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Abstract—We minimize average transmit-power with finite- unprecedented robustness and versatility, thus making WSN
rate feedback for coherent communications in a wireless sensor an attractive low-cost technology for a wide range of remote
network (WSN), where sensors communicate with a fusion center sensing and environmental monitoring applications [1]. One

(FC) using adaptive modulation and coding over a wireless . S . . .
fading channel. By viewing the coherent WSN setup as a dis- of the main objectives in current WSN research is to design

tributed space-time multi-input single-output (MISO) system, we Power-efficient devices and algorithms to support different
present optimal distributed beamforming and resource allocation aspects of network operations [6]. Various power-efficient
strategies when the full (F-) channel state information at the algorithms have been proposed for network coverage, medium
transmitters (CSIT) is available through a feedback channel. We 5cce55 control protocols, decentralized estimation and routing;
also develop optimal adaptive transmission policies and design .
optimal quantizers for the finite-rate feedback case where the see e.g., [6]’_ [19], [24], [23]' and [2]. The WSN In many of
sensors only have quantized (Q-) CSIT, or, each sensor has F-these works includes a fusion center (FC) with which sensors
CSIT of its own link with the FC but only Q-CSIT of other are linked.
sensors. Numerical results confirm that our novel finite-rate When these links are fading, communication performance
Lefsi%agﬁ gsgﬁda Sstrrr?;ﬁgr']ismggr'g;’ ?egst?gcokptt')?g POWET SaviNS;cross the WSN coverage area is severely degraded. A vyell—
_ o known approach to mitigate the adverse effects of fading
Index Terms—Wireless sensor networks, power efficiency, rejies on transmissions adapting to il (F-) channel state
quatntlzatlon, non-linear optimization, resource allocation, MISO information (CSI) [12], [10]. In practice, CSI at transmitters
systems. (CSIT) is typically acquired through a limited-rate feedback
channel from the receiver, and thus, oglyantized(Q-) CSIT
. INTRODUCTION is available [9]. This finite-rate feedback model is pragmati-
A wireless sensor network (WSN) comprises a large nungally affordable and is robust to channel estimation errors,
ber of spatially distributed signal processing devices (senggedback delay and jamming [13]. Adaptive transmissions
nodes). In a number of application scenarios, WSN nodgfd/or beamforming schemes based on Q-CSIT have been
are equipped with a non-rechargeable battery and thus hgygimized for multi-input multi-output (MIMO) systems to
limited computing and communication capabilities. Whemaximize rate or receive-signal-to-noise-ratio (SNR), [16],
properly programmed and networked, nodes in a WSN c@rp], or, to minimize bit error rate (BER) [25]; as well as
cooperate to perform advanced signal processing tasks Wihoptimize power-efficiency for single-input single-output
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¢ FC | . As in [3] and [4], synchronization in (asl) is assumed ac-

Ctaonsl | | (ool codeword quired using low-complexity synchronization algorithms; see
T f ] e.g., [17] and references therein. A setup where sensors have

a common message to transmit as in (asl) fits a cooperative
scenario where bits from a common source encoded with

" h Iy ‘;"k sufficiently powerful error control codes are relayed through
Control distributed sensors to a destination. On the other hand, for

Channel WSNs deployed to perform an estimation task, common data
ng, - @ity across sensors can be safely assumed identical under any one
R ‘ ‘ of the following three operating conditions: (c1) sensors are
IS I ST ey located inside a small area and the information-bearing source
‘ | ‘ ‘ is close enough so that errors in recovering the source data at
: Sensor 1 ) Sensor2 ) : Sensor M

. o the sensors can be deemed negligible; (c2) instead of multiple

t 7l single-antenna sensors, we have a single multi-antenna sensor;
or (c3) sensors exchange information to consent on the source.
Besides providing mathematical tractability, (as2) can also
hold under any one of aforementioned operating conditions
(c1)-(c3). Extension to correlated channels is possible but is
out of the scope of this work. Finally, (as3) can be easily

tion/coding, power loading and beamforming strategies as walaranteed with sufficiently strong error control codes, since

as the channel quantizers needed to form the required Q-C81¢ feedback channel has typically low rate. _
as the solution of constrained optimization problems. Given a pool of adaptive modulation and coding (AMC)

The rest of the paper is organized as follows. After irairs, we suppose t.hat each sensor supports a_finite number
troducing modeling preliminaries in Section I, we derivd” of AMC modes indexed by € {1,...,L}, with each
in Section Il optimal transmit-adaptation based on F-CSIfiode having constellation sizZe; and transmission rate :=
which provides fundamental limits and benchmarks the powgrlog:(M:), wherer. denotes the coding rate. To guarantee
efficiency based on Q-CSIT. Subsequently, we solve the ogiiality of service, the ratg@_rl}f:l must be delivered with
mal adaptation problem based on Q-CSIT in Section IV, whifé Prescribed BER,. To mitigate the effects of fading, the
Section V deals with the optimal design based on I-CSI$ENSOrs beamform their transmitted symbol. Since a MISO

Simulated examples and comparisons are provided in Sect®$tem has multiplexing gain one (see e.g., [9, pp. 48]), the
VI, followed by concluding remarks. sensors encode one information-bearing symtpér channel

Notation: We use boldface lower-case letters to dendf§® Utilizing a common AMC mode. With this AMC mode,
column vectors,” to denote transposition; conjugate,” the.mth sensor transmits multlphedTby a complex (_stegrmg)
conjugate transposition, arfg- || the Euclidean norm. For a Weight wy,. Let w = [w, ..., wa] denTote the distributed
random variabler, f,(z) will denote its probability density P&a@mforming vector antl := [h, ..., " the fading MISO
function (PDF), andF, (z) its cumulative distribution function channel. The received symbglat the FC can be expressed
(CDF). Furthermore,CN (i,02) will denote the complex- 85
Gaussian distribution with meam and variancer?, [z] the
minimum integer> x, andE,[-] the expectation operator overyhere u = w/||w|, and v denotes the additive white
z. Gaussian noise (AWGN) with zero mean and variafée

Notice that both the phase and the modulusvofan be tuned
Il. M ODELING PRELIMINARIES to effect not only distributed beamforming but also power
allocation per fading stath. Letting £, denote the average

Fig. 1. System model.

y=wlhs+v:= ||w|?u’hs +v 1)

We consider a WSN setup wheké sensors indexed by, €

{1,..., M} wish to communicate an information message (Szﬁpergy per symbol, we can write the total transmit-power and

the value of a random variable they track or information thei?c€Ve-SNR per symbol as

relay) to the FC; see !:|g. 1. We assume that: _ p = |wlPE, = ||w|?, 2)

(asl) the information is common to all sensors and arrives 5

cohgrently at the FC ' . N = |WT]Q|2FS = plu’h|? (3)
With {h,,}M_, denoting block fading channel coefficients 0

between sensors and the FC, we further assume that: where for the last equality in (2) and (3) we have assumed

(@as2) {h,}M_, are independent and identically distributedwithout loss of generality thak, = Ny = 1. It follows from
(i.i.d.) according to a complex Gaussian distribution with zer@) that after beamforming, the MISO vector chanheh (1)
mean and unit variance, i.eh,, ~ CA/(0,1); and each block is fully characterized by the equivalent SISO scalar channel
fading channel procesk,, is ergodic; with normalized power gaig := |[u”h|?. The receive-SNR
(as3)the FC feeds back to the sensors the CSI indexe# byfor the equivalent SISO system can be re-writtenyas pg.

bits per channel realization, without error and with negligible Let ¢ = c(h) denote theB-bit Q-CSI codeword that the

delay. FC feeds back to the sensors per (as3). Based(h, the



sensors adapt their transmit-parameters to onévot 27 It is worth to recall that when optimal beamforming (h)
prescribed modes specifying the transmission rate r(c), in (4) is implemented, the MISO channel in (1) is fully
transmit-powernp = p(c) and beamforming vecton = u(c). characterized by an equivalent SISO channel with power gain
Our goal is to optimally design the channel quantizer which dictated by (5). This implies w.l.0.0. that solving for the
yields c¢(h) based on which we wish to adapt=r(c), p = optimalr*(h) andp*(h) is equivalent to finding the optimal
p(c), andu = u(c), so that the total average power transmitted*(g) andp*(g). Notice that sincéa (and thusg) varies from
by all sensors is minimized subject to average rate and BBERe realization to the next, rate and power will be adapted
requirements. To this end, we will first rely on F-CSIT whiclacross time in order to minimize theveragetransmit-power

corresponds to settin§f = oo in (as3). under anaveragerate constraint, (the requiremeng, on
BER will be automatically accounted for in the relationship
Il. SOLUTION BASED ONF-CSIT between the power and the rate as we will see next).

In this section, we derive the optimal adaptive transmission
policy based on F-CSIT to provide insight and benchma
the Q-CSIT based design of Section IV. FBr = oo, Q-
CSIT becomes F-CSIT; i.eg(h) = h. Givenh, we wish to We order the AMC modes such that< r;; VI > 1 and
adapt the transmit-powep(h), rate r(h) and beamforming let the first mode represent the inactive mode with zero rate
vector u(h) to minimize the average transmit-power subjecind power«{; = p; = 0). With ¢(-) denoting the instantaneous
to prescribed requirements on the average rafpdnd BER BER function, the minimum transmit-power for tiign AMC
(e0). As we show next, the adaptation of the beamformer camode to satisfy the BER requirement can be calculated by
be performed separately from the power and rate adaptati&miving with respect to (w.r.t.); the equation
without loss of optimality (w.l.0.0.). This allows us to tackle
the original problem in two separate phases: first we solve e(g,pi,71) = €o. (8)
for the optimal adaptation of the beamformer*(h); next
we introduceu* (h) in the original problem and solve for theFor M-ary quadrature amplitude modulation (QAM), the BER
optimal powerp*(h) and rater*(h) adaptation. can be accurately approximated §&1] (e.9.,x1 = 0.2, kg =

1.5 for uncoded transmissions)

%( Optimal Rate and Power Allocation

A. Optimal Distributed Beamformer

From (2) and (3) we recognize that the selectionwof

affects the scalar channel gajnSince for any AMC mode the sybstituting (9) into (8), the required power for tth AMC
required transmit powes = p(h) is monotonically decreasing mode can be expressed as

w.r.t. g (for any givenrqy and¢p), to minimize the transmit-

power we have to adapt = u(h) per channel realization (2 — 1) In(k1/€o)
h so thatg = [u”(h) h? is maximized. The optimal pi(g:71; €0) = g P
unitary beamforming vector maximizinga” (h) h|?, hence

minimizing the required transmit-power, is clearly (see, e.gVith F-CSIT available, (10) shows that specifying the AMC

€(g,p, ) = K1 exp (—kagp/(2" — 1)). 9)

(10)

[10, Sec. 7.3.1)) mode determines not only the rate but also the power required
u*(h) :hT/||h||, 4) to meet the prescribed,. Furthermore, it is easy to see
that with p;, r; given the range ofy can be divided intal
and depends only on the channel phase, i€(h) = consecutive intervalgr, 1) with 71 = 0 and 774, = oo,
u*(h/|hl). and thelth AMC mode will be chosen ifg € [r,741).
To proceed with the optimal rate and power allocatioGonversely, this means that once the intenjalsr, ;) are
strategies, we need to characterize statistically the channekpecified forl = 1, ..., L, the rate and power allocations will

(1) when beamforming is adapted as in (4). Wheith) = be
hf/||h|, Vh, the channel gain is

r(g = 71 if g € |1, T (11)
9= [u”(h) h? = B2 ©) ) 7, 71)
07 g S [T17T2)
As per (as2)y adheres to a chi-squared distribution with PDF p(g,¢y) = (12)
(21 -1) In(k1/e0)
M—1 . P , g€ [Tl,Tl+1), [ >1.
_ 9" exp(—g) g >
folg) = W (6)

Letting 7 := [r1,...,7041)7, (11) and (12) imply that to
whereT'(b,z) := f t'~le~tdt is the incomplete Gammafind the optimal rate and power allocations, we only need
function andF( ) :=I'(b,0). The corresponding CDF is to search for the optimai-* which solves the following

(M,
Fg (9) = IE Mg)~ (7) 2Extensions to modulation schemes other than M-QAM are also possible.
( ) By appropriately selecting:; and x2, (9) can also be used to accommo-

date (un)coded transmissions as a BER upperbound based on the Chernoff
IHenceforth,z* will denote the optimal value af. bound [21].



constrained minimization problem updated (per iteration) depending on convergence
requirements

min P,
i Once \* is obtained using Algorithm 1 (that is computed
h — 1+1
where p:= Z pi(g, 71, €0) fo(9)dg 13y Offine), {7}, and in turn the optimal rate and power
(13) allocations are determined after plugging (16) into (11) and
subject to: C1. Z [T fa(9)dg > 1o (12).
1=1
C2.m <my Y C. On-line Feedback and Adaptation of Transmitters

where the average transmit-powgiin the objective and the Having obtained {r;*}%,, the following algorithm
average rate irC1 are calculated as the expectationygf;) summarizes the on-line resource allocation steps the WSN
and r(g) over all the possible realizations gf The set of has to execute per channel realization:
constraintsC2 ensures consistency of the intervalg 7;41).
Let A denote the non-negative Lagrange multiplier assAdgorithm 2: On-line Adaptation (F-CSIT)
ciated with the rate constraintl and o := [y, ..., ar]"
the non-negative Lagrange multipliers associated with ithe
constraints inC2. The Lagrangian of (13) is then given by

For each channel realizatidm

(S2.1) The FC determines the inddx(h) = [*(g) of
the interval [7;", 77, ;) the channel gairy falls

L fmim into, and broadcasts to the sensors the F-CSIT
L\ a,T)= /T pi(9,71,€0) f4(9)dg codeworde((h)) = [I*(h); h].
=170 (S2.2) Each sensorn transmits using thé*(h)th AMC
\ (ZL: /ml rfola)dg — > . XL: o — e, (14) mode and the optimal steering weight [cf. (4) and
- 1 —To 7 — Ti41)- )
=), < (00w}, = \/pi-(ny (9 70y €0) b/ 1]
At the optimums;* the necessary Karush-Kuhn-Tucker (KKT)
condition is [7]: Notice that even though each sensor can calcutgie) using
LN, a*, %) § . only h of the feedback message, we also inclligé) in c(h)
— on = [p-1(7m-1,€0) = Ay for robustness. This augmented feedback codeword reduces

— il o) + X1 £, () the computationa_l burdeq .alt _eac.h sensor and also avoids
. . the feedback during the initialization phase needed for the
a1 tap =0 (15)  sensors to acquire* (recall that knowledge of* is required
If all the constraints inC2 are slack, i.e.7; < 77, then 0 determine the optimal power allocation and AMC mode
af = 0, Vi. In this case, solving (15) w.r.t; yields for selection). With the |n5|g_hts gamed.from the F-_CSIT based
le{2,...,L} [cf. (10)] benchmark, we next derive the optimal adaptation schemes
when only Q-CSIT is available.

*
T =

(27-1 _ 27-171) ln(/“ll/ﬁo) (16)
A (rp—mi—1) K2 IV. SOLUTION BASED ONQ-CSIT

Eq. (16) expresses the optimal threshejd in closed-form |y this section, power-efficient sensor transmission and
as a function of the Lagrange multipliex. Upon defin- quantization schemes are derived based on Q-CSIT fed back
ing f(z) = (2%)In(k1/€0)/(A\"k2), We can rewrite (16) from the FC to the sensors. Per fading realization, the FC
as 7 = [f(r) — f(n-1)]/(r — ri=1). As 0f(x)/0x = quantizesh to find separately the optimai according to a
27 /2*[In*(2)2* — 2In(2)z + 2] > 0, Vo > 0, it is easy to quantizerQ,,(-), and the optimal AMC mode angaccording
seer < 7/,. Therefore, the thresholds given by (16) indeeg) a different quantize®, (-). Concatenating the beamforming
satisfy 7" < 7%, and thus they are the solutions to (15).  vector indexc, = Q,(h) with the transmission mode index
With 7 specified by (16)A\* can be calculated to satisfyc, — (,(h), the FC feeds back th&-bit Q-CSI codeword
C1 using the following algorithm. ¢ = [cu; ¢4], WhereB = B, + By, with B,, := lengti(c,,) and
:= lengthc;). Based on this codeword sensors adapt
Algorithm 1: Off-line Power-Efficient Quantization (F- CSIT)thelr transmissions and beamforming weights to minimize

their total average transmit-powfr.

(S1.0) Let § be a small tolerance level and initialize

with an arbitrary positive number. 3The proposed updating scheme foiis based on thenethod of multipli-
(S1.1) Calculate{r;}, via (16). ers[5, Sec. 4.2].
(S1.2) USII’lg (7), calculate the average rate as= 4A|th°.“9h Q“(').’ Q‘('.)’ and pertinent adaptation schemes will be found
_ as solution of optimization problems, in principle we can not claim global
Zl 1[ (Tl+1) F, (Tl)]rh a_nd checlC1. If |7n_ optimality among all the possible Q-CSIT designs that utili2efeedback
7"0|/7‘0 < 0 then stop otherwise, calculaté\ )\ := bits. In Section VI, we simulate the performance of our design and compare
(f _ ro)c, update the multiplier as = A+ A\, it with a lower bound on all Q-CSIT designs. Simulations indicate that the
. . gap from the bound is small even for small valuegand thus demonstrate
and go to(S1.1) Parameter: in the calculation of that our design exhibits near-optimal performance globally among all Q-CSIT

A\ is an adaptive penalty parameter that can be designs.



A. Optimal Distributed Beamformer wherezy .y == Ny VM=), Becausgy and z are independent
[cf. (as2)], using the approximatioR, (z) ~ F,(z), we can

With only B, bits available, the beamforming vectaris obtain the CDF ofj as

chosen from a finite se := {u;}}",, where N, = 25+

As with F-CSIT to minimize the transmit-power, the optimaIFg(x) = Pr{g(l —2) <z}
u € U maximizes the equivalent scalar channel gain in (3); T=E— [ Zmax
ie., = / / f2(2)dz fq(g)dg
u*(h) = arg max |uTh|2 . a7 g0 sz:max(o’lfw/g)
uel = [ |7 reasn@i
Codebooksl/ have been optimized for collocated MISO 970270
systems [20], [16], [22]. Under various criteria, optimal code- n /1‘““'”‘ / . F.(2)dz=1,(g)dg
books minimize the maximum correlation between codewords. g=x z=l—z/g '

8

Based on the Grassmanian line packing criterion, [16] further
showed that minimization of the maximum correlation is
equivalent to maximization of the minimum chordal distance

O[FZ(ZmaX) - FZ(O)]fg(g)dQ

/g
/ T Zmax  ~
g

which for two unitary complex vectora and b is defined + (. (2max) — F2(0)]f,(g)dg
as [8] =z
1 I'(M,x/(1 — zmax
den(a,b) = (1 —|a"b[?)?. (18) = 1- ( éEM) ) (25)
In view of (18), the optimization in (17) can be expressed as _ Nexp(—a) [1- D(M, 22max/(1 — Zmax))
P (M) '
* . h
u’(h) = ari%m den (“’ h||> , (19)  The PDF ofj can be in turn obtained awr;(g)/0g, yielding
and the optimal codebodk* as f3(9) =
U= max min d.(u;,uy). (20) L {exp ( 9 ) g (1= NyzM )
(e dnin don (s v, F00 P\ e ) (0= )

For arbitrary beamformer sizek/ and codebook sized/,, + Nuexp(—g) {P(M) = DM, Zmax/ (1 = Zmax)) ”
numerical solutions of (20) are available; see e.g., [15]. With (26)

the optimal codebook(* available to both the FC and theThe scalar channel gaig fully characterizes the MISO
sensors, the Q-CSI and optimal beamforming vector are theflannel when the optimal beamformer in (21)-(22) is adopted.

determined as Based on the closed-form expressions (25) and (26), we next
_ h follow an approach similar to what we used when F-CSIT
¢, = Qu(h):=arg; i {dch (U, h||>} (21) is available to analytically derive the optimal rate and power
wh) = u.. (22) allocation based on Q-CSIT.

Remark 1: Beamforming specified by (21) and (22) has beeB. Optimal Rate and Power and Allocation

proved to be optimal itV,, > M. For detailed analysis on Q- \yhen only finite-rate feedback is available, the FC needs
CSIT based beamforming whe¥, < M, we refer the reader 1, 4, antizej using a finite number of regions. Towards this
to [22]. . o objective, identifying each quantization region with an AMC
Let us now turn our attention to the statistical characterizgge selection emerges as a natural first step. We consider
zation of the equiyalent c.hanne'l when Q-CSIT i; available, yifferent quantization region§R, := [, 741)}£ ,, and as
Recall that the gain of this equivalent channel with F-CSIih F-CSIT, we associate with them the vector of thresholds
available isg = ||h||* for the optimal beamformer in (4). But = ._ G T
with the Q-CSIT based optimal beamformer in (21)-(22), the The jth transmission mode is characterized by the rate-
equivalent channel gain becomgs= g(1 — z), where power pair(r;, ;) in the quantization regioR,; (see also [14]
s 0k which deals with throughput maximization). White is fixed
2T e den(u b/ |[h[[) = de (u” (), b/[[h]]) (23) for a given AMC mode, we will selegi; to satisfy the BER

can be interpreted as the channel gain loss due to quantizat%)?u'remem' Clearly, the average BERor the region, can

. ) . . F'?btained as the expected number of erroneous bits divided
This channel gain loss degrades the instantaneous receive- . L
y the expected number of transmitted bits; i.e.,

to v :=pg.
Based on the union bound, the CDF ofcan be upper- L  Egetnmgy) me(@, b, )]
bounded tightly as [26] (T, T, P ) = Egers, 7,1 11 ' 27
_ NyzM=1 0< 2 < 2an To satisfy the overall BER requiremeey, we set
F.(z) < F.(z) = (24)
1, Z 2 Zmax &(7, Tiy1,P1,m1) = €0 VI (28)



It is easy to see that (28) reduces to (8)Ias+> o (F-CSIT Sincep; (7 ,, 7, m1-1, €0) is an implicit function [cf. (29)],

case). Furthermore, substituting (27) into (28) yields to calculatedp; /0, we rely on the implicit differentiation
Fi theorem:dep. = %=dx + 2= ¢ dx = 0, which yields 5% —
(T, Tig1, D171, €0) 1= / (g, p1,m1) f3(9)dg %' ThereforeVl € {2,...,L} andVi € {1,...,L} we
T °
have

~ o n@d=o. @) o

) . . ' . . = (Tis Tit1, T, €0) = (34)
Using an analytical expression for we derive in Appendix 07
A, we can solve (29) forp;. The same expression fas, _Riv[:(ﬁv?iin)ﬂo]fﬁ(ﬁ} -, i=1
can be used to obtaif, in closed-form, and thus quantify [r_ (~[3f§971’iv§ll/a]?’}f§£9))d9
the average BER for any given quantization. Solving (29) for = Rmf[az(’f”'l_l;l );g ]QJ,_T(ﬂ)dh, i=1-1;
P can be easily carried out with a one-dimensional search. Ti SpoT=[OPR9)08 .
0, otherwise.

Letting p;(7;, 711,71, €0) denote this solution, the rate and

power allocationvg can be expressed as [cf. (11) and (12)] _ _ i
The denominators in (34) can be evaluated analytically (see

7g) = m; if g€ n, i) (30)  Appendix B).
0, g € [f1,72) Different from the F-CSIT set-up, we can not guarantee
p(g,e0) = (31) that the optimal thresholds calculated from (33) always satisfy
pu(T, Tips i €0), g € [T Tig), L> 10 7 < F VL If by solving (33) we obtair;” > 7, C2 is

Now as in the F-CSIT case, finding the optimal rate arPt slack,a; >0, and (33) does not hold. In this case, since
power allocations reduces to searching for the optimal thredhe KKT conditions also impose that; (7" — 7% ;) = 0, the

olds 7*. The corresponding optimization problem based o#Ptimal solution should yield;” = 7, and thus thelth
Q-CSIT is: mode should be removed from consideration. This implies

that we need to check the feasibility of the solution obtained

m%in P from (33). If solving (33) yields7" > 77, for a given
Lo Pt s pon o l, we then need to remove thish mode from the AMC
where pi=>_ pi(fi, fir1,mi,€0) [2 f3(9)dg pool and re-solve (33) for the remaining modes. Notice
=t (32) that calculating the optimaf; here depends not only on
. T4l o=\ g~ A* but also on the previous , and the nextr* ,. This
subject to @ C1. S (g)dg > 10Us;_ 41 T
PubIEe T ;mfl 15(@)dg = o prevents one from obtaining a closed-form expression for
C2. 7 < fyq W 7. However, since closed-form expressions for all the terms

in (33) are available7; can be obtained numerically using

where both transmit-power in the objective as well as transmif+4-dimensional search which is computationally affordable.

rate inC'1 are averaged over all channel regions (quantization
gtates). Notice that different from the F-CSIT pased prObleﬂl‘gorithm 3: Off-line Power-Efficient Quantization (Q-CSIT)
in (13), the loaded power here does not vary with the channel

gain, but only with the region index (|.e'., the power Ioadm. $3.0) Let § denote a small tolerancea small step size,
is fixed per AMC mode) and therefore it does not appear i and#mex 0 the maximum value for the highest
the integrals. In fact/"*" f;(g)dg can be interpreted either uar:'ﬁzation threshold (e.g., a value brin Ign the
as the probability of falling into théth quantization region or q bability of the high 9. | ging
as the probability of selecting tHegh AMC mode. pr.o. a} : |ty O_ the highest re.gllon close to 0).
Next we use the KKT conditions to firgf. Let A denote the (S3.1) Initialize A with a small positive number and set

— ~maxe- ~ L .
Lagrange multiplier associated with the rate constraihiand 7L = 77" then calculate{7};_, by solving
& = |, ..., &) the Lagrange multipliers corresponding to (33). If C2 is not satisfied for some;, setr, =
C2. As in (16), witha = 0, the KKT condition at the optimal 741 If the obtained solution is feasible, go to
#* dictates (S3.2; otherwise decreasg, = 7, —¢ and repeat
e (s3..
OL(A", 77) TG 3 (S3.2) Based on the closed-form in (25), calculate the
—a__ = |:plfl(7-lfla T ,T1—1, 60) - A T—1 ' L ’
o ) average rater = 3,7, [F5(Tit1) — Fg(7)lr.
— ]51(711*771[11,7“1,60) =+ )\*7”1} fg(%l*) (33) Check C1 and if |7: - T’o‘/TO < § then stop

otherwise, calculaté\ ) := (7—r)c using a small

Opi-1 - = i =\ ositive adaptive constant update th Itipli
+ — (7, 7,11, € ~(3)d positive aaaptl nt update the multiplier
07 (i i o) 7 2(9)9 to A = A+ A\, and go back toS3.J).
ODl s ~s T
+ %(Tl T €o) /T f3(9)dg = 0. Notice that the main computational burden in Algorithm 3
l

2 pertains to the calculation of the optimal thresholds in step
Notice that using the CDF in (25), we ha\f%f+1 f3(9)dg = (s3.1) which requires a two-dimensional search. Once the
F5(7f ) — F5(7)). optimal \* as well as{7;}/, are calculated, the optimal



quantizer@.(-) can be readily determined as Now themth entry of the optimal*(h) = h' isv?,(h) = Al ,
B h 35 which requires only I-CSIT. The receive-SNR after optimal
¢ = Gu(h) (35) beamforming based on I-CSIT i = pg? = pg, whereg
= arg {g {1 _ min dﬁh(U,h/IIh)] c [ﬁ_’ﬂ“)}. corresponds to the equivalent SISO channel gain in (5) and
' ueu has PDF and CDF given by (6) and (7), respectively.

K2

With the AMC mode index; given by (35), the optimal rate
and power allocation are obtained via (30) and (31).

C. On-line Feedback and Adaptation of Transmitters B. Optimal Rate and Power Quantization and Allocation

Based on the optimal beamforming and resource allocation _ . )
policy, we outline next the on-line algorithm executed by the GVen I-CSIT, the optimal (scaled) beamformersis(h).

FC and the sensors per channel realization. To construct the entire steerjng vecter(h), the sensors
need also the (scaled) transmit-powgh) = p(h)/||h||? (or
Algorithm 4: On-line Adaptation (Q-CSIT) equivalently p(g) := p(g)/g), which requires knowledge of
|Ih|| and therefore depends on all the individual chanhgls
For each channel realizatidm With finite-rate feedback, again the FC quantizes the channel
(S4.1) The FC obtaing,, = @, (h) andc; = Q:(h) us- gaing using a finite number of regions. Similar to Q-CSIT, the
ing, respectively, (21) and (35), and broadcasts the domain ofg is partitioned intal. different quantization regions
aggregate codeword = [c,; c;] to the sensors. {R; = [71,7141) L, so that thelth AMC mode is employed
(S4.2) Each sensofn transmits using thenth entry of by the sensors wheg € R;. Different from Q-CSIT, now the
the optimal beamforming vector indexed ly, Ith AMC mode is characterized by the rate-power gajr g;),
and loads the optimal power and rate allocation where p; is fixed per region and must be selected to satisfy
indexed byc;. the BER requirement,. Upon defining
Notice that the optimal beamforming and resource allo- Fia
cation configurations must be available to both the FC and ¥e(7i, Ti41, o1, 71, €0) = / e(g, mg, ) fy(9)dg
sensors during the initialization phase. In st&®.2) the R fan
optimal transmlt-powep;t correspondlng ta; is calculated — / £,(9)dg, (36)
at the sensors by solving (29). This means that the sensors 7

must know the optimal thresholds; } =, (i.e., the FC must
broadcas.t them during the WSN deployment)..To_reduce theg arguing as in (27)-(35), it follows that/a satisfying the
computational load at the sensors, an alternative is to let

> . scribed BER (denoted by (7, 7141, 71, €0)) should solve
FC calculate and feed badlg; }~_, to the sensors during thewé(ﬁ’ Fie1, 1, 71, €0) = 0. Unlike what we had in the Q-CSIT
initialization phase.

case fory., no closed-form expression is available for.
However, relying on the fact thafg, p;g, r;) is monotonically
V. SOLUTION BASED ONI-CSIT decreasing W.r.t. tg;, the rootg; (7, 741,71, €o) can still be
So far we derived optimal adaptive transmission strategiefficiently obtained via one-dimensional search.
based on F-CSIT where sensors perfectly know the vectonve can now proceed to optimize resource allocation
channel, and based on Q-CSIT where sensors have availablgsed on I-CSIT. Giveny;(7,741,7,€0) and a realiza-
a quantized version oh. In both cases, CSIT was obtainedion h, the transmit-power when théh AMC mode is

through feedback from the FC. However, for time-divisioRelected can be found agh) = |h||?5; (7, 711,71, €0) =
duplex (TDD) systems, each senser can acquireh,, via gp (7, 741,71,€0) = p(g). To find the optimal quantization
pilot-based channel estimation during the symmetric reverggesholds+* := [7,...,7141)"7 minimizing the average

transmission. This motivates analysis of what we call inransmit-power, we need to solve
dividual (I-) CSIT scenario, where each sensarhas full
knowledge ofh,,, but only finite-rate is available for CSI

feedback. min  p,

L ~

= . ~ (~ o~ Ti41

A. Optimal Distributed Beamforming where p:= lzpl(TlleH’”’eO) 7 9 falg)dg

=1

The adaptation in this case is similar to the one based on L -

F-CSIT. When F-CSIT is available, (4) states that the optimal | subject to: C1. > S fe(9)dg > o
beamforming weight atath sensor isu?, (k) = hf,/|h|. On =1
the other hand when only I-CSIT is available, sensohas C2. 7 <71 VI
access td], but the value of|h| is unknown. To bypass this (37)

difficulty we define scaled beamformer and power variables asLetting A denote the Lagrange multiplier associated with
v := ||h|lu andp := p/|/h||?, respectively, so thaty = /pv. C1 and assuming all the constraints @2 are satisfied with



strict inequality, the KKT condition for the optima]}* yields

18 T T
L, 7 e - < s
( ) = |7 p-1(F, T -1, €0) — A 16} | TE QOSIT
an —o—L.CSIT
_ %l*ﬁl(%l*’ 7:[*_"_1, I, 60) + ;\*Tl} fg (7:1*) (38) g 1al —&— F-CSIT
1, - 5
+ 7~(Ti77'i+157“ia€0)/ 9fe(9)dg z 127
O iy
- &
8ﬁl o Ti+1 o 101
+ f(Ti,TiHJ’i’GO)/ 9f9(g)dg =0 5
87'1 7 Z al
where [° gf,(g)dg = (M +1,a)~T (M +1,b)]/T(M); and |
0p; /07, ¥l € [2,L], Vi € [1,L], can be obtained through : : ‘
implicit differentiation as 2 25 3
Average Transmit-Rate [bits/symbol]
9p;
ix oz ) — 39
o7 (7is Tit1, 7, €0) (39) Fig. 2. Total transmit-power vs total transmit-rate for different CSIT scenarios
. [—e(Ti,T1pi,r)+eolfo (F1) i=1 (M =4, L =4, N, = 16).
J N 0e(9,955m1) /0plg e (9)dg
= { o =i teolfo (R1) i=1-1
L [9e(9,951.m1-1)/0plafe(9)dg sensors$ with fading links adhering to (as1). Unless otherwise
0, otherwise. specified, we suppose that each sensor supports three active

M-ary QAM uncoded modes: 2-QAM, 8-QAM and 32-QAM
Pflus the inactive state; i.e., the transmission rates of AMC
modes arer; = 0, 1, 3, 5 bits per symbol. In all simulations,
we set the BER requirement tq = 10~ and wherever
applicable, the codebook of beamforming vector has size
C. On-line Feedback and Adaptation of Transmitters N, = 16.

Once the optimal thresholdst* are obtained, the Test Ca_se 1 (Comparis_on of transr_nit-power consumption):
corresponding (7, 7,1, 71,€0) can be computed at both For varlable rate _requwements, Fig. 2 shovx_/s the average
the FC and the sensors, which then implement the followif{prmalized transmit-power per symbol (i) achieved by the
on-line algorithm to adapt their transmissions per chanrigptimal adaptation policies based on: (i) F-CSIT, (ii) Q-CSIT,

Noticing the similarity between (38) and (33), we can readil
devise the counterpart of Algorithm 3 to computée and 7~
off-line.

realization: (i) 1-CSIT, and (iv) spatial (S-) CSIT. In the fourth S-CSIT
case, we consider for comparison and illustration purposes that

Algorithm 5: On-line Channel Adaptation (I-CSIT) the sensors implement optimal spatial beamforming based on
F-CSIT but do not implement temporal power allocation across

For each channel realizatidm time.

(S5.1) The FC findsi*(h) = [*(g) = arg {g € From Fig. 2, we have the following interesting observations:
(7,7 ,)}, and broadcasts = [l*(ﬁ)} to all (i) both Q-CSIT and I-CSIT based strategies can achieve
sensoJFs. power efficiency close to the optimal F-CSIT based one; (ii)

(S5.2) Each sensom transmits the common symbael the Q-CSIT based and the I-CSIT based policies yield almost

using thel* (h)th AMC mode and steering weigh 'dentical performance; (i) the gap (ull) between limited-
g (h) g weig rate feedback based policies and the optimal F-CSIT based

Wy, = A/ Pix(n) (ﬂ’i(h),?l*l(h)ﬂﬂ“z*(h),eo) hi,. one remains almost constant for different rate requirements;
and, (iv) both Q-CSIT and I-CSIT based strategies clearly

] ) outperform the optimal S-CSIT scheme although the latter
Notice that since the beamformer based on I-CSIT does Rghuires F-CSIT while the former only require of few bits
require feedback from the FC, we only ne&l= log,(L) of feedback.

bits for CSI feedback, which may be significantly less than 4 test the importance of feedback on power efficiency, we
B = log,(L + Ny) bits required to feed back the Q-CSITcompare the power consumption by the optimal F-CSIT based
especially whenv, is large. policy and that of an open-loop system without feedback. As
shown in Table I, the power consumed by the open-loop design

VI. SIMULATIONS is 20 ~ 25 dB higher than that of the closed-loop design

In this section, we present numerical examples to ass@@sed on F-CSIT. As expected, CSI can largely reduce power
the transmit-power consumed by the sensors when F-CSIT, r@guwements, and thus considerably increaselitagpan of
CSIT or I-CSIT is available. The energy per symbol, system,_ _ o
bandwidth and AWGN power spectral density are select%j This setup is reasonable for, e.g., a WSN organized in clusters where the

' A ) e of the FC is played by a cluster-head and only a few sensors are awake
to satisfy E5/Ny = 1. The simple cases tested include fouper cluster to minimize power consumption.




TABLE | TABLE IV
AVERAGE TRANSMIT-POWER(IN dB) FOR OPENLOOP AND CLOSEDLOOP AVERAGE TRANSMIT-POWER(IN dB) AS L VARIES.
SYSTEMS ASr( VARIES.

L [ 1[2]4][6][8]x]
\ 70 [175] 2 [225] 25 ]275] 3 | FCSIT| 98 | 94 | 86 | 85] 84 83
Closed-loop (F-CSIT)] 58 | 6.8 | 80 | 86 | 9.8 | 106 I-CSIT | 139 | 11.5] 10.2 ] 94 | 89 | 8.3
Open-loop 284 | 29.34| 30.1 | 30.5| 31.1 | 31.8 Q-CSIT | 142 ] 11.7] 107 98] 93| 89
TABLE I
AVERAGE TRANSMIT-POWER(IN dB) FOR (F, I, Q,AND S)-CSIT Test Case 4 (Effect of the number of feedback bit§ye have
SCHEMES (REFERENCE CASEM = 4,79 = 2.5,¢0 = 1073, L = 4, seen that with, = 4 (three active AMC modes) andl,, = 16,
7, =[0,1,3,5], Ny = 16, Es /Ny = 1; IN OTHER CASES,ONLY ONE the Q-CSIT and I-CSIT based solutions yield power efficiency
INDICATED PARAMETER IS CHANGED WR.T. THE REFERENCE CASE) close to the optimal F-CSIT benchmark. This is achieved
using [log,(4) + log,(16)] = 6 and [log,(4)] = 2 bits
CASE F-CSIT | I-CSIT | Q-CSIT | S-CSIT per channel realization for Q-CSIT and I-CSIT, respectively.
Reference Case|| 86 | 102 | 107 | 138 Next, we analyze how the number of feedback bits affects the
M=56 5.0 65 6.9 112
By/No =3 39 | 54 5.9 9.1 performance. _ _
=101 10.1 11.9 12.1 16.7 We first study the impact of varying the number of supported
L=6 8.5 9.4 9.8 13.8 AMC modes. Table IV lists the total power cost in the F-
n=1001264 8.7 102 | 105 132 CSIT, I-CSIT and Q-CSIT cases for differehtvalues. (When

L =1, the sensors only support one AMC mode which does

not require feedback; whereas for all the remaining cases,
the WSN. sensors suppori—1 active AMC modes plus an inactive mode
Test Case 2 (Power consumption for different scenarios)indexed by feeding bacKog,(L)] bits.) Recall that in the Q-
Numerical results assessing the performance of F-CSIT, QSIT based design, we assume tit = 16 beamforming
CSIT, I-CSIT and S-CSIT based schemes over a wide rangemeddes can be employed. A increases, we observe that:
parameter values are summarized in Table Il. The simulati¢in the power consumption decreases for all solutions, (i) the
results confirm: (i) the near optimality of Q-CSIT and I-CSITpower-gap of the Q-CSIT and I-CSIT based systems from
based policies, and (i) the significant loss in power perfothe F-CSIT benchmark also decreases, and (iii) the first and
mance that the S-CSIT based system suffers from becausgeitond increments df bring the largest power savings. Notice
does not exploit the temporal diversity of the fading channedlso that the power consumed by the Q-CSIT solution exceeds
Test Case 3 (Characterizing the optimum solution)o gain that of the F-CSIT based system evenlas— oo when the
more insights, Table Ill lists the optimal quantization anfbrmer only relies on a beamforming codebook of finite size.
resource allocation for the three forms of CSIT. Recall that in We next gauge the effect of varying, in the Q-CSIT case.
the F-CSIT and I-CSIT based solutions the thresholds pert&iy. 3 plots the average transmit-power versus the number
to the channel gairy whereas in the Q-CSIT solution theyof feedback bitslog, (N, ). For comparison, we also depict
pertain tog < g. the transmit-power for the corresponding I-CSIT and F-CSIT

It can be seen that in all closed-loop systems, the AMBased solutions. Again the power consumption decreases as

mode with lower transmission-rate consumes the smallest avi; increases, while the reduction for each additional bit
age transmit-power. We also observe that the optimal solutioiiscreases. Note that &5, = oo, § = g, and thus only power
try to equalize the power price per bit in all quantizatioguantization is implemented. Interestingly, we observe that
regions. It turns out that for all cases the most likely AMGvhen N, is large, the Q-CSIT based system outperforms the
mode is the third one whose transmission rate £ 3) is |-CSIT based one. As we already mentioned, divergence of the
the closest to the required ratg = 2.5. This fact is more solutions in these two cases is due to the fact that quantizing
pronounced in the F-CSIT case where the optimal allocatitime different variablesp(and p = p/||h||?) results in different
allows adaptation of the transmit-power per AMC mode amptimal quantization designs. Intuitively, the advantage of Q-
thus, reduces the need for adapting the rate. Interestingly, B8IT can be explained because variations in receive-SNR are
thresholds are noticeably different for the three cases (redalls pronounced in the Q-CSIT solution ¥s ¢2) and this
that to fairly gauge the Q-CSIT case, we should use thesults in an optimal policy closer to the F-CSIT benchmark.
equivalent thresholds pertaining gowhich are slightly larger However, it is worth to reiterate that the adaptation based on
than those fory shown in Table Ill). These discrepancies ar®-CSIT requires more feedback bits than the one based on
due to the difference in the SNR at the FC. Specifically, tHeCSIT, especially when the Q-CSIT solution outperforms the
receive-SNR is: (i) constant in the F-CSIT solution whereCSIT one; i.e., whenV, is large.
~v = pi(g)g with p;(g) proportional tol /g; (ii) proportional to Finally, we should to point out that although theoretically
g in the Q-CSIT solution where = p;g with p; constant; and the power gap of Q-CSIT and I-CSIT relative to F-CSIT tends
(iii) proportional tog? in the I-CSIT solution where = 5,9> to zero asl, N,, — oo, our numerical results suggest that even
with j; constant. This also implies that the I-CSIT solutiom few feedback bits (e.gl, = 2% and N = 2°) suffice to close
is very sensitive to small channel gains and, thus, it sets ttihe gap.
threshold of the first active region to a relatively high valueTest Case 5(Sensitivity to synchronization, i.e., mistiming
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TABLE Il
OPTIMUM AVERAGE POWER (IN dB) AND RATE LOADING PERAMC MODE (QUANTIZATION STATE) AND QUANTIZATION THRESHOLDS (M =4,
ro=25e =10"3,L=4,7, =[0,1,3,5], Ny = 16).

\ \ F-CSIT \ I-CSIT \ Q-CSIT \
AMC mode =2 [ (=3 [l=4[1=2[1=3[1l=4]1=2][1=3]1=4
Average Tx-Powerp, | 4.96 | 957 | 11.75| 4.40 | 10.64 | 14.62 | 7.02 | 11.45 | 13.54
Tx-Rate:r; 1 3 5 1 3 5 1 3 5
Thresholdsi; ; ; 08 | 24 | 97 | 1.7 | 30 | 58 | 06 | 16 | 51
Probability: Pr{l* =1} | 0.22 | 0.75 | 0.01 | 0.26 | 048 | 0.17 | 0.25 | 0.68 | 0.05

| —8— Q-CSIT |
12 — = = LCSIT level —6— LCSIT
o L== F-CSIT level QoS
115} ; T —&— F-CSIT

1l 0.004f

10.5¢

10

9.5}

Average Transmit-Power [dB]

851

2 3 4 5 6 7 10 [ee) 0 5 10 15 20 25 30
log,(N,) [feedba(:k bits] Synchronization error & [%]

Fig. 3. Effect of number of feedback bits for Q-CSIT schemé¢ & 4, Fig. 4. BER degradation due to synchronization mistiming for F-CSIT, Q-
ro = 2.5, L = 4). CSIT and I-CSIT schemes\{ = 4, 7o = 2.5, L = 4).

effects): Since the synchronization among sensors assum@és behavior is twofold: (i) our design is based on an upper
under (asl) is challenging to obtain, we will rely on simulateBound [cf. (24)] which, although tight, yields a conservative

tests to gauge how sensitive is our design to synchronizatiggsign that slightly oversatisfies the BER requirement; and
errors. Although systems with instantaneous CSI at boii) the quantized CSIT naturally accounts for uncertainty in

receiver and transmitter can cope with synchronization erroghannel estimation making the design more robust synchro-
here we test a worst case scenario where these errors rg@tion errors. More importantly, Figl suggests that our

so fast that neither the receiver nor the nodes can accoHbel adaptive schemes are robust to low-moderate timing
for them. The simulated setup consists of four sensors wi@nchronization errors.

random mistiming bounded by. On the one hand the FC is
unable to estimate and compensate for these mistiming errors
and thus quantizes the erroneous channel gain. On the other
hand, the sensors adapt their transmit configurations usingn a WSN entailing coherent sensor communications with
codebooks designed considering perfect synchronization (thasfusion center, we minimized the average transmit-power
sub-optimum in the presence of mistiming) and based on thebject to average rate and BER requirements when full (F-)
erroneous information fed-back by the FC. CSIT, quantized (Q-) CSIT or individual (I-) CSIT is available.
Based on this set-up, Fidg.depicts BER measured at the FONith finite-rate feedback, we optimally separated the main
for different mistiming errors when the target rate and BER adesign in two subproblems: (i) MISO channel quantization and
2.5 and103, respectively, for the cases of F-CSIT, Q-CSIbeamforming, and (ii) rate/power quantization and allocation.
and I-CSIT based operation. As expected, BER performanBg exploiting the parallelism between the coherent WSN
degrades when synchronization errors occur, increasing medtup and a distributed MISO system, we relied on non-linear
erately for small values af and exponentially for systems with programming tools to solve the programs at hand and derived
very poor synchronization (average transmit power and rate #ne corresponding power-efficient channel quantization and
not presented since they remain unchanged with the FC maolfaptive transmission policies. Numerical results confirmed
mitigating for mistiming). Focusing on the Q-CSIT case, wthat our limited-rate feedback (Q-CSIT and I-CSIT) based
observe that this system exhibits the best BER performanselutions attain power efficiency surprisingly close to the
Specifically for timing errors not exceeding 5%, the systewptimal F-CSIT based benchmark. They outperform a S-CSIT
performs below the target BER and even for errors up to 20%cheme which only exploits spatial diversity with F-CSIT, and
the BER in less than twice the required value. The reason faffer significant power savings relative to open loop systems

VII. CONCLUSIONS



that do not exploit CSI¥.

APPENDIXA
CLOSED-FORM BER EXPRESSION FORQ-CSIT

Finding a closed-form expression for.(7;, 7111, D1, 71, €0)
requires analytical evaluation of the two integrals in-

volved in (29). Using the CDF ofy, we have for the x
second integral tha’cf”*1 f3(9)dg = Fy(fip1) — F3(7).
The first integral in (29) requires solving analytically
D(p,r,z) = [e(g,p,r)f3(3)dg ‘g}:m' Utilizing (9) with b :=
kep/(2" — 1), the latter can be re-written a®(p,r,z) =
k1 [exp(b, §)f;(3)dg |§=x, which after tedious manipula-
tions yields [cf. (26)]
[ exo(-ta)f3()ds “0)
B 1 14 (1 — Zmax) - "
B /F(M) {eXp < 1 — Zmax g>
g]\/ffl +
Xm(l*]\f max)+ N exp( (1+b) )
x | P(M) = T(M, 2ax/ (1 = 2max) | } g
_ -1 {(1+b)(1_N Zmax)+N max X
- T+ [1+B(1 = 2max)|M
14+ b(1 — zmax) Ny exp(—(1+b)g)
F(M,g 1 — Zmax >+ 1+0
X [F(M) - F(M, gzmax/(l - anax))]} . (1]
Based on (40), we can write (29) in closed-form as
. - [2]
e(Tt, Ti1, D1, 715 €0) = Doy 11, Ti1) — P(Pr, 715 T1)
= eo[Fy(Tivr) — F(R)]. (A1) 3
Finally, based on (28) and (41) we arrive at
~ f~ o~ ~ (i)~7717~ _(i)~7r7~ 4
&(7, Tiv1, 1, m1) = & - THI) = (pf 7) (42) .
Fy(Ti41) — F5(7)

which quantifies the average BER analytically when the pro%
posed Q-CSIT design is in force.

APPENDIXB 71
CLOSED-FORM OF THE POWER DERIVATIVE BASED ON 8]
Q-CSIT
For the PDF ofg in (26), we can write [0
Tit1 _ o ~ R B ~ [10]
[ 06 0.0/001 35010 = & Fuvn) - Epor 7).
" @43)
Differentiating (9) w.r.t.p, we can re-write (43) as [12]
F o = P [13]
Ep.ra) = [106lg.p.r)/o0f5(@)dg
g=x
—K1Kg > Kop . [14]
= 44
2_115(?_179) e
[15]

6The views and conclusions contained in this document are those of the
authors and should not be interpreted as representing the official policigs]
either expressed or implied, of the Army Research Laboratory or the U. S.
Government.

L (b.9) = /'gexp<—b§>f§<g>dg
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where I¢ (b, g) is found in closed-form as

(45)

gM

Zmax)M

1 1+ b(1 i
[ e (-5 15) o
(1 -N Zmax) + Nu eXp(—(l + b)g)
) -, zmaxg/u - zu)) | 7} dg
-1 — NuzM
F(M) {(1 - maX) [1 + b(l — Zm X)]Zw—i-l
(o1
Nyexp(—=(1+b6)g)(1+ (1+b)g)
EE
—T'(M, §zmax/(1
N ZIL[

max

T+ D)2+ b(1 — 21+

{1 +b(1 = Zmax)T (M, gl +1b(1

- Zmax)

— Zmax

[F(M) - Zmax))]

— zmax)>

- Zmax)

Zmax

1+b(1

(14+0)(1 — zmax)T (M—i—l,g T
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