the behavior of the electrical impulse in the distant
heart tissue, and many others.
In general, CAs provide us with detailed information about the behavior of cells in different
regions of cardiac tissue, due to the possibility of generating a dense mesh of electrodes in cardiac
tissue and to the control we can have on the simulation.

PhD Dissertation

3.3
DSPO and
EGM
Amplitude
3.2
Problem
Statement

Chapter 3

3.1
Introduction

3.4
FTD
Unipolar
EGM

3.5
DSPO Vs
FTD
3.6
EGM Morphology

3.7
Clustering
Experiment

Electrophysiological Features from Bipolar EGM in ECGI
A deep transformation is required, and this means that we resolve, day after day, to perfectly
do the thing that seem to be little and to be faithful in that, as Christ affirms: «Anyone who is
trustworthy in little things is trustworthy in great» (Lk 16:10). (Fernando Rielo: Cristo y su sentido
de empresa [Christ and His Sense of Enterprise / Business], p. 133)

3.1

Introduction

ECGI is a novel imaging modality developed in Rudy’s Laboratory [89–95]. This imaging modality maps the cardiac electrical activity recorded noninvasively on the torso of a patient, on to
her cardiac epicardial surface. Although modern medicine relies heavily on noninvasive imaging modalities, such as CT or MRI, to guide therapy, an equivalent modality for imaging the
bioelectricity producing the cardiac arrhythmias is not yet available. Noninvasive diagnosis of
arrhythmias is currently based on the standard 12-lead ECG [96, 97], which can not provide precise information of the pattern of the electrical contraction the heart. In ECGI, a multi-electrode
vest is first used to record 250 simultaneous signals of body-surface ECGs. Then, these ECGs
are combined with the geometrical information from a CT or MRI scan, by using a mathematical
algorithm to reconstruct the electrical potentials, which closely correspond to unipolar EGMs,
and from them the activation sequences and the repolarization patterns on the heart surface can
be analyzed.
The EPS is an invasive procedure in which catheters are introduced in the human body
through the veins and/or arteries, in order to reach the heart and to record the electrical activity
of the different cardiac cavities from its inside. The signals recorded in this type of study are
EGMs that can have two configurations, namely, unipolar and bipolar. Unipolar EGMs are
recorded by catheters using a single exploratory electrode on the intracardiac tissue and another
common electrode as reference. Bipolar EGMs are recorded using the difference of a given
unipolar EGM with a close second unipolar EGM as the negative electrode. The information
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represented by bipolar EGMs mostly refers to the electrical activity that occurs between and close
to the two poles of the catheter, whereas unipolar EGMs convey both local and distant activity.
In an EPS, many of the criteria used for the identification of arrhythmias are mainly established
in terms of bipolar EGMs, where the electrophysiologists observe anomalies in the signals such
as fragmentation, depolarization or repolarization duration, or signal amplitude [26, 207, 208].
ECGI systems provide the estimated potential measurements on the epicardium, which correspond mainly to unipolar EGMs. The clinical validation of unipolar EGMs is often done by
comparing the clinical criteria of bipolar EGM or with the experience of studies that have made
comparisons in similar situations [25, 99]. However, a possible optimal configuration for estimating bipolar EGMs from a clinical point of view in the ECGI systems is not yet clearly established.
Therefore, in the present work, several digital signal processing operators (DSPOs) are analyzed
in order to establish their suitability to provide the bipolar EGM associated to a point on the
heart in terms of the voltage difference with its neighbor points. The studied operators are maximum and minimum amplitude, maximum and minimum distance, nearest random neighbor,
and nearest neighbor mean. All these configurations are also compared with the first temporal
derivative (FTD) of the unipolar EGM in that point, which is a commonly used DSPO to obtain
the bipolar EGMs in ECGI.
For each of these DSPO, we first analyzed the impact of the DSPO on the amplitudes of
the estimated bipolar EGM, which is a basic property considered by electrophysiologists. For
instance, it is widely accepted that a scar region in the ventricles usually has bipolar EGM
peak lower than 0.5 mV, a border region less than 1.5 mV, and a healthy cardiac tissue region
greater than 1.5 mV. Also, basic electrophysiological properties are considered, as fragmentation
whose criteria are established in [208] with clear guidelines, and the duration of depolarization of
bipolar EGMs, whose criteria are also determined in the clinical literature [26]. We also analyzed
the spatio-temporal consistency of bipolar EGMs in different regions of cardiac tissue, including
scar, valve, septum, and normal tissue. For this purpose, we propose here to use the so-called Mmode EGMs, i.e, spatio-temporal signal representations of the EGMs along a line set of spatially
proximal points on the epicardium geometry which are available from the ECGI potentials.
On the other hand, the large number of EGMs offered by the ECGI systems allows us
different possibilities in research, for example, to find the different regions of cardiac tissue
caused by different morphologies of the registered unipolar EGMs. In order to obtain this
regionalization of cardiac tissue, unsupervised machine learning techniques can be used. These
techniques do not need a-priori information of the data, as it could be the case of the necessary
labels for a classification task. For these cases, in which the labels are not known, working in
terms of segmentation, we use the concept of clustering in order to provide the clinician with a
segmentation of the epicardial points [209, 210]. There are currently many clustering techniques,
and one of the best known and used is the K-means clustering [125, 211, 212]. This algorithm is
used to identify and segment the classes that allow us to regionalize cardiac tissue according to
the bioelectrical properties of the estimated EGMs. To do this, we used the unipolar EGM data
provided by the ECGI, and the bipolar EGM calculated with the DSPO that best represented
its morphology.
The rest of the Chapter is organized as follows. In Section 3.2, an approach to the proposed
problem is introduced, together with its notation and the general description of the used DSPO.
In Section 3.3, the configurations of the tested operators are benchmarked in terms of the statistical properties of their bipolar EGMs amplitudes. We also scrutinize the spatio-temporal
consistency of the bipolar EGMs for the minimum distance and maximum amplitude operators,
in terms of maximum voltage maps, neighbors, and epicardial paths in terms of their spatial and
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spatio-temporal consistency. And finally, we analyze in that section two of the most relevant
electrophysiological characteristics of bipolar EGMs, which are their width and the presence of
fragmentation, by again comparing the minimum distance and the maximum amplitude operators. In Section 3.4, the FTD of unipolar EGMs is analyzed. In Section 3.5, the FTD of unipolar
EGMs is compared with the optimal DSPO found up to this point, which corresponds to the
maximum amplitude operator. In Section 3.6, the morphology of the FTD of the unipolar EGM
and the optimal DSPO are studied, allowing us to propose a new DSPO that is morphologically
more realistic. In Section 3.7, the results of the regionalization experiments with unipolar and
bipolar EGMs are shown.

3.2

Problem Statement and Notation

As previously pointed, bipolar EGMs are obtained in EPSs with two neighboring electrodes
located at the same catheter. Conversely, in ECGI studies we have a mesh of points that covers
the cardiac tissue, where the recorded potential at each point can be seen as a unipolar EGM.
In this work, we consider the closest neighbor points to a given one as possible candidates to
calculate the bipolar EGM associated to that central point, as depicted in Fig. (3.1). The
definition of the bipolar EGM associated to a given location conveys several practical problems:
First, there is an ambiguity due to the diversity of the closest neighboring point; Second, the
distance between the closest neighboring points and the reference point of the ECGI mesh can
be larger than those of two neighbor electrodes in a conventional catheter used in clinics; And
finally, the direction of the impulse propagation over the endocardial mesh can have an impact
depending the orientation of the two recording potentials, hence affecting the properties of the
calculated bipolar EGMs.

3.2.1

Problem Notation

The notation used in this chapter is described as follows. Let S denote a two-dimensional surface
(or manifold) in a three-dimensional space, and let rs be the (continuous) set of points in this
surface, which is defined as
rs ≡ {r ∈ S, S ∈ R3 }
(3.1)
A single point i on the mesh surface is defined as
si = rs · δ(ri ) = rs · δ(xi , yi , zi )

(3.2)

where δ(ri ) is a Dirac’s delta function in the spacial domain, and {si , i = 1, . . . , N } is a discrete
set of points that belong to surface S.
The extracellular potential in quasielectrostatic conditions can be seen as a space-time function and is denoted here as v(r, t), where r is the spatial position and t is the time. Therefore, the
potential measured on the epicardium can be denoted as v(rs , t). The set of potentials measured
in the epicardium mesh at time instant t are {v(si , t), i = 1, . . . , N }, which corresponds to the
unipolar EGM that is ideally measured with a single electrode of the catheter at point si .
We define {ηi } as the set of nodes closest to the neighborhood of point si in the surface mesh
S, and this set of indices is defined as follows,
ηi ≡ {j / sj is a closest neighbor to si }

(3.3)

and now we denote the set of closest neighbor points to si as
Ci ≡ {sηi }
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Figure 3.1: Unipolar EGM maximum potential map that allows us to represent the ambiguity
for the obtention of the bipolar EGMs associated to the central point in terms of its nearest
neighbors.

A bipolar EGM is denoted and calculated as
∆v(si , sk , t) = v(si , t) − v(sk , t)

(3.5)

where si and sk are either two adjacent electrodes in the same catheter on the endocardium
or epicardium surface, or two points in the corresponding cardiac mesh from ECGI modality.
For our study, we want to stress the spatial bivariate dependence of ∆v(·, ·, t) and to study the
optimal configuration in order to obtain a bipolar EGM which better fits with the expected
clinical requirements in the usual practice. For this purpose, we define v(si , tw ) as the temporal
dependence of the epicardial potential at a given time window tw ≡ [tin , tend ], this is,
v(si , tw ) ≡ {v(si , t), t ∈ tw }

(3.6)

where tin and tend correspond to the starting and ending times, respectively, of the heartbeat
under study. Then, the bipolar EGM can be expressed as
β(si , tw ) = ∆v(si , θx (Ci ), tw ) = v(si , tw ) − v(θx (Ci ), tw )

(3.7)

where sk = θx (Ci ) is the DSPO that selects the suitable closest neighbor point among Ci . Note
that subindex x denotes the different DSPO criterion to be considered.

3.2.2

Patient Data

For the present study, we used Patient number 7 from a database of 13 available from previous
research at Cardiac Bioelectricity and Arrhythmia Center, provided with permission by Yoram
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Configuration
Amplitude

s̄k = θV (Ci ), with
s̄k = θv (Ci ), with

Random
Mean
Distance

s̄k = θr (Ci ), with
s̄k = θm (Ci ), with
s̄k = θD (Ci ), with
s̄k = θd (Ci ), with

max{|v(sηi , tw )|}
k∈Ci

min {|v(sηi , tw )|}

k∈Ci

randk∈Ci
meank∈Ci {|v(sηi , tw )|}
max{|si − sηi |}
k∈Ci

min {|si − sηi |}

k∈Ci

Table 3.1: Possible configurations for the choice of the neighbor for characterizing the bipolar
EGM associated to a given point i in the ECGI mesh.

Rudy Lab at Washington University in St. Louis [213]. A 51-year-old patient, with a large
transmural infarction that involved approximately two-thirds of the lower left ventricular wall
was considered for the study. We used a mesh of the epicardium with 802 points and a unipolar
EGM with a record of 9.77 s was associated to each point. To simplify the analysis we used a
time window with tw = 1.22 s corresponding to a single heartbeat. The epicardial recordings had
been previously filtered out of high-frequency noise and baseline wander, with custom software.
The present study was carried out with the data of a single patient, since we wanted to study
in depth a case with difficulty for EPS. That is, we analyzed in detail clinical criteria used in
EPS, presenting statistical evidence of the results obtained, and a detailed morphological study
of the bipolar EGM obtained with the DSPO. The detailed analysis of these clinical criteria takes
time, since the labeling of the fragmentation, the analysis of the amplitude, and the width of the
bipolar EGM, in a single case can be equivalent to labeling a database of EGMs for EPS. The
results obtained in the study of each step in a single patient contain much information, which
allowed us to improve the preprocessing in the following stages of the study. Several validation
works that have been proposed in recent years in ECGI are performed with few patients, based
on highly detailed studies of each of them [214–217].

3.3

Configuration Operator and EGM Amplitude

The DSPOs considered here for their analysis are the following: (a) Maximum and minimum
amplitude; (b) Maximum and minimum distance; (c) Average from the nearest closest neighbors;
And (d) random closest neighbors. They are described in Table (3.1), together with their mathematical definitions. Given that the EGM amplitude is a key parameter in many EPS criteria,
we analyzed the statistical and spatial properties of this feature for each of these processing
operators.
The statistical distributions of the EGM amplitudes obtained with each DSPO are next
compared in terms of their individual histograms and their paired scatter plots. For each EGM
at each mesh point, the amplitude was calculated as the peak-to-peak value.
Histogram Plot Comparative. In Fig. (3.2)(a), we can see the amplitude histograms calculated
for each DSPO analyzed. The red vertical line in the histogram represents the threshold value
commonly used in the clinical practice in order to identify border regions from the healthy
regions, which is 1.5 mV for ventricles [25]. With θV configuration, the histogram shows 3
different amplitude zones, namely, from 0 to about 1.5 mV, from 1.5 mV to about 4 mV, and
larger than 4 mV. Accordingly, it could be possible that those amplitudes that are lower than the
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(a)

(b)
Figure 3.2: Analysis of the EGM statistical distribution: (a) Histogram of the EGM amplitudes
for all the configurations; (b) Scatter plots of EGM amplitudes, with unipolar EGM vs all the
bipolar EGM tested configurations in Patient 7 (green line depicts the main diagonal).

clinical threshold are well identified from scar or far field in the valves with this configuration.
In the other two zones, we could identify an intermediate zone of damaged cardiac tissue, likely
with slow conduction or scare edges, and a zone of normal cardiac tissue. For the case of θv
and θm , most of the amplitude values in their histograms are below the 1.5 mV threshold, which
could lead to errors in the diagnosis, since it could be thought that all the cardiac tissue is a
border region. For the cases of θd , θD , and θr , the histograms show two defined zones: The first
one is between 0 and 1.5 mv, where the border region or the distant field of the valves can be
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identified and wheremost of EGM amplitudes are found; The second one is greater than 1.5 mV,
where peak-to-peak amplitude values decrease exponentially-like, identifying this zone as healthy
tissue, but this interpretation should imply that most of the locations correspond to non-healthy
or far-field, which is highly unlikely.
Scatter Plot Comparative. In Fig. (3.2)(b) we can see the similarity between the peak-topeak amplitudes of the unipolar EGMs of the ECGI system with respect to the bipolar EGMs
obtained in each DSPO. The green line corresponds to the diagonal between the unipolar EGM
and the bipolar EGM, and it is included for cross-reference comparison purposes. The unipolar
EGM is used to have the same amplitude reference in each configuration. With θV , θD , and
θr configurations, the scatter plots have wider rank and better approximation to the diagonal,
with θV being the one with the highest slope and therefore the greatest similarity among the
unipolar EGM amplitude values. In addition, areas similar to the ones obtained with unipolar
EGMs can be identified when using the bipolar EGMs of this configuration. For θv , θd , and
θm configurations, we can see that the dispersion is smaller than in the previous cases, and in
addition, the amplitudes have values far below the diagonal, which indicates that the amplitude
values in these bipolar EGMs are very different from the unipolar EGM values, although less
scattered. However, it could be possible to correct the bias in the the low amplitude of these
configurations if necessary.
The following section aims to complete the presented statistical distribution of the amplitudes
with the spatial distribution properties.

3.3.1

Spatial Consistency of the EGMs

In this section, the objective is to study the spatial consistency of the previously analyzed bipolar
EGM configurations. For this purpose, we first visualize the spatial consistency according to
peak-to-peak amplitudes. Then, the spatial consistency is observed for a single point and its
neighbors in two relevant regions of cardiac tissue. Finally, the spatial consistency is analyzed
in a dotted line that passes through different regions of cardiac tissue.

3.3.2

Spatial Consistency of the Amplitude Maps

Figure (3.3) shows the map of peak-to-peak amplitudes of patient 7 for the unipolar EGM and
each DSPO, except for the θv configuration, since it was discarded after the previously performed
analysis, and we can see in the figure that all the amplitudes that were obtained with this DSPO
they are less than of 1.5 mV, value set for the border region. For each DSPO, we can see in the
graph the different regions that are consistent with the patients physiology and pathology know
substrate, namely, the right side, the zone of the valves, and the inferior part of the ventricle.
The color scale of each map is adjusted to the maximum peak-to-peak amplitude of each DSPO.
In the unipolar EGM map, the scar region is located in the inferior left wall of the ventricles, and
the region of the valves also corresponds to the red color of smaller amplitudes. In the lateralupper wall of the ventricles, we can see a zone of high amplitude that degrades toward the apex
and towards the inferior wall of the ventricles, where the scar is located. In θV configuration, we
can see a spatial consistency with respect to the unipolar EGM, which allows us to determine
different regions in the cardiac tissue, and the scar region can be identified in the inferior left
wall, as well as the valve region. In θd configuration, we can see less similarity in the spatial
consistency with respect to the unipolar EGM, with more regions of low amplitudes which seem
to be confounded with the scar region. In θm , θD , and θr configurations, there is a markedly
reduced spatial consistency with respect to the unipolar EGM, since very small amplitudes in
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Figure 3.3: Potential maps with, the first figure is the unipolar EGM and bipolar EGM configuration the rest of the figures.

the former appear in regions of higher amplitudes in the later, making the scar region very
ambiguous.
With these results on the spatial consistency of the amplitude and the statistical analysis of
the previous section, it can be clearly seen that the two best DSPO up to this point are θV and
θd . For this reason, the rest of the analysis of the present study is carried out only with these
two configurations.

3.3.3

Spatial Consistency on Neighbors

Now, we analyze the spatial consistency with respect to the angle and distance at a point and its
closest neighbors in two regions of cardiac tissue, namely, scar and healthy myocardium tissue.
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Figure 3.4: Study of spatial consistency: Closest neighbor analysis in a healthy region of the
cardiac tissue. In the upper panel we show the potential maps and M-mode of unipolar EGMs.
On the other hand, in the bottom panel we show the spatial consistency of bipolar EGM with
respect to the angle and distance. The distance between nodes is in millimeters, the time in
seconds, the angle in radians, and the Vpp in mV.

For this purpose, we use the so called M-mode representations of the EGMs, which are defined
as the time-space representation signal measurement in a set of points, i.e, µ(dj , t) or µ(φj , t),
where j ∈ Ci , d is the distance, and φ is the angle.
Figure (3.4) shows the analysis of the closest neighbors of a point in the healthy region of the
cardiac tissue. In the potential map of the panel one can see the location of the neighborhood
of points, as well as the unipolar EGMs and bipolar EGMs of each of these points ordered
according to the angle and distance with respect to the central point of the neighborhood. In
this case, point 589 corresponds to of minimum distance and maximum amplitude in the closest
neighborhood of points. We can see that the bipolar EGM that is formed with point 589 clearly
corresponds to the EGM of greater amplitude among the neighbors, In addition, the direction of
propagation that has the impulse is better compensated in the bipolar EGM of greater amplitude,
since bipolar EGMs in opposite angles and in the direction perpendicular to propagation have
reduced amplitude.
In Fig.(3.5) we show the analysis of the nearest neighbors of a point in the epicardial scar
region. In the map of potentials of the upper panel, we can see the location of the neighborhood
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Figure 3.5: Study of spatial consistency: Closest neighbor analysis in a epicardial scar region
of the cardiac tissue. In the upper panel we show the potential maps and M-mode of unipolar
EGMs. On the other hand, in the bottom panel we show the spatial consistency of bipolar EGM
with respect to the angle and distance. The distance between nodes is in millimeters, the time
in seconds, the angle in radians, and the Vpp in mV.

of points of the scar zone. In this case, the scar region is located in the inferior left ventricular
wall of the heart, which agrees with the patient clinical history. If we analyze the unipolar
EGMs of the neighborhood, we can see that all are fragmented and have amplitude less than 0.7
mV1 . This can be a problem, since at the time of the electrophysiology analysis, it is possible
to think that it is being measured erroneously or that we are outside the cardiac tissue, and in
addition, these signals are so small that it is not possible to determine whether it is a fragmented
EGM or not. On the other hand, if we observe the bipolar EGMs of greater amplitude, they
consistently meet the EPS criteria of 0.5 mV used in clinical practice for the scare region. Hence,
we conclude that the effect of directionality on the propagation of the potential in the epicardium
predominates over the effect of the distance among the neighboring nodes of the mesh.
1

In EPS, the amplitudes of unipolar EGM between 3 mV and 5 mV are considered as the border region and
amplitudes less than 3 mV as the scar region [218].
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Figure 3.6: Line of points from epicardial scar to a healthy region of cardiac tissue. In the
M-mode, the bipolar EGM can be seen using the criterion of θV . In the upper panel, to the left
the map of potentials and to the right plot of the bipolar EGMs of the line of points. In the
lower panel, to the left, plot of the M-mode of the bipolar EGMs of the dotted line, and to the
right, the M-mode of the bipolar EGMs oriented in the positive direction of the bipolar EGMs,
using the correlation coefficient.

3.3.4

Spatial Consistency on Lines

An additional analysis of M-modes is performed, in order to study the two DSPOs configuration
found as optimal, θV and θd . The M-modes are representations that allow us to analyze the
spatial consistency in a line of mesh points, passing through different regions of the cardiac
tissue. For each selected point, we represent its bipolar EGM consecutively and depending on
the DSPO selected. This representation allows to see the amplitude changes on the unipolar and
bipolar EGMs between the cardiac tissue region and we can select the DSPO is more faithful to
the representation of the bipolar EGM signal in electrophysiology.
In the upper panel of Fig.(3.6), on the left we show the potential map using the DSPO θV , and
on the right we can see the bipolar EGM of the dotted line is goes located from the scar region
(point 82) to the healthy region (point 521). Here we observe that the maximum amplitude of
the bipolar EGM of the dotted line is approximately 3 mV, corresponding to a bipolar EGM of
the healthy region of the cardiac tissue, which is represented with the deflection with the greatest
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Figure 3.7: Line of points from epicardial scar to normal region of cardiac tissue. In the M-mode,
the bipolar EGM can be seen using the criterion of θd . In the upper panel, to the left, the map
of potentials, and to the right, plot of the bipolar EGMs of the line of points. In the lower panel,
to the left, the M-mode of the bipolar EGMs of the dotted line, and to the right, the M-mode of
the bipolar EGMs oriented in the positive direction of the bipolarEGMs, using the correlation
coefficient.

amplitude of the bipolar EGM. In addition, we can clearly see the deflections of bipolar EGM
that represent the depolarization and repolarization of cardiac tissue cells. On the other hand,
in the lower panel we show the M-mode of the bipolar EGM of the dotted line. On the left, we
see the bipolar EGM from point 82 of the mesh (located in the scar region of the cardiac tissue),
to point 521 of the mesh (located in the healthy region). In this representation of the M-mode,
we can see the spatial consistency of the bipolar EGM obtained with the DSPO θV . In this plot,
it is shown that the first bipolar EGM has amplitude less than 0.5 mV, corresponding to the
scar region of the cardiac tissue, then we see that the amplitudes increase in the border region
(between 0.5 mV and 1.5 mV), and finally, the last bipolar EGMs have an amplitude greater than
1.5 mv in the healthy region of the cardiac tissue. We can see this spatial consistency better in
the plot to the right of the lower panel, where the M-mode with the bipolar EGM is ordered in
positive direction. For this we use the correlation coefficient between the bipolar EGMs of the
dotted line. This correlation coefficient gives us the polarity that has the bipolar EGM, which
when negative is multiplied by −1 to change its direction. Thus we can see the bipolar EGM in a
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positive direction, which makes clearer the spatial consistency and the deflections of the bipolar
EGMs.
In the same way, the panels of Fig.(3.7) represent the result of θd DSPO. The starting and
ending points of the mesh are the same as for the θV configuration. With respect to the spatial
consistency of the M-modes, we see that in the scar region we have the bipolar EGMs of lower
amplitude (lees than 1.5 mV) and that the amplitude grow as they get closer to the healthy
region of the cardiac tissue. The maximum amplitude of the bipolar EGM in a healthy region is
approximately 2 mV and we can clearly identify the deflections of the bipolar EGMs.
In principle, both configurations give us similar information, but the θV configuration is
the one that provides better signal clarity, with a greater amplitude and a representation of
the deflections of the bipolar EGM much clearer than the θd configuration. Therefore, we can
conclude that the DSPO θV configuration is the most robust, and also it is consistent in terms
of bipolar EGM amplitude maps and spatial consistency.

3.3.5

EGM Electrophysiological Features

In this section, we analyze two of the most widely used electrophysiological features used that are
most widely used in the EPS, which are the EGM width and the fragmentation in the deflections
of the bipolar EGM (so-called from now on f-EGM), both of them according to the use of the
θV and θd DSPO.
Fragmentation Analysis
The existence of f-EGM has acquired clinical relevance in electrophysiology for the diagnosis of
cardiological disorders, including acute and remote myocardial infraction, ventricular aneurysm,
and many others [207,219–221]. The criteria used in this study to detect f-EGM are based on the
number of notches present in the deflection of the bipolar EGM and the severity of the fragmentation was done manually for by the author all bipolar EGMs, following the electrophysiological
criteria of [208] and closely supervised by an electrophysiologist. To show this, we selected three
points of the epicardial mesh of the cardiac tissue (see Fig. (3.8) and Fig. (3.9)), namely, two in
healthy regions (397, 452) and one in the scar region (127). These points were analyzed for θV
and θd DSPO.
In Fig. (3.8), we show the results of the fragmentation analysis in the 3 selected mesh points
using the f-EGM analysis of the DSPO θV configuration. In the first column, we show the
fragmentation maps of the three select mesh points. In these maps, the red color represent the
bipolar EGM without f-EGM and the purple color represents the bipolar EGM with f-EGM. In
the second column, show the bipolar EGM of the select mesh points in the fragmentation maps.
Mesh points 397 and 452 correspond to the healthy regions of the cardiac tissue, where we see
that bipolar EGMs do not present f-EGM according to the aforementioned electrophysiological
criteria. On the other hand, mesh point 127, which corresponds to the scar region of the cardiac
tissue, clearly exhibits f-EGM in its bipolar EGM.
In Fig. (3.9), we shows the results for the fragmentation analysis when using the DSPO θd
configuration. The mesh points used for this configuration are the same as previously selected for
θV . In the first column, we show the fragmentation maps of the three select point. In this map,
the colors represent the same fragmentation characteristics as for θV . In the second column, we
show the bipolar EGM of the mesh points selected in the fragmentation maps. The bipolar EGM
with DSPO θd of mesh point 452 does not present any difference when compared to the bipolar
EGM with the θV configuration. On the other hand, the bipolar EGM with θd configuration of
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Figure 3.8: Fragmentation of the DSPO θV . In the first column, show the fragmentation maps
of the 127, 397, 452 select mesh points. In the second column, show the bipolar EGM of the
mesh points selected in the fragmentation maps.

the mesh points 397 and 127 are totally different from the bipolar EGM of θV configuration. In
the case of the θd configuration, the 397 mesh point located in the healthy region of the cardiac
tissue presents fragmentation in its bipolar EGM, and point 127 in the mesh,which is located in
the scar region, also presents fragmentation, but in this case its f-EGM is not as clear as in the
case of the θV configuration.
In this analysis of f-EGM examples, we see that the optimal DSPO is again the θV configuration, since it showed us more clearly the fragmentation in the mesh points of the analyzed
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Figure 3.9: Fragmentation of the DSPO θd .In the first column, show the fragmentation maps of
the 127, 397, 452 select mesh points. In the second column, show the bipolar EGM of the mesh
points selected in the fragmentation maps.

regions while fulfilling the electrophysiological criteria used in the clinical environment. Now, we
will scrutinize the EGM width analysis, which is another of the criteria often used in an EPS.
Analysis of the EGM width
The EGM width is another feature of bipolar EGMs that is usually analyzed in EPSs. The normal
EGM width of an epicardial bipolar EGM is at 78 ± 31 ms in a healthy region of cardiac tissue,
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(a)

(b)

Figure 3.10: Histogram of the EGM width: (a) DSPO whit θV configuration; (b) DSPO θd
configuration.

and in the region adjacent to the scar is approximately 88 ± 31 ms. The width of the bipolar
EGM in this study, has been established manually by the author for all bipolar EGM following
the electrophysiological criteria of [25] and closely supervised by an expert electrophysiologist.
The EGM width of the bipolar EGMs with the DSPO θV and θd are broader than the reference
values mentioned above. This is due to the type of heart disease that the patient we are analyzing
presents.
Figs.(3.10)(a) and (b) show the histogram of the width of all bipolar EGMs with the θV
and θd configurations, respectively. In these histograms, the bipolar EGMs have a EGM width
between about 140 ms to 260 ms for both configurations. In the histogram of θV configuration
(panel(a)) we can distinguish 4 well-defined zones: The first one is between 140 ms and 160
ms, which corresponds to bipolar EGMs with smaller EGM width and hence, to healthy cardiac
tissue; A second and third zone from 160 ms to 180 ms and 180 ms to 220 ms, respectability;
And finally, an interval with the longest EGM width between 220 ms to 260 ms. On the other
hand, in the histogram of the θd configuration (panel (b)) we see a possibly normal distribution
of the EGM widths of the bipolar EGMs, where the largest EGM widths values are between
about 170 ms and 210 ms.
In general, and after analyzing the characteristics of bipolar EGMs used in EPS, fragmentation and EGM width, we can conclude that the optimal DSPO is given by the θV configuration.
This configuration provides better clarity in the analysis of f-EGM, and in addition, we have a
better identification of the EGM width by regions of the cardiac tissue. Next, we will carry out
an analysis of the FTD of the unipolar EGM and then make a comparison of this configuration
with the optimal DSPO found in this section.

3.4

FTD from the Unipolar EGM

The signal records used in the ECGI systems are unipolar EGMs, while in the EPS the used
signals are bipolar EGMs. These bipolar EGMs are obtained by the difference of the unipolar
EGMs recorded by two adjacent electrodes located in the same catheter. A solution commonly
used in ECGI for getting a bipolar EGM is the FTD of the unipolar EGM, which gives us a
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Figure 3.11: Analysis of the FTD of unipolar EGMs. In the first row we show the amplitude
maps of unipolar EGM and bipolar EGM with FTD, respectively. In the second row, we show
the results when multiplying the bipolar EGM obtained with the FTD by a factor of 5, 10 and
20, and the amplitude histogram of bipolar EGM, respectively. In the third row, we show the
M-modes of unipolar EGMs and bipolar EGMs (left and right panels, respectively).

bipolar EGM in each of the points of the mesh. This solution has some drawbacks, for instance,
the FTD acts as a high-pass filter, which makes that the repolarisation wave to be reduced or
even to disappeared in some bipolar EGMs, or sometimes this brings the noise amplification from
high frequency components. Also, the bipolar EGMs provided by the FTD have to be multiplied
by a scaling factor, so that the EGMs reach the amplitudes which are normally taken in an EPS.
Here, it is made a comparison of the bipolar EGM obtained with the FTD with the optimal
DSPO configuration obtained in the previous sections.
In Fig. (3.11) we can see the analysis of the unipolar EGM FTD in the previously analyzed
patient. At the first row, we show the amplitude maps of unipolar EGM and bipolar EGM with
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(a)

(b)

(c)

Figure 3.12: Fragmentation map with FTD on unipolar EGMs. The purple color represents the
region with fragmented bipolar EGM and the red color the region with non-fragmented bipolar
EGM.

FTD in the left and right panels, respectively. When comparing the amplitude maps it can be
seen that the color distribution is similar for both, clearly identifying the regions of cardiac tissue.
The amplitudes of the bipolar EGM obtained with the FTD have been amplified by a scaling
factor of 20. This must be done since the amplitudes obtained with the FTD were very small
and did not represent reasonable values of amplitude for a bipolar EGM. This scaling factor was
obtained by performing tests until obtaining amplitude values that represent the different regions
of cardiac tissue. This test was proven with the scatter plot shown in Fig. (3.11), in the second
row, where the results of similarity obtained by multiplying the FTD bipolar EGMs are shown
for a factor of 5, 10 and 20. Note that 20 factor gives us the greatest similarity when comparing
amplitude values. In the histogram of peak-to-peak amplitudes of bipolar EGMs with FTD, we
can see 3 well-defined zones: The first, from 0 mV to 0.5 mV representing the scar region, the
second, from 0.5 mV to 1.5 mV representing the border region, and third from 1.5 mV to 8.5
mV representing the healthy region. In the third row, we show the M-modes of unipolar EGMs
and bipolar EGMs, respectively. In them we can see the spatial consistency of the bipolar EGM
with FTD. In addition, we see the loss of the repolarization wave of the bipolar EGM and the
high-pass filter effect of the FTD.
On the other hand, we can see in Fig. (3.12) the fragmentation maps of the bipolar EGM
obtained with the FTD. Here, fragmented bipolar EGMs are represented in purple and bipolar
EGM non-fragmented in red color. Figure (3.12)-(a) shows the region of the valve and one side of
the heart where it is clearly identified that all the bipolar EGMs are fragmented. In Fig. (3.12)(b) we identify two regions in the cardiac tissue, in the left side we see the fragmented bipolar
EGM and in the right side the non-fragmented bipolar EGM. Finally, in Fig. (3.12)-(c) we show
the valve and scar regions, where we see that all the bipolar EGM are fragmented. In general,
when using the FTD to obtain the bipolar EGM, most of them are apparently fragmented, which
is possibly due to the high-pass filter behavior of the FTD.
The main drawbacks of this configuration are the high-pass filter of the FTD, the attenuation
of the repolarization wave in the bipolar EGM, and the search of a scaling factor for the bipolar
EGM. In the following section, we compare the bipolar EGM with the FTD and the bipolar
EGM obtained with the optimal DSPO θV configuration.
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Figure 3.13: Comparison between DSPO θV configuration and bipolar EGM with FTD of unipolar EGM. In the left column, we show the fragmentation map for the θV configuration vs the
FTD of the unipolar EGM, the bipolar EGM obtained with the θV configuration, and the bipolar
EGM obtained with the FTD, respectively, from point 452 of the mesh, and in the right column,
we show the same for point 127 of the mesh.

3.5

Selected DSPO vs FTD

According to the previously described analysis, the optimal DSPO among the scrutinized ones is
θV configuration until now. We also want to compare the unipolar EGM FTD with the θV configuration in two points of the ECGI mesh to analyze the behavior in terms of the fragmentation
of bipolar EGMs.
In Fig. (3.13) we show the fragmentation map for the θV configuration vs the FTD of the
unipolar EGM, the bipolar EGM obtained with the θV configuration, and the bipolar EGM
obtained with the FTD. In the fragmentation map, the blue and red color represents difference
in the fragmentation between the θV configuration and the FTD, and the green color represents
the coincidences between both configurations. In the left column, we see point 452 of the mesh,
which corresponds to a healthy region of the cardiac tissue. If we observe the fragmentation
map, it corresponds to a point of difference in the fragmentation between the θV configuration
and the FTD. When analyzing the bipolar EGM for both configurations, it can be seen that
the bipolar EGM corresponding to the θV configuration is non-fragmented, however, the bipolar
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EGM corresponding to the FTD of the unipolar EGM is fragmented. This point of the mesh
should be non-fragmented, since it is located in the healthy region of the cardiac tissue. On the
other hand, on the right row, we can see point 127 located in the scar region, where both bipolar
EGMs are fragmented.
In general, the θV configuration is much more reliable than the unipolar EGM FTD configuration, because it obtain much cleaner bipolar EGM, it do not have the effect of the high-pass
filter, and with the θV configuration each region of the cardiac tissue can be clearly identified
with better coherence in the electrophysiological criteria.

3.6

Bipolar EGM Morphology Analysis

The morphology of a bipolar EGM is highly relevant since it is the object of study for electrophysiologists. The fragmentation, the deflection width, and the amplitude of bipolar EGM, are
electrophysiological parameters that are carefully studied in an EPS. These parameters are used
in EPSs to determine the different cardiac tissue regions, as well as the circuit of the arrhythmias,
among others.
In this section, we analyze the morphology of the bipolar EGMs obtained with the DSPO θV
configuration, which we have previously seen that best meets the electrophysiological criteria,
and the FTD, which is the configuration commonly used to obtain bipolar EGM for ECGI
systems. The morphology of θV configuration and FTD presents some ambiguities with respect
to the analyzed literature [222,223], which is why a more realistic approximation of the obtained
bipolar EGMs is subsequently presented, using the DSPO θV configuration.
Morphology Analysis for FTD
As we have seen previously, the FTD often introduces noise in the morphology of the bipolar
EGM obtained, hence inserting apparent fragmentation to the signal of the bipolar EGM. The
FTD usually corresponds to the temporary displacement of the unipolar EGM signal in one
sample, and then subtracts it from the non-displaced unipolar EGM. This displacement is what
generates the fragmentation in the bipolar EGM. For this reason, our next study consisted of
moving the unipolar EGM of a reference point several time samples, and then subtracting it with
the same unipolar EGM without delaying in order to obtain the bipolar EGM. In Fig. (3.14)
we show the bipolar EGM obtained at point 312 of the mesh, which corresponds to a healthy
region of cardiac tissue. In this figure we can see how the displacement of the unipolar EGM
directly affects the resulting bipolar EGM. With a displacement of 10 samples, the morphology
of the resulting bipolar EGM presents fragmentation in the depolarization wave and noise. In
the case of a displacement of 40 samples, the bipolar EGM shows non-fragmentation in the
depolarization wave, and the noise is smaller than in the previous case. For a displacement of
80 samples, the bipolar EGM shows non-fragmentation in the depolarization wave, but also a
greater and non-physiological width in its depolarization.
According to this analysis, we can see that the displacement in 40 samples of the reference
unipolar EGM, provides us with a bipolar EGM similar to those usually visualized EPS. Nevertheless, the study carried out previously to the unipolar EGM, gave us that the DSPO θV
obtained the best bipolar EGM. That is why we will carry out a study of the DSPO θV , from
the previous section, including a parameter of temporal displacement, at the same time spatial,
to the formulation of a new DSPO θVα .
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Figure 3.14: Bipolar EGMs with reference displaced. In the first row, the unipolar EGM (in red)
is displacement 10 samples with respect to the unipolar EGM (in blue), which corresponds to the
reference unipolar EGM (point 312). The second (third) row, corresponds to the displacement
of 40 (80) samples of the unipolar EGM of reference. On the right side of each row we show the
bipolar EGM for each of these cases.

Morphology Analysis for θV and Possible Configuration
The DSPO θV corresponds to the subtraction of the unipolar EGM of maximum amplitude from
the neighborhood closest to the reference node, with the reference node that we are analyzing.
This unipolar EGM gives us the sense of propagation of the cardiac impulse. This is why we use
the θV configuration to propose a new DSPO that results in a more realistic bipolar EGM that
respects the sense of cardiac impulse propagation.
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Figure 3.15: Bipolar EGMs with DSPO θVα . In first row, the unipolar EGM (in red) is given by
θV and moving it α = 10 samples with respect to the reference unipolar EGM (in blue). The
second (third) row, corresponds to the θV operator and moving it α = 40 (80) samples with
respect to the reference unipolar EGM. On the right side of each row we see the resulting bipolar
EGM for each of the DSPO θVα .

The new DSPO consists of finding the unipolar EGM of θV and moving in α time samples
with respect to the unipolar EGM of reference node si . According to Eq. (3.7), the bipolar EGM
of reference point si is
β(si , tw ) = v(si , tw ) − v(θVα (Ci ), (tw − α)),

(3.8)

where α corresponds to the displacement in time of DSPO θV and the new DSPO θVα is defined
as
sk = θVα (Ci ), with max{|v(sηi , tw − α)|}
(3.9)
k∈Ci
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In Fig. (3.15) we show the result of a study carried out when the new DSPO θVα is used
and delaying α. The bipolar EGM obtained at point 312 of the mesh corresponds to a healthy
region of cardiac tissue. On the first row, we can see the resulting bipolar EGM when moving 10
samples θV (red signal) with respect to the reference unipolar EGM (blue signal), noting that
this bipolar EGM presents fragmentation in the depolarization wave and noise, in addition of
low amplitude with respect to the location of the reference point in the cardiac tissue. On the
second row, we show the resulting bipolar EGM by moving θV in α = 40 samples with respect to
the reference unipolar EGM. The bipolar EGM presents non-fragmentation in the depolarization
wave, and it does not present a considerable noise in the rest of the signal, and more, a reasonable
amplitude is given for the healthy region of cardiac tissue, according to the usual practice in the
EPSs. In the third row, we show the resulting bipolar EGM by moving θV in α = 80 samples
with respect to the reference unipolar EGM. This bipolar EGM shows non-fragmentation in the
depolarization wave, but with a greater width in its depolarization.
As mentioned above, the displacement in 40 samples is the best option for a bipolar EGM
morphology and the closest one to the usually observed in EPSs. In the example case of point
312 of the mesh, corresponding to a healthy region of cardiac tissue, in both configurations the
morphology is similar. For this reason we also carry out a study in a point of the border region
of the mesh, comparing both configurations studied previously.
Analysis of θVα in Border Region and Fragmentation
We have previously seen that the morphology of bipolar EGMs is an important feature in the
proposal of a DSPO to obtain bipolar EGM in ECGI systems. In the previously study, it was
observed that the proposed configurations, θVα and displaced reference, showed similar results
in a healthy region of cardiac tissue. Next, we will make a comparison of both configurations at
point 124 of the mesh, which corresponds to a border region of the cardiac tissue. The analysis
aims to scrutinize morphology and amplitude. On the other hand, a fragmentation analysis of
the bipolar EGMs is perform for the DSPO θVα .
Figure (3.16) shows the bipolar EGM obtained with the DSPOs θV , θVα , and displaced
reference. The left column shows the bipolar EGM obtained for each configuration the point
124 of the mesh. The right column, shows the amplitude map of DSPO θVα and the location of
point 124 of the mesh. As we can see, it point 124, it is in an border region of the cardiac tissue.
The study shows that the morphology of the bipolar EGM obtained with θV is different to the
morphology of the θVα and displaced reference configurations. On the other hand, although the
morphology of bipolar EGMs with the θVα and displaced reference configurations are similar, the
amplitudes in the configurations are different.
As mentioned above, the values for the regions of the cardiac tissue in the bipolar EGM are:
< 0.5 scar region, between 0.5 and 1.5 border region, and > 1.5 healthy region. Figure (3.16)
shows that the bipolar EGM obtained with DSPO θVα has amplitude between 0.5 and −1.5 mV,
while the displaced reference configuration, the amplitudes of the bipolar EGM are between 0.5
and −0.6 mV. Therefore, when studying point 124 of the border region, we can see that DSPO
θVα is a reasonable option to obtain the bipolar EGM in the ECGI systems, since in the border
regions it respects the amplitude limits for the bipolar EGM that we visualize in the EPSs.
Now we will study the fragmentation of the bipolar EGM obtained with the DSPO θVα
in three different regions of the cardiac tissue. For this purpose, we use the fragmentation
criteria used previously for the study of the DSPO. Figure (3.17) shows in the left column the
fragmentation maps and the regions where the studied points are located. The right column
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Figure 3.16: Comparison of DSPO θV , θVα , and displaced reference. On the left, show the bipolar
EGM obtained with the configurations analyzed. On the right, the amplitude map of the DSPO
θVα and the analyzed point of cardiac tissue.

shows the bipolar EGMs obtained for each of the points studied. The first point studied is
the 312 of the mesh, located in a healthy region of the cardiac tissue, where the bipolar EGM
obtained with the θVα configuration is non-fragmented. Point 395 of the mesh, located in an
border region of the cardiac tissue, shows that the bipolar EGM is non-fragmented, although
when analyzing the fragmentation map we can see that in the nearby region the bipolar EGMs
are fragmented. Finally, point 136 of the mesh is located in the scar region of the cardiac tissue.
Here we can see clearly that the bipolar EGM obtained with the θVα configuration is fragmented
and has an amplitude that corresponds to this region.
In general, we can see that the DSPO θVα is the best option studied to obtain the bipolar
EGM in the ECGI system. Since unipolar EGM of maximum amplitude is used, we are respecting
the propagation direction of the cardiac impulse, causing that in the border regions of cardiac
tissue we have bipolar EGMs that respect the limits of amplitude studied in EPS. In addition,
with respect to morphology and fragmentation, we have seen that reasonably acceptable results
are obtained.

3.7

Clustering Experiment

In this section we describe the experiment performed to obtain a regionalization of cardiac tissue.
we used the unipolar EGM of the ECGI system provided the Rudy’s laboratory (see Section
1.1.5) and the bipolar EGM obtained with the DSPO θVα . First, the K-means unsupervised
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Figure 3.17: Fragmentation maps of the DSPO θVα . The column on the left, show the fragmentation maps and the studied points 312, 395, and 136 of the mesh, respectively. The column on
the right, show the bipolar EGM obtained with the DSPO θVα for points 312, 395, and 136 of
the mesh, respectively.

learning algorithm was used for the regionalization of cardiac tissue with the unipolar EGMs of
the ECGI system. Subsequently, the bipolar EGMs calculated with the DSPO θVα were used to
visualize the regionalization of the cardiac tissue obtained with the K-means algorithm. Both
regionalizations were compared, obtaining similarity in the regionalization of the cardiac tissue
provided by both methods. This helps us to verify that the DSPO θVα provides results according
to the patient’s data and the results with the cardiac tissue analysis using the unipolar EGMs.
The details of this study can be seen below.
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(a)

(b)

(c)

(d)

Figure 3.18: Distance methods used in the K-means algorithm with a K = 4. Panel (a) shows
the L1 distance method; Panel (b) shows the Square Euclidean distance method; Panel (C) shows
Cosine distance method; And Panel (d) shows Correlation distance method.

3.7.1

Clustering Results for Unipolar EGM

The input space of the K-means algorithm consisted of the pre-processed unipolar EGMs, which
had been removed from the baseline and a time window corresponding to a heartbeat has been
selected. The regions that we distinguished qualitatively in the cardiac tissue are scar region,
border region, valve, and healthy region. These regions of the cardiac tissue are differentiated
according to the amplitude values used in EPS. As mentioned above, in the case of unipolar
EGM, the values use for each region were: scar region ≤ 3 mV, border region between 3 mV and
5 mV, valve < 3 mV, and healthy region ≥ 5 mV [218, 224].
Distance Method
The distance methods used in the K-means algorithm can be seen in Table 1.1. Each of these
methods was tested for different values of K, preferably between K = 3 to K = 6. For each of
these values, spatial consistency and clinical coherence were analyzed with respect to the unipolar
EGM of each of the region. The clinical parameters used were amplitude and fragmentation,
which had been previously used in Chapter 3.
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Figure 3.19: The cosine distance method with a K = 3. In the upper panel, the left shows the
centroids of each class and the right the clustering map. In the lower panel, the left shows the
M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode of
the centroids of each class where the dotted line passes.

In Fig (3.18) we can see the distance methods used by the K-means algorithm for K = 4. As
a way to select the distance method that best regionalizes the cardiac tissue, is selected a K = 4
randomly to see the behavior of the different distance methods. Here we can see that the L1 and
Square Euclidean distance methods give the worst regionalization for the cardiac tissue (see Fig
(3.18)-(a) and (b), respectively). In these methods we can see how the clusters mix, presenting a
clear ambiguity in regionalization, therefore it is not possible to identify clearly connected regions
of the cardiac tissue. On the other hand, the cosine and correlation distance methods provide a
much better regionalization of the cardiac tissue (see Fig (3.18)-(c) and (d), respectively). This
allows us to clearly visualize regions of the cardiac tissue that we want to identify. This is why
we will use one of these two methods of distance in our subsequent analysis.
Clustering Analysis
The distance methods used for the regionalization of the cardiac tissue are cosine and correlation.
Next, we scrutinize which of the two distance methods of the K-means algorithm are better to
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regionalize the cardiac tissue, and addition, an acceptable value of K is determined to classify
each of the cardiac tissue areas described above.
Cosine Distance Method. From Fig. (3.19) to Fig. (3.22) we can see the results obtained
for the cosine distance method for different values of K. In each of these figures we can see,
in the upper panel to the left the centroids of the clusters for each case, and to the right, the
clustering map. In the lower panel, to the left, the M-mode of the unipolar EGMs of the points
are seen in the clustering map, and to the right, an M-mode of the centroids is presented. For
each of these centroids of the cluster, it corresponds a unipolar EGM of the M-mode of the left.
Figure (3.19) shows the results of the K-means algorithm for K = 3. In the upper left panel,
we see the centroids selected by the K-means algorithm, with each class representing three regions
of the cardiac tissue. These three centroids correspond to a unipolar EGM on the right side of
the cardiac tissue, to a unipolar EGM of the valve region, and to a unipolar EGM on the left and
inferior side of the cardiac tissue, respectively. Each of these centroids is completely different to
each other, so the regionalization performed by the algorithm is reasonably good. We can see
in the color map that the class identified in the lower part of the cardiac tissue, is the same as
the one on the left side. This regionalization is unlikely to be real, since it is precisely in the
lower part of the cardiac tissue where we find the unipolar EGMs with smaller amplitude and
greater fragmentation, as well as in the scar region of the cardiac tissue. We can check this in
the M-modes of the lower panel of this figure. In the M-mode, the last unipolar EGMs of the
green class correspond to the unipolar EGMs of the border or scar region of the cardiac tissue,
because they have a lower amplitude of 4 mV, and they have very reduced fragmentation. These
unipolar EGMs of the border region should correspond to another class or belong to the class of
the valve. This is why this K value for the K-means algorithm is not useful for the purpose of
this study.
For the case of K = 4, Fig. (3.20) shows four different classes that are represented by each
of the centroids in the upper panel. In them we can see that classes K1 and K4 represent the
unipolar EGMs in non-fragmented and healthy region, which in the cluster map correspond to
the left and right area of the cardiac tissue. On the other hand, classes K2 and K3 represent
fragmented unipolar EGMs, which are typical from the regions of the valve, border region, and
scar region, recalling that the last one is in the lower part of the cardiac tissue. In the clustering
map, each class can be seen as clearly differentiated, representing the four regions of the cardiac
tissue, which have been mentioned above. In the M-mode, on the lower panel of Fig. (3.20),
we can see the uniformity of unipolar EGMs of each class and the clear transition between one
and another class of unipolar EGMs. In the case of the K1 and K4 classes, represented in the
M-mode with colors blue and light blue, respectively, it can be seen how the unipolar EGMs that
are in the class boundary begin to be fragmented and to have low amplitude. This indicates
that we are changing the region of the cardiac tissue, but these are morphologically similar to
the rest of the unipolar EGM of the class. On the other hand, the unipolar EGM of classes K2
and K3, represented by the red and green colors, respectively, are unipolar EGMs that present
fragmentation and amplitude larger than 3 mV. According to this, the region represented by these
classes are the valve, border region, and scar region of the cardiac tissue. When observing the
M-mode for these classes, we do not see a clear transition between classes, since the amplitudes
and the morphology of these regions are mostly uniform, allowing us to identify very clearly each
of these regions.
For this K value of the K-means algorithm, we can clearly see a classification of the unipolar
EGMs with respect to its fragmentation. This can be clearly seen when analyzing the centroids of
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Figure 3.20: The cosine distance method with a K = 4. In the upper panel, the left shows the
centroids of each class and the right the clustering map. In the lower panel, the left shows the
M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode of
the centroids of each class where the dotted line passes.

the upper left panel of Fig. (3.20). This is why this K value can give us an idea of regionalization
of the cardiac tissue with respect to the fragmentation of unipolar EGMs.
Figure (3.21) show the classes of the K-means algorithm for K = 5. It can be observed in
the upper left panel that centroids K2 and K4 represent a unipolar EGMs with similar but
inverted morphology, as represented in the clustering map, for the healthy region of the cardiac
tissue corresponding to the left and right regions of the cardiac tissue. On the other hand,
centroids K1, K3, and K5 belong to three different unipolar EGM classes where each of them
is fragmented and in the clustering map of the upper right panel we can identify them in the
valve region and the lower corresponds to the scar region of the cardiac tissue. Particularly, K3
and K1 are the classes that represent now the scar region of the cardiac tissue. If we analyze
the M-mode of the left inferior panel, we see that the unipolar EGM in the transition from one
class to another presents few differences in their morphology, but in terms of their amplitude,
the unipolar EGMs of K3 class (green color), have greater amplitude than the unipolar EGM
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Figure 3.21: The cosine distance method with a K = 5. In the upper panel, the left shows the
centroids of each class and the right the clustering map. In the lower panel, the left shows the
M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode of
the centroids of each class where the dotted line passes.

of class K1 (blue color). This may be because the K3 class is a border region between the scar
and the healthy region, where some unipolar EGMs can be fragmented due to the existence of
slow conduction paths typical of the border region of a scar region. In summary, the K-means
algorithm with K = 5 gives us a good regionalization of unipolar EGMs, as well as with K = 4,
but with K = 5 we can also identify border regions of the cardiac tissue.
In the case of K = 6, Fig. (3.22) shows that, by increasing the classes of the K-means
algorithm, it causes a division of the valve region. This can be seen in the clustering map of
the upper right panel, where classes K5 and K3 correspond to the valve region. In the left
superior panel, we can see that these two classes correspond to fragmented unipolar EGM, but
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Figure 3.22: The cosine distance method with a K = 6. In the upper panel, the left shows the
centroids of each class and the right the clustering map. In the lower panel, the left shows the
M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode of
the centroids of each class where the dotted line passes.

that they have different amplitudes. This may be due to the presence of far field in that region
and because it is a border region between the valve and healthy regions of the cardiac tissue. This
can be better captured in the M-mode of the left lower panel, where the green unipolar EGM,
corresponding to K3 class, have smaller amplitude than the black unipolar EGMs, corresponding
to K5 class.
As a conclusion, it can be said that by increasing the number of classes in the K-means
algorithm, it includes in the regionalization the unipolar EGMs that present in their morphology
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Figure 3.23: The Correlation distance method with a K = 4. In the upper panel, the left shows
the centroids of each class and the right the clustering map. In the lower panel, the left shows
the M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode
of the centroids of each class where the dotted line passes.

a greater fragmentation, thus causing a division of areas where this fragmentation is present. In
particular, a consequence of this is a greater division of the scar and valve regions of the cardiac
tissue.
Correlation Distance Method. From Fig. (3.23) to Fig. (3.24) we show the results
obtained for the correlation distance method and for different values of K. As for the previous
distance method, in the figures we can see the centroids, the clustering map, and the M-modes
of the centroids and the unipolar EGMs. As in the previous distance method, we can see that
more information were K = 4, K = 5 and K = 6, so for this distance method we will only
analyze these K value.
Figure (3.23) shows the classes provided by the of the K-means algorithm for K = 4. In the
left upper panel we can see the centroids of each of the classes. For classes K1 and K2, blue and
red respectively, we can see unipolar EGMs non-fragmented and they are found in the healthy
region of the cardiac tissue. These classes can be seen in the clustering map of the upper right
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Figure 3.24: The Correlation distance method with a K = 5. In the upper panel, the left shows
the centroids of each class and the right the clustering map. In the lower panel, the left shows
the M-mode of the unipolar EGMs of each region where the dotted line passes and the M-mode
of the centroids of each class where the dotted line passes.

panel, with the blue and light blue colors of the figure, one on the left and another on the right
of the cardiac tissue, respectively. Classes K3 and K4 correspond to the scare and the valve
region of the cardiac tissue. In these classes, the unipolar EGMs have fragmentation and the
morphology is very different, thus being able to clearly identify each region. In the M-modes of
the lower panel, we can see the unipolar EGMs of each of the regions of the cardiac tissue, where
the unipolar EGMs of the edges are clearly differentiated between each of the classes. On the
other hand, unipolar EGMs of the scar region and valve region are clearly identified, because
they have fragmented unipolar EGMs and with amplitudes less than 3 mV.
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In the case of K = 5, Fig. (3.24), we can see that the valve region is divided in to two classes
K3 and K2. This classification is uncommon, since this region has highly fragmented unipolar
EGM, and the centroid k3, its unipolar EGM is non-fragmented. In the rest of the classes, we
can see that they correspond to the cardiac tissue regions. When analyzing the M-modes of
the lower panel, we see that there are transitions between class boundaries, except between the
classes K3 and K2.
In general, the two analyzed methods present good regionalization capabilities of the cardiac
tissue using the unipolar EGMs, identifying the regions of interest in the EPS (scar region, border
region, and healthy region). With the correlation distance method, K = 4 suffices to identify the
regions of interest of the cardiac tissue, and each region is very delimited. On the other hand,
the cosine distance method with K = 5 more clearly regionalizes the border regions, allowing us
to identify these regions, which is important in the EPS since it is where the scar regions begin.
The clear identification of the border regions can be an advantage in an EPS, since it provides
information regarding the location of the scar region of the cardiac tissue therefore, a region
where arrhythmias occur. With this information, electrophysiologists could guide an perform
ablations of the cardiac tissue with greater precision, thus decreasing the duration of EPS.
Next, we present a regionalization analysis of the cardiac tissue with the bipolar EGM obtained with the DSPO θVα and thus be able to make a comparison with both EGMs.

3.7.2

Clustering Results for Bipolar EGM

In this subsection, the input vector space of the K-means algorithm is given the bipolar EGMs
obtained with the θVα configuration. As used in the study for unipolar EGM, with the bipolar
EGM obtained, a time window corresponding to a heartbeat is selected. For the identification of
the regions, the fragmentation and amplitude criteria of bipolar EGMs are used. For this case,
the amplitude of the bipolar EGMs for the scar region is less than 0.5 mV, the border region is
between 0.5 and 1.5 mV, and the healthy region is greater than 1.5 mV [218, 224].
Distance Method
The distance methods used by the K-means algorithm are: L1 distance, square euclidean distance, cosine distance, and correlation distance. These distance methods are described in Table
1.1. For each distance methods K = 5 was used to determine which of these methods better
regionalized the cardiac tissue. Note that K = 5 was selected since in the previous study with
the unipolar EGM, it was observed that with K = 4 the regions of interest of the cardiac tissue
were identified, but with K = 5 the border region of the cardiac tissue can be identified. In the
case of bipolar EGMs, we looked with greater interest for the identification of the border region
in the cardiac tissue.
Figure (3.25) shows the clustering maps for the distance methods mentioned above. In Figs.
(a) and (b), we can see the results of the K-means algorithm with K = 5 and the L1 and square
euclidean distance methods, respectively. In them it is seen that the K-means algorithm does
not separate well the regions of the cardiac tissue. In panel (a), regions such as the left side
of the cardiac tissue present some there is ambiguity in its regionalization. In panel (b), we
can see that in the region of the septo there is indetermination in the classes of the K-means
algorithm. Although in both methods of distance the valve and scar regions are well identified,
in the other regions of the cardiac tissue we find a mixture of classes, and regionalization of
the cardiac tissue is unclear. Panels (c) and (d) shows the results for the cosine and correlation
distance methods, respectively. In panel (c), the regions of the classes are very well delimited,
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Figure 3.25: Distance methods used in the K-means algorithm with a K = 5: (a) The L1 distance
method; (b) the Square Euclidean distance method; (c) the Cosine distance method; And (d)
Correlation distance method.

in them we can identify the regions of interest in EPS of the cardiac tissue, and in particular a
border region is identified. In panel (d), the right lateral region is not well defined by the classes
of the K-means algorithm, and it is difficult to identify the regions of cardiac tissue that are
interesting to identify. In both distance measurements, the valve region is differentiated from
the scar region, which gives us a clear identification of these regions.
In general, we can see that the cosine distance method is the one that best identifies the
regions of interest for an EPS of the cardiac tissue. This method of distance is capable of
identifying a border region with K = 5. This is why we will perform the analysis of the regions
with a value of K = 5 and the cosine distance method, thus discarding the other distance
methods. The results of this analysis are shown below.
Clustering Analysis
For the analysis of the cardiac tissue regions with the K-means algorithm we use the cosine
distance method and K = 5. These parameters are selected from the study performed on
unipolar EGMs and from the distance analysis performed before the bipolar EGMs. Figure
(3.26) shows the results obtained with these parameters. Here we can see the 5 classes that the
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Figure 3.26: The Cosine distance method with K = 5. In the upper panel, the left shows the
centroids of each class and the right the clustering map. In the lower panel, the left shows the
M-mode of the bipolar EGMs of each region where the dotted line passes and the M-mode of
the centroids of each class where the dotted line passes.

K-means algorithm gives us. In the upper panel, we see the centroids of the 5 classes and the
clustering map. Centroids K3 and K4 correspond to a healthy region of the cardiac tissue, and
also correspond to the left and right sides of the heart, respectively. Centroid K2 corresponds to
the scar region, and centroid K5 corresponds to the valve region. Centroid K1 corresponds to
the border region of the cardiac tissue, which lies between the scar region and the healthy region
of the side left of the heart.
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In Fig. (3.26), the lower panel shows the M-modes of the dotted line that starts at the valve
region and ends at the healthy region on the left side of the heart. The dotted line passes through
the 5 classes that the K-means algorithm segments as the different regions of the cardiac tissue.
In the shown M-mode, the first bipolar EGMs represent the valve region, and then there are the
green bipolar EGMs that correspond to the healthy region of the cardiac tissue. The red bipolar
EGMs are those of the scar region, which have a low amplitude and belong to the K2 class.
Then we identify the border region, corresponding to class K1, where we can see bipolar EGMs
of amplitude between 0.5 and 1.5 mV, being the last ones with an amplitude greater than this
range. Then, we find the bipolar EGMs of K4 class that correspond to the healthy region of the
cardiac tissue.
In this study, we can see that the unsupervised K-means algorithm can provide a good regionalization of cardiac tissue using bipolar EGMs with the cosine method and K = 5. These
parameters are adequate to distinguish a border region that guides an supports the electrophysiologist in the EPS to locate the scar regions of the cardiac tissue and thus have improved security
in the location of the focus of the arrhythmia.
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Introduction

Chapter 4
Intracardiac Inverse Problem Using
Laplacian Distance Kernel
It is necessary to instil in this youth the feature that the spiritual life must go undoubtedly joined
to study, to compromise and to intellectual competence that is achieved starting with the little and
normal things. That one who does not love studying, that one who gives in due to his laziness and to
the easy way has declared himself inept in order to go ahead with Christ, because the donum fidei –
the gift of faith – has these two ordinary but selective qualities: ethic rigour and firmness in studying.
(Fernando Rielo: Humanismo de Cristo [Christ’s Humanism], p. 69)

4.1

Introduction

Cardiac arrhythmias are often first detected with ECG monitoring, which consists of recording
the electrical potential produced by the heart in the skin [225]. ECG interpretation is crucial
for arrhythmia diagnosis, and in recent years, different techniques have been studied to improve
the ECG signal quality, including the search for new materials for the electrodes [226], the
design of cardiac monitoring systems [227, 228] combining the analysis of ECG signals and other
non-invasive signals such as the seismocardiogram [229], the estimation of fetal ECG [230], the
impact of noise and improvement of signal preprocessing techniques [231, 232], or the study
of ECG recognition systems for arrhythmia classification [233–235]. However, the arrhythmia
treatment often requires additional bioelectric sources, and invasive methods based on catheters
have been used in cardiac electrophysiology to find the arrhythmia mechanisms and to suppress
them with intracardiac catheter ablation. In the last years, CNS have been proposed to support
the conventional intracardiac mapping of the clinical procedures. These systems determine the
spatial location of catheters inside the heart, record the electrical activity from the intracardiac
EGMs in the catheter electrodes, and create electroanatomical maps of some electrophysiological
feature of interest, for instance, voltage and activation time, among others. For this purpose,
they sequentially measure the EGM in different locations, which extends the duration of the
clinical procedure. In addition, these electroanatomical maps can be combined with anatomical
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information from the segmentation of medical images, such as computerized tomography or
magnetic resonance [236]. However, the use of CNS has some limitations: (a) the number of
EGMs required to create the map is unknown, and it is usually decided by following heuristic
criteria; (b) the maps are unsuitable for unsustained arrhythmias, due to the sequential building
process; and (c) the procedure can be of a long duration. Although mapping systems based on an
arrays of 32 or 64 electrodes in direct contact with the heart tissue have been proposed in order to
obtain a set of simultaneous EGM, their resolution is limited and depends on the simultaneous
contact of the electrodes [237]. Non-contact systems have also been proposed to provide an
instant endocardial or epicardial image from a floating array of electrodes [238], although these
systems also exhibit limited resolution. In recent years, emerging ECGI systems have been
intensely developed, which provide us with an electrical image of the heart by projecting the
bioelectrical measures obtained in the chest, abdomen, and back, onto the epicardium, using a
torso model obtained from medical imaging of the patient [239]. Overall, these ECGI systems
are being supported by a growing number of successful studies in the clinical practice [8], but
limitations in the spatial resolution still can be present in them. Other novel clinical applications
are arising from advanced uses of ECGI techniques, and among them we can find the support for
the early diagnosis of arrhythmogenic right ventricular cardiomyopathy with resonance medical
imaging and the help to guide the cardiac ablation of ventricular tachycardia in a completely
non-invasive way [112, 113]. The inverse problem has been addressed in clinical systems from
non-contact mapping systems which yielded the solved inverse problem from unipolar recordings
obtained in a balloon array of electrodes [7,240–242]. These systems construct virtual maps with
thousands of points recorded from a single catheter position and in a single beat, which is specially
adequate for non-sustained arrhythmias. Still, some limitations have to be overcome, including
ergonomy, volume, and manageability. Also, the virtual reconstruction needs to improve in
existing systems, as well as the accuracy precision dependence on the distance (practically up to
2 cm). Also current limitations in resolution even for close regions have precluded their use in
fragmented EGM analysis, and advances of sequential systems in recent years have moved the
interest from non-contact mapping systems. Nevertheless, their context is still interesting and
active as they continue to be the natural way to obtain an activation map with a single beat.
The electrical source estimation from regularized inversions is an ill-posed problem, thus different approaches have been proposed to deal with it [57–61]. Most of the proposed algorithms,
including the TSVD, the regularized LS, the curvature of the L-curve from Tikhonov method,
and the minimum relative entropy, perform the inversion of the transfer matrix of the problem,
which causes resolution reduction to their solutions [93, 243, 244]. The inverse problem has been
deeply studied in many other applications, but in the case of the inverse problem in electrophysiology, the transfer matrix can be either structurally simple and only depend on the distance, or
structurally more complex and include spatial information, such as the torso-organ geometries
and conductivities [66, 245, 246].
In the last years, SVMs and kernel methods have been proposed for a variety of applications,
mainly for classification and regression schemes [138–141]. Sometimes the SVR algorithm has
been straightforwardly used to address signal processing problems on a straightforward way, this
is, with little or no modification of the SVR algorithms to adapt the underlying data structure
from the rich available set of signal models. Whereas this has been an advantageous approach,
often the performance is affected for this algorithm mismatching to the problem. In [142], an
approximation was proposed for tackling estimation problems in digital signal processing using
SVMs, where a methodology to establish non-linear estimation of problems was proposed, so-
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called the DSM method, by following a similar methodology to previous SVM works addressing
sparse deconvolution and non-uniform interpolation [143, 152].
In this Chapter, we propose to create a SVR algorithm explicitly accounting for the singularities of the data model, the physical equations and the constrains of the inverse problem in
electrophysiology. For this purpose, the so-called Laplacian distance kernel is proposed for its
use as Mercer’s kernel in the SVR, and the DSM is followed to create this algorithm ensuring its
suitability as a single-minimum method 1 . In general, all the statistical learning methods based
on SVR have been shown to exhibit excellent regularization properties, and moreover, they allow
us to readily introduce relevant a priori information of the problem at hand into the algorithm
equations, which is a desirable advantage for this novel application.
In the current approach, we have addressed a highly simplified model problem, whereas
current literature is widely devoted to more complex and realistic geometries. Nevertheless,
several resolution and accuracy issues remain present in current systems, which justifies the search
for new approaches starting from the very principles. It can be expected that the limitations in
the regularization models used so far in the inverse problem in electrophysiology will be overcome
by the deep knowledge developed in the kernel-method field during the last years, as far as the
bioelectric models are rationally included in the kernel equations. On the other hand, we propose
the adaptation of the non-linear DSM-SVR algorithm to the inverse problem in electrophysiology,
aiming to obtain solutions with improved resolution and regularization properties. For this
purpose, we use a unipolar EGM catchment model in a homogeneous medium (inside the heart),
which allows us to express the relationship between the source tissue potentials and the captured
potentials registered by several distant catheters in terms of a convolutional signal model. A
valid Mercel’s kernel is defined as the distance between the catheters and the cardiac tissue in
the quasielectrostatic field equations. This kernel is used for the first time in the DSM-SVR
algorithm, overall yielding a new algorithm for the inverse problem in electrophysiology.
The scheme rest of the Chapter is as follows. In Section 4.2, the basic physical equations of a
one- and two-dimensional model and the equations of the catchment model are introduced and the
most usual algorithms used for the solution of the inverse problem and the DSM-SVR algorithm
are also described. In Section 4.3, results of the DSM-SVR algorithm in synthetic experiments
using one- and two-dimensional models are benchmarked versus several usual algorithms. Special
attention is devoted in the experiments to the effect of introducing noise in the transfer matrix
instead of in the observed EGM, which evidences the robustness of the DSM-SVR proposed
algorithm.

4.2

Problem Formulation and Classic Method

There exists a gap between the literature of the inverse problem in electrophysiology and the
clinical obtention and use of the estimated potentials. On the one hand, the inverse problem in
cardiology and in electrophysiology usually aims to estimate the measured bioelectric potential
at a given anatomical point (or set of points), which is considered as equivalent to measure the
potential with a unipolar electrode. Nevertheless, it is well known that the measured potential by
an electrode is due to the mixed contributions of the transmembrane action potentials. Ideally,
the determination of the transmembrane action potential would give the best clinical information
to the electrophysiologist, hence providing a pure electrical activity and view of the arrhythmia
mechanism. However, this problem has been often limited to detailed in-silico models, in which
1
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the cellular activation is generated, and then the obtained virtual potential electrograms are
calculated. For this reason, we decided to work with a computational model generating the
measurements in terms of the transmembrane action potentials, as this approach has been widely
validated in previous works (see e.g., [247–249]), despite being still far from the clinical practice.
This section describes the equations of the quasielectrostatic model used to formulate the
forward problem in electrophysiology, and a simple demonstration of its expression as a LSIS
relating two multidimensional spatial signals, namely, the transmembrane potential and the
extracellular potential. In order to work with this LSIS model, we implement traditional solutions
to the inverse problem, including Tikhonov regularization [62, 64, 250], the modified TSVD [68],
and the total variation (TV) method [100,251]. Finally, we present the equations of the physical
model for the forward problem by using a new formulation in terms of the non-linear DSMSVR framework. The DSM has been previously proposed in [142, 152] for several convolutional
problems in DSP, such as sparse deconvolution or sinc interpolation. In this work, the DSMSVR approach is specifically adapted to account for the quasielectrostatic conditions and for the
biophysical equations of the inverse problem in electrophysiology.

4.2.1

Physical Model

We followed the mathematical modeling of the forward problem as established in the work from
Ellis et al (see [204] for further details from a clinical application viewpoint). In summary,
this mathematical model reformulates the volume conductor equations as a stereotypical current
source, and then, the current source passes trough a filter which represents the effect of distance
and impedance between the current sources and the recording electrode. In other words, the
way the current source is transformed by the effects of distance and impedance to the voltage
recorded at a single electrode is formulated as a convolutional operator in space. More specifically,
the physical model used in this work (see Fig. (4.1)) comprises the uptake of the extracellular
potentials at a very close distance of the cardiac tissue. On the one hand, the circulating
blood medium is assumed to have homogeneous conductivity. Otherwise, we take into account
the source space given by a set of cells in a surface section of cardiac myocyte cells. Finally,
the extracellular potential is measured at a fixed distance from these source cells. With these
conditions, we can express the physical model as a spatial convolution integral, hence, the physical
model can be considered as a LSIS. This formulation allows us to present a formulation in terms
of the DSM framework. A preliminary approach to the proposed physical model was reported
in [252].
In the present work, we consider the equations for a two-dimensional tissue as seen in Fig.
(4.1). The lower layer corresponds to the cardiac tissue plane, with dimensions l × m cm2 , and
it consists of a set of cardiac cells or elements that generate an intracellular potential vm (r0 ),
where r0 denotes the position of a differential element in this source tissue plane. The upper layer
corresponds to the horizontal plane where the catching catheters are situated during the EPS.
Here, ve (r) corresponds to the extracellular potential captured by the catheters of all cardiac
tissue cells activated in the instant t = t0 at a constant height z = z0 of the cardiac tissue,
and r represents the general position of a differential catchment element. Note that height
z = z0 represents and can be seen as the radio of the metallic catheter integrating the electrical
activity in its surface, in order to avoid undetermination in the mathematical equations when
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Figure 4.1: Section of two-dimensional cardiac tissue model. The upper plane corresponds to the
region where the catheters are catching the measurements, whereas the lower plane corresponds
to the cardiac tissue acting as bioelectric sources.

the catchment catheter is in contact with the cardiac tissue. Then, extracellular potential ve (r)
is given by
ZZ
ve (r) = c

s0

∇2 vm (r0 ) 0
ds
|r − r0 |

(4.1)

where c = a2 σi /4σe , a is the cell or element radio, and σi and σe are the intracellular and
extracellular conductivities, respectively. Therefore, |r − r0 | is the distance from each point in
the cardiac tissue to each point in the sensors plane [103].
In our model, we use a compact form with the following expression,
Γ(r − r0 ) =

c
c
=p
0
0
2
|r − r |
(x − x ) + (y − y 0 )2 + z02

(4.2)

so that r0 = (x0 , y 0 , 0) are the Cartesian coordinates of the cardiac tissue source cells, and
r = (x, y, z0 ) are the Cartesian coordinates of the observation points in the sensor plane. Then,
Eq. (4.1) can be rewritten as
ZZ
Γ(r − r0 ) · ∇2 vm (r0 )dr0
ve (r) =
(4.3)
s0 (r0 )

This equation represents the forward problem for the extracellular potentials as measured by
the catchment catheters (see Fig. (4.1)). With this equation, it can be readily shown that the
used model satisfies the properties of linearity and spatial invariance, hence it actually represents
a LSIS.
The impulse response of this LSIS can be theoretically identified in order to give an alternative
model equation in terms of a spatial convolution. We can find impulse response he (r) in Eq.
(4.3) by inputing a Dirac’s delta function in the spatial domain as a transmembrane potential
source, i.e., by making vm (r0 ) = δ(r0 ). In this case, the measured extracellular potential is
ZZ
he (r) =
Γ(r − r0 ) · ∇2 δ(r0 )dr0
(4.4)
s0 (r0 )
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By using the properties of the delta function, as shown in Appendix A, we further obtain a
compact expression for this impulse response,
ZZ
he (r) =
∇2 Γ(r − r0 ) · δ(r0 )dr0 = ∇2 Γ(r) ∗ δ(r) = ∇2 Γ(r)
(4.5)
s0 (r0 )

where * denotes here the possibly multidimensional spatial convolution. We have to keep in
mind that we are specifically using here he (r) = ∇2 Γ(r) r=(x,y,z0 ) , as detailed in the Appendix
A. Now, we can propose a forward problem which is stated as a convolutional problem, and the
equation can be seen as the definition of a convolutional, spatial, and two-dimensional signal
model [253], just given by
ve (r) = Γ(r) ∗ ∇2 vm (r) = he (r) ∗ vm (r)

(4.6)

This equation is valid throughout the space occupied by the source at z = 0. Without losing
the generality, for simplicity, and by working according to the model in Fig. (4.1), we have:
hee (r) =
vee (r) =

he (r)|z=z0
ve (r)|z=z0

(4.7)

and we can finally express our fundamental equation as
vee (r) = hee (r) ∗ vm (r)

(4.8)

Equation (4.6) characterizes the physical model as a LSIS in terms of the convolution operator, hence, we can use the DSM-SVR and benefit from its properties in terms of regularization
and generalization capabilities from ML. Equation (4.8) continues to fulfill the convolutional
relationship, and we are just accounting for the symmetry in our problem in order to address the
two-dimensional signal model. Whereas these equations are general enough to support a threedimensional model, we will restricts ourselves here to Eq. (4.8) for the purpose of benchmarking
the generalization properties of the DSM-SVR in one- and two-dimensional models, as described
later.

4.2.2

Conventional Algorithms in the Inverse Problem in Electrophysiology

In order to implement and benchmark the above described equations with commonly used methods for solving the inverse problem, we need to define a discretized form of Eq. (4.8). For
this purpose, a discretized matrix form is first defined, representing the physical model with its
corresponding notation. After this, we briefly review the state of the art of the methods used to
solve the inverse problem in electrophysiology that are based on this matrix.
To obtain the solution of the forward problem, Eq. (4.8) can be written into its matrix form
as follows,
ve = Hvm ,

(4.9)

where ve and vm denote the vector form for the transmembrane and for the extracellular potentials, respectively; and H is a Toeplitz symmetric square matrix. The size of this H matrix
depends on the number of sensor elements and source elements on the considered planes, and
it represents the convolutional matrix of the LSIS. Each of its rows is a vectorized version of a
shifted two-dimensional impulse response, he (r), where Eq. (4.5) has been previously discretized
in a two-dimensional uniform grid. An example of construction of this H matrix is drawn in Fig.
(4.2).
PhD Dissertation

97

4.2. PROBLEM FORMULATION AND CLASSIC METHOD

Impulse response

Transfer Matrix

(Seen from above)

he (r̄

H

⌧¯1 )

vect(he (r̄

⌧¯1 ))

vect(he (r))

he (r)

vect(he (r̄

he (r̄

⌧¯2 ))

⌧¯2 )

Figure 4.2: Construction scheme of transfer matrix H by using a two-dimensional uniform impulse response he (r). Note that vect(he (r − τ )) denotes a vectorization of a two-dimensional
impulse response shifted from the origin by τ , where τ 1 and τ 2 are two possibly different shift
factors.

Now, the inverse problem consists of estimating the transmembrane potential while assuming
H and ve known [254–256]. The immediate solution can be expressed as v̂m = H−1 ve , where v̂m
is the estimated transmembrane potential with this direct matrix inversion. Although transfer
matrix H is assumed to be known, usually poor quality results are given by the straightforward
inversion, due to the inherent ill-conditioning of the problem matrix. Hence, regularization
techniques must be employed in the solution of the inverse problem. One of the most popular
solutions of the inverse problem is the Tikhonov regularization [62], which is based on the LS
method, and represents a standard approach in estimation analysis to the approximate solution
of overdetermined systems. When the optimization objective consists of adjusting the parameters
of a model function to its best fit with a data set, the LS method finds its optimum when the
sum of squared residuals is minimum. Residuals are defined as the difference between the actual
values of the dependent variable and the model predicted values, and in our case are given by
v̂m = arg min(||ve − Hvm ||2 )
vm

(4.10)

When H matrix in the LS problem is ill-posed, the closed-form solution cannot be applied in
a stable way, since small variations in the input data can result in large errors in the solution. A
remedy often used in practice is to transform the original problem into one where the ill-posing is
compensated for, by adding a term to Eq.(4.10), and a usual method for stabilizing this inverse
solution is to use Tikhonov regularization. In this case, the expression is the following,
v̂m = arg min(||ve − Hvm ||2 + γ||Rvm ||2 )
vm

(4.11)

and its closed-form solution can be readily shown to be
v̂m = (HT H + γ 2 RT R)−1 HT ve
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where γ 2 is the regularization penalty parameter, which controls the weight attributed to constrain condition ||Rvm ||2 , and matrix R represents the regularization operator for different orders. For the method of Zero-Order Tikhonov (ZOT) solution [62], operator R is the identity
matrix (Rii = 1), and thus it is constrained in energy (l2 norm). Now, if R approximates the
first (Rii = −1 and Rii+1 = 1) or second (Rii = −1, Rii+1 =2 and Rii+2 = −1) spatial derivatives, then v̂m is known as the First-Order Tikhonov (FOT) [64] or the Second-Order Tikhonov
(SOT) [250] solution method, respectively, and it now exhibits a smoother optimization surface
gradient or curvature.
Another method used to solve this kind of inverse problems is the TSVD, which solves the
following expression:
v̂m = arg min(||Rvm ||), subject to min(||ve − Hk vm ||)
vm

vm

(4.13)

where Hk is the reconstruction of H matrix using the k largest singular values. Because this
method is based on a Singular Value Decomposition (SVD) process, the regularization term
is defined by the number of used singular values (k), which is known as truncation parameter.
Note that the order of R matrix also yields different solutions, such as Zero-order Tikhonov SVD
(ZTSVD), First-order Tikhonov SVD (FTSVD), or Second-order Tikhonov SVD (STSVD) [68].
Another regularization method is TV, which is similar to Tikhonov technique, but it uses a
non-quadratic norm in the regularization term, in particular, often the `1 norm. Hence, the TV
solution is obtained by solving the following problem,
v̂m = arg min(||ve − Hvm || + γ||Rvm ||1 )
vm

(4.14)

where R can be also the Gradient or Laplacian operators, hence obtaining the First-order TV
(FTV) [100] and the Second-order TV (STV) [251] solutions, respectively.
All these methods require an accurate determination of the regularization parameter, whose
value determines the intensity and influence of the applied constraints. However, the robustness,
quality, and resolution of the inverse solution are not always guaranteed because of the matrix
inversion. Therefore, an alternative method is next proposed to solve the inverse problem and
formulated in the simple scenarios used in this work.

4.2.3

Equations for the DSM-SVR Solution

The SVM are supervised learning models that are widely used to solve ML problems [138]. The
ν-SVM [257] is a well-known class of SVM algorithm used both for regression and classification. The ν-SVR has been proposed for tuning insensitivity parameter  in terms of a new
free parameter ν with bounded range in (0, 1) [258], which makes the training process simpler.
An additional class of non-linear SVR algorithms for solving convolutional data models can be
obtained by considering the non-linear regression of the time instants of the observed signals,
and then appropriately choosing a Mercer’s kernel. This class of algorithms is known as DSMSVR framework [142], and in this section we present the equations used for this approach and
proposed to solve the inverse problem in electrophysiology, according to the convolutional and
multidimensional signal model previously developed in the preceding sections.
Be {[(xi , yi , 0), ve (xi , yi , z0 )], i = 1, · · · , N }, such that (xi , yi , 0) ∈ R3 is the position vector
in the cardiac tissue plane of the ith source element, and vee (r) = ve (xi , yi , z0 ) with z0 > 0, are
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the extracellular potential measurements of the sensor plane. The DSM-SVR uses a PSM that
represents a regression of the independent variable in an unknown space, this is
ve (xi , yi , z0 ) = hw, φ([xi , yi , 0])i + b

(4.15)

where φ is a non-linear mapping from the input space to a (usually unknown) RKHS [140, 154],
and w and b are the linear regressor and bias, respectively. Then, the formulation of the PSM
problem of DSM-SVR is to minimize
!
N
1 X
∗
νε +
(ξi + ξi )
N i=1

1
k w k2 +C
2

(4.16)

subject to
hw, φ([xi , yi , 0]i + b − ve (xi , yi , z0 ) ≤  + ξi
ve (xi , yi , z0 ) − hw, φ([xi , yi , 0]i + b ≤  + ξi∗
(∗)
ξi ≥ 0, ∀i  ≥ 0

(4.17)

(∗)

where ξi denotes both ξi and ξi∗ slack variables, C is the regularization parameter, and ν is
an approximate ratio of the number of support vectors with respect to the number of training
examples. Parameter b can be computed by taking into account that Eqs. (4.17) become
(∗)
(∗)
equalities with ξi = 0 for points with 0 < αi < C/N in the KKT conditions. In order
to obtain the estimated extracellular potential, we solve the optimization problem as described
in [138, 142, 152], and the solution takes the form
v̂e (x, y, z0 ) =

N
X
i=1

(αi − αi∗ )κ([xi , yi , 0], [xj , yj , 0]) + b

(4.18)

(∗)

where κ(r0 i , r0 j ) = hφ(r0 i ), φ(r0 j )i is a Mercer’s kernel function, and αi are the Lagrange multipliers [141].
In our formulation, the kernel can be advantageously defined by using h(r) according to the
impulse response of the physical model in Eq. (4.5), which is compatible with the quasielectrostatic conditions of the cardiac tissue and while mathematically satisfying the Mercer’s condition.
It is immediate to see that the following definition fulfills both, thanks to the symmetry properties
of the LSIS impulse response,
κ([xi , yi , 0], [xj , yj , 0]) = he (||r0 i − r0 j ||1 )
(∗)

On the other hand, Lagrange multipliers αi
intracellular potential, simply as follows,

(4.19)

can be assigned to correspond to the estimated

(αi − αi∗ ) = v̂m (r0 i )

(4.20)

Now, the solution to the physical model in terms of the DSM-SVR algorithm can be expressed
as
v̂e (r) =

N
X
i=1

v̂m (r0 i )he (||ri − r0 i ||1 ) = v̂m (r) ∗ he (r)

(4.21)

As seen, the last equation again corresponds to the convolutional form of a LSIS [259].
Therefore, by fulfilling Eqs. (4.19) and (4.20), and thanks to the symmetry of matrix he (r),
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Figure 4.3: Scheme of the one-dimensional cardiac tissue model of source and catchment elements.

this DSM-SVR solution has been made to correspond with the same convolutional model in Eq.
(4.8).

4.2.4

Simulations and Experiment Design

Our tests were performed in one- and two-dimensional cardiac tissue models generated with
Matlab R by discretization of the continuous space model equations in Section 4.2.1. For the
one-dimensional case, a cardiac tissue line of elements was considered, with source elements
aligned with the x-axis, and catchment sensors also aligned and at constant height z0 (see Fig.
(4.3)). The lengths of the one-dimension cardiac tissue line and of the catchment-sensor line were
the same, hence yielding the same number of source and catchment elements after discretization,
see Fig.(4.3). Simulations were performed with a cardiac tissue length of L = 3 cm. The number
of cells per millimeter was N = 80 cell/cm, and we had 240 sensor elements at height z0 cm.
The intracellular potential was centered at the cardiac tissue origin, with depolarization starting
at about -0.5 cm and repolarization ending about 0.5 cm (see e.g. Fig. (4.8)), which ensured
that the recorded EGM included the complete depolarization and repolarization phases (spatial
support was between -1.5 cm and 1.5 cm). Note that, according to this, we did not considered
source or sink EGMs, corresponding to anatomical or functional origin or end of the cardiac
tissue potential propagation. The one-dimensional model of this cardiac tissue line was the same
as the one used in [252], and further details of this model can be found therein.
For the two-dimensional case, a plane cardiac tissue (see again Fig. (4.1)) was considered
with catchment sensors at coordinates (x, y) and at constant height z0 . We used a cardiac tissue
plane with coordinates (x0 , y 0 ) and catchment plane at height z0 of the cardiac tissue. Similar
to the one-dimensional case, the number of sensor elements was equal to the number of source
elements, again see Fig. (4.1). A 3-cm2 patch of cardiac tissue was symmetrically situated
with respect to the coordinate origin, with 80-elements/cm2 density. Accordingly, the number
of sensor elements was 57, 600, all of them situated at z0 = 0.02 cm height, but computational
complexity was controlled by decimating by 2 in both spatial dimensions. This extremely high
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density of sensors aimed to give good quality visualization for the results of our experiments. We
again considered the transmembrane potential in the center of the cardiac tissue plane to reduce
boundary effects.
It can be seen from this experimental setup that the assumptions of constant z0 and cardiac
tissue plane and sensors are used for fundamental analysis purposes, however, a sensor array will
be in general curve-shaped and with different heights for each sensor. Whereas this has clear
implications on the clinical use, this spatial distortion due to non-constant height and curvature
was not considered here, but rather we focused on the fundamentals of the more basic problem
of cardiac tissue plane and sensors.
We benchmarked the DSM-SVR algorithm introduced in Section 4.2.3 with several of the
most traditionally used methods among those ones explained in Section 4.2.2. Specifically, we
chose FTSVD, FOT, and FTV algorithms, and in order to optimize the regularization parameter
we tested the use of two different strategies, namely, the L-Curve and the Leave-One-Out (LOO)
methods. The L-Curve is supported by a graphical representation for a set of valid regularization
parameters of the (semi)norm of the normalized solution versus the corresponding norm of the
residuals in Eq. (4.11). An essential feature of the L-Curve is that the optimal regularization
parameter is not far from the regularization parameter that corresponds to this L-Curve corner
[260]. In the LOO method, the complete data set except one sample is used to build the model,
and the out-of-sample observation is used to calculate its estimation error, so that by repeating
the procedure for all the samples and averaging, the generalization error is obtained for each
value of the free parameter. A similar strategy was followed for the free-parameter search of
DSM-SVR, and also the L-Curve was adjusted by using LOO methods according to the mean
absolute error (MAE), both of them in terms of signal-to-noise ratio (SNR), when the noise was
introduced in the observations, and in terms of the transfer-matrix-to-noise ratio (so-called here
HNR).

4.3

Results

In this section, we present the results obtained with the proposed DSM-SVR approach when
solving the intracardiac inverse problem. A preliminary study is presented showing the illconditioning character of the problem with the used model and different estimation algorithms.
After this, the first study was addressed in the one-dimensional model in order to determine the
catchment height yielding a realistic waveform for the intracardiac EGM. Then, the following
experiments were performed, both for the one- and two-dimensional models: (a) a method was
scrutinized for determining the free parameters of the DSM-SVR algorithm; (b) the impact of
different noise intensities was analyzed both when present on the EGM and on the transfer
matrix; and (c) results were benchmarked with several methods selected among those ones that
have been previously used in the inverse problem literature.
Ill-conditioning Analysis. In our problem, the ill-conditioning in the transfer matrix comes
from the fact that matrix H is built, and in essence it consists of short-delayed versions of the
impulse response, i.e., if the impulse response in a single-dimensional model is given by h(x),
the Toeplitz matrix consists of rows which are basically given by h(x − ∆x), and for small
spatial displacements this implies that two consecutive raws are strongly similar. We made
a numerical experiment with a single-dimensional tissue generating a spatial delta function,
and then estimating it from the measurements with different methods after tuning their free
parameters as later described. As seen in Fig. (4.4), different artifacts can be seen in the different
methods, which mostly consist of a drift or leakage from the baseline and some oscillations close to
Raúl Paul Caulier Cisterna

102

CHAPTER 4. INTRACARDIAC INVERSE PROBLEM USING LAPLACIAN DISTANCE KERNEL

Figure 4.4: Ill-conditioning of the inverse problem in electrophysiology. A delta function is used
as a source, and it is estimated in space (down) by different methods and for different SNR. The
corresponding frequency responses are calculated (up): (a) SNR = 15 dB; (b) SNR = 25dB; (c)
SNR = 35 dB. Note that Hλ (ω) denotes the frequency response after tuning the free parameters
on each method, and hλ (x) denotes the impulse response of each method.

the impulse activation. In frequency, this can be seen as a strong distortion in the low-frequency
components of the estimated transfer function. Note that this transfer function is not just the
one given by the forward problem, but also it includes the algorithm sensitivity. Accordingly,
those methods which require matrix inversion are more sensitive to this effect, whereas the DSMSVR with Laplacian kernel is built with a forward-problem formulation and the use of kernels
in the formulation does not require matrix inversion in the estimation process.
Determination of a Suitable Catchment Height. Height tests were run on the sensor plane
to determine the optimal height at which the signal of the extracellular potential in the onePhD Dissertation
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Figure 4.5: Unipolar EGM waveforms obtained with different values of z0 , normalized to its
maximum amplitude for visualization purposes (a), and with z0 = 0.02 cm (b) on the onedimensional tissue model.

dimensional cardiac tissue had a waveform similar to the unipolar EGMs that are usually seen
in the clinical practice as a function of time in a catching electrode at a fixed position. The
range of heights for z0 in which the plane of sensors was varied with respect to the plane of the
cardiac tissue was between 0.001 and 0.4 cm, and very different EGM waveforms were obtained
throughout this range, as seen in Fig. (4.5)(a). Note that for extremely close z0 , the Laplacian
discretization is distorted into near an inverted delta function, whereas for extremely large z0
the EGM turns a far-field waveform. For intermediate values of z0 , there are different and
intermediate distortion effects. We can check that z0 = 0.02 cm in panel (b) was similar enough
to the usual unipolar EGM waveform seen in EPS. Accordingly, this was the catchment height
used for all the subsequent studies, both in the one- and in the two-dimensional models.
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Figure 4.6: Examples of free-parameter search for DSM-SVR. Blue points indicate the set of
free-parameter values that were scrutinized in the search grid. Red circles indicate the obtained
optimum combination for these values, to be used in the final solution.
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Figure 4.7: Results on noise robustness of the methods in the one-dimensional model. MAE has
been calculated for all the tested methods as a function of SNR (a,b) and of HNR (c,d). We also
compared the classically used L-Curve (a,c) versus the LOO (b,d) as validation criterion to tune
the free parameters.

Free-Parameter Tuning Strategy. The DSM-SVR algorithm needs to previously determine
a set of free parameters, which are ν, γ, C, and b. Given that these parameters are often
strongly interdependent, sometimes this can represent a complex search procedure if we wanted
to follow a regular grid strategy, as far as all-combined-with-all evaluation would give a extremely
high amount of parameter combinations to be evaluated. Instead, we followed a non-uniform
grid strategy for tuning the free parameters, as follows: (a) a lower and an upper limit were
established for the possible rank of each of these four free parameters; (b) according to a previous
run of searched parameters, each of them was established on either a linear or a logarithmic rank
scale; (c) for each range, a middle point was established in each free parameter; (d) for all the
combinations of the three values on each free parameter, a machine was trained using all the
model observations except one, then the validation error was obtained for the out-of-sample
observation, the process was repeated for all the observations, and out-of-sample errors were
averaged; (e) the minimum error was used to reduce the range interval in the free parameters; (f)
steps from (c) to (e) were repeated according to the new set of points in the grid. This procedure
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Figure 4.8: Estimated potentials in the one-dimensional source, for all the tested methods, when
tuning the free parameters in the classical algorithms with L-Curve (a,b) and with LOO (c,d),
without noise (a,c) and with HNR = 45 dB (b,d).

showed to converge in the set of observed cases. Figure (4.6) depicts some slice examples of the
surfaces that were obtained and built with this strategy. We can see that, in general, regions
with good performance correspond either to clear minimum or to flat zones, which supports the
search for further specific methods to substantially reduce the computational burden associated
to the free parameter search.
Noise Conditions and Benchmarking. The robustness of the different algorithms was benchmarked in terms of the MAE on the two-dimensional domain. Given that we used a simulation
model, we had available the actual solution of the transmembrane potential in the surface source.
We added white-Gaussian noise with different power to the model in two ways. On the one hand,
noise was added to the observations, i.e., to the observed extracellular potentials, as far as this
is the kind of robustness more widely scrutinized in the inverse problem literature. On the other
hand, noise was added to the transfer matrix, accounting for keeping its symmetry properties
intact when doing so. This kind of test is less usual in the literature, however, we wanted to
check for the sensitivity of the methods to the possible presence of errors in the transfer matrix
errors in those scenarios when the transfer matrix is not so well-known in advance. For each
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(a)

(b)
Figure 4.9: Details on the simulation results in the two-dimensional model, for SNR = 40 db. (a)
Transmembrane potentials as a function of spatial coordinates, for the ideal and the estimated
versions. (b) Absolute residuals for the estimated transmembrane potentials in panel (a).

method, we obtained the MAE as a function of the SNR and of the HNR. In both cases, we
evaluated the performance for SNR between 0 and 70 dB.
Figure (4.7) shows the results obtained for all the used methods with SNR and HNR. On
the one hand, panels (a,b) correspond to the SNR case with L-Curve and LOO, respectively.
We can see that the MAE consistently decreases with increasing SNR in the catchment sensors.
Also, the MAE is high for values of SNR below 5 dB, whereas it comes negligible after 30 dB.
This behavior is in general consistent for all the methods, however, the DSM-SVR algorithms
has a noticeably lower MAE in low-SNR conditions, and a consistently yet slightly lower MAE
in high-SNR conditions. We can also see that the LOO approach tends to provide noisier MAE
curves for intermediate SNR conditions in most of the classic algorithms, though it does not
affect the DSM-SVR algorithm free-parameter search.
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(a)

(b)
Figure 4.10: Details on the simulation results in the two-dimensional model, for HNR = 40
db. (a) Transmembrane potentials as a function of spatial coordinates, for the ideal and the
estimated versions. (b) Absolute residuals for the estimated transmembrane potentials in panel
(a).

On the other hand, panels (c,d) in Fig. (4.7) show a different behavior of MAE as a function
of HNR. First, the shape of the MAE variation is dome-like here, whereas it was exponential-like
for the MAE in terms of SNR. Second, it remains at a more moderate level for low HNR values,
when compared with the same range in the SNR, starting in general between 23 and 25 mV of
MAE. And third, this dome-like variation is in general (and except for the range below 5 dB)
above the MAE in terms of SNR. This means that these algorithms are clearly more sensitive to
noise in the transfer matrix than to noise in the observations. Moreover, in the HNR plots we
can see that there is a noticeable advantage of the DSM-SVR algorithm in comparison with the
classical algorithms, indicating that this method is more robust when faced to perturbations in
the transfer function estimation. We can finally also see also that slightly less smooth curves are
obtained for the HNR in the classical methods with LOO strategy for the free parameters.
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dB

25

HNR MAE mV
30
40
50

FTSVD
FOT
FTV
DSM-SVR

1.768
3.094
1.766
1.754

1.862
2.433
1.066
1.053

1.269
1.791
0.366
0.354

0.145
1.599
0.117
0.107

FTSVD
FOT
FTV

7.846
1.363
1.388

7.97
0.867
0,805

8.015
0.335
0,258

8.026
0.116
0,083

DSM-SVR

1.754

1.053

0.354

0.107

∞
25
L-Curve
1.051
2.266
1.517
4.230
−12
8.11e
4.032
3.28e−4 4.030
LOO
8.011
8.030
−13
4.58e
1.188
7.88e−12 2.112
Grid Search
3.28e−4 4.030

SNR MAE mV
30
40
50

∞

1.507
2.734
2.233
2.232

8.044
1.703
0.697
0.696

0.192
1.530
0.226
0.225

1.051
1.518
8.11e−12
3.28e−4

8.017
0.900
1.197

8.013
0.499
0.380

8.011
0.210
0.117

8.011
4.58e−13
7.88e−12

2.232

0.696

0.225

3.28e−4

Table 4.1: Results on noise robustness of the methods in the two-dimensional model. MAE has
been calculated for all the tested methods as a function of SNR and of HNR, and also when
using L-Curve versus the LOO with traditional algorithm for the free-parameter search and Grid
search for DSM-SVR.

Figure (4.8) shows the estimated potentials in the line of source elements for the classical and
for the DSM-SVR methods. Panels (a,c) show that the free-parameter estimation in the trivial
case of no-noise present is clearly addressed by all the methods, though FTSVD exhibits ringing
in the boundary of extremely fast variations, i.e., before and after the depolarization phase
(but not in smooth variations as the repolarization phase). Panels (b,d) show the estimated
transmembrane potentials for an example of intermediately high HNR of 45 dB. Overall, all the
methods tend to deviate from flat regions in the presence of either sharp or smooth boundaries
(depolarization or repolarization phases, respectively). Whereas DSM-SVR also exhibits this
behavior, nevertheless it remains closer to the actual spatial waveform. In these conditions,
LOO free-parameter search tends to give ringing solutions in the classical algorithms, whereas
this is not the case for L-Curve search, though FTSVD still exhibits some ringing therein.
Two-dimensional simulations. Figures (4.9) and (4.10) depict some examples of the estimation behavior with the tested methods. Panel (a) shows the ideal and the estimated transmembrane potentials as a function of the two-dimensional spatial coordinates. In order to better
understand the quality of the simulations, panel (b) depicts the absolute residuals as a function
of the same spatial coordinates. It can be seen therein that the DSM-SVR provides a uniform
distribution of the residuals with space, in contrast with FTSVD (either with LOO or with
L-Curve) and with FOT (with LOO), which exhibit strong boundary effects and locally aberrant increment of the residuals. On the other hand, FOT with L-Curve yields a heteroskedastic
residual distribution, which tends to increase at the inside and to reduce at the boundaries. Finally, FTV with L-Curve shows similar results to DSM-SVR, and sometimes even slightly better
results when using LOO for its free-parameter tuning. Note that FTV is not the most widely
used method in the current literature of the inverse problem in electrophysiology, and that its
behavior with LOO free-parameter search had not been previously addressed.
Table (4.1) shows the MAE results for all the used methods with HNR and SNR cases using
L-Curve and LOO in the traditional algorithms, and for grid search in the DSM-SVR algorithm.
As can be seen, the MAE is now more similar in SNR compared with HNR, with a trend on
MAE to be larger on SNR for similar noise ratios, probably due to the much larger number of
observations in the two-dimensional discretized model. For the LOO tuning, the MAE tends
to be smaller than for L-Curve tuning, but computational cost in the L-Curve free-parameter
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tuning is much smaller. On the other hand, the MAE in HNR is similar between FTV with
L-Curve and DSM-SVR, the last one being slightly better in the cases with noise. The MAE in
SNR exhibits similar values for FTV with L-Curve and DSM-SVR, the last one being slightly
better with SNR greater than 40 dB. In the case of the LOO, the types of noise produce different
MAE among methods, with the best performance reached in general by the FTV algorithm.
Note that both FOT and DSM-SVR are significantly better than the other classical methods in
the two-dimensional scenarios, and that the DSM-SVR algorithm is again slightly better than
the FTV with L-Curve, but not so much margin can be seen now between DSM-SVR and FTV
methods.

4.4

Discussion

In recent years, research on the inverse problem in electrophysiology has been in constant development, but it is still open to improvements in its algorithms in terms of resolution and
regularization. In this work, we addressed the formulation of the inverse problem using a wellknown technique in the machine learning literature, specifically, the SVR following the DSM
principles. This methodology had been previously used for creating digital signal processing
algorithms from time-convolutional signal models. In our approach, the signal model is tackled
by including in the equations (through the Mercer’s kernel and the Lagrange multipliers) the
quasielectrostatic field equation conditions as a priori knowledge of the problem. We tested this
approach in detailed simulations with synthetic experiments, using one- and two-dimensional
models. Benchmarking was made with selected algorithms from classical and recent literature.
Our results showed that the inverse problem in electrophysiology is more sensitive to noise
in the estimation of the transfer matrix than in the noise of the observed extracellular signals.
The DSM-SVR in one-dimensional scenarios exhibited remarkable advantage with respect to all
the benchmarked algorithms, specially in terms of HNR, whereas in two-dimensional scenarios
it was significantly better than classical algorithms, but similar to FTV algorithms. Further
research needs to be devoted to scrutinize the best (probably combined) way to tackle with
high-dimensional domains. However, robustness with respect to the transfer matrix estimation
seems to be a key property, which has received little attention in the literature. This advantage,
mostly visible in one-dimensional simulations, probably comes from the fact that DSM-SVR
does not require any kind of inversion, but its formulation rather consists of a direct problem
solving and the Structural Risk Minimization Principle. In addition, it has been observed in our
results that the depolarization phase is sometimes better fitted than the repolarization phase
in the presence of noise. The good behavior of the algorithm in depolarization phase is likely
due to its non-inversion nature, which avoids the low-pass effect implicitly associated to many
regularization methods that work with matrix inversions, whereas the repolarization error could
be attributed to some deviation in the free parameter search. Nevertheless, further theoretical
results should be established in this setting, for providing a more solid framework when working
in more complex scenarios. On the other hand, we have seen that the free-parameter tuning in
the DSM-SVR can be further optimized, using techniques that require less computational cost.
In this work, we used an extremely simplified two-dimensional geometrical model. This
simplification represents a conceptual approach to a more complex three-dimensional model,
where symmetry properties need to be studied with further detail when establishing the method
for more realistic anatomy and sensor geometry. In addition, a greater number of points in
the cardiac tissue is necessary when using a three-dimensional model, and this requires a prior
study of the equations for the simplified reformulation of the problem, taking into the account
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pre-processing information techniques. In electromagnetic problems, it is usual to follow an
approach where simple problems are first scrutinized before going to more complex geometries
and fields. In this setting, we have previously indicated that the plane tissue and the plane sensor
geometry are not yet realistic when thinking of patient applications. However, the bandwidth,
dynamics and redundancy of the spatio-temporal variations seem to point out that not a large
amount of points could be necessary for reaching higher precision in the inverse problem. Our
approach based on support vectors could provide with better performance in this setting, but
further theoretical work has to be conducted on the effect of curvature, both in the tissue and
in the sensors. From a clinical point of view, the number of sensing electrodes needs to be
reasonable, as far as they will be placed on (or in) the patient on a comfortable, stable, and easy
to put-and-remove way.
On the other hand, our current formulation consists on a mathematical forward model providing with the potential measured in a spatial point by a point-electrode. It is very likely that
the inclusion of the shape and volume of the electrode (spherical, ring, others) can be readily
included in the model, which has not yet been addressed in this work. Moreover, it is possible to
think on using the method for the estimation of the transmembrane potentials for larger distances
and for non-contact mapping schemes. We performed additional simulations (not included here)
showing that for small changes in distance, the impulse response exhibits little (still noticeable)
variation on its width, but the methods still work properly. If longer distance are scrutinized,
the impulse response gets still wider, and the EGM morphology is noticeably affected. In any
case, this in-silico model is not accounting for curvature effects, which could be present. Ideally,
a method for estimating the impulse response would strongly improve and extend the scope of
the method, which can be incorporated to the proposed method, but it has not been addressed
in this work. We focused here on simple propagation, nevertheless, our view is that in fibrillatory
rhythms the accurate estimation of the underlying transmembrane potentials should be strongly
informative, as far as their mechanisms still remains unknown. A great amount of knowledge on
fibrillatory rhythms has been established by detailed computer simulations on transmembrane
potentials and ionic currents [261–263]. However, it is desirable to improve the method in more
electrophysiologically simple situations before moving to complex mechanisms.

4.5

Appendix

Appendix A: Model Equations
We include here the development of Eq. 4.5 that has been used for the demonstration of the
quasielescastostatic model in see Fig. 4.1 corresponding to a LSIS. For this purpose, we use
the properties of the one-dimensional Dirac’s delta function that can be found in [253, 264]
and readily generalized to a two-dimensional domain. Equation 4.2 can be represented by its
Cartesian coordinates as r = (x, y, z0 ) and r0 = (x0 , y 0 , 0), and then, it can be rewritten as
Γ(r − r0 ) = Γ(x(0) , y (0) , z0 )

(4.22)

where x(0) denote both (x, x0 ) and of the same form can y (0) denote (y, y 0 ), and similarly ve (r)
and vm (r0 ) in Cartesian coordinates can be rewritten in our case as
vm (r0 ) = vm (x0 , y 0 , 0) = vm (x0 , y 0 )
ve (r) = ve (x, y, z0 )
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Now, if we replace these expressions in Eq. 4.3, the cardiac model can be expressed in
Cartesian coordinates, as
ZZ
Γ(x(0) , y (0) , z0 )∇2 vm (x0 , y 0 )dx0 dy 0
ve (x, y, z0 ) =
s(x0 ,y 0 )

With this equation, we can prove that the cardiac model of Fig. (4.1) represents an LSIS.
By replacing vm (x0 , y 0 ) = δ(x0 , y 0 ), we have that the impulse response can be expressed as
ZZ

Γ(x(0) , y (0) , z0 )∇2 δ(x0 , y 0 )dx0 dy 0
 2 0 0

ZZ
∂ δ(x , y ) ∂ 2 δ(x0 , y 0 )
(0) (0)
Γ(x , y , z0 )
=
+
dx0 dy 0
02
02
∂x
∂y
0
0

Z Zs(x ,y ) 
∂ 2 δ(x0 , y 0 )
∂ 2 δ(x0 , y 0 )
(0) (0)
+
Γ(x
,
y
,
z
)
dx0 dy 0
=
Γ(x(0) , y (0) , z0 )
0
02
02
∂x
∂y
0
0
s(x ,y )

he (x, y, z0 ) =

s(x0 ,y 0 )

To solve this equation, we apply the properties of Dirac’s delta function [253, 264], which
allows us to obtain

he (x, y, z0 ) =
=
=
=

"

#
∂ 2 Γ(x(0) , y (0) , z0 )
∂ 2 Γ(x(0) , y (0) , z0 )
0 0
0 0
δ(x , y ) +
δ(x , y ) dx0 dy 0
02
02
∂x
∂y
0
0
s(x ,y )
"
#
ZZ
2 Γ(x(0) , y (0) , z )
2 Γ(x(0) , y (0) , z )
∂
∂
0
0
δ(x0 , y 0 )
+
dx0 dy 0
∂x02
∂y 02
0 ,y 0 )
s(x
ZZ
δ(x0 , y 0 )∇2 Γ(x(0) , y (0) , z0 )dx0 dy 0
0 ,y 0 )
s(x
ZZ
δ(r0 )∇2 Γ(|r − r0 |)dr0 = δ(r) ∗ ∇2 Γ(r)
ZZ

s(r0 )

And finally, we have to keep in mind that
he (r) =

∇2 Γ(r)

r=(x,y,z0 )

(4.23)

This expression allows us to obtain Eq. (4.5), which represents the impulse response, and
allows us to represent our problem as a two-dimensional convolutional problem.
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Conclusions

Chapter 5
Conclusions and Future Work
The purely formulative and enunciative abstract formulation of God’s existence remains almost
empty of itself, to be filled by all kind of human protest and lamentation. (Fernando Rielo: Cristo
hoy. El criterio de credibilidad y el don de la fe, P.83)

5.1

Conclusions

This PhD Thesis provides a set of tools for the analysis of the mechanisms of cardiac arrhythmias.
Using ML techniques and signal processing to analyze the EGMs obtained with the ECGI system,
we reached the following milestones: (1) An improvement was made to an CA, using linear system
techniques, to perform a study of reentrant arrhythmias; (2) With the unipolar EGM provided
by the ECGI systems, a study was made to find a DSPO for bipolar EGM providing us with
similarity to those ones used in EPS; (3) A new approach has been proposed to the solution of
the inverse problem in electrocardiography, using ML techniques and linear systems theory.
Regarding the first challenge, in the Chapter 2, we have relied on the use of CA for the
investigation of the mechanisms of cardiac arrhythmias that are studied in electrophysiology.
Specifically, by improving the system for capturing bipolar EGMs, and providing more tools for
analyzing and visualizing the results of the proposed CA in [1], a detailed study of the behavior
of the mechanisms of reentrant arrhythmias was made.
The reentrant circuits are a type of arrhythmia generated in cardiac tissue regions where
the electrical impulse generated by the Sinus Node is persistent over time, that is, the electrical impulse does not extinguish in that region of the cardiac tissue, if not that is generated
autonomously again, generating an ectopic focus in this region. These circuits are generally
generated of scar or slow pathways regions of cardiac tissue. The entrainment technique, is a
controlled electrostimulation technique that allows us to capture these reentrant circuits at a
lower frequency known. The capture of these reentrant circuits with the entrainment technique
allows us to know the approximate location of the focus where this arrhythmia is being generated. At the moment of the capture of the reentrant circuit, the bioelectrical waves of the
electrostimulation and reentrant impulse collide, and at this moment is when the frequency of
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the tachycardia generated by the arrhythmia is equal to the frequency of the stimulation, and
the reentrant circuit is controlled by the impulse of the stimulation. As soon as we stop stimulating and the tachycardia returns to its initial frequency, the EGM produces a more frequent
heartbeat, which is why the electrophysiologist knows that he has reached the reentrant circuit.
Using the visualization tools of the CA, it allowed us to visualize in detail the shock of these
two waves, in order to analyze the behavior of these waves at the moment of impact. Using an
isochronous map generated by the CA, and the visualization of the bipolar EGMs of a dense
mesh of electrodes located on the simulated cardiac tissue, we could see in detail the behavior
of this phenomenon, allowing the electrophysiologist to analyze in detail the behavior of this
arrhythmia.
Therefore, we can conclude that CA is a useful tool for the analysis of cardiac arrhythmias.
Thanks to its easy programming, and because it is a tool in which different types of arrhythmias
can be simulated, it can be used as one in the investigation and study of arrhythmia mechanisms,
allowing the electrophysiologist to study these mechanisms in detail. In the EPS can not be
performed, because in EPS the time is very high and a thorough analysis of the arrhythmia
would lengthen the EPS too much. This CA can help increase the knowledge of arrhythmia
mechanisms to reduce EPS times.
Regarding the second challenge, as described in Chapter 3, the clinical usefulness of noninvasive mapping has been often suggested to improve the accuracy in the conventional ECG for
cardiac arrhythmia diagnosis [265], to facilitate mapping in different arrhythmias during electrophysiological study [266] or to ablate focal arrhythmias [267]. More specifically, ECGI has been
used in the diagnosis and study of the physio-pathological mechanisms involving some channelopathies, such as Brugada Syndrome [268, 269] or Long-QT Syndrome [213]. In ventricular
arrhythmias, these system could be useful for characterizing the arrhythmic substrate due to
myocardial infarction [270], as well as to map ventricular ectopy [271]. In simple supraventricular arrhythmias, its usefulness has been suggested to define the accessory pathways insertion and
the origin of atrial tachycardia [272]. Finally, the field which seems to be most intensely catching
interest to electrophysiologists is the detection of possible rotors or target points to guide the
ablation during atrial fibrillation, as well as to characterize its mechanisms [76, 262, 273, 274].
Therefore, it is important obtain a bipolar EGM that is comparable with those visualized
in EPS. The great majority of the pathologies and arrhythmias mentioned above are studied in
EPSs using the electrophysiological criteria visualized in the bipolar EGMs. The fragmentation of
the EGM wave, the width in the depolarization, or the peak-to-peak amplitude of its maximum
deflection, are parameters that the electrophysiologist interprets in the bipolar EGMs in the
EPSs. For this reason, in this PhD Thesis we carried out a study of different combinations of
DSPO, validated in a statistical and morphological way by analyzing the electrophysiological
parameters mentioned above.
When analyzing the M-modes of the unipolar EGMs of the analyzed patient, we have seen
that neighboring regions of cardiac tissue have similar amplitudes and that changes in amplitude
are gradual and marked when passing from one region of cardiac tissue to another. After, by
performing a statistical analysis of the DSPOs to see this spatial similarity in bipolar EGMs,
we saw that configurations θv, θr , θm and θD have no similarity spatial, giving the sensation
of bipolar EGMs artifacts and with ambiguity in all regions of cardiac tissue. In contrast, in
the configurations θd and θV this criterion of similarity is fulfilled throughout the cardiac tissue,
clearly identifying the transitions of the bipolar EGMs in each region of cardiac tissue. Subsequently, with these two optimal configurations, we performed a spatial analysis of the bipolar
EGMs using the M-modes, where we verified that configuration θV is more robust with respect
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to the direction of propagation of the electrical impulse in cardiac tissue and has a consistency
spatial with respect to the different regions of cardiac tissue. After this spatial analysis, we
performed a clinical analysis of these configurations using the electrophysiological parameters of
the width in the depolarization and fragmentation of bipolar EGMs. These parameters were obtained by performing an analysis of each bipolar EGM obtained for both configurations, labeling
the fragmentation and width of the bipolar EGM, and supervised by an electrophysiologist. In
this analysis it was possible to verify that the bipolar EGMs obtained for the ECGI system are
wider than the bipolar EGMs that we see in the EGM in both configurations, being slightly wider
the bipolar EGM obtained with configuration θd . For this reason, the study of the fragmentation
of bipolar EGMs was also carried out, where it was clearly determined that the configuration θV
gave us more consistent results with respect to the different regions of the cardiac tissue. Where
the fragmented bipolar EGMs can be clearly identified in the scar and valve regions.
The FTD of unipolar EGM is commonly used to obtain bipolar EGMs in the ECGI system.
This is why we carried out a study of this configuration, where we have to find a correction
factor of the amplitude in the bipolar EGMs obtained. The correction factor used was 20,
was been multiplied to the bipolar EGM obtained with the FTD so that they have a coherent
amplitude with the cardiac tissue regions. With this configuration, we can see that the obtained
bipolar EGMs can overestimate the fragmentation, that is, that the bipolar EGMs tend to
be all fragmented and very noisy in all their morphology. With them, a comparison was made
between the bipolar EGMs obtained with the FTD and with the optimal DSPO found previously.
Concluding that, for clarity in the fragmentation and spatial coherence in the different regions of
the cardiac tissue, the DSPO θV gave us better results when analyzing the electrophysiological
parameters.
Subsequently, a morphological analysis of the bipolar EGM obtained with the DSPO θV was
carried out. For this, the morphology of the obtained signal was analyzed, comparing it with the
literature on the EPS [28], where we verified that the signal obtained with this configuration was
very similar morphologically with the unipolar EGM of the ECGI system. To solve this, a new
DSPO was proposed in which a space-time displacement of the signal of maximum amplitude of
the neighbors closest to the reference point that we are analyzing is made. First, we made a shift
of the reference to different samples to visualize the morphology obtained with this displacement,
obtaining that by moving 40 samples the reference signal was obtained a bipolar EGM similar
to the ones in the literature. Then, the same analysis was performed by moving the unipolar
EGM of maximum amplitude of the neighbors, finding that when 40 samples were displaced this
signal, we obtained a bipolar EGM similar to that of the literature. Although initially, when
analyzing both EGMs obtained with the displacement, it gave us a morphology closer to the
EPS, nevertheless the amplitudes of these bipolar EPS were different, and we found that the
bipolar EGM obtained with the unipolar EGM of maximum amplitude respected the reference
values for the different regions of the cardiac tissue. Proof of this is the analysis carried out later
with the fragmentation and M-modes that were presented in Chapter 3.
Finally, with the new DSPO θVα found, a regionalization analysis of the cardiac tissue was
performed, using the K-means unsupervised learning technique. Here, we find that the best
regionalization using the unipolar EGM was for K = 4, this is, the cardiac tissue is regionalized
into 4 different classes, to which the different regions of the cardiac tissue can be attributed,
namely, scar region, valve region and healthy region. Each of these regions had a unipolar EGM
with a similar morphology to the nearest neighbor, and this allowed us to relate each class to
a region of the cardiac tissue. Although this analysis gave good results, it failed to identify the
border region, which for electrophysiologists is important because it delivers the approximate
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location of the scar region, where cardiac arrhythmias are often originated. For this reason, the
regionalization study was performed by using the bipolar EGM obtained with DSPO θVα using
the same K-means unsupervised learning algorithm. Here, we found that for a K = 5 we were
able to clearly identify the border region in the cardiac tissue, indicating the location of the scar
region.
Regarding the third challenge, we have seen that in recent years, research on the inverse
problem in electrophysiology has been in constant development, but it is still open to improvements in its algorithms in terms of resolution and regularization. In the Chapter 4 of this PhD
Thesis, we addressed the formulation of the inverse problem using a well-known technique in
the ML literature, specifically, the SVR following the DSM principles. This methodology had
been previously used for creating DSP algorithms from time-convolutional signal models. In our
approach, the signal model is tackled by including in the equations (through the Mercer’s kernel
and the Lagrange multipliers) the quasielectrostatic field equation conditions as a priori knowledge of the problem. We tested this approach in detailed simulations with synthetic experiments,
using one- and two-dimensional models. Benchmarking was made with selected algorithms from
classical and recent literature.
Our results showed that the inverse problem in electrophysiology is more sensitive to noise
in the estimation of the transfer matrix than in the noise of the observed extracellular signals.
The DSM-SVR in one-dimensional scenarios exhibited remarkable advantage with respect to all
the benchmarked algorithms, specially in terms of HNR, whereas in two-dimensional scenarios
it was significantly better than classical algorithms, but similar to FTV algorithms. Further
research needs to be devoted to scrutinize the best (probably combined) way to tackle with
high-dimensional domains. However, robustness with respect to the transfer matrix estimation
seems to be a key property, which has received little attention in the literature. This advantage,
mostly visible in one-dimensional simulations, probably comes from the fact that DSM-SVR
does not require any kind of inversion, but its formulation rather consists of a direct problem
solving and the Structural Risk Minimization Principle gives good regularization properties to
these solutions. In addition, it has been observed in our results that the depolarization phase is
sometimes better fitted than the repolarization phase in the presence of noise. The good behavior
of the algorithm in depolarization phase is likely due to its non-inversion nature, which avoids
the low-pass effect implicitly associated to many regularization methods that work with matrix
inversions, whereas the repolarization error could be attributed to some deviation in the free
parameter search. Nevertheless, further theoretical results should be established in this setting,
for providing a more solid framework when working in more complex scenarios. On the other
hand, we have seen that the free-parameter tuning in the DSM-SVR can be further optimized,
using techniques that require less computational cost.
In electromagnetic problems, it is usual to follow an approach where simple problems are first
scrutinized before going to more complex geometries and fields. In this setting, we have previously
indicated that the plane cardiac tissue and the plane sensor geometry are not yet realistic when
thinking of patient applications. However, the bandwidth, dynamics and redundancy of the
spatio-temporal variations seem to point out that not a large amount of points could be necessary
for reaching higher precision in the inverse problem. Our approach based on support vectors could
provide with better performance in this setting, but further theoretical work has to be conducted
on the effect of curvature, both in the tissue and in the sensors. From a clinical point of view,
the number of sensing electrodes needs to be reasonable, as far as they will be placed on (or in)
the patient on a comfortable, stable, and easy to put-and-remove way.
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On the other hand, our current formulation consists on a mathematical forward model providing with the potential measured in a spatial point by a point-electrode. It is very likely that
the inclusion of the shape and volume of the electrode (spherical, ring, others) can be readily
included in the model, which has not yet been addressed in this PhD Thesis. Moreover, it is
possible to think on using the method for the estimation of the transmembrane potentials for
larger distances and for non-contact mapping schemes. We performed additional simulations (not
included here) showing that for small changes in distance, the impulse response exhibits little
(still noticeable) variation on its width, but the methods still work properly. If longer distance
are scrutinized, the impulse response gets still wider, and the EGM morphology is noticeably
affected. In any case, this in-silico model is not accounting for curvature effects, which could
be present. Ideally, a method for estimating the impulse response would strongly improve and
extend the scope of the method, which can be incorporated to the proposed method, but it has
not been addressed in this Phd Thesis. We focused here on simple propagation, nevertheless,
our view is that in fibrillatory rhythms the accurate estimation of the underlying transmembrane
potentials should be strongly informative, as far as their mechanisms still remains unknown. A
great amount of knowledge on fibrillatory rhythms has been established by detailed computer
simulations on transmembrane potentials and ionic currents [261–263]. However, it is desirable
to improve the method in more electrophysiologically simple situations before moving to complex
mechanisms.
We conclude that this Thesis has contributed to the scientific literature by developing a baseline investigation of ECGI systems, providing new insights into the mechanisms of arrhythmias.
The results obtained for the different proposed objectives provide us with new tools in the field of
electrophysiology and for the emerging ECGI systems. In the case of the study of arrhythmias,
having detailed information about the different arrhythmias and the a-priori behavior that may
have in an EPS, can be of great help for the electrophysiologist allowing to reduce the times
in EPSs. On the other hand, in the field of ECGI systems, having new proposals that better
the resolution in obtaining the EGMs of these systems is fundamental, since a good obtaining
of these EGM in the studies with the ECGI systems, can help us for the real-time diagnosis of
different cardiac pathologies, without the need for intervention. In addition, the proposal of a
DSPO to calculate the bipolar EGM in these systems is important, since the electrophysiologists
base the clinical diagnoses on the electrophysiological characteristics that they can see in the
bipolar EGM.

5.2

Future Work

Advances in the investigation of cardiac arrhythmias are allowing the development of new tools
to support the study, visualization, localization, and early diagnosis of these cardiac arrhythmias
in EPSs. The work developed in this PhD Thesis advances in the understanding of the challenges
posed in the electrophysiology field. However, a wide range of new possibilities are now open to
extend, improve, and continue the research work in this field. Below is a summary of the main
active lines for future work.
Simple Electrophysiological Models and Entrainment
• To improve the visualization of the results obtained with CA, having a 3D representation
of cardiac tissue that allows us to interact in real time with the study of arrhythmia
mechanisms.
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• To provide a simplified 3D model, using the CA equations, that allows the visualization of
the results in mobile devices, allowing to use the automaton also as a teaching tool.
• To use virtual reality techniques to improve the visualization of CA results and allow us
to visualize and interact with the different mechanisms of arrhythmias.
Electrophysiological Features from Bipolar EGM in ECGI
• To extend the analysis of the bipolar EGMs to more patients, using the DSPO θVα , performing an analysis with the electrophysiological parameters and the cardiac tissue regionalization analysis.
• To perform an autocorrelation analysis, with the unipolar EGMs of the ECGI system
and the bipolar EGMs with the DSPO θVα , to see the behavior of the cardiac tissue
regionalization and studying whether it provides more detailed information on the different
regions of the cardiac tissue.
• To validate optimal DSPO θVα With some control patients and determine if it is a solid
proposal to obtain bipolar EGM in ECGI systems.
Intracardiac Inverse Problem Using Laplacian Distance Kernel
• In this Phd Thesis, we used an extremely simplified two-dimensional geometrical model.
This simplification represents a conceptual approach to a more complex three-dimensional
model, where symmetry properties need to be studied with further detail when establishing
the method for more realistic anatomy and sensor geometry.
• In a three-dimensional model, a greater number of points in the cardiac tissue is necessary,
this requires a prior study of the equations for the simplified reformulation of the problem,
taking into the account pre-processing information techniques.
Finally, new lines of research are emerging in the field of electrophysiology with the novel
ECGI systems and studies of the mechanisms of arrhythmias. The present PhD Thesis resumes
the use of CA in the study of cardiac arrhythmia mechanisms, proposing more detailed visualization methods, leaving open the proposal for the use of new visualization techniques in virtual
reality and on mobile devices. On the other hand, it presents a beginning in the study of the
results obtained by the ECGI systems, providing techniques for obtaining bipolar EGMs and a
study of their unipolar EGMs using signal analysis techniques. These contributions open new
lines of research in the field of pre-processing of unipolar EGM obtained by ECGI systems. In
addition, we provide a new algorithm to solve the inverse problem in electrophysiology, which
is necessary to extend 3D models and propose improvements in their equations to bring it to
clinical practice.
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