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Ivo Pletikosić) and ArsClassica (by Lorenzo Pantieri) styles, Copyright © 2018.



Si has perdido el rumbo escúchame:
llegar a la meta no es vencer.

Lo importante es el camino, y en él
caer, levantarse, insistir, aprender.

— La Posada de los Muertos - Mägo de Oz (2005)

Quien algo quiere, algo le cuesta.

— Expresión popular
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R E S U M E N

antecedentes

La fibrilación auricular (AF) es el tipo de arritmia cardíaca más común en la prác-
tica clínica, y afecta a más de 33 millones de pacientes en el mundo [1]. La AF es tam-
bién una patología que aumenta el riesgo de sufrir embolias, insuficiencia cardíaca,
accidentes cerebrovasculares y, en el peor de los casos, la muerte [2]. Por tanto, uno
de los objetivos buscados en clínica es restaurar el ritmo sinusal en pacientes con
AF. Este objetivo puede conseguirse con tratamiento farmacológico [3], pero la ter-
minación de los procesos arrítmicos suele lograrse mediante la ablación del tejido
cardíaco. Las principales dianas en procedimientos de ablación son las zonas que
provocan el inicio de la AF y los rotores responsables de su perpetuación [4].

Estudios previos in vivo han utilizado diferentes estrategias para localizar rotores
en AF y guiar la ablación de las venas pulmonares (Pulmonary Veins Isolation, PVI).
En el caso de los procedimientos de mapeo invasivo [5]–[7], se introducen varios
catéteres dentro de las aurículas para registrar de 8 a 128 electrogramas (EGMs) si-
multáneos [5]. A pesar del número de señales intracardíacas, la gran distancia entre
los electrodos de los catéteres y la compleja anatomía auricular limitan la capacidad
de los sistemas de mapeo intracardíaco para caracterizar la actividad eléctrica global
en AF [8]. También se han probado procedimientos no invasivos basados en imagen
de electrocardiografía (Electrocardiographic Imaging, ECGI) para guiar la PVI [9]–
[11]. Sin embargo, la tasa de éxito de la PVI es menor cuando la AF es persistente.
Aunque se han propuesto nuevos métodos de procesamiento de señal para identi-
ficar el centro de los rotores mediante mapeo óptico [12], la mayoría de los estudios
sugieren que las zonas donde se encuentran singularidades de fase (Phase singulari-
ties, PSs) estables son las responsables de perpetuar la AF. Sin embargo, la ablación
guiada por PSs se considera una alternativa fiable en los casos de AF persistente, en
los que la PVI tiene una baja tasa de éxito [13], [14].

El ECGI se está utilizando para reconstruir de forma efectiva la actividad electrofi-
siológica en la superficie del corazón, resolviendo las limitaciones espacio-temporales
del ECG clásico, mediante el uso de registros no invasivos de potenciales de la su-
perficie corporal (Body Surface Potentials, BSPs) [15], [16]. El ECGI combina el mod-
elado numérico de las propiedades bioeléctricas del tórax y el procesado de señal.
Sin embargo, el ECGI presenta varios inconvenientes. En primer lugar, el ECGI es
un problema mal planteado porque la propagación entre el epicardio y el torso im-
plica pérdida de información [17], principalmente debido a la atenuación de la señal.
Además, los BSPs también se suavizan en comparación a las señales intracardiacas de-
bido a las leyes de teoría del campo electromagnético. Por tanto, se utilizan métodos
de regularización para obtener reconstrucciones fiables y estables de los potenciales
epicárdicos [18]–[22] que, a su vez, permiten identificar regiones de alta frecuencia
dominante (Dominant Frequency, DF) [23], secuencias de activación [24], [25] o sus-
tratos arritmogénicos [26]. Por otro lado, el ECGI requiere un modelado matemático
preciso tanto de las aurículas como del torso, principalmente a partir de imágenes de
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tomografía computarizada (Computerized Tomography, CT) o resonancia magnética
(Magnetic Resonance, MR).

Aunque el ECGI no ha sido validado en la caracterización de la AF debido a estas
limitaciones, se ha demostrado que es una herramienta prometedora para identificar
rotores en AF y guiar los procedimientos de ablación [9], [10], [23], [27], [28]. Por
ejemplo, se han propuesto enfoques de mapeo de fase para analizar las características
espacio-temporales de las señales relacionadas con la AF [17].

objetivos

Estudios previos han demostrado que incluir cualquier información disponible
a priori durante los estudios electrofisiológicos (Electrophysiological Studies, EPSs)
puede mejorar la estimación de la actividad eléctrica en el corazón [18], [29], [30].
Por tanto, la combinación de registros no invasivos e invasivos durante los proced-
imientos de ablación puede ayudar a eliminar algunas de las limitaciones de cada
técnica individual y conseguir así una identificación más precisa de los rotores en
AF.

Además, en la última década, las técnicas de Machine Learning y Deep Learning
han experimentado un desarrollo considerable en bioingeniería, y esto incluye la in-
vestigación en AF. Sin embargo, la mayor parte de la investigación basada en Deep
Learning que se centra en AF se basa en la detección y clasificación de arritmias
[31]–[33], y no incluyen la estimación de dianas de ablación. No obstante, estudios
recientes han demostrado que los métodos de Machine Learning y Deep Learning
también pueden utilizarse en tareas más complejas, como la estimación de poten-
ciales epicárdicos a partir de BSPs [34] y la identificación de rotores a partir de ECG
de 12 derivaciones [35].

Por tanto, el objetivo principal de la presente Tesis es tratar de reducir o evitar
las limitaciones del ECGI en cuanto a la estimación de potenciales epicárdicos y la
identificación de rotores. Para ello, se van a definir dos objetivos específicos:

• Inclusión de información intracardíaca en el ECGI durante AF. Vamos a eval-
uar un nuevo método que incorpora información intracardíaca para resolver
el ECGI, y que es capaz de combinar información de campo cercano (EGMs)
y de campo lejano (BSPs) para proporcionar una imagen más completa de la
actividad eléctrica de las aurículas durante la AF. Este objetivo se llevará a
cabo con una formulación basada en la regularización de Tikhonov, que in-
cluirá mediciones intracavitarias basadas en EGMs obtenidos del endocardio,
simultáneamente junto a los BSPs.

• Implementación de un método no invasivo basado en Deep Learning para esti-
mar la localización de rotores en AF. Vamos a modelar la localización de rotores
en AF a partir de BSPs como un problema de clasificación supervisada con téc-
nicas de Deep Learning, utilizando para ello modelos computacionales de AF
realistas previamente etiquetados. El objetivo es predecir esas regiones sin uti-
lizar ECGI, lo que requiere un modelado matemático preciso del torso y las
aurículas.
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metodología

Los diferentes objetivos expuestos han sido llevados a cabo, en su mayoría, me-
diante modelos tridimensionales realistas de aurículas y torso, que simulaban difer-
entes patrones de propagación de la AF. Estos modelos cardíacos sintéticos incluyen
EGMs simulados, a partir de los cuales se calcularon los BSPs utilizando el problema
directo de electrocardiografía. Para simular un escenario realista, se añadió ruido
gaussiano a dichos BSPs.

Para abordar el primer objetivo específico de esta Tesis se compararon las recon-
strucciones de potenciales epicárdicos utilizando la regularización clásica de Tikhonov
en ECGI con las obtenidas con la nueva formulación propuesta, que incorpora EGMs
intracardíacos simulados como información intracavitaria para resolver el ECGI. Tam-
bién comparamos estos resultados con una reconstrucción por interpolación de EGMs
en toda la geometría auricular. Las reconstrucciones de potenciales epicárdicos se
compararon con las señales de referencia en términos de diferencia relativa y cor-
relación. Estas reconstrucciones también se utilizaron para calcular los mapas de
DF y de fase, para finalmente estimar los mapas de probabilidad de posición de ro-
tores. Además, también se obtuvieron reconstrucciones de potenciales epicárdicos
con datos reales de pacientes, cuyos resultados se compararon en términos de DF.

A continuación, para el segundo objetivo específico de esta Tesis, se dividió la ge-
ometría auricular en 7 regiones en las que se pueden encontrar rotores. Para obtener
datos etiquetados, se clasificó manualmente la localización del rotor en los modelos
computacionales para cada instante temporal. A continuación, se definió un con-
junto de 64 BSPs seleccionados manualmente para ser utilizados como entrada en un
modelo Perceptrón Multicapa (MLP), mientras que el mismo conjunto se convirtió
en imágenes antes de ser utilizado con Redes Neuronales Convolucionales (CNN).
Dividimos el conjunto de BSPs en entrenamiento, validación y test utilizando difer-
entes enfoques para simular desde escenarios ideales hasta otros más realistas, y los
resultados se analizaron en términos de precisión, Cohen’s Kappa, sensibilidad y
especificidad.

resultados

En primer lugar, hemos propuesto un nuevo método para incluir información in-
tracavitaria (EGMs endocárdicos) como una restricción adicional en el método de
regularización de Tikhonov. El método propuesto mejoró la estimación de los poten-
ciales epicárdicos utilizando el método Constrained Tikhonov (Cons-Tikh) de primer
orden, que es capaz de reproducir componentes de alta frecuencia en la solución,
evitando el comportamiento de filtrado paso bajo del enfoque basado en Tikhonov
clásico. Sin embargo, la estimación de potenciales epicárdicos empeora consider-
ablemente para todos los métodos a medida que aumenta la complejidad de la AF.
Además, aunque esta metodología tiene dos parámetros de regularización que ser es-
timados (proceso muy costoso computacionalmente), hemos disminuido el tiempo de
computación utilizando un método de estimación de parámetros de regularización
iterativo. Por último, el uso combinado de BSPs y EGMs podría lograrse fácilmente
en un entorno real, ya que en varios estudios se registran simultáneamente los BSPs
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y los EGMs endocárdicos. Por tanto, es posible integrar ambos tipos de señales en la
formulación propuesta en un entorno clínico.

A continuación, se han diseñado modelos basados en MLP y CNN para identificar
las dianas de ablación mediante un procedimiento no invasivo (BSPs). La principal
ventaja de esta metodología es que es capaz de predecir las regiones de interés sin
utilizar el ECGI, el cual requiere un modelado matemático preciso del torso y las
aurículas. En el caso de las CNN, donde los BSPs se convirtieron en imágenes, esta
metodología ha demostrado ser precisa y robusta en presencia de ruido. Además,
la metodología propuesta hace que los métodos de transfer learning sean muy fáciles
de aplicar, ya que pueden utilizarse para adaptar modelos preentrenados mucho
más complejos a nuestra tarea específica con buenos resultados. Por último, los
modelos de clasificación puede extrapolarse fácilmente a otros esquemas de división
de la geometría auricular basados en un mayor número de regiones más pequeñas,
pudiendo obtener una mayor resolución en la clasificación de rotores.

conclusiones

Los resultados obtenidos con los métodos propuestos muestran que la integración
de las señales cardíacas intracavitarias en la regularización de Tikhonov podría ayu-
dar a mejorar la calidad de las reconstrucciones de potenciales epicárdicos en ECGI.
Unas reconstrucciones más precisas tienen una aplicación directa en la práctica clínica,
ya que pueden ayudar a mejorar la caracterización de la AF y guiar los procedimien-
tos de ablación. Además, las técnicas de Deep Learning también pueden ser una
herramienta útil en este escenario, ya que pueden hacer uso de BSPs registrados
de forma no invasiva para estimar con precisión el área de las aurículas donde se
encuentran los rotores.



A B S T R A C T

Atrial fibrillation (AF) is the most common type of cardiac arrhythmia in clinical
practice, affecting more than 33 million patients in the world [1]. AF is also a condi-
tion that increases the risk of the patients to suffer embolism, cardiac failure, stroke
and, in the worst of cases, death [2]. Therefore, one of the clinical goals in AF patients
is to restore sinus rhythm. This objective is usually accomplished by ablation of the
cardiac tissue. Main targets of ablation are AF onset locations and drivers responsible
for AF perpetuation [4].

Previous human in vivo research showed different strategies to locate AF drivers
and guide pulmonary veins isolation (PVI). In the case of invasive mapping proce-
dures [5]–[7], several catheters are introduced inside the atrial chambers to record
from 8 to 128 simultaneous electrograms (EGMs) [5]. Despite the number of intrac-
ardiac signals, the large distance between catheter sensors and the complex atrial
anatomy limits the capability of intracardiac mapping systems to characterize the
global electrical activity in AF [8]. Non-invasive procedures based on ECG imaging
(ECGI) have been also tested to guide PVI [9]–[11].

ECGI has been previously proposed to effectively reconstruct the electrophysiolog-
ical activity on the heart surface, solving the spatio-temporal limitations of classical
ECG, by using a non-invasive recording of body surface potentials (BSPs) [15], [16].
ECGI combines both numerical modeling of the bioelectric properties of the thorax
and signal processing. However, ECGI is an ill-posed problem because the propa-
gation between the epicardium and the torso implies information loss [17], and the
BSPs are also blurred compared to the signals on the heart due to the laws of elec-
tromagnetic field theory. Regularization methods are then needed to obtain reliable
and stable epicardial potential reconstructions [18]–[22]. On the other hand, ECGI
requires an accurate mathematical modeling of both atria and torso, mainly from
computerized tomography (CT) or magnetic resonance (MR) images.

Previous research have shown that including any available a priori information
during electrophysiological studies (EPSs) may improve the estimation of electrical
activity on the heart [18], [29], [30]. Thus, combining non-invasive and invasive
recordings during the ablation procedures may overcome some of the limitations of
each individual technique and lead to more accurate identification of AF drivers.

Moreover, in the last decade, Machine Learning and Deep Learning techniques
have undergone considerable development in bioengineering, and this include novel
research in AF. However, most of Deep Learning-based research which focus on AF
is based on event detection and classification [31]–[33], and they do not include the
estimation of ablation targets. Nonetheless, recent research showed that Machine
Learning and Deep Learning methods can be also used in more complex tasks, like
heart surface potentials estimation from BSPs [34] and rotor identification from 12-
lead ECG [35].

Therefore, the main aim of the present Thesis is to overcome or avoid the limita-
tions of ECGI in terms of epicardial potential estimation and rotor identification. To
do that, two specific objectives are going to be defined:
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• Inclusion of intracardiac information in ECGI during AF. We are going to assess
new method to incorporate intracardiac information to solve ECGI, that is able
to combine near-field (EGMs) and far-field (BSPs) information to provide a
more complete picture of the electrical activity of the atria during AF. This
objective will be carried out with a Tikhonov-based formulation for inverse
problem that includes EGM-based intracavitary measurements obtained from
the endocardium, simultaneously to BSPs.

• Implementation of a non-invasive Deep Learning-based method to estimate AF
driver location. We are going to model the location of AF drivers from BSPs as
a supervised classification problem with Deep Learning techniques, to address
the location of AF drivers from previously-labeled realistic computerized AF
models. The main aim of this point is to predict those regions without using
ECGI, which requires accurate mathematical modeling of torso and atria.

In both cases, we have used realistic tridimensional models for atria and torso,
which simulated different AF propagation patterns. These synthetic cardiac mod-
els included simulated EGMs, from which BSPs were computed using the forward
problem of electrocardiography. To simulate a realistic scenario, gaussian noise was
added to these BSPs.

We first proposed a new method to include intracavitary information from endo-
cardial EGMs into the ECGI methodology. That is, we have included this information
as an additional constraint on the Tikh regularization method. The proposed model
improved the estimation of epicardial potentials by using first-order Constrained
Tikhonov (Cons-Tikh) method, which was able to reproduce high frequency compo-
nents in the solution, avoiding the low-pass filtering behavior of the classical Tikh
approach. However, epicardial potential estimation degraded severely for all the
methods as the complexity of AF increases. Moreover, although this methodology
has two free regularization parameters to be estimated (very computationally expen-
sive), we have diminished the computational cost by using an iterative regularization
parameter estimation method. Finally, combined BSPs-EGMs measurements could be
easily achieved in a real environment, since several studies simultaneously recorded
BSPs and endocardial EGMs. Therefore, it is possible to integrate both types of sig-
nals in the proposed formulation in a clinical setting.

Then, we designed MultiLayer Perceptron (MLP) and Convolutional Neural Net-
work (CNN)-based models to identify target regions for ablation using a non-invasive
procedure, as BSP mapping, by dividing the atrial geometry into 7 regions where
the AF driver can be found. The main advantage of this methodology is to predict
those regions without using ECGI, which requires accurate mathematical modeling
of torso and atria. In the case of CNNs, where BSPs were converted into images, this
methodology has been demonstrated to be accurate and robust to noise. Moreover,
the proposed methodology makes transfer learning very easy to apply, since it can
be used to adapt much more complex pre-trained models to our specific task with
promising results. Finally, the proposed classification models can be easily extrapo-
lated to other atrial geometry divisions based on a higher number of smaller regions,
being able to get a higher resolution in the driver classification.
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1 I N T R O D U C T I O N A N D M OT I VAT I O N

Atrial fibrillation (AF) is the most common type of cardiac arrhythmia in clinical
practice, affecting more than 33 million patients in the world [1]. AF is also a condi-
tion that increases the risk of the patients to suffer embolism, cardiac failure, stroke
and, in the worst of cases, death [2].

Therefore, one of the clinical goals in AF patients is to restore sinus rhythm. This
objective can be achieved by pharmacological treatment [3], but termination of ar-
rhythmic processes is usually accomplished by ablation of the cardiac tissue. Main
targets of ablation are AF onset locations and drivers responsible for AF perpetuation
[4].

Previous human in vivo research showed different strategies to locate AF drivers
and guide pulmonary veins isolation (PVI). In the case of invasive mapping proce-
dures [5]–[7], several catheters are introduced inside the atrial chambers to record
from 8 to 128 simultaneous electrograms (EGMs) [5]. Despite the number of in-
tracardiac signals, the large distance between catheter sensors (up to 1-2 cm) and
the complex atrial anatomy limits the capability of intracardiac mapping systems to
characterize the global electrical activity in AF [8]. Non-invasive procedures based on
ECG imaging (ECGI) have been also tested to guide PVI [9]–[11]. However, PVI suc-
cess rate gets lower in persistent AF. Although novel signal processing methods has
been proposed to identify rotor pivot points using optical mapping [12], most studies
suggested that stable sites of phase singularities (PSs) are responsible for maintaining
AF. However, PS-guided ablation is suggested as a reliable alternative in persistent
AF cases, where PVI has a low success rate [13], [14].

ECGI has been previously proposed to effectively reconstruct the electrophysiolog-
ical activity on the heart surface, solving the spatio-temporal limitations of classical
ECG, by using a non-invasive recording of BSPs [15], [16]. ECGI combines both nu-
merical modeling of the bioelectric properties of the thorax and signal processing.
However, ECGI has several drawbacks. Firstly, ECGI is an ill-posed problem because
the propagation between the epicardium and the torso implies information loss [17],
mainly due to signal attenuation. Moreover, BSPs are also blurred compared to the
signals on the heart due to the laws of electromagnetic field theory. Regularization
methods are needed to obtain reliable and stable epicardial potential reconstructions
[18]–[22], which, in turn allow us to identify dominant high-frequency regions [23],
activation sequences [24], [25] or arrhythmogenic substrates [26]. On the other hand,
ECGI requires an accurate mathematical modeling of both atria and torso, mainly
from computerized tomography (CT) or magnetic resonance (MR) images.

Even though ECGI has not been validated in AF characterization due to these limi-
tations, it has been demonstrated as a promising tool to identify AF drivers and guide
ablation procedures [9], [10], [23], [27], [28]. For example, phase mapping approaches
have been proposed to analyze spatio-temporal characteristics of AF-related signals
[17].
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1.1 objectives

Previous research have shown that including any available a priori information
during electrophysiological studies (EPSs) may improve the estimation of electrical
activity on the heart [18], [29], [30]. Thus, combining non-invasive and invasive
recordings during the ablation procedures may overcome some of the limitations of
each individual technique and lead to more accurate identification of AF drivers.

Moreover, in the last decade, Machine Learning and Deep Learning techniques
have undergone a considerable development in bioengineering, and this include
novel research in AF. For example, Deep Learning has been used in AF detection
by using Recurrent Neural Networks (RNNs) and Convolutional Neural Networks
(CNNs) [31]; by Short-Time Fourier Transform (STFT), stationary wavelet transform
and CNNs [32], and in the detection of individuals at risk of suffering from Parox-
ysmal AF by CNNs [33]. However, most of AF-based studies do not include the
estimation of ablation targets. Nonetheless, recent research showed that Machine
Learning and Deep Learning methods can be also used in more complex tasks, like
heart surface potentials estimation from BSPs using autoencoders [34] and rotor iden-
tification from 12-lead ECG using decision trees [35].

Therefore, the main aim of the present Thesis is to overcome or avoid the limita-
tions of ECGI in terms of epicardial potential estimation and rotor identification. To
do that, two specific objectives are going to be defined:

• Inclusion of intracardiac information in ECGI during AF. We are going to assess
new method to incorporate intracardiac information to solve ECGI, that is able
to combine near-field (EGMs) and far-field (BSPs) information to provide a
more complete picture of the electrical activity of the atria during AF. This
objective will be carried out with a Tikhonov-based formulation for inverse
problem that includes EGM-based intracavitary measurements obtained from
the endocardium, simultaneously to BSPs.

• Implementation of a non-invasive Deep Learning-based method to estimate AF
driver location. We are going to model the location of AF drivers from BSPs as
a supervised classification problem with Deep Learning techniques, to address
the location of AF drivers from previously-labeled realistic computerized AF
models. The main aim of this point is to predict those regions without using
ECGI, which requires accurate mathematical modeling of torso and atria.

1.2 structure of the thesis

This Thesis is structured in the following parts and chapters:

• Part I: Introduction to Cardiac Electrophysiology.

– Chapter 2: Cardiac electrophysiology and electrical mapping. In this chap-
ter we will present an introductory description of the heart and the electri-
cal measurement methods from which arrhythmias are detected. For this
purpose, first of all we will perform a review of the cardiac anatomy and
electrophysiology. Then, we will review the basics of cardiac arrhythmias



1.2 structure of the thesis 3

and AF. Finally, we will conclude this chapter by describing its treatment
and the methods of cardiac electrical mapping applied to AF.

• Part II: Inverse Problem of Electrocardiography and Regularization Methods.

– Chapter 3: Forward Problem of Electrocardiography and ECGI. In this
chapter we will go in depth about the mathematics of the forward and
inverse problem in electrocardiography. We will explain why the inverse
problem is an ill-posed problem, and the different methods of regulariza-
tion which help to stabilize its solution.

– Chapter 4: Inclusion of intracardiac information in ECGI during AF. In
this chapter we present the first proposal of improvement of ECGI resolu-
tion methods, in order to enhance the resolution of atrial mapping during
AF. We propose a new method to incorporate intracardiac information to
solve ECGI, that is able to combine near-field (EGMs) and far-field (BSPs)
information to provide a more complete picture of the electrical activity of
the atria during AF.

• Part III: Atrial Fibrillation Non-Invasive Characterization using Deep Learning.

– Chapter 5: Deep Learning: State of the Art. In this chapter we will explain
what Artificial Intelligence (AI) is and the difference between Machine
Learning and Deep Learning. Then, we will go in depth about the main
Artificial Neural Networks (ANNs) used currently, like MLPs and CNNs
and the mathematics involved. We will also explain how these networks
are optimized, and finally, we will introduce some of the applications of
AI in the field of cardiac arrhythmias and AF.

– Chapter 6: Non-invasive Estimation of AF Driver Position with Deep
Learning and BSPs. In this chapter we present the second proposal of im-
provement of ECGI resolution methods, based on modeling the location
of AF drivers from BSPs as a supervised classification problem with MLPs
and CNNs, to address the location of AF drivers from previously-labeled
realistic computerized AF models.

• Part IV: Final Conclusions.

– Chapter 7: Final conclusions, future work and main contributions. In
this chapter we will give a global conclusion about the main results of
this Thesis. These conclusions will be organized according to the main
objectives proposed in Chapter 1. Then, we will summarize the topics of
future work, indicating those aspects of this Thesis that can be improved.
Finally, we will list the main contributions of this Thesis in terms of journal
papers and conference contributions.
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2 C A R D I A C E L E C T R O P H Y S I O LO GY A N D
E L E C T R I C A L M A P P I N G

In this Chapter we will present an introductory description of the heart and the
electrical measurement methods from which arrhythmias are detected. For this pur-
pose, first of all we will perform a review of the cardiac anatomy and electrophys-
iology. Then, we will review the basics of cardiac arrhythmias and AF. Finally, we
will conclude this Chapter by describing its treatment and the methods of cardiac
electrical mapping applied to AF.

2.1 anatomy of the heart

The heart is a muscular viscera located in the center of the thoracic cavity. Its main
function is to pump blood to the rest of the body in order to supply nutrients and
oxygen to the cells [36].

This organ is composed by four cavities organized in two halves connected by a
central wall (septum): left and right. Each half is formed by two cavities, atrium
and ventricle, connected between them. The right side of the heart receives blood
from the different tissues of the body and send it to the lungs to be oxygenated,
whereas the left side receives oxygenated blood from the heart and pumps it to the
rest of the body [36]. Blood from both sides is never in contact. Atria and ventricles
contain valves that separate the different cavities, whose main objective is to prevent
the backflow of blood. A graphical representation of the anatomy of the heart can be
found in Figure 1.

Figure 1: Schematic illustration of the heart’s anatomy, including the directions of the blood
flow. Taken from [36].
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2.2 electrophysiology of the heart

In this section we will review the basics of the cardiac electrophysiology. On the
one hand, we will describe what the action potential (AP) and the cardiac conduction
system are. On the other hand, we will introduce the electrocardiogram (ECG), its
characteristic waves and the recording leads.

2.2.1 Action potential and conduction system

The blood pumping process occurs because of the electrical activation of the my-
ocardial tissue, whose cells suffer changes in their transmembrane voltage (TMV).
These changes are called APs, and they are responsible for the mechanical contrac-
tion of the heart.

The heart has a specific conduction system that enables it to send the AP to the
myocardial cells and perform synchronous contraction [37]. This conduction system
is formed by several myocardial fibers that can generate and conduct electrical im-
pulses. Since the electrical cardiac impulse should be propagated as fast as possible,
myocardial cells are interconnected with Gap junctions [38], making the coupling be-
tween cells faster. These Gap junctions are aggregates of intercellular channels that
permit direct cell–cell transfer of ions and small molecules [39].

The cardiac impulse propagation across the heart can be summarized in the fol-
lowing procedure [40]. It starts by an autonomous stimulus in the sinoatrial (SNA)
node, which is located in the wall of the right atrium, and is able to generate APs
autonomously. It determines the rate of beating. After that, the electrical impulse
propagates throughout the right atria (RA) and left atria (LA). During this process,
both atria are depolarized and contracted. The electrical impulse is then gathered
at the atrioventricular (AV) node and it is delayed before it enters into the ventricles.
This delay allows the atrial contraction to increase the blood volume in the ventricles
before the ventricular contraction occurs. Then, the electrical impulse is transmitted
to the His bundle, situated in the interventricular wall. Finally, the AP is distributed
to the ventricles through the Purkinje fibers, allowing synchronous contraction of the
ventricles. This sequence, showed in Figure 2, promotes the coordinated contraction
of the cardiac muscle.

APs are carried out by ionic channels that control input and output of several types
of ions. These channels are present in the cell membrane. At rest, the interior of car-
diac cells contains a higher load of K+ ions, while the exterior contains Na+ ions. This
ionic distribution results in the TMV of −80 mV. When the cardiac impulse arrives
to the cell, several voltage-dependent Na+ channels are activated, and Na+ ions flow
inside the cell. This process causes the cell depolarization (phase 0), increasing the
TMV above 0 mV. At this point, Na+ channels close (phase 1), interrupting the flow of
positive Na+ ions. Then, K+ channels are opened and these ions flows from inside the
cell to the extracellular matrix. Moreover, Ca2+ starts to enter inside the cell, causing
the contraction of the cell. In this period of time the TMV slowly decreased in what it
is called the plateau phase (phase 2). Finally. Ca2+ channels close while K+ channels
remain opened, causing a faster repolarization (phase 3) and a comeback to the rest
state (phase 4). Figure 3 shows a schematic of these phases over an AP, including the
cell channels involved in each one.
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Figure 2: Morphology and timing of AP from the SNA to the different regions of the heart,
and the related cardiac cycle of the ECG. Taken from [41].

Figure 3: Sequence of AP phases and ion channels involved. Taken from [42].

Once a cell is depolarized, it triggers neighboring cells to be also depolarized,
producing an activation wavefront. Previously depolarized cells cannot be stimulated
during a certain time period, even if an impulse arrives to the cell. This time is called
refractory period.

2.2.2 Electrocardiogram

The electrocardiogram (ECG) is the graphical representation of the electrical heart
activity during a cardiac cycle. It is the simplest way to evaluate the cardiac function,
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Figure 4: Standard and augmented ECG leads (frontal plane, A) and precordial ECG leads
(horizontal plane, B). Taken from [47].

and it is based on recording the variations in the electrical potential from several
places of the body surface.

The ECG represents the electrical activity of all the cardiac cells that are syn-
chronously depolarizing, and it can be summarized as an equivalent current dipole
source that creates an electrical field that we can measure.

Although it is a very simple method, it enables to assess a high number of clinical
parameters, like:

• Anatomical orientation of the heart muscle [43].

• The relative size of its chambers [44].

• Alterations on the rhythm and pulse conduction [44].

• Degree, localization and progress of myocardial lesions [45].

• The influence of certain drugs, the effect of changes in the electrolytes concen-
tration, etc. [46].

The ECG recording is based on electrical leads, i.e, the voltage measurement be-
tween electrodes. In a standard ECG it is habitual to use 12 leads: limbs, augmented
and chest, whose locations are shown in Figure 4.

• Limb leads. They are based on measuring the voltage difference between the
electrodes pairs placed on the right arm, left arm and left foot [49]. This scheme
can be represented as a triangle, and the three leads are defined as the voltage
difference between each pair of vertices of the triangle (Leads I, II and III). They
are, therefore, bipolar leads.

• Augmented leads. These leads register the voltage changes between one point
of the triangle and the average potential of the rest. Therefore, these leads are
unipolar, and are called aVR (augmented vector right), aVL (augmented vector
left) and aVF (augmented vector foot).
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• Chest leads. They are also unipolar and are recorded with six electrodes on
the hemothorax (V1 to V6). In this case, the electrical reference is the so called
Wilson Central Terminal (WCT), which is the average of the potentials of the
three peripheral electrodes.

The ECG signal is formed by different waveforms, time intervals and segments
that are related to the parts of the cardiac cycle [36]. These ECG characteristic are
illustrated in Figure 5. The P wave represents the atria depolarization, the QRS
complex represents the ventricular depolarization, and the T wave corresponds to the
ventricular repolarization [50]. The time intervals and segments between waveforms
also give information about the propagation of the AP and the subsequent cardiac
contraction:

• PR interval: it reflects the time interval from the start of atrial depolarization to
the start of ventricular depolarization.

• PR segment: it represents the delay in the AP produced in the AV node.

• QT interval: it reflects the duration of the ventricular contraction.

• ST segment: it corresponds to the plateau phase of the AP.

2.3 cardiac arrhythmias classification and atrial fibrillation

If the electrical cardiac activation loses the synchronous pace given by the stimulus
of the sinus node, the resultant rhythm is referred as a cardiac arrhythmia.

Figure 5: Nomenclature of waves and segments that compose a cardiac cycle. Taken from
[48].
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Cardiac arrhythmias can be classified in supraventricular (if they involve tissues
above the atrio-ventricular node) or ventricular (if the involve ventricular structures)
[47]. Depending on the heart rate, they can be also classified in tachycardias (abnor-
mal fast heart rhythm) or bradycardias (abnormal slow heart rhythm) [47].

Most of arrhythmias are consequence of ischemic procedures that modifies the
healthy miocardial substrate to fibrotic or necrotic tissue, which favours an abnormal
electrical propagation [51]. However, arrhythmias can be also consequence of genetic
factors, which is the case of channelopathies [52].

2.3.1 Introduction to atrial fibrillation

AF is the most frequent type of arrhythmia, and it is characterized by an unorga-
nized, fast and irregular atrial activation, with a loss of the atrial contractile ability.
This is a type of supraventricular arrhythmia, and the consequence is an irregular
ventricular rhythm and a faster heart rhythm.

In contrast to the normal sinus rhythm (SR), the ECG in AF has several modifica-
tions that are showed in Figure 6:

• Absence of P waves, with visible fibrillatory atrial activity [53].

• Higher heart rate: 100-160 bpm. This fact occurs as a consequence of the faster
and irregular activation of the AV node by the atrial tissue [54]. Although the
atrial tissue rhythm could be activated even to 400 or 600 bpm [55], the AV node
stops some of them, acting as a filter [56].

• Irregular ventricular rhythm, given by the conductive status of the AV node.
Although the AV node stops some of the abnormal atrial activations, a few
ones reach the ventricles, causing a mismatch between the atrial and ventricular
activity [56].

These modifications in the cardiac activity provoked by AF causes an inefficient
blood pumping. Therefore, AF is a risk factor of suffering other pathologies, like car-

Figure 6: Comparison of two types of cardiac ECGs. Above: normal SR ECG. Below: AF
ECG. Taken from [57].
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diac insufficiency, cardiovascular accident (stroke) due to the formation of microclots
and, in the worst of cases, the death.

The prevalence of this arrhythmia increases with the age, and there are different
classifications depending on the clinical guidelines used. However, the most used
classification according to the incidence is as follows [2]:

• First AF episode, independently of its duration or symptoms. It could be not
symptomatic and/or self-limited.

• Paroxysmal AF: it self-limitates in less than 7 days. They usually are brief
episodes that terminates spontaneously.

• Persistent AF: not self-limitant, and it last more than 7 days. Since it does not
terminate spontaneously, it requires cardioversion (pharmacologic or electrical).

• Permanent AF: when the patient has a state of continuous AF, and reset proce-
dures had not success. In this case, AF is taken as the base rhythm.

2.3.2 Atrial fibrillation initiation and maintenance mechanisms

The mechanisms of AF and maintenance mechanisms are a topic of interest. Previ-
ous research developed different theories about how the arrhythmic behavior starts
and perpetuates that are still under debate. These theories are divided in two groups:
focal triggers and multiple wavelets, and a summary of these mechanisms is also
showed in Figure 7.

On the one hand, the focal triggers approach suggests that AF is generated because
of abnormal wavefronts provoked by ectopic focus. The mismatch between the nor-
mal wavefronts and the ectopic ones causes changes in the excitability of the atrial
tissue that generates the AF propagation pattern. For example, paroxysmal AF cases
are believed to be caused by ectopic triggers placed in the myocardium, from the
LA to the pulmonary veins (PVs), and they usually emit impulses occasionally [58].
Furthermore, several studies showed that the PVs in the left atrium are usual areas
where we can find ectopic foci for paroxysmal AF cases [59], [60]. These paroxysmal
cases could evolve to persistent if no treatment is applied, since the electrophysio-
logical properties of the atria could be modified, shortening refractory periods and
increasing fibrosis.

On the other hand, the multiple wavelets approach suggest that the tissue hetero-
geneity provokes the fractioning of the wavefronts in several wavelets which, in turn,
results in the self-maintenance and perpetuation of the irregular electrical activity
[61], [62]. In the cases of persistent AF, there is a substrate that maintains the arrhyth-
mia, and it is not usually placed in the PVs [4]. This substrate could be structural
(fibrosis, atrial dilatation, etc.) or functional (abnormal changes in the conducting
velocity, refractory period, etc.) [63].

Both hypothesis about AF initiation and perpetuation can be combined. For ex-
ample, an ectopic focus could be the primary trigger, whereas the abnormal atrial
substrate favors a fibrillatory conduction due to, for example, changes in the refrac-
tory period [64], [65].
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Figure 7: Current hypothesis for AF maintenance. A: Diagram of AF maintenance near a
PV that has been hypothesized to be driven by ectopic focus (left), rotors (mid-
dle), or multiple wavelets (right). B: Representation of the compatibility of rotor
maintenance with other mechanisms. Taken from [4].

Finally, one important subgroup inside multiple wavefronts is the rotatory pattern.
In this case, a single electrical wave with high activation rates goes through a refrac-
tory region or through an abnormal atrial substrate, generating a functional reentry
responsible of the perpetuation of the fibrillatory electrical pattern.

2.3.3 Atrial fibrillation treatment

The main objectives of the AF treatment are the suppression of the symptoms (car-
diac rhythm control), the prevention of tromboembolisms and arrhythmic episodes,
and cardioversion.

The use of antiarrhythmic drugs aims to reduce and maintain the cardiac frequency,
or to keep the arrhythmia under control if the patient is not a candidate to revert its
pace to SR. Although pharmacological treatment has been shown to improve recur-
rence ratios [66], it also has several drawbacks, like the generation of extracardiac
effects and other types of arrythmias or pulmonary fibrosis [67]. Moreover, pharma-
cological cardioversion is not recommended for persistent AF patients, where it is
recommended to directly control the ventricular rate [67].

In the case of electrical cardioversion, the main objective is to restore SR by synchro-
nizing the electrical activity of the atria, and it is achieved by applying an electrical
shock. However, this method does not treat the origin of the arrhythmia, so there is
a certain probability of recurrence after a period of time [68].
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Figure 8: PV isolation by RF. The integrated mapping catheter enables to characterize the
electrical activity of the PV area, whereas the RF catheter performs the ablation.
Taken from [69].

The other treatment approach to terminate AF is to perform ablation. This treat-
ment isolates electrically the region that triggers the arrhythmia by causing a con-
trolled damage with a certain energy source [2].

In the case of paroxysmal AF, the ablation with catheter is indicated when there is
a high recurrence rate with pharmacological treatment. Since PVs are one of the most
frequent areas where this type of AF is triggered, ablation is performed by burning
the union between atria and PVs (PVI) [59]. Therefore, an electrical isolation of the
PVs from the rest of the myocardium is achieved, showing up to 85% of success. This
procedure is illustrated in Figure 8.

However, PVI is not useful in persistent AF because there is a substrate that main-
tains the arrhythmia outside the PV. Moreover, in these patients the atrial tissue has
been highly remodeled both electrically and structurally, and the arrhythmic electri-
cal pattern is much complex than in paroxysmal AF. In these cases, success rate drops
to 28% [70].

Therefore, it is essential to identify the location of the arrhythmic focus in order to
perform the correct ablation of this area. Different strategies to identify AF sources
has been proposed. Among them, the identification and ablation of the highest dom-
inant frequency (DF) area is one of high interest [71]. This technique is based on
measuring the activation rate of the cardiac tissue by using the Power Spectral Den-
sity (PSD) of the intracavitary EGMs [71]. In this approach, the DF is used as an
indicator of the activation rate of the cardiac tissue. Ablation of high DF areas has
been proved to be an useful tool to improve success rate [72]. An example of high
DF-guided ablation procedure is showed in Figure 9.

Another AF source location approach is based on using multipolar basket catheters
to electrically map the atrial surface, obtaining a general view of the atrial electrical
activity from multiple intracavitary EGMs. For example, the FIRM (Focal Impulse
and Rotor Modulation) mapping is based on estimating AF rotors or focal sources
from EGMs to guide the ablation procedures [73]. An example of this procedure is
showed in Figure 10.



2.4 electrical cardiac mapping methods 14

Figure 9: Real-time atrial DF map during an ablation procedure (paroxysmal AF). Taken
from [72].

Figure 10: FIRM mapping from multipole basket catheter. Left: the multipole basket catheter
is placed in left atrium. Right: resulting FIRM map showing AF rotor at roof.
Taken from [74].

2.4 electrical cardiac mapping methods

In this section we will explain what are the limitations of the standard ECG sys-
tems and how the Body Surface Potential Mapping (BSPM) address them. Then, we
will describe what the ECGI is, why it is useful in mapping the electrical cardiac ac-
tivity, and how we can model it. Finally, we will review some intracardiac mapping
systems.
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2.4.1 Body Surface Potential Mapping

ECG is one of the most important cardiac diagnosis and monitoring techniques
because it is easy to record, and it provides enough information to perform a valuable
cardiac assessment. The ECG is computed from a small number of leads providing
a significant amount of cardiac activity information from waveform-based features,
like amplitude, duration and, in general, the morphology of the signals. However, it
fails on providing a more in-depth view of the electrical propagation process of the
heart [75].

Historically, the 12-lead classical ECG was believed to include the necessary infor-
mation to perform a complete diagnosis, since it was believed that a higher number
of leads not only will not include additional information, but it will include redun-
dancy data. This believing was supported by the fact that approximately 95% of QRS
complexes can be modeled as a single dipole with fixed information [77]. However,
several studies reports the existence of unnoticed relevant cardiac phenomena when
using standard ECG [78], [79], and using a higher number of electrodes enables to
register them. As an example, the ventricular electrical activity cannot be explained

Figure 11: BSPM recording example layout. A: Anterior and posterior views of the multi-
electrode vest, with recording electrodes along vertical blue strips. B: Schematic
location of the surface electrodes. Electrodes representing the standard ECG pre-
cordial leads are denoted as black circles, whereas the gray circles denote the rest
of BSPM electrodes. Taken from [76].
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Figure 12: Recorded EGM and ECG and their DF distribution in a sample patient with a left-
to-right DF gradient. A: Three examples of EGM recorded at different atrial sites
and their corresponding PSD. B: Selected BSPM leads: surface left (SL), surface
posterior (SP) and surface right (SR), and their corresponding PSD. C: Intracardiac
DF map. Black arrow points to the LA region with highest DF at the left supe-
rior pulmonary vein (LSPV). D: DF map on the torso surface with superimposed
locations of electrodes. Taken from [76].

in terms of a single dipole in the Brugada syndrome [80], where the cardiac activity
becomes more irregular.

This limitation is addressed by using BSPM, which is an electrical recording tech-
nique that overcomes ECG resolution limitations. BSPM also measures cardiac elec-
trical potential changes, but it uses a much higher number of electrodes (between
32 and 256). These electrodes are placed on the torso and back, although there is
no standard about number and location. Therefore, BSPM can be interpreted as a
generalization of standard ECG. An example of BSPM recording layout is showed in
Figure 11.

In opposite as the standard ECG, BSPM focuses on interpreting the magnitude,
location and how the electrical potential migrates across the tissue, obtaining relevant
metrics like isopotential contours. Thus, the main reason of using this technique is
its ability to provide more information about the dynamic patterns of the cardiac
electrical propagation in a non-invasive way.

BSPM has been used to non-invasively characterize AF patterns, in which the stan-
dard ECG is insufficient to assess the atrial spatial electrical activity. For example,
propagation maps can be used to characterize the organization degree during AF
[81], and the PSD of BSPM recordings were reported to be useful in the non-invasive
ablation planning [76], as shown in Figure 12.
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2.4.2 Electrocardiographic Imaging

ECGI aims to reconstruct the electrical activity of the heart from a dense array of
body-surface ECGs and a patient-specific heart-torso geometry [82].

ECGI combines three main elements:

• The electrical distribution of potentials on the torso, obtained from BSPs.

• Tridimensional (3D) models of the geometry of heart and torso.

• The numerical modeling of the electrical propagation between the heart and
the body surface.

Electrocardiography is then divided in two independent mathematical procedures,
depending on the type of information that is obtained [83].

• Forward problem: it consists on obtaining the BSPs from the cardiac electrical
activity by solving the biophysical equations that describe the propagation be-
tween the cardiac surface and the torso [83]. The application of the forward
problem in clinical practice is limited, since it is very easy to obtain the BSPs
from electrodes on the torso. However, it is an useful tool in the characterization
of the ECG in cardiac pathological scenarios [84].

• ECGI, or inverse problem of electrocardiography: it consist on the noninvasive
determination of electrophysiological events in the heart from BSPs measure-
ments [83]. A schematic illustration of the workflow in ECGI can be found
in Figure 13. ECGI is more important than the forward problem, since the
non-invasive electrical characterization of the cardiac tissue is much difficult to
obtain (electrical cardiac mapping usually requires the use of invasive intracar-
diac methods).

ECGI have been used to study different cardiac diseases [85]. For example, it has
been used to estimate the activation sequences and arrhythmogenic substrates [24]–
[26], to estimate high dominant-frequency regions [23], to delimit the scar regions
in myocardial infarction [86] or to study the formation and perpetuation of ventric-
ular tachycardia [87]. The mathematics of both forward problem and ECGI will be
explained in depth in Chapter 3.

2.4.3 ECGI in atrial fibrillation

ECGI has been used to reconstruct the electrical cardiac activity in atrial arrhyth-
mias. In the case of AF, ECGI has been used to characterize AF propagation patterns
and to guide the treatment [88]. ECGI is currently used in different types of AF
characterization, and it has been used to locate AF onset locations and guide PVI
[9]–[11].

AF characterization can be achieved using different tools. For example, DF maps
represent the activation rate of the cardiac tissue using the PSD of EGMs [89]. They
are useful to identify regions of rapid atrial activity, which indicates a high probabil-
ity of the presence of rotors [90]. ECGI has been proved to have a good correlation
in terms of DF maps estimation compared to intracardiac measurements, although it
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Figure 13: Example of ECGI workflow. It requires recording of body-surface potentials and
the acquisition of a torso-heart geometry through CT or MR imaging. The elec-
trical characteristics of the heart can then be computed by employing models of
cardiac electrical activity that explain the recorded body-surface potential: TMV
models, surface-potential models and activation/recovery-based models. Taken
from [82]

Figure 14: Comparison of ECGI-based and invasive DF maps. A: Inverse computed DF maps.
B: simultaneously intracardially recorded DF maps for a patient. A multipolar
catheter was sequentially placed in RA and LA. C: Numerical analysis of the rel-
ative error in the voltage, phase and frequency reconstruction in 2 patients. High
DF areas are slightly overestimated in the RA with ECGI, although the relative
error between ECGI and intracardiac EGM DF maps is below 20%. Taken from
[23].

fails when estimating EGMs [23]. A graphical comparison between ECGI-based and
invasive DF maps can be seen in Figure 14, where the relative error is below 20%.

On the other hand, ECGI has been also used to estimate and analyze irregular
propagation patterns by performing phase mapping to locate PS [91]. A PS is defined
as the point in a phase map that is surrounded by phases from 0 to 2π. PS-guided
ablation is suggested as a reliable alternative in persistent AF cases, where PVI has a
low success rate [13], [14]. An example of PS associated with a driver in a simulation
of atrial tachycardia is shown in Figure 15.

However, ECGI raises several problems that makes an accurate reconstruction more
difficult to obtain. The first one is because the atrial signal is usually masked by the
QRS complex (which reflects the ventricular activity and has a much higher ampli-
tude) [92]. Moreover, the fibrillatory patterns in terms of epicardial potentials are
usually very complex [93]. Both problems require to apply signal processing tech-
niques that introduces complexity in ECGI and variability in the results [93].
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Figure 15: Phase map of EGM signals from a simulation of atrial tachycardia with a scar in
the posterior wall of the left atrium. A PS is marked in the LA, and it can be
identified because it is surrounded by phases from π to −π. Taken from [91].

Figure 16: Hodgkin and Huxley’s cell model. Membrane voltage Vm depends on the charge
of the membrane capacitor Cm, which is modulated by the ionic channels. These
channels are modelled as variable resistors and conductances. Taken from [95].

2.4.4 Cardiac tissue modeling

Mathematical modeling allows obtaining a multiscale overview of the generation
and propagation of the AP, from ionic channels to the final computation of EGMs
and BSPs.

AP modeling has been a topic of interest since the 50s. One of the first models of
AP was based on a circuit that simulates the cell membrane and the ionic channels.
These ionic channels were modeled as a variable resistance and a resting potential
[94]. A schematic of this circuit is showed in Figure 16.

Further research modified this electrical model to obtain more precise myocardio-
cyte models by performing a better description of ionic pumps [96] and to make them
more similar to mammalian cardiac behavior [97], [98]. Human atrial myocardiocyte
models were proposed in 1998 [99], [100] and improved in later studies, mainly to
improve Ca2+ dynamics [101], [102] and repolarizing currents [103]. On the other
hand, changes in ionic conductances [104] and changes in the membrane capacitance
[105] have been shown to be useful parameters to model AF behavior. Therefore,
waveforms of the AP models are different between them, and they can be seen in
Figure 17.
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Figure 17: AP models of Courtemanche, Nygren, Maleckar, Koivumäki and Grandi. Dif-
ferences between them are due to the formulations of repolarizing currents, rate
dependence, and ionic channel behavior. Taken from [104].

Once the single-cell behavior is modeled, the next step is to characterize the elec-
trical propagation in the atrial tissue. This propagation process can be described as
a reaction-diffusion model, allowing to compute the moving currents of a myocar-
diocyte and its neighbors. This model can be applied only to the electrical potential
of the membrane [104], [106] or as a bidomain model in which the concentrations of
both extracellular and intracellular ions and potentials are taken into account [107].
In both cases, an anisotropic cardiac medium is assumed. This anisotropy explains
the higher electrical connectivity in the cell alignment direction [108]. Regarding AF
tissue modeling, several propagation AF models have been proposed to study the
effect of electrical remodeling [109] and fibrotic tissue [110] as well as to model AF
rotor formation and behavior [111], [112].

After modeling the electrical behavior of the tissue, it should be included in an
atrial anatomical geometry to reproduce electrical propagation patterns in a realistic
environment. These models are obtained from medical image techniques, like CT
[113] or MR imaging [114], and they are usually represented as a single surface based
on triangular meshes [115], [116]. In AF, it is essential to include atrial regions whose
cellular model uses different electrophysiological properties [117]. AF anatomical
models were used to study structural remodeling and susceptibility of generating
functional reentries [109], [118].

The final step in cardiac tissue modelling process is to obtain the electric poten-
tial on the torso due to the atrial activity (forward problem). This process requires
to obtain a 3D model of the torso (from CT or MR imaging) and to characterize its
electrical properties in order to solve the propagation equations. An example of com-
puterized models of torso and atria is shown in Figure 18. One of the most common
techniques of solving these equations is the Boundary Elements Method (BEM). It
requires to discretize the boundary surfaces of the conductor volumes (which are
assumed to be homogeneous and isotropic) [119]. The solution of the BEM method
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Figure 18: Examples of anatomical models of torso and atria. A: Spatial configuration of
the torso and atria models. B: Anatomical model of atria, which five clinically
relevant points selected (Right atrial appendage, RAA; coronary sinus, CS; left
superior pulmonary vein, LSPV; right superior pulmonary vein, RSPV; and free
right atrial wall, FRAW. Taken from [93].

uses the Green’s Theorem, which enables to convert the potential volume problem in
a surface one. Therefore, it avoids to discretize the whole conductor volume.

2.4.5 Intracardiac mapping systems

Most of clinical AF ablation procedures still relies on a previous intracardiac elec-
trical mapping. In this procedure, several catheters are introduced in the atrial cham-
bers before ablating the tissue in order to characterize the abnormal electrical atrial
activity.

ECGI is able to provide a non-invasive helpful information about the cardiac elec-
trical activity. However, it still fails when characterizing irregular electrical prop-
agation, which is the case of AF complex propagation patterns. In this scenario,
reconstructed patterns are usually simpler than complex patterns recorded directly
in the epicardium. This is why intracardiac mapping is still the standard procedure.

One of the most used catheters is the PENTARAY™ catheter (Biosense Webster). It
is composed by 20 poles of 1mm size, distributed in five branches that radiate from
a deflectable tip (Figure 19-A). It is able to cover an area of 6.25 cm2, where it can
record bipolar voltage amplitudes [122]. This mapping device was demonstrated to
be useful to diminish procedure times in 105 patients admitted for AF ablation [123],
and to improve AF recurrence rate [124].

However, even though PENTARAY™ is a widely used mapping method, it is a low
resolution device, and complex AF propagation patterns are difficult to map with
just 20 poles. Therefore, other devices with a much higher number of electrodes have
been developed. One of them is the Topera Rotor Mapping System (Abbott Labora-
tories). It includes the FIRMap (FIRM mapping) Catheter (Figure 19-B), which has 64
electrodes distributed in 8 splines (basket shape). This catheter is used to analyze the
repolarization and conduction properties throughout phase mapping to estimate the

https://www.jnjmedicaldevices.com/en-US/companies/biosensewebster
https://www.abbott.com/
https://www.abbott.com/
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Figure 19: Images of several intracavitary catheters. A: Image of a PENTARAY™ catheter. It
consists on a multipolar catheter with 20 poles, distributed in 5 branches. Taken
from [120]. B: FIRM with a 64-electrode basket catheter using Topera Rotor Map-
ping system and EnSite Precision. 3D reconstruction of the right and left atrium
is seen from an anterior view with splines of the basket catheter and ablated ar-
eas of rotors/focal impulses. Taken from [121]. C: IntellaMap Orion™ catheter
(64-electrode basket catheter). Taken from [121].

driver position [5]. Although preliminary studies showed very promising results [74],
later studies reported low success rate in FIRM-guided ablation procedures [125].

Finally, another widely used basket-based mapping system is the Rhythmia HDx
Mapping System™ (Boston Scientific). It includes, among others, a signal station
capable of record up to 200 intracardiac signals, and the IntellaMap Orion™ catheter.
It is also a 8-spline basket catheter with 64 poles, whose diameter can vary between
3mm and 22mm, depending on the anatomic conditions of the patient (Figure 19-C).
This system is able to obtain a high electroanatomical resolution in a very short period
of time, and the success rate depends on the type of atrial arrhythmia (between 80%
and 96%) [126].

2.5 summary

In this Chapter we have reviewed the anatomical and electrophysiolocial aspects of
the heart, as well as the main characteristics of cardiac arrhythmias and, particularly,
AF. We have reviewed the main mechanisms that sustain AF and its treatment. We
also described ECGI, which aims to non-invasively map the cardiac electrical activity
in AF, and how computerized cardiac models help to achieve this objective. Finally,
we have performed an introduction about intracardiac mapping systems, which are
still used to guide AF ablation procedures.

https://www.bostonscientific.com/en-US/Home.html
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E L E C T R O C A R D I O G R A P H Y A N D E C G I

In this Chapter we will go in depth about the mathematics of the forward and
inverse problem in electrocardiography. We will explain why the inverse problem
is an ill-posed problem, and the different methods of regularization which help to
stabilize its solution.

3.1 mathematics of the forward problem of electrocardiography
and ecgi

In order to have a complete description of the electrical distribution both in cardiac
and torso we have to fully solve the forward problem of electrocardiography and
ECGI, as stated in Chapter 2.

• The forward problem computes the BSPs from epicardial potentials.

• ECGI (inverse problem) estimates the epicardial potentials from BSPs.

Solving both processes needs the knowledge of the matrix that relates the epicar-
dial potentials and BSPs for a certain time instant: the transfer matrix A. This matrix
describes the propagation of the bioelectrical potentials from the heart to the body
surface assuming that these BSPs can be computed as a linear combination of the
epicardial potentials. Therefore, computing A matrix requires an accurate mathemat-
ical modeling of atria, torso, and the signal propagation behavior of the inter-phase
between them. It can be estimated from CT or MR imaging, under the assumption
of a homogeneous, unbounded, and quasi-static conducting medium [23], [91], [93],
[127]. A schematic illustration of the forward problem and ECGI using simulated
data is shown in Figure 20.

The forward problem can be summarized using the following linear model:

y = Ax (1)

whereas ECGI can be explained by the following formulation:

x = A−1y (2)

In both cases, y is a vector that contains M measured BSP for a certain time instant,
x is a vector that contains N considered epicardial potentials for the same time instant,
and A is the transfer matrix with size M× N (note that throughout this work, bold
represents vectors and italics represent matrices).

The forward problem is stable and well posed according to the Hadamard condi-
tions, since a solution exists (existence condition), the solution is unique (uniqueness
condition) and the solution depends continuously on data (stability condition) [128].
A problem that does not accomplish any of these conditions is considered ill-posed,
and the linear system of the inverse problem is ill-posed because of the following
reasons:

24
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Figure 20: Schema of the forward problem and ECGI using simulated data. Above: in the
forward problem clean BSP (y) are computed from EGM (x). Final realistic BSP
(y′) are computed by filtering noisy BSP obtained from clean BSP y. Below: recon-
structed EGM (x̂) are computed from filtered BSP y′ using ECGI (inverse problem).
This reconstruction is used to compute clinical targets, like DF, phase maps or PS.
Taken from [93].

• Propagation between epicardium and torso implies information loss [17].

• BSP are also blurred compared to the signals on the heart due to the laws of
electromagnetic field theory.

• Modeling of the transfer matrix A is not perfect (for example, due to discretiza-
tion errors).

Ill-posed problems are very common in inverse problems where little changes
on the initial conditions, like electrical noise or geometrical errors, produces huge
changes in the final solution. An example of ill-posed inverse problem is the solu-
tion of computing a previous distribution of temperature from final data using the
inverse heat equation, which is very highly sensitive to small changes in that final
data [129]. In the case of ECGI, reconstructions using noisy BSPs could lead to bad
reconstructions due to its ill-posedness.

An inverse problem could become ill-posed because of the so-called inverse crime.
An inverse crime is the result of using the same computational grid for noise-free
ideal scenarios simulations and for reconstructions [128]. In this scenario, reconstruc-
tions could be perfect, but in a realistic environment, reconstructions should be com-
puted using real noisy data, and the obtained solution diverges from what it should
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be theoretically obtained. We can use Singular Value Decomposition (SVD) method
to perform an analysis of the Hadamard’s conditions [128] in a discrete model. SVD
is a generalization of the eigenvalue decomposition, and it is useful to understand
the general structure of a matrix.

Given a matrix A, with M× N dimensions, the SVD consists on factorizing A into:

A = UDVT (3)

where:

• U is an orthogonal matrix whose columns are the left-singular vectors of A.

• V is an orthogonal matrix whose columns are the right-singular vectors of A.

• D is a M× N rectangular diagonal matrix, with d1 > d2 > ... > dr > 0, where
r is the rank of A. Those values di = dii, are called the singular values of A. A
standard example of D matrix, where M < N, can be found in Equation 4.

D =


d1 0 · · · 0 0 · · · 0

0 d2
...

...
...

...
. . .

...
...

...
0 · · · · · · dM 0 · · · 0

 (4)

Now, we are going to solve the linear algebra problem given by Equation 1. First
of all, we will obtain the SVD decomposition of matrix A. Therefore, Equation 1 can
be written as:

y = (UDVT)x (5)

Solving Equation 5 requires to invert the SVD decomposition:

x = (UDVT)−1y = (VD−1U)y = A†y (6)

where A† is the pseudoinverse matrix of A.
D−1 matrix can be computed by transposing the result of replacing the non-zero

elements of the diagonal by their reciprocal (1/di). The result of computing D−1 from
the D matrix given by Equation 4 is shown in Equation 7. Since D−1 can be easily
computed, SVD is often used to compute the pseudoinverse of any M× N matrix.

D−1 =



1/d1 0 · · · 0

0 1/d2
...

...
. . .

...
0 · · · · · · 1/dM

0 · · · · · · 0
...

...
0 · · · · · · 0


(7)

Until now, we have assumed that y corresponds to clean signals, and this is an
ideal scenario. Now, we are going to explain why naïve inversions lead to increase
the noise using the SVD.
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Noisy BSPs y′ can be expressed as a linear combination of clean BSPs (y) and low-
amplitude gaussian noise (ε) acquired when recording the signals from the torso:

y′ = y + ε (8)

If we apply the inverse problem to y′ we obtain the following expression:

x̂ = A†y′ = A†(y + ε) (9)

x̂ = A†y + A†ε = xtrue + A†ε (10)

where x̂ are the EGMs computed from noisy y′ for a time instant and xtrue are the
expected EGMs if noise were not present.

If we focus on A†ε and we apply the SVD-factorized version of A†, we obtain the
following expression:

A†ε = (VD−1UT)ε =
n

∑
i=1

d−1
i (uT

i ε)vi (11)

where ui and vi are each of the left and right singular vectors of the SVD-factorized
version of A†, respectively, and di is its respective singular value. If we look at the
previous expression, the noise ε is amplified in a 1/di factor. In ill-posed problems,
D will have very small values and if di is very low, 1/di is consequently very big. If
||ε|| is small and ||A†|| has a reasonable size, then the error A†ε is small. However, if
||A†|| is large, then the error A†ε can be huge even when ε is small [128].

Therefore, the error between the reconstruction and the ground truth

e = x̂− xtrue (12)

due to lower values of di can be huge, even for low amplitude noise. An example of
this fact can be found in Figure 21, where we can see the large error obtained when
computing the inverse problem with noisy data.

3.2 regularization methods on ecgi

To address the ill-posedness problem of ECGI, we need methods that allow us to
control the error produced by those small values of di. To do that, several numerical
regularization methods have been proposed. These methods are based on recon-
structing the electric potentials in form of surface or volumetric sources, assuming
uncertainty of potential distributions.

Numeric regularization methods have been widely used [18]–[22], and the main ob-
jective is to obtain a new invertible transfer matrix which stabilizes the final solution,
although it is possible to increase the error in the final reconstruction.

Regularization methods are based on weighting the values of d−1
i to control their

increment when di values are small. In fact, we can think these methods as filters of
the components associated to small singular values. One of the most used regulariza-
tion methods is the Tikhonov (Tikh) regularization [19]. Its main aim is to stabilize
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Figure 21: Example of inverse crime in an ill-posed problem: Left: source function (x), output
function (y) obtained after computing the forward problem, and noisy data (y′)
obtained from the output data. Right: original source function (x), reconstruction
from clean output data y (x̂), and reconstruction from noisy data y′ (x̂). Whereas
the inverse problem with clean data leads to the original source function, a huge
error is committed when computing the inverse problem with noisy data.

the solution by penalizing its complexity. This regularization method can be formu-
lated in terms of a least squares problem [93]. The expression to minimize in Tikh
regularization is: ∥∥y′ − Ax

∥∥2
2 + λ ‖Lx‖2

2 (13)

where λ is the global regularization parameter, ‖·‖2 is the L2-norm and L is a matrix
that can take several forms:

• Identity matrix (I): the solution is constrained in energy norm (L2 norm of the
solution is minimized). This is the classical approach, and it is usually named
as zero-order Tikh.

• First spatial derivative (surface gradient operator): the solution is constrained
to have a smooth surface gradient (first-order Tikh) [18], [29].

• Second spatial derivative (surface Laplacian operator): the solution is constrained
to have a smooth curvature (second-order Tikh) [18], [29].

Therefore, the solution of Equation 13 is computed as:

x̂Tikh = argmin
x

{∥∥y′ − Ax
∥∥2

2 + λ ‖Lx‖2
2

}
(14)

Equation 13 can be also described in terms of the SVD of A matrix. Given A =

(UDVT), L = I, and x = Va = ∑n
j=1 ajVj we are going to expand Equation 13:
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∥∥y′ − Ax
∥∥2

2 + λ ‖Lx‖2
2 =

∥∥∥y′ −UDVTx
∥∥∥2

2
+ λ ‖x‖2

2 = (15)

∥∥∥UUTy′ −UDVTVa
∥∥∥2

2
+ λ ‖Va‖2

2 (16)

If we set y† = UTy′, Equation 16 can be written as

∥∥∥y† − Da
∥∥∥2

2
+ λ ‖a‖2

2 =
r

∑
j=1

(y†
j − djaj)

2 +
k

∑
j=r+1

(y†
j )

2 + λ
n

∑
j=1

a2
j = (17)

r

∑
j=1

(d2
j + λ)

(
a2

j − 2
djy†

j

d2
j + λ

aj

)
+ λ

n

∑
j=r+1

a2
j +

k

∑
j=1

(y†
j )

2 = (18)

r

∑
j=1

(d2
j + λ) +

(
aj −

djy†
j

d2
j + λ

)2

+ λ
n

∑
j=r+1

a2
j −

r

∑
j=1

(djy†
j )

2

d2
j + λ

+
k

∑
j=1

(y†
j )

2 (19)

The parameters aj that lead Equation 19 to its minimum are:

aj =


dj

d2
j +λ

y†
j , 1 ≤ j ≤ r

0 r + 1 ≤ j ≤ n

(20)

Therefore, Tikh regularization weights the values of d−1
i according to its value and

a certain threshold imposed by parameter λ, and the solution can be written as:

x̂Tikh =
r

∑
i=1

d2
i

d2
i + λ

uT
i y′

di
vi =

r

∑
i=1

di

d2
i + λ

(uT
i y′)vi (21)

If the regularization parameter λ is sufficiently small (smaller than the smallest
singular value), the Tikh regularized solution will be essentially the same as the
solution obtained by the SVD. If we increase λ, less weight is placed on the small
singular values, which also correspond to the highly oscillatory right singular vectors.
Therefore, the solution will be smoother.

Tikh regularization can be also solved with convex optimization, and it is possible
to find a closed-form solution using the least-squares form. The first step is to expand
Equation 13:∥∥y′ − Ax

∥∥2
2 + λ ‖Lx‖2

2 = (y′ − Ax)T(y′ − Ax) + λ(Lx)T(Lx) = (22)

= (y′T − xT AT)(y′ − Ax) + λ(xTLT)(Lx) = (23)

= y′Ty′ − 2xT ATy′ + xT AT Ax + λxTLT Lx (24)

Then, we can apply derivatives to find the minimal x:

∂

∂x
(y′Ty′ − 2xT ATy′ + xT AT Ax + λxTLT Lx) = 0 (25)

− 2ATy′ + 2AT Ax + 2λLT Lx = 0 (26)
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Finally, the closed form to obtain x̂ is:

x̂Tikh = (AT A + λLT L)−1 ATy′ (27)

Although the most important regularization method in ECGI is the Tikh method,
there are other Tikh-based regularization techniques that have been assessed in that
scenario. Truncated SVD (TSVD) [130] consists on setting to zero those singular
values below a certain threshold imposed by λ. TSVD method can be written as

x̂TSVD =
rλ

∑
i=1

d−1
i (uT

i y′)vi (28)

where λ is the selected threshold and rλ the index of the λ value. The higher the
threshold, the smoother the filtering will be.

Damped Singular Value Decomposition (DSVD) [131] is a slight modification of
the Tikh method. DSVD method can be written as:

x̂DSVD =
r

∑
i=1

di

di + λ
d−1

i (uT
i y′)vi (29)

where λ is, once again, the regularization parameter, which must be optimized.
The main difference between the Tikh method and the DSVD is based on the degree
of filtering of the smaller values of di. The DSVD method is able to filter those values
more smoothly than the Tikh method.

Another modification of the Tikh method is the Total Variation (TV) [132]. In
this case, instead of applying the L2-norm regularization, this method constrains
the solution using the L1-norm of the gradient function. The resulting functional to
minimize is the following one:

x̂TV = argmin
x

{∥∥y′ − Ax
∥∥

2 + λ ‖Lx‖1
}

(30)

where L is the surface gradient operator. The obtained solution is less smoothed
compared to the Tikh method.

If we look at the closed form of the different Tikh-based regularization methods,
we can see that it is quite easy to apply to a certain inverse problem (we only have
to operate with matrices). However, we have to estimate the optimal value of the
regularization parameter λ. Small values of λ leads to a highly unstable solution,
causing abnormal high potentials and oscillations, whereas a very high value leads
to a stable and smoothed but inaccurate solution.

Therefore, we need a trade-off between the stability of the solution and its accuracy.
When working with synthetic computerized models, it is immediate to think that an
useful way to estimate λ is to choose the one that optimizes a certain metric when
comparing to the ground truth. However, if we work in a real scenario, we don’t have
a ground truth to compare, so we need another type of criteria to choose the optimal
value of λ.

Some of them are based on the a priori knowledge of the BSPs noise variance [133],
and others do not need these previous information, since the use generalized cross-
validation and maximum likelihood estimators [134], [135].

However, in bioengineering, there are two methods that are widely used: the com-
posite residual and smoothing operator (CRESO) [136] and the L-Curve [137], [138].
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Figure 22: Idealized illustration of a L-Curve. If the regularization parameter is small, the
residual predomines over the norm of the regularized solution. If the parameter
is large, the norm of the regularized solution predomines. Taken from [128].

CRESO uses a closed mathematical formulation for λ estimation, while the L-Curve
uses a graphical approach based on a log-log representation of the norm of the regu-
larized solution and the norm of the residual for different λ values.

The idea of the L-curve method is to choose a collection of candidates for regular-
ization parameter, 0 < λ1 < λ2 < ... < λK < ∞, and compute x̂ for each 1 ≤ j ≤ K.
Then, the points (log ‖Ax− y′‖ , log ‖Lx‖) ∈ R2 are plotted in the plane, forming ap-
proximately a smooth curve. The optimal value of λ is thought to be found as near
the corner as possible [128].

This method allows to visualize how the residual degrades comparing to the norm
of the regularized solution. λ can be computed for each time instant (instantaneous
optimum) or for the full length of the signals (global optimum). The method is called
L-Curve because it usually generates a L-shaped plot. An example of idealized L-
Curve is shown in Figure 22. If λ is small, the residual predomines over the norm of
the regularized solution. On the other hand, if λ is large, the norm of the regularized
solution predomines.

The previously explained methods are based on regularizing the solution using
different constraints. However, there are other types of methods to solve the inverse
problem by including a priori information. This is the case of Bayesian Maximum A
Posteriori (MAP) estimation. If the spatial covariance matrix of potentials and noise
are known, they can be used to compute the solution to the inverse problem.

If we assume zero mean for the epicardial potentials, the closed solution for the
Bayesian MAP estimation is:

x̂MAP = (Cx AT)(ACx AT + Cn)
−1y′ (31)

where Cx and Cn are the covariance matrices of epicardial potentials and noise,
respectively. Therefore, the main challenge of this method is to estimate Cx. One
way to do it is by recording sparse measurements of the intracardiac potentials [139].
However, this method requires a high number of intracavitary measurements to get
an accurate estimation of Cx.
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Finally, the Greensite (GS) method is a modification of the previously explained
MAP approach. In this method, not only the spatial correlation of the potentials
is used, but also the temporal correlation [140]. This information can be included
by using the isotropy assumption, and the spatio temporal covariance matrix can be
computed as:

CX = Ct ⊗ Cx (32)

where Ct is the temporal covariance matrix, Cx is the same spatial covariance matrix
as in Equation 31, and ⊗ is the outer product between them.

3.3 summary

In this Chapter we have described the mathematics of the forward problem of elec-
trocardiography and ECGI. We have explained the reasons why ECGI is an ill-posed
problem, and the mathematical nature of ill-posed problems. We have also analyzed
the main Tikh-based regularization methods used in ECGI in terms of least-squares
and SVD. Finally, we have introduced other types of inverse problem resolution meth-
ods based on including a priori information.



4 I N C L U S I O N O F I N T R A C A R D I A C I N F O R M AT I O N
I N E C G I D U R I N G A F

In this Chapter we will present the first method of improvement of ECGI, in order
to enhance the resolution of atrial mapping during AF. High-resolution intracavi-
tary mapping systems are able to precisely map the electrical activity of the heart.
However, the complex atrial anatomy and the large distance between poles limits
its ability of characterize the global activity of AF [8]. In this Chapter we propose
a new method to incorporate intracardiac information to solve ECGI, that is able to
combine near-field (EGMs) and far-field (BSPs) information to provide a more com-
plete picture of the electrical activity of the atria during AF. We will first introduce
the low-resolution problem of atrial mapping during AF when using ECGI and the
limitations of intracavitary mapping methods. Then, computerized models and re-
construction methods used will be described. Finally, performance of reconstruction
methods will be discussed.

The work developed in this Chapter has been published in peer-reviewed journals
and conference contributions:

• V. Suárez-Gutiérrez, M.Á. Cámara et al., “Including a Priori Knowledge in the
Solution of the Inverse Problem During Atrial Fibrillation”, presented at the
2017 Computing in Cardiology Conference, Sep. 2017. doi:10.22489/cinc.20
17.246-215 [141].

• M.Á. Cámara-Vázquez et al. "Inclusión de información a priori en la solución
del problema inverso de electrocardiografía durante fibrilación auricular", pre-
sented at the 2017 Conference of the Spanish Society of Biomedical Engineering,
Nov. 2017 [142].

• M.Á. Cámara-Vázquez et al., “Electrocardiographic imaging including intrac-
ardiac information to achieve accurate global mapping during atrial fibrilla-
tion”, Biomedical Signal Processing and Control, vol. 64, p. 102354, Feb. 2021,
doi:10.1016/j.bspc.2020.102354 [143].

4.1 introduction

ECGI has been previously proposed to effectively reconstruct the electrophysiolog-
ical activity on the heart surface, solving the spatio-temporal limitations of classical
ECG, by using a non-invasive recording of BSPs [15], [16]. ECGI combines both nu-
merical modeling of the bioelectric properties of the thorax and signal processing.
However, ECGI is ill-posed because the propagation between the epicardium and the
torso implies information loss [17], mainly due to signal attenuation. Moreover, BSPs
are also blurred compared to the signals on the heart due to the laws of electromag-
netic field theory. Regularization methods are needed to obtain reliable and stable
epicardial potential reconstructions [18]–[22], which, in turn allow us to identify high
DF regions [23], activation sequences [24], [25] or arrhythmogenic substrates [26].
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The solution of the ECGI problem has been recently used to estimate and ana-
lyze irregular propagation patterns. For example, phase mapping approaches have
been proposed to analyze spatio-temporal characteristics of AF-related signals [17].
However, ECGI has not been validated during these irregular propagation patterns,
and AF reconstructed patterns are usually simpler than complex patterns recorded
directly in the epicardium [28]. These results are partially related to the smoothness
imposed by regularization. Despite these limitations, ECGI has been demonstrated
as a promising tool to identify AF drivers and guide ablation procedures [10].

During AF ablation procedures, several catheters are introduced in the atrial cham-
bers. Depending on the ablation strategy, the number of recorded EGMs may vary
from 8 to 128 simultaneous signals [5]. Despite the number of intracardiac signals,
the complex atrial anatomy and the large distance between catheter sensors (up to
1-2 cm) limits the ability of intracardiac mapping systems to characterize the global
activity of AF [8].

Including any available a priori information during the electrophysiological study
(EPS) may improve the estimation of electrical activity on the heart [18], [29], [30].
Furthermore, combining non-invasive and invasive recordings during the ablation
procedures may overcome some of the limitations of each individual technique and
lead to more accurate identification of AF drivers. One of the main challenges is to
propose a method that is able to take into account intracavitary measurements.

4.2 computerized models

Realistic 3D model for the atrial anatomy was composed of 284578 nodes and
1353783 tetrahedrons (673.4± 130.3µm between nodes) [104] which considers a sim-
plified single endocardium-epicardium layer for the atrial tissue.

We simulated four different types of propagation patterns with a duration of 4
seconds and a sampling rate f s = 500Hz, namely:

• Normal SR: atrial tissue activated at 1.2 Hz.

• RAA-located driver model: with a single functional re-entry located at the RAA,
which rotates at 5 Hz, while the remaining of the atrial tissue is activated at 3.1
Hz.

• Two stable drivers (Two rotors, TR): a more complicated computational model
with two stable drivers in Posterior Left Atrial Wall (PLAW) and in Superior
Right Atrial Wall (SRAW). This model also contains two anatomical re-entries
close to the left PV and the right inferior pulmonary vein (RIPV). In this case,
the atrial tissue is activated between 6 and 7 Hz.

• LSPV-located driver model: with 50% of atrial cells under fibrotic conditions and
a single functional re-entry located close to the LSPV, rotating at 7.8 Hz, while
the remaining of the atrial tissue is activated between 3 and 6.5 Hz.

The final computerized models were comprised of M=659 nodes for torso and
N=2048 for atria, under the assumption of a homogeneous, unbounded, and quasi-
static conducting medium by summing up all effective dipole contributions over the
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entire model [23], [91], [93], [127]. Therefore, the EGMs of the entire model were
computed as:

V(Pr) = ∑
r

( r
r3

)
· ∇Vm (33)

where V(Pr) is the EGM signal at the measuring point Pr, Vm is the TMV dis-
tribution along the atria, r is the distance vector between the measuring point Pr

and a different point in the tissue domain, and r is its corresponding scalar distance.
The TMVs were defined in a scattered 3D mesh, so the gradient was computed by
interpolating a quadratic function that involves two surrounding points [144]:

Vm,i −Vm,j = c1x + c2y + c3z + c4x2 + c5y2 + c6z2 + c7xy + c8yz + c9xz (34)

where Vm,i and Vm,j are the TMVs at the points i and j; x, y, z are the incremental
Cartesian coordinates from j to i, and coefficients c1 to c9 were computed by the least
square method in, at least, 9 neighboring points of each location.

The atrial cell model used is based on the one proposed in [100], [105], where the
electrical activity of a single myocyte is described in terms of their TMVs and ionic
currents:

∂Vc

∂t
= − Iion

Cc
(35)

where Vc is the TMV, Iion are the transmembrane ionic currents, and Cc is the cell
membrane capacitance.

Then, the electrical propagation across the atrial tissue was simulated by including
the transmembrane currents caused by the intercellular GAP junction current (due to
the TMV gradient) in the previous formulation:

∂Vk

∂t
= − Iion

Cm
−

N

∑
i=1

Dk,i
Vk −Vi

d2
k,i

(36)

where Vk is the TMV at node k, Vi is the TMV at the neighbour node i, Dk,i is
the diffusion coefficient between the node k and i, dk,i is the distance between those
nodes and N is the number of neighbour nodes. Since the atrial electrical conduction
is anisotropic (its velocity is higher in the longitudinal fiber orientation than at trans-
verse), the diffusion coefficient Dk,i that modulates the intercellular ionic current is
determined as follows:

DK,i = Dlong · cos2α + Dtrans · sin2α (37)

where α is the angle between the longitudinal fiber orientation and the vector link-
ing nodes k and i, and Dlong and Dtrans are the longitudinal and transverse diffusion
coefficients, respectively [92]. Fibrotic and scar tissues were modeled by setting the
diffusion values of the involved nodes to 0. In the case of the fibrotic tissue, a cer-
tain percentage of random nodes were disconnected, depending on the pattern to
simulate. The final system of differential equations was solved by Runge–Kutta inte-
gration (using NVIDIA Tesla C2075 6G).
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4.3 ecgi solution using regularization

We assume that the generation of the data that we can observe (BSPs) follows a
linear model that was described in Chapter 3 (Equations 1 and 8):

Y′ = AX + ε (38)

where Y′ and X are M× T and N × T matrices that contains the noisy BSPs y′ and
epicardial potentials x for all time instants T, respectively.

The goal of ECGI problem is to estimate epicardial potentials X using information
from BSPs, Y′ and the transfer matrix A. This is an ill-posed problem, which is
commonly addressed with regularization.

We are going to present the solution of ECGI using zero-order Tikh regularization
(Chapter 3 as a standard to compare with the approximation that is going to be
proposed in this Chapter).

To estimate epicardial potentials X the solution of the Tikh method can be com-
puted as (Equation 14):

X̂Tikh = argmin
X

{∥∥Y′ − AX
∥∥2

2 + λ ‖LX‖2
2

}
(39)

and the closed-form solution is (Equation 27):

X̂Tikh = (AT A + λLT L)−1 ATY′ (40)

where L is the identity matrix (zero-order Tikh, L2-norm of the solution is minimized),
and λ is the global regularization parameter. Computing λ for each time instant
does not improve significantly the results compared to using a global regularization
parameter for all time instants, which needs much more computation time [93].

We propose a new method to include endocardial information from intracavitary
EGMs: Constrained-Tikhonov (Cons-Tikh). We reformulated the solution of ECGI
using regularization to incorporate this information as an additional constraint, as:

X̂Cons−Tikh = argmin
X

{∥∥Y′ − AX
∥∥2

2 + λ1 ‖LX‖2
2 + λ2

∥∥DXre f − DX
∥∥2

2

}
(41)

where D is a diagonal matrix with value equal to one for nodes where the solution is
forced to be be similar to the selected measured endocardial potentials, and λ1 and
λ2 are the regularization parameters associated with the standard Tikh regularization
and the new constraint, respectively. The matrix Xre f represents the EGMs recorded
in the endocardium. Thus, this new constraint controls the size of the error between
reconstructed potentials (X) and the known intracavitary signals (Xre f ).

The proposed approach can be solved with a closed-form solution that is obtained
with convex optimization. First of all, we are going to expand Equation 41:∥∥Y′ − AX

∥∥2
2 + λ1 ‖LX‖2

2 + λ2
∥∥DXre f − DX

∥∥2
2 =

= (Y′ − AX)T(Y′ − AX) + λ1(LX)T(LX) + λ2(DXre f − DX)T(DXre f − DX) =

= (Y′T − XT AT)(Y′ − AX) + λ1(XT LT)(LX) + λ2(Xre f T DT − XTDT)(DXre f − DX)

(42)
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Since D = DT are diagonal matrix with ones in their diagonal, DTD = DT. There-
fore, Equation 42 is equal to:

Y′TY′ − 2XT ATY′ + XT AT AX + λ1XT LT LX + λ2XT
re f DTXre f

−2λ2XTDTXre f + λ2XTDTDX

Then, we can apply derivatives to find the minimal X:

∂

∂X
(Y′TY′ − 2XT ATY′ + XT AT AX + λ1XT LT LX + λ2XT

re f DTXre f

−2λ2XTDTXre f + λ2XTDTDX) = 0

−2ATY′ + 2AT AX + 2λ1LT LX− 2λ2DTXre f + 2λ2DTDX = 0

Finally, the closed form to obtain X̂ is:

X̂Cons−Tikh = (AT A + λ1 LT L + λ2DTD)−1(ATY′ + λ2DTXre f ) (43)

In contrast to Tikh, Cons-Tikh algorithm used in this study is a first-order Tikh-
based method, since it provides a better performance and lower dispersion than zero
and second-order ones [141].

Finally, to establish a comparison against Tikh and Cons-Tikh, we used interpo-
lation methods with measured endocardial potentials Xre f . We used an approach
based on Laplacian interpolation [145], which uses the geometry of the mesh to in-
terpolate, while other cloud-point based methods are only distance-based methods.
For a scalar function f defined on a curved surface in a 3D space, the Laplacian ∆S f
of the function is defined as:

∆S f =

(
∂2

∂x2 +
∂2

∂y2

)
f (44)

where x and y are the local surface coordinates. In the interpolation method we used,
∆S f is minimized at all nodes.

4.4 performance metrics

To assess the performance of the implemented reconstruction methods several met-
rics were used. Similarity between modeled and estimated x̂ epicardial potentials
and phase maps is quantified by the Relative Difference Measurement Star (RDMS)
[146] and Pearson’s correlation coefficient (CC) across all nodes [93], [147]. RDMS is
computed as

RDMSk =

√√√√ N

∑
k=1

(
xk

‖x‖2
− x̂k

‖x̂k‖ 2

)2

(45)

where xk and x̂k are the given EGMs and the corresponding reconstructions, respec-
tively, for each node k of the atrial geometry. On the other hand, CC is computed
as

CCk =
Cov(xk, x̂k)√

Var(xk)Var(x̂k)
(46)
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where Cov(xk, x̂k) is the covariance between xk and x̂K and Var(xk) and Var(x̂k) are
the variances of xk and x̂k, respectively.

We also computed the Local Activation Times (LAT) for each model. LAT are
defined as the moment of steepest voltage downslope during the QRS complex [148].
For each epicardial node, LAT is computed as:

LAT = min
t
‖Gxk,t‖2

∂xk,t

∂t
(47)

where xk,t is the potential at the epicardial node k under consideration at time t, Gxk,t

is the approximated spatial gradient, and ∂xk,t
∂t the approximated temporal derivative.

We computed both RDMS and CC metrics between the LAT of the ground truth and
the LAT obtained with the different reconstruction methods.

4.4.1 DF Analysis

Spectral analysis of cardiac electrical activity, and specifically the estimation of the
DF, has been previously proposed as an useful clinical tool for driver localization
to guide ablation procedures [23], [76], [89]. To estimate DF in each node, Welch’s
periodogram was computed to perform a frequency analysis (2 s Hamming window,
50% overlap). Then, we used a signal preprocessing according to the bandpass nature
of the EGM spectral envelope [149]–[151]. We also corrected wrong determinations
of second or third harmonic peaks as DF [76].

4.4.2 Phase maps and Driver location

Phase maps are used to detect the core of the re-entrant activity [4], [17]. In order to
estimate driver position, we computed phase maps by applying a Hilbert transform
to the epicardial potentials [93]:

Φ(xk) = −arctan2 (Im(H(xk)), xk) (48)

where H(xk) is the Hilbert transform of the epicardial potentials xk for a single node
k of the atrial geometry. Signals were filtered with a 4th-order bandpass Butterworth
filter around their DFs (from 3 Hz to DF + 2 Hz) before computing Φ(xk) [93]. Phase
maps obtained using reconstructed epicardial potentials were compared with the
ground truth using both RDMS and CC, similarly to epicardial potential maps.

Phase maps were computed with the main aim of detecting PSs. A PS is defined
as the point in a phase map that is surrounded by phases from 0 to 2π. Only those
PSs that, at least, last two full rotations were considered [27]. Using this approach,
for each point in the atria it is possible to detect none, one or even more PSs for each
time instant.

However, PS estimations have both technical and structural limitations [125], [152],
since there are PSs that seem to be primary drivers, and other PSs can be secondary
drivers or spurious effects of the analysis [91]. To identify areas where PSs corre-
spond to primary drivers, we only focus on those PSs that appear on high DF zones
[17], [153].

To evaluate PS locations into a certain time interval, we used the PS Spatial Mass
Function (SMF), which is a probability map of the position of PSs. To estimate the
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PS SMF, we counted the number of times that a PS appears in a certain node over a
given time interval, and then computed the subsequent probability over the whole
number of time intervals. Therefore, the higher the probability of finding a driver in
a certain node, the higher the probability of considering that area as an AF driver.

Finally, to compare the position of PSs between ground truth and estimations,
we used the weighted under-estimation and over estimation indicators (WUI and
WOI, respectively), which are weighted versions of the ones proposed in [154]. We
weighted the area An associated with the nth node with the probability p(n) of lo-
cating the PS in that node. The area associated with one node is the area of the
faces surrounding the node, and it is needed since the triangulation of the epicardial
surface is highly irregular, and then some faces are much bigger than others [93].

These metrics are computed as:

WUI% = 100 ∑n∈FN p(n)An

∑n∈FN p(n)An + ∑n∈TP p(n)An
(49)

WOI% = 100 ∑n∈FP p(n)An

∑n∈FP p(n)An + ∑n∈TP p(n)An
(50)

where FN (False Negative) is the set of nodes belonging to the true PS region but not
to the estimated region, TP (True Positive) is the set of nodes in both the true and
estimated PS regions and FP (False Positive) the nodes belonging to the estimated PS
region but not to the true PS region. We also computed the correlation coefficient be-
tween the histograms of the PS SMF (CCSMF), and the mode distance (MD), defined
as the Euclidean distance between the modes of the ground truth and the estimated
SMFs. A mode of the SMF is defined as the node where the PS is placed with the
highest probability. This metric complements WUI, WOI and CCSMF metrics for
those cases where the real and estimated SMF are near but do not overlap [93].

4.4.3 Statistical analysis

We use a non-parametrical Wilcoxon signed rank test to compare performance
metrics [155]. This non-parametric test does not assume normality, and compares the
median of the distributions of two samples. In this case, the null hypothesis is re-
jected when there is a significant difference between the sample medians. Therefore,
statistical significance of the difference between pairs of results are analyzed in terms
of the Wilcoxon test at 0.05 significance level or lower.

4.4.4 Experimental set-up

To compute the initial BSPs Y, the forward problem was solved by computing the
M× N transfer matrix A using BEM (Equation 1) [23], [156], [157]:

Y = AX (51)

where Y are the clean ideal BSP for all time instants T. Those simulated BSP
must be referenced to the WCT. This step is essential since real ECG recordings
are referenced to this point due to the electrical noise of the ground, and it can be
mathematically represented as:
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ECG = ECGnotref − ECGWCT (52)

where ECGnotre f is a not-corrected ECG, ECGWCT is the WCT signal, computed as
average of the ECG signals at the WCT points, and ECG is the final corrected ECG.

Therefore, if we apply the same methodology to the BSP, referenced signals Yre f
can be computed as:

Yre f = AX− 1
MWCT

MWCT

∑
b=1

(AX)b = AX− 1
MWCT

BWCTX = (53)

=

(
A− 1

MWCT
BWCT

)
X (54)

where MWCT are the number of WCT points, b indicates the row that corresponds
to the WCT leads, and BWCT is a matrix of zeros with size M × N except the rows
that correspond to the WCT leads, that have the same values of the corresponding
rows of the A matrix [92]. Therefore, to directly compute the BSPs referenced to the
WCT, it is possible to compute a corrected ACTW matrix as:

AWCT = A− 1
MWCT

BWCT (55)

Once the WCT-referenced simulated BSPs were computed, they were corrupted
with additive Gaussian noise (Signal-to-noise Ratio, SNR = 20 dBs) and filtered using:
4

th-order bandpass Butterworth filter (fc1=3 Hz and fc2=30 Hz for AF models, fc1=0
Hz and fc2=30 Hz for SR) [23], [93]. To obtain regularization parameters for Tikh
(λ1) we used the L-Curve method [19], [23], [91], [93], while in Cons-Tikh (λ1, λ2), we
used a 3D-generalization of the L-Curve (L-surface) [158].

4.4.5 Real patient data

Finally, in order to test the new proposed method in a real scenario, we performed a
comparison of DF estimation between Tikh and Cons-Tikh using real patient data. We
used data from one EPS available at the Experimental Data and Geometric Analysis
Repository (EDGAR). The EPS was recorded at the Gregorio Marañón General Uni-
versitary Hospital, Madrid, Spain, in collaboration with the Universitat Politècnica
de València, València, Spain. It contains recordings from one male patient admitted
for ablation of drug-refractory paroxysmal AF, using an ablation protocol approved
by the Institutional Ethics Committee, and the patient gave informed consent [23].

BSPs were recorded simultaneously to right-atrial endocardial recordings with
high-resolution multipolar catheters. To obtain atrial signals without ventricular ac-
tivity, an adenosine bolus infusion that blocked the atrio-ventricular node was used.
This dataset contains one adenosine episode of 7.5 seconds.

Both EGMs and BSPs were detrended and filtered using a 6th-order low-pass But-
terworth filter (fc=30Hz). Inverse problem was performed using the same method-
ology as previous models, and DFs were estimated after performing a frequency
analysis using a Welch’s periodogram (1 s Hamming window, 50% overlap). Finally,
we computed the Root-Mean-Square Error (RMSE) between the DF of the given EGM
and it corresponding inverse-problem reconstruction. It is computed as:
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RMSE =
1
N

N

∑
k=1

√
(DF(xk)− DF(x̂k))2 (56)

where DF(xk) and DF(x̂k) are the DF of the given EGM and the corresponding
inverse-problem reconstructions, respectively, for each node k of the atrial geome-
try.

4.5 results

To assess the performance of the different reconstruction methods, we carried out
different types of experiment:

• Dependence on the number of known nodes. We first studied the impact of
the number of intracavitary known nodes in the reconstruction. We compared
results in a range of 8 up to 256 known nodes (in powers of two), uniformly and
equispaced distributed across the atria. We also compared results with a more
realistic distribution of nodes based on a simulation of two basket catheters
with 64 poles, given a total of 128 known nodes, realistically distributed. In both
cases, intracavitary electrodes are assumed to be in contact with the endocardial
surface.

• Performance with two 64 pole basket-based distribution. We then studied the
performance of the different reconstruction methods using a realistic distribu-
tion of nodes based on a simulation of two basket catheters with 64 poles, re-
alistically distributed. This performance was assessed in terms of epicardial
potential reconstructions, DF and phase maps.

• Driver detection in a realistic scenario. We also assessed the detection of PSs in
the same realistic scenario, in terms of SMF maps and driver detection metrics.

• Results with real patient data. To test the new proposed method in a real
scenario, we finally performed a comparison of DF estimation between Tikh
and Cons-Tikh using real patient data obtained from one EPS.

4.5.1 Dependence on the number of known nodes

Epicardial potentials were estimated using interpolation, Tikh and the proposed
model Cons-Tikh, for each propagation pattern. Figure 23 shows the mean and stan-
dard deviation of the CC (left) and RDMS (right) for different amounts of known
nodes. Performance of Tikh is independent on the amount of intracavitary record-
ings available since it does not employ this information for the resolution.

For a small number of EGMs (between 8 and 32) interpolation obtained higher
RDMS and smaller CC values than Tikh and Cons-Tikh, which use BSPM informa-
tion. It means that interpolation yielded higher error when reconstructing epicardial
signals. Indeed, for 8 known nodes, Cons-Tikh performed equal to Tikh, since the
regularization parameter for intracavitary information, which weights the constraint
effect for that information, is too small.
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From 32 up to 256 known nodes interpolation and Cons-Tikh obtained lower
RDMS (higher CC) than classical Tikh. Using 64 known nodes, interpolation per-
formed as Tikh, while Cons-Tikh started to give a significantly better performance
with 32 known nodes. Moreover, Cons-Tikh obtained even lower RDMS and higher
CC values than interpolation of nodes, combining BSPs and intracavitary informa-
tion. Between 32 and 256 known nodes, differences between interpolation and Tikh,
and between interpolation and Cons-Tikh, were statistically significant (p < 0.001).
However, differences in performance were smaller in complex AF patterns (like in
LSPV model).
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Figure 23: Performance assessment of interpolation, Tikh and Cons-Tikh algorithms, with
different number of known nodes. 2 64-pole baskets-based distribution gives a
similar global performance as 128 uniformly distributed nodes in Cons-Tikh algo-
rithm.
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Table 1: Epicardial estimation performance for SR, RAA, TR and LSPV models for SNR=20
dB and two intracavitary baskets: mean and standard deviation for RDMS and CC
with interpolation, Tikh and Cons-Tikh methods.

SR RAA

RDMS CC RDMS CC

Interpolation 0.57± 0.45 0.74± 0.38 0.80± 0.39 0.60± 0.33
Tikh 0.75± 0.33 0.66± 0.34 0.93± 0.28 0.53± 0.30
Cons-Tikh 0.41± 0.30 0.87± 0.20 0.63± 0.27 0.76± 0.18

TR LSPV

RDMS CC RDMS CC

Interpolation 0.93± 0.41 0.48± 0.39 1.23± 0.34 0.19± 0.38
Tikh 0.98± 0.27 0.48± 0.31 1.26± 0.24 0.17± 0.30
Cons-Tikh 0.74± 0.29 0.68± 0.24 1.16± 0.31 0.28± 0.34

The same conclusion can be reached when using a clinical distribution of nodes
(two intracavitary baskets). Numerical values for this scenario can be found in Table
1. Although the number of nodes is close to 128, the non-uniform distribution led to
a slightly worse performance compared to 128 uniformly distributed nodes.

4.5.2 Performance with 2− 64 pole basket-based distribution

In this section, we used a basket-model of two 64-poles intracavitary catheters. In
such scenario, intracavitary information is restricted in some areas of the atria due to
the anatomical limitations of any catheter.

Figure 24 shows the atrial model with two intracavitary baskets, with the EGMs
obtained with interpolation and inverse problem solutions in different nodes for SR,
RAA, TR and LSPV models, respectively. One of the main advantages of the pro-
posed method is that, even in nodes not used as a constraint, estimated epicardial
potentials maintained the high-frequency content of the original signal, reducing the
low-pass filtering behavior that Tikh imposes on the signal.

As the complexity of AF patterns increases, interpolation and Cons-Tikh perfor-
mance degraded, with signal amplitude and phase changes compared to the original
signal. However, Cons-Tikh tended to perform slightly better than interpolation,
since it uses both local and global information (endocardium and BSPM). These con-
clusions were supported with lower RDMS and higher CC, see Table 1.

Figure 25 compares model and reconstructed epicardial potential maps. Interpo-
lation and Cons-Tikh performed similarly, but a higher definition is reached with
Cons-Tikh. Propagation patterns were better estimated with interpolation and Cons-
Tikh, both in SR, RAA and TR model. However, performance degraded in LSPV
epicardial potentials estimation (mean RDMS was 1.23, 1.26 and 1.16, and mean CC
was 0.19, 0.17 and 0.28 for interpolation, Tikh and Cons-Tikh, respectively).

Nevertheless, it is essential to remark that the main objective of using this distribu-
tion of intracavitary signals is to evaluate the performance of each method in atrial
regions that cannot be mapped with the intracavitary baskets, such as the RAA. This
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Figure 24: Clinical distribution of 128 nodes (2 64-pole baskets) across the atria, with recon-
structed signals in a node used in the constraint of the Cons-Tikh algorithm (+)
and a node not used in the constraint of the Cons-Tikh algorithm (-), using SR,
RAA, TR and LSPV models.

is an atrial region where it is common to find drivers [159]. Similar conclusions can
be drawn from Figure 26, where RDMS and CC maps are shown. The error, in terms
of RDMS, using Cons-Tikh and interpolation, was lower than using the classical Tikh,
while CC values were higher, which was expected (mean RDMS was 0.80 and 0.63,
and mean CC was 0.60 and 0.76 for interpolation and Cons-Tikh for RAA model,
respectively). Moreover, Cons-Tikh allowed us to diminish the error obtained when
using only interpolation. As stated before, this is especially important in areas where
intracavitary electrodes are unable to access. In the case of the RAA model, the error
obtained in the area of the RAA with interpolation was bigger than with Cons-Tikh.
This result is also consistent with the RAA-model EGM shown in Figure 24, where
signals were better estimated with Cons-Tikh. Similar conclusions are obtained with
TR model. If we focus on the areas that are not covered by intracavitary electrodes,
the error using Cons-Tikh is also lower than using interpolation.

On the other hand, in the LSPV model, due to the higher complexity of the model,
the areas where the error was minimal corresponded to zones close to the position
of the known nodes, for both interpolation and Cons-Tikh.

Table 2 shows mean RDMS and CC of LAT obtained with interpolation, Tikh and
Cons-Tikh methods. Cons-Tikh provided reconstructions with lower RDMS (higher
CC), suggesting better LAT estimations.

Figure 27 shows DF maps. Classical approach using Tikh led to poor estimations
in some areas. In simple AF propagation patterns (RAA), DF estimation performance
using both interpolation and Cons-Tikh was very similar. Cons-Tikh also allowed to
reconstruct the DF map with high precision in the more complex LSPV pattern. It
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Figure 25: Comparison of model and estimated epicardial potential maps using interpola-
tion, zero-order Tikh and first-order Cons-Tikh methods, in SR, RAA, TR and
LSPV models. Interpolation and Cons-Tikh reconstructions are computed with
two intracavitary baskets.

Figure 26: Comparison of error (assessed by RDMS, left) and similarity in the reconstructions
(assessed by CC, right) maps across all nodes using interpolation, zero-order Tikh
and first-order Cons-Tikh methods, in SR, RAA, TR and LSPV models. Interpola-
tion and Cons-Tikh reconstructions are computed with two intracavitary baskets.
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Figure 27: Comparison of model and estimated DF maps using interpolation, zero-order
Tikh and first-order Cons-Tikh methods in RAA, TR and LSPV models. Interpola-
tion and Cons-Tikh reconstructions are computed with two intracavitary baskets.

Table 2: LAT estimation performance for SR, RAA, TR and LSPV models for SNR=20 dB
and two intracavitary baskets: mean RDMS and CC with interpolation, Tikh and
Cons-Tikh methods.

SR RAA TR LSPV

RDMS CC RDMS CC RDMS CC RDMS CC

Interpolation 0.10 0.99 0.17 0.99 0.20 0.98 0.76 0.71
Tikh 0.13 0.99 0.40 0.92 0.34 0.94 0.70 0.76
Cons-Tikh 0.08 0.99 0.15 0.99 0.27 0.96 0.68 0.76

seems that the combination of intracavitary and BSPM information allows to provide
enough information to reconstruct high and low DF regions, even in TR model.

Figures 28 and 29 show phase and RDMS-CC phase maps, respectively. Since
phase estimation relies mainly on the morphology of the signal, Cons-Tikh tended to
provide better results (lower RDMS and higher CC), mainly in simple AF propagation
patterns. Intracavitary information forced the solution to take into account high
frequency content in the EGM, leading to a more accurate phase reconstruction.

4.5.3 Driver detection in a realistic scenario

One important clinical application of cardiac mapping is to locate PS sites. Figure
30 shows the SMF of the PS location (i.e. probability map of the position of PS).
For every AF propagation pattern, interpolation was unable to obtain an accurate
probability map of the position of PSs, underestimating both probabilities and areas
where the driver could be found. Cons-Tikh was able to obtain a narrower and
accurate area with high probability of finding a PS, compared to both interpolation
and Tikh. In the case of RAA model, this result is consistent due to the lack of
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Figure 28: Comparison of model and estimated phase maps using interpolation, zero-order
Tikh and first-order Cons-Tikh methods, in RAA, TR and LSPV models. Interpola-
tion and Cons-Tikh reconstructions are computed with two intracavitary baskets.

Figure 29: Comparison of error (assessed by RDMS, left) and similarity in the reconstructions
(assessed by CC, right) in phase maps using interpolation, zero-order Tikh, and
first-order Cons-Tikh methods, in RAA, TR and LSPV models. Interpolation and
Cons-Tikh reconstructions are computed with two intracavitary baskets.

capability to correctly map electrical activity at the RAA. Moreover, in TR model,
Cons-Tikh was able to estimate the presence of a primary driver (area with a higher
probability of finding an PS) and a secondary driver (lower probability area, below
the primary driver).

Table 3 shows the PS-detection performance metrics. Cons-Tikh yielded to smaller
WUI and WOI than interpolation and Tikh methods, mainly in complex propagation
patterns (with WUI = 35, 46% and 30.03%, and WOI = 12.64% and 19.39% for TR
and LSPV models using Cons-Tikh, respectively). Therefore, reconstructions with
Cons-Tikh led to lower rate of false negatives and false positives. In terms of MD,
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Figure 30: SMF of the PS location, in RAA, TR and LSPV models using original model, Tikh
and Cons-Tikh. Interpolation and Cons-Tikh estimation are computed with two
intracavitary baskets.

Cons-Tikh gave lower values, namely in LSPV model. This result is also consistent
with CCSMF metrics, where Cons-Tikh SMF correlation with the ground truth was
higher than both Tikh and interpolation (0.24, 0.72 and 0.86 for RAA, TR and LSPV
models using Cons-Tikh, respectively). In the case of RAA model, where the driver
was in a area difficult to map with intracavitary basket, all reconstruction methods
worsened, but Cons-Tikh was still the best method to find the driver location (higher
CCSMF, and lower WUI, WOI and MD), showing that the combination of intracavitary
information and BSPM information allowed to enhance the electrical map estimation,
and allowed to better estimate clinical targets.

4.5.4 Results with real patient data

Figure 31 shows DF maps for a real patient recording. The classical Tikh method
led to a more smooth DF map than Cons-Tikh, which is in agreement with previous
results in computerized models. We can compare DF estimations using the recorded
EGM. As expected, Cons-Tikh obtained DF estimations closer to the intracavitary
estimations than Tikh, with a RMSE = 0.65 Hz (RMSE = 0.90 Hz with Tikh).

We have performed a simple experiment in which we randomly removed one elec-
trode from the constraint in Cons-Tikh. After that, we could estimate DF difference
comparing with an intracavitary EGM which was not used in the reconstruction as
a prior information. This allowed us to provide a more fair estimation of the DF er-
ror. We repeated the experiment 100 times. In this experiment, Cons-Tikh was better
estimating DF with a RMSE = 0.85 Hz (0.90 Hz with Tikh).
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Table 3: PS estimation performance for RAA, TR and LSPV models for SNR=20 dB and two
intracavitary baskets: correlation coefficient of SMF of PS location (CCSMF), WUI
(%), WOI (%) and MD.

RAA TR

CCSMF WUI WOI MD CCSMF WUI WOI MD

Interpolation 0 100 100 1.639 0.52 48.80 48.79 0.50
Tikh 0.11 4.70 95.79 0.98 0.62 44.34 13.58 0
Cons-Tikh 0.24 4.70 92.33 0.98 0.72 35.46 12.64 0

LSPV

CCSMF WUI WOI MD

Interpolation 0.39 59.82 44.64 0.90
Tikh 0 100 100 15.88
Cons-Tikh 0.86 30.03 19.39 0
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Figure 31: Comparison of estimated DF maps using zero-order Tikh (left) and first-order
Cons-Tikh (right) methods in one real patient record. Red dot points represent
the position of the electrodes recording the intracavitary EGM.

There still are some issues that have to be addressed in real data, namely different
reference signal for intracavitary EGMs and BSPs, or the selection of regularization
parameters using L-surface and L-curve.

4.6 discussion and conclusions

We have proposed a new method to include intracavitary information from endo-
cardial EGMs into our ECGI inverse methodology. That is, we have included this
information as a second constraint on the Tikh regularization method.

Using multiple constrains on the spatial and temporal behavior has been previ-
ously proposed to improve epicardial potentials reconstruction [18], [29]. In [139], a
Bayesian-based approach to incorporate a priori information was analyzed with good
results, but in a different clinical scenario, i.e. ventricular paced beats. In that work,
authors included prior information by estimating the covariance matrix of epicardial
potentials. This Bayesian approach has been studied in AF models with good results,
but in order to estimate properly the covariance matrix all the intracavitary informa-
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tion was used (≈ 2000 nodes) [93]. The method we propose was able to obtain more
accurate reconstructions in AF with few nodes (64 nodes), see Figure 23.

Specifically, the proposed model improved the estimation of epicardial potentials
by using first-order Cons-Tikh method, which is able to reproduce high frequency
components in the solution. Therefore, this method overcomes the low-pass filtering
behavior of the classical Tikh approach. Furthermore, Cons-Tikh clearly outperforms
interpolation of nodes when we have less than 128 available nodes, obtaining lower
RDMS (higher CC) values, although the epicardial potential estimation degraded
severely for all the methods as the complexity of AF increases.

The proposed method has two free regularization parameters to be estimated,
which makes it very computationally expensive. We diminished the computational
cost by using an iterative method based on computing the optimal parameter by
iterating on an under-sampled λ parameter array. Once the highest L-surface curva-
ture area is found on the current iteration, the corresponding optimal λ section is
found and up-sampled for the next iteration, forcing the algorithm to look for the
optimal values only on that up-sampled section. This iterative algorithm stops when
the difference between optimal λ values on consecutive iterations is below a certain
threshold. For example, for 50 iterations and a threshold of 10−12, computation time
can be diminished from approximately 8 hours from the method used in [141] to 10
minutes.

In our results, L-surface method to estimate regularization parameters gave a
higher weight to intracavitary measurements than to BSPs, although regularization
parameter for Tikh constraint (λ1) were similar in our approach and the classical one.
We expected this result, as we are using the same intracardiac measurements used
to compute the BSPs as a priori information for the Cons-Tikh algorithm in comput-
erized models. Therefore, one limitation of computerized model analysis is that it
describes a simplistic scenario.

On the other hand, the scope of this study is to evaluate the performance of this
new algorithm in a controlled simplified environment, and endocardium-epicardium
bi-layer model approximations and model mismatch are issues that should be taken
into account in further studies to obtain better performance in real situations. There
are some studies that addressed endocardium-epicardium conduction, e.g. [30], [160],
and model mismatch [29].

Moreover, in the case of patient data, developing new adapted methodologies to
select both λ values in real data, facing the reference mismatch between BSP and
intracavitary EGM, and validating our new proposed methodology on a higher num-
ber of real patient datasets are clear topics of future work. Regarding patient signal
recording, combined BSP-EGM measurement could be easily achieved in a real envi-
ronment, since several studies simultaneously recorded BSPs and endocardial EGMs
[76]. Therefore, it is possible to integrate both types of signals in the proposed for-
mulation in a clinical setting.

Finally, another important point to discuss is the number of electrodes needed
to improve classical zero-order Tikh regularization (without including intracardiac
information). Currently, in clinical practice the number of endocardial electrodes
is still small, e.g. PENTARAY™ catheter (Biosense Webster) composed of 20 poles
[122]. However, the trend is to use catheters with a higher number of electrodes,
i.e., Constellation™ [5] and Intellamap Orion™ (BostonScientific) [161] or FIRMap™
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(Abbott Electrophysiology) [6], all of them with 64 poles. This trend would eventually
allow obtaining reliable reconstructions using the Cons-Tikh approach, making this
approach more attractive.

In summary, the number of patients suffering from AF is constantly increasing,
and the success of classical PVI is failing in achieving long-term AF freedom. There-
fore, novel technologies to characterize AF continue being a clinical need. This work
demonstrates that the combination of intracardiac recordings and non-invasive ECGI
mapping is a potential tool for a global detailed mapping of AF drivers.
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5 D E E P L E A R N I N G : S TAT E O F T H E A R T

In this Chapter we will explain what AI is and the difference between Machine
Learning and Deep Learning. Then, we will go in depth about the main ANNs used
currently, like the MLPs and CNNs and the mathematics involved. We will also
explain how these networks are optimized, and how models trained for one task can
be adapted to a different one. Finally, we will introduce some of the applications of
AI in the field of cardiac arrhythmias and AF.

5.1 introduction to artificial intelligence

AI is a concept that was introduced in the second half of the 20th century, as an
answer about the possibility of making computers "think" and learn in a similar way
as humans do. AI can be defined then as the effort to automate intellectual tasks
normally performed by humans [162].

Early AI approaches were based on coding a list of rules to manipulate knowledge,
like the case of old chess programs [163]. These approaches are included in the
field of symbolic AI. However, symbolic AI was only suitable to solve well-defined
logical problems, and it does not solve the problem of the computers to "learn", since
symbolic AI requires a previous human coding process of the involved rules [162].

Machine Learning was the first concept that addressed the computer learning pro-
cess. Machine Learning allowed the computers to learn on their own how to perform
a specified task from input data without being explicitly programmed for it. Instead,
the learning process is based on example data that are relevant for the task of inter-
est. Machine Learning systems find statistical structures on input data to create the
necessary rules to automatize that task [162]. Figure 32 shows an illustration of the
differences between classical programming and Machine Learning paradigms.

Machine Learning requires large datasets to eventually get a good performance,
and handling a huge amount of data is a very computationally expensive task. There-

Figure 32: Classical programming paradigm (above) and Machine Learning approach. Taken
from [162].

53
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fore, Machine Learning suffered a deeper development from the 90s decade, with the
availability of much faster computers [162].

Machine Learning needs, in summary, three essential elements [162]:

• Input data. They should be representative of the task to be automatized, and
it could be comprised of images, signals, text, etc. From this input data it is
usually necessary to obtain descriptive features that are used by the Machine
Learning algorithm to learn [163].

• Examples of the expected output. Predictive Machine Learning systems usually
require the associated output that it should obtain from input data.

• A performance metric. Its main aim is to provide feedback to the Machine
Learning system about the learning process. It assesses the discrepancy be-
tween the algorithm’s output and the expected output in order to adjust the
algorithm.

The iterative process where the learning process is carried out is called training.
In this stage, the Machine Learning algorithm takes some input data examples or
descriptive features from them to adjust the model. Once the model is considered
trained according to a certain metric, its performance is usually assessed in the test
stage. In this phase, the model performance is evaluated in a realistic scenario, i.e.,
with input data that has not been used in the training phase [164]. If the trained
model is able to perform an accurate prediction of the output, the model can be used
in a production phase. However, if the performance does not achieve a minimal
threshold to be considered reliable, it is necessary to improve it [165].

The training process usually requires a larger quantity of input data examples than
in the test phase, since the performance of a model relies on a large enough quantity
of data to learn. Therefore, the training data set is usually larger than the test set.
However, using an excessive quantity of data in training could lead the model to
be overfitted to the training set. In this case, its generalization capability is limited,
and the performance in the test set could be compromised. On the other hand, a
limited quantity of data in the training set could limit the capability of the model
to be adjusted (underfitting) [164]. A graphical representation of overfitting and
underfitting is shown in Figure 33.

To evaluate the performance of a model during its development, an additional
validation set is created. This set is used to estimate the generalization error during
or after training, allowing the fine-tuning of the model. Depending on the data
availability, validation can be carried out in two different ways [166]:

• Simple validation (hold-out validation). It is useful when there is a large quan-
tity of input data. It consists on splitting the training set in two (training and
validation). This validation is used to adjust the parameters of the model.

• Cross-validation. It is useful when there is a small quantity of input data. It
consist on train several models where the proportion of data in training and
test sets is set constant, but the input data for each set is different. The final per-
formance is computed as the average of the whole test measurements obtained
for each single model.
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Figure 33: Comparison between underfitting, overfitting and appropriate fitting. Underfit-
ting occurs when the fit is too simple to capture the pattern explained in the data.
An appropriate fit captures the pattern but is not too inflexible or flexible to fit
data. Finally, overfitting occurs when the model is possibly fitting to the noise in
the data. Features 1 and 2 reflects the first two elements of a feature vector. Taken
from [164].

Depending on the nature of the task that a Machine Learning algorithm should
solve, and the type of output it should obtain, Machine Learning problems can be
classified in two groups [167]:

• Classification. It consist in predicting a set of discrete outputs about the input
data considered, i.e., to assign them to different categories.

• Regression. I consist in predicting a continuous output about the input data.

In both previous cases, the learning process is considered supervised, i.e., the al-
gorithm takes input data whose output is known. However, Machine Learning al-
gorithms can also find hidden patterns or intrinsic structures about the input data,
without considering a certain known output. This type of learning process is called
unsupervised, and its main aim is to assign the input data to different clusters or
groups based on shared features or similarity measurements [167]. In this Chapter
we are going to focus on classification supervised problems, since we are going to
address the AF driver localization process as a classification problem (see Chapter 6.
For regression problems, please refer to the bibliography [162], [163], [168].

The way a Machine Learning algorithm learns is based on transforming the in-
put features into a different representation space using the performance metric as a
guide, and then, map this representation to the final output. Depending on the Ma-
chine Learning algorithm considered, data transformation could be based on linear
projections, translations, coordinate changes, etc. [162], see Figure 34. However, this
learning approach is based on a predefined set of operations (hypothesis space), and
in certain scenarios its performance is limited [162]. Many AI tasks can be solved
by designing the right set of features to extract, but this process is much difficult
in complex tasks. In these cases, obtaining the right quantity of features requires a
domain expertise in order to obtain a good performance [163].
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Figure 34: Example of coordinate change to obtain a better representation of raw data. Taken
from [162].

5.2 artificial neural networks and deep learning

The solution to improve the performance in complex tasks is not only based on
study the mapping process from the representation to the output, but also to learn
the representation itself and features [163].

Deep Learning models make data-driven predictions by using multiple non-linear
transformations to yield abstract representations of data [169]. Deep Learning allows
a computer to create very complex concepts from much more simpler ones. Moreover,
Deep Learning is able to learn directly from raw data, avoiding the previous step of
computing a priori features [163].

Researchers in the 80s and 90s tried to train deep networks, but hardware limita-
tions and yet inefficient algorithms made these networks slow and not useful [170].
However, since 2006, a set of techniques has been developed that enable learning in
deep neural nets, like better activation functions, regularization methods and spe-
cialized network architectures [170]. Moreover, since 2010s, advances in computer
hardware have led to more efficient optimization algorithms that are able to train a
much higher number of layers. Graphic Processing Units (GPU) have also displaced
Central Processing Units (CPU) as the dominant method of training very deep net-
works thanks to its higher capability of parallelization [171].

To understand in what Deep Learning consists, it is essential to firstly understand
what ANNs are. ANNs are a type of supervised Machine Learning algorithm in-
spired by the networks of biological neurons of the human brain. The basic unit of
an ANN is the artificial neuron (simplifying: neuron). A neuron take several inputs
xi that can take any values in order to compute the output, i.e., the output is com-
puted as a linear combination of the inputs. This can be mathematically explained
as:

y = f (
m

∑
i=1

wixi + b) (57)

where xi is one of the m input values, wi are the weights that the neuron apply to
each of the xi elements, b is a bias term, and f (·) is a nonlinear activation function.
A schematic of a single neuron can be found in Figure 35.

Nonlinear activation functions are a core aspect of modern ANNs. The main aim
of activation functions is to extend linear models to represent nonlinear functions. In
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Figure 35: Example of a neuron showing the input xi, their corresponding weights wi, a
bias b and the activation function f (·) applied to the weighted sum of the inputs.
Taken from [172].

Figure 36: ReLU function. This activation function is the default activation function recom-
mended for use with most feedforward neural networks. ReLU units are nearly
linear, so they preserve many of the properties that make linear models easy to
optimize with gradient-based methods. Taken from [163].

modern neural networks, the most used activation function is the rectified linear unit
(ReLU, see Figure 36):

f (z) = max{0, z} (58)

where z = ∑m
i=1 wixi + b, i.e., the linear combination between inputs, weights and

biases for the considered neuron.
Regarding the bias term, it is an additional parameter which is used to adjust the

output of the neuron along with the weighted sum of the inputs. Thus, it is a constant
which helps the model to fit best for the given data. It can be also associated to the
intercept term in a linear equation.

The simplest type of ANN is the MLP [173]. In this type of models, neurons are
organized in layers, and each layer contains a certain number of neurons. Then, each
unit of a single layer is connected to every unit of the next layer. A schematic of MLP
architecture is shown in Figure 37. Depending on the position of the layer in the
ANN, these are named as:

• Input layer: it takes the values of the input data, and it has one unit for each
input value.

• Hidden layers: these are situated between the input and output layers. Inputs
of a hidden layer come from the output of the previous layer, and its outputs
will fed the next later.
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Figure 37: Example of MLP architecture. Taken from [174].

• Output layer: it has one unit for each value the network outputs. If the output
layer has one unit, the MLP will perform a binary classification, whereas it will
perform a multiclass classification if the output layer has more than one unit.

Other descriptive parameters of a MLP is the depth (number of layers of the ANN)
and width (number of neurons that a certain layer has).

Therefore, given a single neuron k in a MLP architecture, the output ak can be
computed as [168], [173]:

ak = f (wT
k x + b) = f (z) (59)

where wk and x are vectors that contains the weights and input data, respectively.
The information flow in MLP architectures is always from the input layer to the

output layer, meaning that there are no loops in the network. However, there are
other models of ANN where feedback loops are possible. Therefore, ANNs can be
classified in two main groups [163]:

• Feedforward networks: in these models, information flows through the ANN
from the input to the estimated output. These are the types of ANN that we
are going to work with in this Chapter.

• Recurrent neural networks (RNN): in this networks, the outputs of the model
are fed back again into itself. These types of models are useful when working
with time series.

5.3 cost functions and output activation functions

While linear models can be trained using convex (convergent) functions, the non-
linear behavior of ANNs requires them to be trained using iterative non-convex
gradient-based optimizers. These optimizers are based on driving a certain cost
function to the minimum value possible [163]. Modern ANNs are trained using the
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cross-entropy between the training data and the model distribution (negative log-
likelihood). The associated cost function can be described as:

J(Θ) = −Ex,y∼p̂data logpmodel(y|x) (60)

where Θ are the parameters of the model (in ANNs: weights and biases), and
pmodel(y|x) is the likelihood of obtaining output y given x, which is the input data.
Depending on the pmodel(y|x) assumed, the cost function will take one form or an-
other.

The form of cost functions is strictly linked to the model distribution, and it re-
quires to assume a certain output distribution. For example, for binary classification
problems, the maximum-likelihood approach is to define a Bernouilli distribution
over y conditioned on x. In this case, the ANN should predict P(y = 1|x), and it can
be mathematically written as:

P(y = 1|x) = max
{

0, min
{

1, wTh + b
}}

= max {0, min {1, z}} (61)

where h is the output of the previous layer. The problem of assuming a linear unit for
the output node relies on the fact that, if z goes outside the unit interval, the gradient
of the output of the model with respect to its parameters would be 0. Therefore,
if the gradient is null, the learning algorithm has no longer a guide for improving
the parameters. This problem is called vanishing gradient [169]. The gradient of
the cost function must be as large as possible to serve as good guide for the learning
algorithm, and functions that saturate make the gradient very small. To overcome this
problem, the negative log-likelihood of the cost function [163] and different activation
functions are frequently used [175].

In the case of output units, the sigmoid function (see Figure 38) is used as activation
function in binary classification in order to convert z into a probability [163], [168]:

sigmoid(z) =
1

1 + e−z (62)

The loss function for maximum likelihood learning of a Bernouilli distribution
parametrized by σ is called binary cross-entropy, and it is defined as:

J(Θ) =
1
m

m

∑
i=1

yilog(σ(zi)) + (1− yi)log(1− σ(zi)) (63)

where m is the number of training examples, zi is the score obtained by the ANN
for a certain input xi, and yi is the respective expected output [168]. In this case,
it is essential to remark that the logarithmic part of the cost function undoes the
exponential effect of σ. This is very important because σ has flat areas, and gradient
learning could prevent from improving the training process [163].

A generalization of the sigmoid function, but applied to a Multinouilli output dis-
tribution, can be used for multiclass classification. For this purpose, we can assume
a Multinouilli distribution and a softmax activation function [168] for k = 0, ..., d
classes:

so f tmax(z)i =
ezi

∑k ezk
(64)
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Figure 38: Example of sigmoid function.

where zk are the scores computed by the ANN for each class. The cost function is, in
this case:

J(Θ) =
1
m ∑

i
∑

k
δ[yi − k]log(so f tmax(z)i) (65)

where k is a certain class, and δ[yi − k] is a Kronecker delta displaced to the k class,
i.e., it is equal to 1 if the example labeled as yi belongs to class k (yi = k), and 0
otherwise. This expression is called categorical cross-entropy [176].

5.4 back-propagation and gradient descent

We have reviewed how an ANN is able to compute a prediction given a certain
input data, and how cost functions enable us to measure the error between the pre-
diction and the expected output. The training process of an ANN is achieved by
minimizing a cost function J(Θ). For this aim, gradient descent use gradients to ob-
tain the set of parameters Θ of the ANN which are able to get the minimal value of
a cost function J(Θ).

To compute the different gradients, the gradient descent method uses an algorithm
called back-propagation [177]. It uses the information from the cost J(Θ) in order to
compute the gradient. Back-propagation relies on two different concepts: computa-
tional graphs and the chain rule of calculus [163].

Computational graphs are quite useful to understand the operations made in each
node of an ANN. In a very simple way, if we have two nodes that represent y and x
variables, and y is computed from x, a directed edge from x to y is drawn, indicating
the type of operation performed. Examples of graphs can be found in the following
Figure 39.

The other essential aspect in back-propagation is the chain rule of calculus. Let
x ∈ Rm, y ∈ Rn, a function g maps from Rm to Rn and a function f maps from Rn to
R. If y = g(x) and z = f (y), the chain rule can be expressed as:
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∂z
∂xi

= ∑
j

∂z
∂yj

∂yj

∂xi
(66)

Using vector notation, the chain rule can also be written as

∇xz =

(
∂y
∂x

)T

∇yz (67)

where
(

∂y
∂x

)
is the n×m Jacobian matrix of g. Thus, the back-propagation algorithm

can be expressed as Jacobian-gradient products for each operation in the graph. This
method can also be applied to high-dimensional tensors.

Finally, optimizing the ANN to reduce J(Θ) consists on updating the parameters
Θ of the ANN, i.e., the weights and biases, by using the gradient computed by the
back-propagation algorithm. This update process can be written as:

Θi,new = Θi − ε

(
∂J(Θ)

∂Θi

)
(68)

where Θi is the parameter of the ANN to be optimized, and ε is a positive scalar
called learning rate. This parameter determines the size of the update step in the
gradient descent algorithm. This training process is repeated iteratively until the cost
function J(Θ) goes below a certain threshold or the algorithm arrives to a certain
number of iterations (also called epochs) [163], [168].

The learning rate determines how fast or slow we will move towards the optimal
Θ parameters. The descent direction is determined by using the gradient of the
loss function, but the learning rate defines the step size in that direction. If the
learning rate is too large, the algorithm will jump and oscillate over the minima of
the cost function, being unable to converge, whereas a too small learning rate will

Figure 39: Examples of computational graphs. (a): Graph that represents the × operation to
compute z = xy. (b): Graph for the expression H = max{0, XW + b}, which com-
putes a design matrix of ReLU unit activations H given a design matrix containing
inputs X. Taken from [163].
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take too long to converge or get stuck in an undesirable local minimum. Therefore,
this parameter should be correctly chosen and, in most cases, varied during training
[178].

5.5 basic optimization algorithms

Modern ANNs uses more advanced optimization techniques which address the
vanishing gradients problem and increase the speed of training when working with
big datasets, where gradient descent is not efficient.

Stochastic Gradient Descent (SGD) is one of the most used optimization techniques
in Deep Learning [179]. It computes the average gradient of T minibatches of m ran-
dom independent and identically distributed (i.i.d) examples, taken from the whole
set of input examples, for each epoch. It requires to gradually decrease the learning
rate over time, since the SGD gradient estimator introduces noise from the random
sampling of m input examples. This noise does not vanish even when arriving at a
minimum. To assure the convergence of SGD, the sufficient conditions are [163]:

∞

∑
k=1

εk = ∞ (69)

and
∞

∑
k=1

ε2
k < ∞ (70)

where εk is the learning rate at epoch k. εk can be decayed until epoch τ by using the
following expression:

εk = (1− α)ε0 + αετ (71)

where α = k/τ and ε0 is the learning rate in the first epoch. Once the training arrives
to epoch τ, ε is left constant.

Another optimizer that was proposed to increase the learning speed in small
and/or noisy gradients is the Momentum optimizer [180]. It accumulates an exponen-
tially decaying moving average of past gradients. The update rule for Θ parameters
is defined as:

vt = αvt−1 − ε∇Θ

(
1
m

m

∑
i=1

L(f(xi; Θ), yi)

)
, (72)

Θt = Θt−1 + v (73)

where t and t− 1 represents the current and past time steps considered (t ∈ [1, T]),
L(f(xi; Θ), yi) is the cost obtained for a set of parameters Θ, a minibatch of m input
examples xi and their respective expected outputs yi, v is called velocity, which indi-
cates the direction and speed at which the Θ parameters move through the parameter
space, and α ∈ [0, 1) is a hyperparameter that determines how quickly the contribu-
tions of previous gradients exponentially decay. If α is larger relative to ε, previous
gradients have higher impact on the current direction. A comparison between the
convergence path using SGD and Momentum is shown in Figure 40.

Another group of optimizers are based on adapting the learning rate for each
epoch. The AdaGrad [181] optimizer adapts the learning rates for the different model
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Figure 40: Comparison between the convergence path obtained with SGD (black) and Mo-
mentum (red). Momentum correctly traverses the canyon lengthwise, while gra-
dient steps waste time moving back and forth across the narrow axis of the canyon.
Taken from [163].

parameters Θ by scaling them inversely proportional to the square root of the sum
of all of their historical squared values. Those parameters which has largest partial
derivatives of the cost will rapidly decrease in their learning rate, whereas those
parameters with small partial derivatives will have a small decrease. The update rule
of Θ parameters follows the next steps iteratively:

1. Compute the gradient gt:

gt =
1
m∇Θ (∑m

i=1 L(f(xi; Θ), yi))

2. Compute the updated accumulate squared gradient rt:

rt = rt−1 + gt � gt

3. Compute the update degree (division and square root applied element-wise):

∆Θ = − ε
δ+
√

rt
� gt

4. Update the parameters:

Θt = Θt−1 + ∆Θ

where � is the Hadamard product (component-wise multiplication for matrices) and
δ is a small constant used to stabilize division by small numbers.

Another important adaptive optimizer is RMSProp [182]. It is a modification of the
AdaGrad algorithm that changes the gradient accumulation into an exponentially
weighted moving average. In this case, the accumulate squared gradient r is updated
as:

rt = ρrt−1 + (1− ρ)gt � gt (74)

where ρ is an hyperparameter that controls the length scale of the moving average.
Finally, Adam (adaptive moments) optimizer is a combination between RMSProp

and momentum [183]. First of all, momentum is added to RMSProp to compute an
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estimation of the first and second-order moments of the gradient. Then, a correction
of the bias of the first and second-order moments are performed in order to initialize
them at the origin. Finally, corrected moments are used to update the Θ parame-
ters. Computing biased and unbiased moments of the gradient follows these steps
iteratively:

1. Compute the gradient gt (equal to AdaGrad and RMSProp):

gt =
1
m∇Θ (∑m

i=1 L(f(xi; Θ), yi))

2. Compute the updated biased first-order moment estimation:

st = ρ1st−1 + (1− ρ1)gt

3. Compute the updated biased second-order moment estimation:

rt = ρ2rt−1 + (1− ρ2)gt � gt

4. Compute the corrected first and second-order moments:

ŝt =
st

1−ρt
1

and

r̂t =
rt

1−ρt
2

5. Compute the update degree:

∆Θ = w− ε·ŝt
δ+
√

r̂t
� gt

6. Update the parameters:

Θt = Θt−1 + ∆Θ

where ρ1 and ρ2 are the exponential decay rates for moment estimates (usual default
values are 0.9 and 0.999, respectively). In the case of the time step t, its value is
initialized to 0 and updated after each iteration.

The optimization algorithms presented in this Section are the most popular ones.
However, there is not an optimization algorithm which outperforms the others, al-
though using adaptive learning rate algorithms are known to be robust [163].

5.6 convolutional neural networks

CNN is a specialized architecture algorithm of ANN used when working with high
dimensional data. This is the case of computer vision, where input data are usually
monochrome images (2D matrices) and color images (3D tensors). CNN architectures
have been proved to increase image recognition and image classification performance
compared to other ANN approaches [184], [185].

CNNs aim to learn abstract representations of data using a combination of spe-
cialized layers based on convolution operations. A typical CNN block is based on
a convolutional layer, which contains a set of filters that performs the convolution
operation over the input data, and a pooling layer, which reduces the dimensionality
and introduces invariance.

Convolutional layers outputs a tensor which reflects certain characteristics of in-
terest (edges, shape detection, etc.) of the input data [186]. These tensors are called
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Figure 41: Example of 2D convolution of an input matrix and a kernel. The upper-left ele-
ment of the output tensor is formed by applying the kernel to the corresponding
upper-left region of the input tensor. Taken from [163].

feature maps. In this type of layers, a kernel (or filter) of size M×N×C is applied to
the input tensor. This process is carried out by the discrete convolution operation. If
we consider a matrix X and a kernel W, both 2D, the resulting matrix Y is computed
as:

Y[i, j] = X[i, j] ∗W[i, j] =
M−1

∑
p=0

N−1

∑
q=0

X[i + p, j + q]W[p, q] (75)

where M and N are the dimensions of the kernel W. An illustration of 2D convolu-
tion procedure can be found in Figure 41.

Finally, the convolution between an input 3D tensor X and a kernel W in the
context of Deep Learning can be denoted as:

a[i, j, k] = f

(
M−1

∑
p=0

N−1

∑
q=0

C−1

∑
r=0

X[i + p, j + q, k + r]W[p, q, r] + b

)
(76)

where a[i, j, k] is the output (activation) on coordinates [i, j, k], X[i + p, j + q, k + r]
is the value of the input tensor X in coordinates [i + p, j + q, k + r], W[p, q, r] is the
coefficient of the kernel W in coordinates [p, q, r], b is the bias and f (·) is a nonlinear
activation function. In convolutional layers, the learning algorithm should learn the
appropriate values W[p, q, r] and b.
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It is essential to remark that what it is called convolution in a neural network
implementation (as well as in other fields, like image processing) is really the cross-
correlation between the input and the kernel. The difference between convolution
and cross-correlation is related to the commutative property of both operations. In
a true convolution, the kernel is flipped relative to the input, making this operation
commutative. However, in a cross-correlation, the kernel is not flipped, and the com-
mutative property is not accomplished. This commutative property is not usually an
important property of a neural network implementation, since the learning algorithm
will learn the appropriate values of the kernel in the appropriate place [163]. Thus,
we will use the term convolution also for cross-correlation operations.

Convolutional layers have two characteristics that enable to efficiently describe
complicated interactions from simple building kernels [163]:

1. Sparse interactions. In traditional ANNs, every output unit interacts with every
input unit, whereas convolutional networks the interactions are sparse. This
means that computing an output only requires a certain number of input units
instead, which are called the receptive field of the output. This is achieved by
using kernels that are smaller than the input.

2. Parameter sharing. In convolutional layers, each member of the kernel is used
at every position of the input, in contrast to traditional ANNs, where each
element of the weight matrix is used once when computing the output of a
layer. Therefore, instead of learning a separate set of parameters for every
location, it is only necessary to learn just one set, and it this fact helps to reduce
the number of parameters to be trained.

3. Equivariance to translation [187]. It means that, if the input changes, the output
will change in the same way. For example, if g is a function that shifts every
pixel of an input image I one unit to the right, as I′[x, y] = I[x− 1, y], and we
apply a convolution to the resulting image I′, the result will be the same as if
we apply the convolution operation to I before applying the g shifting function
[163].

Pooling layers are the next element in a CNN. They are designed to replace the
output of convolutional layers with a summary statistic of the nearby outputs, reduc-
ing the amount of data that convolutional layers generate. Pooling layers also helps
to make the representation become approximately invariant to small translations of
the input, i.e., if we translate the input by a small amount, the values of most of the
pooled outputs do not change.

There are several ways to implement a pooling layer, and one of the most used
is the max-pooling. In this case, a non-overlapped window is applied to the input
feature map, and the output for each coordinate is going to be the maximum value
of the considered window. If we consider a square window, the output feature map
shape will be reduced in a 1/m factor, where m is the dimension of the window [188].

Other popular pooling functions include the average of the neighborhood delim-
ited by the window, the L2 norm or the weighted average based on the distance from
the central coordinate [163].

In order to compute a prediction, dense layers (or fully connected layers) are usu-
ally applied after a combination of multiple convolutional and pooling layers. They
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Figure 42: Schematic diagram of a basic CNN architecture. Taken from [189].

are based on a MLP, so it is necessary to create an 1D vector from the output of the
convolutional network (flatten operation). Thus, the output layer of the MLP will
have one unit for each value the network should output.

To sum up, a standard CNN is comprised of several stacked convolutional-pooling
blocks, and some dense layers. An schematic of a full CNN with convolutional,
pooling and dense layers is shown in Figure 42.

5.7 transfer learning

Deep Learning algorithms has been successfully applied in many practical applica-
tions, but in some scenarios, the quantity of labeled training data is the main bottle-
neck. Collecting training data is often expensive, time-consuming or even unrealistic,
depending on the task [190].

To address this problem, transfer learning focuses on transferring the knowledge
from a source domain, obtained from an abundant amount of training data, to a
target domain where the number of training examples is small. This approach is
usually applied between domains that have a certain similarity, where this transferred
knowledge brings a positive impact to the target domain (positive transfer) [190].
However, the target learner can be also negatively affected (negative transfer), even
when there is a similarity between source and target. Negative transfer depends on
factors such as the relevance between the source and the target domains and the
learner’s capacity of finding the transferable and beneficial part of the knowledge
[191].

Therefore, a formal definition of Transfer Learning is that, given a source domain
DS and learning task TS, a target domain DT and learning task Tt, Transfer Learning
aims to improve the learning of the target predictive function fT(·) in DT using the
knowledge in DS and TS, where DS 6= DT, or TS 6= TT [192].

Transfer Learning can be categorized under three groups, which are based on the
characteristics of source and target domains and tasks [192].

• Inductive Transfer Learning: the target task is different from the source task.
In this scenario, source and target domains can be the same or not. The main
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Figure 43: A: Schematic of a feature extraction procedure. B: Schematic of a fine-tuning ap-
proach. Both schemes uses pre-trained CNNs. The main difference between them
is that, in feature extraction, the whole convolutional block is frozen, whereas
some blocks are unfrozen in fine-tuning. Taken from [162].

aim is to use some labeled data in the target domain to induce an objective
predictive model fT(·) to be used in the target domain. This is the case that we
are going to study in this Part of the Thesis.

• Transductive Transfer Learning: the source and target tasks are the same, but
their domains are different. In this case, there is no labeled data in the target
domain, but a lot of labeled data in the source domain are available.

• Unsupervised Transfer Learning: it is similar to the inductive case, but focused
in unsupervised learning tasks in the target domain, like clustering. There-
fore, there are no labeled data available in both source and target domains in
training.

Focusing on Inductive Transfer Learning, the general procedure is to first pre-train
a Deep Learning model on a large data set (from a source domain), and then partially
or fully re-train the model on a much smaller target data set (from the target domain).
Therefore, these pre-trained models provides good initial parameters that improve
the learning of the target task thanks to the acquired knowledge in the source domain
[193].

In the case of computer vision, pre-trained CNNs are widely used, since the
previoulsy-learned features can act as generic models of the visual world [162]. One
dataset used to train these pre-trained networks is the ImageNet [194], which is com-
prised of 14 million images corresponding to 1000 different classes.

Pre-trained networks can be used for two different purposes [162]:

1. Feature extraction. It consist of using the representations learned by the pre-
trained network to extract features from new different samples from the target
domain. Then, these features can be input to a new classifier trained from
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scratch, adapted to the target task. In terms of the model architecture, the
convolutional base of the pre-trained model is kept (frozen), whereas the fully
connected layers are re-designed to the target class. An schematic of this pro-
cess can be found in Figure 43-A.

The reason of doing this is that the feature maps learned by the convolutional
part of the model represent generic concepts over a picture, but fully connected
layers no longer contain any spatial information.

2. Fine-tuning. It consist on unfreezing a few of the top convolutional layers used
for feature extraction, and training them along the fully connected classifier.
This approach helps to adjust the more abstract representations of the model
being re-used to make them more relevant for the target problem. The associ-
ated schematic for this approach is illustrated in Figure 43-B.

Some pre-trained models that are widely used are the DenseNet121 (DN121) [195],
the InceptionResNetV2 (IRNV2) [196] and the Xception [197] models.

5.8 deep learning applied to cardiac arrhythmias and af

Deep Learning has been used recently in a wide number of applications, outper-
forming previous methodologies. For example, Deep Learning has been the main
research topic in natural language processing (NLP) [198], [199] or image recognition
[200]. Moreover, Deep Learning techniques have undergone a considerable develop-
ment in bioengineering. They have been used in computational biology and drug
development [201], [202].

In the case of cardiac electrophysiology, Deep Learning-based methods have been
used in ECG analysis. For example, a study was conducted to compare the perfor-
mance of a CNN and an average cardiologist when identifying 10 types of arrhyth-
mias (including AF and ventricular tachycardia) as well as SR and noise for a total of
12 output rhythm classes. In this study, a 34-layer CNN was able to perform better
on this task (receiver operating curve, ROC, of 0.97 vs 0.78). This model was trained
with 91232 single-lead ECG records from 53549 patients [203]. Confusion matrices
for the CNN model and cardiologists in this study is showed in Figure 44.

Specifically for AF detection, Deep Learning-based models have been also used
with 12-ECG leads. Recent research have used CNN models to identify patients with
a history of AF [205]. In this study it was firstly assessed a 12-lead ECG for each
tested patient in SR, achieving an overall accuracy of 79%. This value improved to
83% when testing the model on all of the SR ECG in the first 31 days from the study
start date. This fact suggests that structural changes that precede AF are shown in
different ECG, but are not detectable by human assessment. This changes includes
hypertrophy or fibrosis.

CNNs and RNNs have been also used to detect AF [31]. In this work, a 16-layer
1D CNN was compared with a 3-layer RNN and a GoogLeNet CNN [206] in a AF
detection task. The training dataset (PhysioNet/CinC Challenge 2017 data set [207])
was comprised of 8528 single-lead ECG with lengths ranging from 9 to 60 seconds,
whereas the test set consisted on 3658 similar recordings. In both cases, the dataset
contained four classes: SR, AF, other rhythm and noisy recordings. While the RNN
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and 1D-CNN were trained with the raw signals, the GoogLeNet was trained with
their STFT in order to obtain a 2D representation of the input data. In this scenario,
the 1D-CNN outperformed RNN and GoogLeNet, with an overall F1 score of 0.82.

2D time-frequency representations of ECG signals are frequently used as input
data of CNN. In another study, two 16-layer CNN were used to detect AF segments
from STFT and stationary wavelet transform (SWT) representations, respectively [32].
To obtain both time-frequency representations, a set of about 230h ECG recordings
which contained 291 AF events and 288 episodes of other rhythms (MIT-BIH Atrial
fibrillation data set [208]) were split in 5-second segments. Then, training and test sets
were created in a 9 : 1 proportion. Final results showed that input generated by STFT
presented a sensitivity of 98.34%, specificity of 98.24% and accuracy of 98.29% in AF
detection, whereas the CNN with input generated by SWT presented a sensitivity of
98.79%, specificity of 97.87% and accuracy of 98.63% was achieved.

ECG is not the only biological signal of interest in AF detection. Photoplethysmo-
grapy (PPG) signals, which are widely recorded by modern wearable devices, have
been also used with this aim. Smartwatch PPG recordings and a commercial AI-
based algorithm (Preventicus™ Heartbeats, Preventicus GmbH) have been used to
detect AF episodes, achieving a 93.7%, 98.2% and 96% of sensitivity, specificity and
accuracy, respectively [209]. Moreover, a combination of ECG and PPG recorded sig-
nals from a smartband showed an accuracy of 97.5% for AF detection, outperforming
a single-signal approach (94.7% and 93.2% for ECG and PPG, respectively) [210].

Using handheld devices is another approach that has been used in AF screening,
and AI-assisted commercial devices have been developed for this aim. The AliveCor
Heart Monitor™ (AliveCor, Inc, San Francisco, CA) has been used in AF and atrial
flutter in symptomatic patients after ablation procedures, showing a 100% sensitivity
and 97% specificity [211]. Figure 45 shows the Alivecor Heart Monitor™ device and
several types of performed ECG recordings.

Although AF detection and classification using AI techniques has been proved
to have a good performance, characterization and localization of arrhythmic foci to
guide ablation procedures is also a topic of interest. For example, AF rotor iden-

Figure 44: Confusion matrices for the predictions of cardiac disorders using CNN (a) and
individual cardiologists. The percentage of all possible records in each category
is displayed on a color gradient scale. Taken from [203].

https://www.preventicus.com/
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Figure 45: AliveCor Heart Monitor™ handheld ECG acquisition device (left) and examples
of AF, SR and other rhythm, and noisy ECG recordings (left). Taken from [204].

Figure 46: Real dog epicardial potentials (blue) and related CNN-reconstructed signals (or-
ange). Signals belong to the test set, i.e., the network was not trained with these
signals. The mean square error (MSE) obtained was 0.580, whereas the CC was
0.28. Taken from [34].

tification can be also achieved with 12-lead ECG using decision trees [35]. In this
study, the classifier was able to score a 82.6% and 73.9% of specificity and sensitivity,
respectively, for discriminating PV and extra-PV drivers on the clinical data.

Furthermore, recent research showed that Deep Learning methods can be also
used in more complex tasks, like heart surface potentials estimation from BSPs [34].
In this study, two LeNet-style CNN [184] are used to decode 98 heart surface elec-
trodes based on 168 body electrodes. The neural network managed to reconstruct
the epicardial potentials with a mean square error of 0.332mV± 0.442 on the training
set and 0.763mV ± 0.336 on the test set in data obtained from ECGI experiments per-
formed on dogs. Some estimated epicardial potentials on the test set are showed in
Figure 46.

AI-aided imaging methods have been also applied to characterize the myocardial
tissue in patients with cardiac arrhythmias [212]. A U-Net is a type of CNN architec-
ture that is commonly used in biomedical image segmentation [213]. A schematic of
U-Net CNN architecture is shown in Figure 47, and it consist of a contracting path
to capture the context of the image and a symmetric expanding path that enables
precise localization. U-Net CNN with 150 layers has been proved to segment and
quantify scar volumes in patients with hypertrophic cardiomyopathy [214].

Finally, Transfer Learning have been also used in AF detection. In a recent study
[193], a CNN-based ResNet-18v2 [215] was first trained with the Icentia11K Database
[216]. Then, the pre-trained CNN was fully re-trained on the PhysioNet/CinC Chal-
lenge 2017 data set [207], which was collected to encourage the development of meth-
ods to classify heart arrhythmia from short ECG recordings. It was necessary to re-
place the output layer with a fully connected layer whose outputs match the classes
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Figure 47: U-Net CNN architecture. This type of CNN is used in biomedical image seg-
mentation. Blue boxes correspond to a multi-channel feature map, whereas the
number of channels is denoted on top of each box. The x-y-size is provided at the
lower left edge of the box, and white boxes represent copied feature maps. The
arrows denote the different operations. Taken from [213].

of the PhysioNet/CinC Challenge 2017 data set. Results showed that pre-training
improves the performance of CNN on the target task by up to 6.57%, reducing the
number of annotations required to achieve the same performance as CNN that are
not pre-trained.

5.9 summary

In this Chapter we have performed an introduction about AI and performed an
in-depth explanation about Machine Learning and Deep Learning techniques, and
the main feedforward ANNs (MLPs and CNNs). We have reviewed their main math-
ematics, and how they are trained and optimized. We have also reviewed some of
the main Deep Learning optimization algorithms and currently used, what Trans-
fer Learning is, and finally, we have reviewed some of the applications that AI has,
not only in general bioengineering, but also in cardiac arrhythmia characterization.
In this scenario, Machine Learning and Deep Learning have been proposed as very
promising tools in AF identification, clinical screening and epicardial potentials re-
construction.



6 N O N - I N VA S I V E E S T I M AT I O N O F A F D R I V E R
P O S I T I O N W I T H D E E P L E A R N I N G A N D B S P

In this Chapter we will present the second proposal of improvement of ECGI reso-
lution methods. As it was explained in Chapter 2, ECGI has been used to reconstruct
the electrophysiological activity on the heart surface by using a non-invasive record-
ing of BSPs [15], [16]. However, it requires an accurate mathematical modeling of
both atria and torso (from CT or MR images), it is ill-posed because the propagation
between the epicardium and the torso implies information loss due to signal attenu-
ation [17], and BSPs are also blurred compared to the signals on the heart due to the
laws of electromagnetic field theory.

Therefore, we propose to model the location of AF drivers from BSPs as a super-
vised classification problem with MLPs and CNNs, to address the location of AF
drivers from previously-labeled realistic computerized AF models.

The work developed in this chapter has been published in peer-reviewed confer-
ences and journals:

• M.Á. Cámara-Vázquez et al. “Atrial Fibrillation Driver Localization From Body
Surface Potentials Using Deep Learning”, presented at the 2020 Computing in
Cardiology Conference, Sep. 2020. doi:10.22489/CinC.2020.383 [217].

• M.Á. Cámara-Vázquez et al. “Detection of Atrial Fibrillation Driver Locations
using CNN and Body Surface Potentials”, presented at the 2021 Computing in
Cardiology Conference, Sep. 2021.

• M.Á. Cámara-Vázquez et al., “Non-invasive Estimation of Atrial Fibrillation
Driver Position with Convolutional Neural Networks and Body Surface Poten-
tials”, Frontiers in Physiology, Accepted, Sep. 2021.

6.1 introduction

ECGI combines both numerical modeling of the bioelectric properties of the thorax
and signal processing, with the aim of reconstructing the electrophysiological activity
on the heart surface by using a non-invasive recording of BSP [15], [16]. However,
ECGI has several drawbacks that were explained in Chapter 4, Section 4.1. Moreover,
it requires an accurate mathematical modeling of both atria and torso, mainly from
CT or MR images.

In the last decade, Machine Learning and Deep Learning techniques have under-
gone considerable development in bioengineering, and this include novel research
in AF. For example, Deep Learning has been used in AF detection by using RNNs
and CNNs [31]; by STFT, SWT and CNNs [32], and in the detection of individuals at
risk of suffering from Paroxysmal AF with CNNs [33]. However, most of AF-based
studies do not include the estimation of ablation targets. Nonetheless, recent research
showed that Machine Learning and Deep Learning methods can be also used in more
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complex tasks, like heart surface potentials estimation from BSPs using autoencoders
[34] and rotor identification from 12-lead ECG using decision trees [35].

Therefore, in this study we propose to model the location of AF drivers from BSPs
as a supervised classification problem. We use Deep Learning techniques to address
the location of AF drivers from previously-labeled realistic computerized AF models
[93], [217].

6.2 computerized models

Realistic 3D model for the atrial anatomy was composed of 284578 nodes and
1353783 tetrahedrons (673.4± 130.3µm between nodes) [104] which considers a sim-
plified single endocardium-epicardium layer for the atrial tissue. We have simulated
13 different AF propagation patterns in both LA and RA, with different complex-
ity and driver positions: PLAW, Left Inferior Pulmonary Vein (LIPV), LSPV, RIPV,
RSPV, RAA and Right Atria Free Wall (RAFW). Sampling rate of the signals was
f s = 500Hz, while their duration ranged from 2 to 5 seconds.

The final computerized models were comprised of N = 2048 nodes for atria, and
M between 659 and 3970 nodes for torsos (11 different geometries were used), under
the assumption of a homogeneous, unbounded, and quasi-static conducting medium
by summing up all effective dipole contributions over the entire model [23], [91], [93],
[127]. Computation of EGMs was described in Chapter 4, Section 4.2.

6.3 input data

We proposed to address the location of AF drivers as a supervised classification
problem. We divided the atria into 7 regions (Figure 48, right) where the AF driver
can be found [10]. Each region, which ranged from 1 to 7, represents a class to
which the AF driver belongs. To obtain labeled data, AF driver location from the
computerized model were manually classified into one region for each time-instant.
An additional label (0) is assigned when no driver is found.

Input data for Deep Learning algorithms are simulated BSPs from each of the 10
torso geometries available. To compute the initial BSPs y, the forward problem of
ECGI was solved by computing the corresponding M × N transfer matrix A using
BEM [23], [156], [157]. This process is explained in Chapter 4, Section 4.4.4.

Figure 48: Left: Position of the electrodes for BSPM. Right: regions in atria where AF drivers
can be found.
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Once the WCT-referenced simulated BSPs were computed, they were corrupted
with additive Gaussian noise and filtered using a 4

th-order bandpass Butterworth
filter (fc1=3 Hz and fc2=30Hz) [23], [93]. SNR ranged from 5dB to 50dB. A set of 64
electrodes from each torso were chosen to represent a realistic multi-electrode vest
used in EPSs, as shown in Figure 48 (left).

We also represented the layout of electrodes in Figure 48 as images. For this pur-
pose, we build two different types of tensors for each time instant (see Figure 49):

• Three-channel tensor. This first approach consists on creating 3D matrices of
shape (6× 4× 3). The first and last channel contain the BSPs of the torso and
back, respectively (24 electrodes each), whereas the second channel contains
BSPs from the sides (16 electrodes distributed on the last 4 rows, while the rest
are filled with zeroes.

• One-channel tensor. This second approach consists on organizing the BSPs in
a single-channel 2D matrix of shape (16× 6× 1). To do that, we considered a
multielectrode vest as a cylinder which was unrolled to a 12-column flat layout.
Then, we added two additional mirror columns to each side of the matrix to
represent the fact that the first and last column of the tensor are in touch in a
real 3D geometry. Finally, since sides electrodes are 4 for each column (instead
of 6), the empty values are filled with the mean of the 3 nearest electrodes.

Finally, to increase the size of the images, we performed a bilinear interpolation to
create tensors with shape (150× 152× 3) and (78× 192× 1), respectively.

6.4 deep learning architectures

In this study we have tested three different Deep Learning architectures: a MLP, a
Custom CNN and several pre-trained CNN models.

Figure 49: Construction of the different tensor layouts. Above: three-channel tensor. Below:
one-channel tensor.
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Figure 50: Schematic overview of the MLP-based proposed method. From the total 192 la-
beled BSPs, 64 were selected.

6.4.1 Multilayer Perceptron

For this study we trained an MLP with 3 hidden layers (100, 50, 50) units each. The
output layer consists on 8 units, one per region, and one for no AF driver. We used
ReLu activation function in hidden layers and softmax in the output. This softmax
layer allows to obtain the probability of the input sample to belong to each region. A
schematic overview of this model can be seen in Figure 50.

6.4.2 Custom CNN

In this work we propose a CNN-based architecture, which is shown in Figure 51-a.
Input data are tensors of shape (150× 152× 3) or (78× 192× 1), depending on the
tensor architecture evaluated. We used three convolutional layers with 32, 64 and 64
filters with (3× 3) size. ReLU activation function was used in both convolutional
layers. Max-pooling is applied after each convolutional layer ((2, 2) window size). Fi-
nal dense layers are composed by layers of (128, 64) units (ReLU activation function),
while the output layer is a softmax layer composed by 8 units, one for each label.
Finally, we used dropout between dense layers (0.6 dropout rate) to avoid overfitting.

6.4.3 Pre-trained CNN

Finding the right parameters for a CNN (number and dimensions of layers, pool-
ing, etc.) can be a very complicated task, and training this type of network is also
very computationally expensive. To address this task, there are several models that
were previously trained with a certain dataset that can be also used to solve similar
problems. This approach is called transfer learning [192].

In this study, we decided to adapt the DenseNet121 (DN121) [195], InceptionRes-
NetV2 (IRNV2) [196] and Xception [197] models to our problem. Therefore, since
we want to obtain an output with the prediction for 8 cases instead of 1000 (which
is the case of the ImageNet), we added several fully-connected layers to the output
of the pre-trained models. This adaptation is showed in Figure 51-b. Dense layers
were composed of (128,64) units (ReLU activation function), while the output layer is
a softmax layer composed by 8 units.
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Figure 51: Schematic overview of the CNN-based proposed architectures. (a): Custom CNN.
(b): Adaptation of pre-trained networks to a 8-units output.

Finally, it is essential to remark that these pre-trained models require three-channel
input tensors. Therefore, to use the previously described one-channel tensor, we
stacked the one-channel tensor to obtain a three-channel tensor, (78× 192× 3) shape.

6.5 performance metrics

To assess the performance of the Deep Learning models, we used four different
metrics:

• Accuracy (Acc). It is measured as

Acc =
TPf ull

Total
(77)

where TPf ull is the total number of well-classified drivers (true positives) and
Total is the total number of drivers.

• Cohen’s Kappa (κ). It is a robust statistic used for rating reliability testing [218],
and is computed as

κ =
po − pe

1− pe
(78)

where po is the relative agreement among raters (identical to accuracy), and
pe the hypothetical probability of chance agreement. A score of 1 represents
a perfect agreement between raters, and a score of 0 represents the agreement
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that can be expected from random chance. Scores less than 0 means that there
is less agreement than chance.

• Sensitivity. It is the proportion of positive samples for a class that are correctly
classified. It is measured as:

TPR =
TP

TP + FN
(79)

where TP is the number of well-classified drivers for a certain class (true posi-
tives), and FN are the number of drivers that were wrongly classified to another
class (false negatives). It is considered a measure of how well a test can identify
TP.

• Specificity. It is the proportion of negative samples for a class that are correctly
classified. It is measured as:

TNR =
TN

TN + FP
(80)

where TN is the number of drivers that did not belong to a certain class that
were correctly classified (true negatives), and FP are the number of drivers that
were classified as positive for the same class, but they correspond to another
class (false positives). It is considered a measure of how well a test can identify
TN.

6.6 experimental set-up

Final data set for the MLP is comprised of input data vectors with 64 entries
from the BSP electrodes, xi, and the corresponding label yi which can have values
0, 1, . . . , 7. In the case of CNN, it is comprised of input data tensors, xi, of shape
(150× 152× 3) or (78× 192× 1) ((78× 192× 3) in the case of the pre-trained mod-
els), obtained from 64 BSP electrodes, and their corresponding label yi, which can
have values 0, 1, . . . , 7.

Training and test sets were split using three different approaches:

• Time independence of input data. In this case, each time instant is considered
as an independent sample. The whole data set was then randomly split into
training (80%) and test (20%) sets, using hold-out validation during the training
process (20%). In this scenario, samples from each AF model are randomly
distributed to the training, validation and test sets, but training, validation, and
test processes are carried out with completely different samples, i.e, samples
from the training set are not used in the validation and test sets.

• Division of AF models in consecutive blocks. To describe a more realistic sce-
nario, we divided each AF computerized model in three independent blocks:
training (first 80% of the length of the signals), hold-out validation (last 20% of
the training set) and test (final 20% of the length of the signals). Therefore, these
three blocks contain consecutive samples, i.e, the training process is carried out
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using the first block of time instants, and test is achieved with the last block of
samples.

• Model independence. This is the most realistic training approach. In this case,
training was performed with 11 random models, whereas the test set was com-
prised of the 2 models left.

On the other hand, we had to address imbalance of data. In our computerized
models, there are several atrial areas where the driver only appears in one single
AF computerized model, whereas other areas are more susceptible of containing
a driver. Therefore, there are several atria regions which are over represented in
the data set. To address this problem we tried to weigh the classes accordingly to
the probability of occurrence (class weight, CW). It applies a higher penalization in
wrong classifications in under-represented classes.

Regarding the training process, we trained the different models for a maximum
number of epochs of 1000, with reduction of the learning rate and early stopping if
there is no improvement in the loss value during a certain number of training epochs.
Moreover, we use the model checkpoint technique to get the best model obtained
during the training process according to a metric of interest (loss value for the custom
CNN, and validation loss for the pre-trained CNNs and MLP). Finally, in the case of
the pre-trained models, we followed two different training approaches: training the
dense layers and the last two convolutional layers (while freezing the rest of the CNN,
partial training), and re-training the whole pre-trained network (full training).

6.7 results

To assess the performance of Deep Learning-based architectures, we carried out
three experiments:

• MLP architecture. In this first experiment we performed an exploratory classi-
fication experiment with a single torso geometry and a MLP model. Here, we
studied its performance assuming time independence of BSPs and model inde-
pendence as training approaches, as well as the influence of CW in addressing
the imbalance of input data. Finally, we discussed the model performance in
terms of accuracy and Cohen’s Kappa scores.

• Custom CNN. Then, we performed an in-depth study of the classification per-
formance of the described custom CNN. In this case, we used the 10 torsos
left to increase the amount of data, assuming time independence of BSP and
division in blocks as training approaches. We directly used CW to address
the imbalance problem, and we discussed the model performance in terms of
accuracy, Cohen’s Kappa, sensitivity and specificity metrics.

• Pre-trained CNNs and noise robustness. Finally, in the third experiment we
evaluated the possibility of using pre-trained CNN models for AF driver local-
ization, instead of using a custom CNN architecture. Models were trained with
one-channel tensors obtained with noisy BSPs (SNR=20dB). Moreover, to assess
the noise robustness of those Deep Learning models, we tested them with ten-
sors whose associated BSPs were corrupted with noise (SNR from 5dB to 50dB,
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in steps of 5dB). In both cases, we also assumed time independence of BSPs
and division in blocks as training approaches and CW. Discussion of the model
performance was done in terms of accuracy and Cohen’s Kappa scores.

6.7.1 MLP architecture

The first carried out experiment consisted on assessing the obtained performance
with a single torso model and a simple MLP, when using noisy BSP (SNR=20dB).
Table 4 shows the results considering each time instant as an independent sample,
thus allowing samples from the same model to be in the training and in the test set.
Table 4 shows also results considering independence by models, where samples from
a given model cannot be simultaneously in training and test sets. With this approach,
we were able to correctly locate the 95% and 91% of drivers in the training and test
sets, respectively (accuracy of 0.95 and 0.91), while the Cohen’s Kappa was 0.893 for
both sets.

Using CW to fight imbalance we slightly improved the metrics, being able to cor-
rectly locate the 96% and 92% of drivers in the training and test sets, respectively,
while the Cohen’s Kappa was 0.895 for both sets.

In Figure 52-left the confusion matrix for this approach (test set, CW) is shown. In
the case of the label 3, the 96% of drivers are well classified, but this percentage drops
to the 77% in the case of the label 7, with much less data available.

Table 4 shows results for the approach of splitting the data set by Models (using
also CW). This is a more realistic and fair scenario. The accuracy for the training
set are 0.82 and 0.81 using CW (0.72 for Cohen’s Kappa), while accuracy for the test
set was 0.45 and 0.44 using CW. These results suggest that we are overfitting the
model to the training set. However, Cohen’s Kappa maintains a value of 0.72, which
indicated that the model is able to fight the imbalance problem. In Figure 52-right
the confusion matrix for this approach (test set, CW) is shown.

6.7.2 Custom CNN

The second carried out experiment consisted on assessing the obtained perfor-
mance with each tensor architecture. For this purpose, we trained the CNN archi-
tecture explained in Figure 51 with one-channel and three-channel tensors. In both
cases, tensors are obtained from the same BSP dataset. Therefore, two different CNN

Table 4: Accuracy and Cohen’s kappa for independent time instants and model indepen-
dence with a MLP-based classifier. Best scores are marked in bold.

Independent time instants Model independence

No CW With CW No CW With CW

Training Accuracy 0.955 0.961 0.823 0.815
Training Kappa 0.893 0.895 0.724 0.727
Test Accuracy 0.912 0.925 0.452 0.439
Test Kappa 0.893 0.895 0.723 0.725
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Figure 52: Confusion matrices obtained using a MLP-based classifier in the test set. Left:
time independence training approach. Right: model independence training ap-
proach.

Table 5: Performance metrics obtained with a custom CNN assuming independent time in-
stants and division in blocks. Best scores are marked in bold.

Independent time instants Division in blocks

Three-channel tensor One-channel tensor Three-channel tensor One-channel tensor

Training Accuracy 0.954 0.942 0.971 0.965
Training Kappa 0.940 0.924 0.962 0.955
Test Accuracy 0.913 0.912 0.499 0.526
Test Kappa 0.887 0.886 0.336 0.373

models were compared. Moreover, to simulate a realistic scenario, we used noisy
BSPs (SNR=20dB).

Table 5 shows the results considering each time instant as an independent sample
and division in blocks. In the first case, we were able to correctly locate the 95%
and 91% of drivers in the training and test sets, respectively (Cohen’s Kappa of 0.92
and 0.88) when using three-channel tensors. Results obtained with the CNN model
trained with one-channel tensors were very similar, with an accuracy of 0.94 and 0.91
in training and test sets, respectively (Cohen’s Kappa of 0.92 and 0.88).

On the other hand, results for division in blocks were worse. In this scenario,
accuracy was 0.97 and 0.49 in training and test sets when training with three-channel
tensors, respectively (Cohen’s Kappa of 0.96 and 0.33). Metrics when training with
one-channel tensors were similar in the training set, but slightly better in the test
set (accuracy of 0.52 and Cohen’s Kappa of 0.37), but worse compared with time
independence approach. These results suggest that we are overfitting the model to
the training set.

Figure 53 shows the confusion matrix obtained in the test set for both training
approaches and tensor types, while Table 6 shows the accuracy, sensitivity and speci-
ficity obtained for each label when training with one-channel tensors. In the case
of time independence, accuracy ranged from 0.81 to 0.975, although it worsened to
0.43 in the case of the drivers located in the septum area (label 7, accuracy of 0.430).
These results are justified by the imbalance of our dataset. Labels from 0 to 5, al-
though their population are also imbalanced, are highly represented, but the number
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Table 6: Accuracy, sensitivity and specificity scores obtained with one-channel CNN assum-
ing independent time instants and division in blocks (by labels). Best scores are
marked in bold.

Atrial region (time independence)

No driver (0) 1 2 3 4 5 6 7

Accuracy 0.951 0.851 0.810 0.975 0.959 0.813 0.620 0.430
Sensitivity (TPR) 0.951 0.850 0.810 0.974 0.959 0.813 0.620 0.430
Specificity (TNR) 0.987 0.989 0.998 0.948 0.968 0.992 0.999 0.999

Atrial region (division in blocks)

No driver (0) 1 2 3 4 5 6 7

Accuracy 0.567 0.228 0.261 0.801 0.499 0.457 0 0.002
Sensitivity (TPR) 0.569 0.231 0.268 0.799 0.494 0.457 0 0.001
Specificity (TNR) 0.935 0.918 0.993 0.635 0.918 0.962 1 0.998

of samples with labels 6 and 7 is very low. Results for the CNN model trained with
three-channel tensors were slightly worse. Regarding sensitivity, the system was able
to detect with high precision clinically relevant regions. Those areas where ECGI has
less reconstruction capacity (like the septum area) the sensitivity was lower. Nonethe-
less, it is essential to remark that both in clinical practice and in our database these
regions present a lower probability of present drivers. Regarding specificity, scores
were always above 0.94.

In the case of division in blocks, results were significantly worse. Highest accuracy
was obtained for the label 3 (0.80), which is the one with the largest representation
in the dataset. However, accuracy for the rest of labels ranged from 0.22 to 0.56,
and near 0 for labels 6 and 7. The high temporal redundancy between consecutive
signal samples could explain overfitting in this scenario, although the training set
was previously shuffled before fitting the model. The low number of computerized
AF models makes also difficult to help the CNN model to generalize. Regarding
sensitivity, results were also significantly worse, although the system was able to get
a sensitivity of 0.799 in the most represented atrial zone (label 3). Finally, the rate of
TN is very high for every label, except for the label 3, with a specificity of 0.635.

6.7.3 Pre-trained CNNs and noise robustness

Finally, in the third experiment, we evaluated the possibility of using pre-trained
CNN models for AF driver localization, instead of using a custom CNN architecture.
Models were trained with one-channel tensors obtained with noisy BSPs (SNR=20dB).
Since pre-trained models require three-channel tensors, we repeated the tensor twice
to obtain three-channel tensors. The custom CNN model was trained with the origi-
nal one-channel tensor.

Moreover, to assess the noise robustness of those Deep Learning models, we tested
them with tensors whose associated BSPs were corrupted with noise (SNR from 5dB
to 50dB, in steps of 5dB). This procedure was repeated 20 times in order to obtain test
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Figure 53: Confusion matrices obtained in the test set with the Custom CNN-based classifier
and one-channel tensor. (a): Time independence training approach. (b): Division
in blocks training approach.

signals with different noise but same SNR. Then, the mean and standard deviation
of performance metrics were computed.

Figure 54 shows the performance metrics obtained for the test set, assuming time
independence and division in blocks, for each CNN model, whereas Table 7 shows
the average accuracy values for the custom CNN model and fully-trained pre-trained
models (SNR from 5dB to 20dB). In both cases, performance of pre-trained networks
was significantly better when training the full network instead of performing a par-
tial training (where the network was freezed except the last 2 convolutional layers
and the fully connected ones). For time independence, average accuracy values ob-
tained with fully-trained pre-trained models ranged from 0.788 (5dB) to 0.93 (20dB
upwards), whereas the best accuracy value obtained for partially-trained models was
0.90 (Xception model). Regarding average Cohen’s Kappa metric, it ranged from 0.72
(5dB) to 0.91 (20dB upwards) for fully-trained models, while the highest obtained
score for all partially-trained pre-trained models was 0.87 (Xception model).

On the other hand, average accuracy values obtained for the division in blocks ap-
proach were significantly worse for all the CNN models. The best average accuracy
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Figure 54: Performance of CNN models on noisy test signals when assuming time indepen-
dence (T) and division in blocks (D). Partially-trained CNN models are marked
with (p), and fully-trained ones are identified as (f).

Table 7: Average accuracy values obtained for the different fully trained networks and noisy
BSPs (SNR=5dB, 10dB, 15dB and 20dB). Best scores are marked in bold.

Independent time instants

5dB 10dB 15dB 20dB

Custom CNN 0.751± 0.001 0.872± 0.001 0.905± 0.0005 0.912± 0.0003
Xception (f) 0.788± 0.001 0.899± 0.001 0.927± 0.0007 0.933± 0.0005
IRNV2 (f) 0.802± 0.001 0.904± 0.001 0.929± 0.0008 0.934± 0.0003
DN121 (f) 0.799± 0.001 0.902± 0.001 0.927± 0.0006 0.932± 0.0005

Division in blocks

5dB 10dB 15dB 20dB

Custom CNN 0.479± 0.002 0.514± 0.001 0.524± 0.001 0.527± 0.001
Xception (f) 0.453± 0.003 0.498± 0.002 0.513± 0.001 0.517± 0.0006
IRNV2 (f) 0.452± 0.002 0.490± 0.002 0.504± 0.001 0.508± 0.0006
DN121 (f) 0.437± 0.002 0.477± 0.001 0.496± 0.001 0.503± 0.001

value was 0.51 among the different pre-trained models (SNR=20dB upwards, Xcep-
tion fully-trained model), whereas the best overall accuracy value was 0.527 for the
custom CNN model. Both are much lower values than the ones obtained for time
independence.
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Regarding the performance when testing with much noisier signals, performance
degraded for SNR=5dB, with average accuracy scores below 0.802 if assuming time
independence (0.479 with division in blocks). However, it improved from SNR=10dB
with average accuracy values over 0.87 in the time independence approach (in the
division in blocks approach the best score for SNR=10dB was 0.51 for the custom
CNN model). Additionally, standard deviation values of the accuracy were always
below 0.001, which suggests that the CNN models are robust to noise changes.

Finally, performance metrics for fully-trained pre-trained models were very similar
between them when assuming time independence, outperforming the custom CNN
model. However, in the case of division in blocks, the custom CNN outperformed
fully-trained pre-trained networks, although differences between these models were
very small.

6.8 discussion and conclusions

The Deep Learning-based methods we proposed can help to identify target regions
for ablation using a non-invasive procedure, as BSP mapping. The main advantage
of this methodology is to predict those regions without using ECGI, which requires
accurate mathematical modeling of torso and atria. In the case of CNNs, where BSPs
were converted into images, this methodology has been demonstrated to be accurate
and robust to noise, i.e, the performance just degrades for very low values of SNR.

Regarding the architecture of the tensors, the one-channel tensor-based architecture
was able to obtain more accurate results than the three-channel one, both assuming
time independence or division in blocks. In relation to the training process, the
single-channel tensor-based CNN model required a higher number of epochs to be
fitted than in the three-channel one. However, since each epoch is slower in the
three-channel architecture (3D matrix), the final training process becomes faster when
using single-channel tensors.

Moreover, this methodology makes transfer learning very easy to apply, since it can
be used to adapt much more complex pre-trained CNN models to a very specific task
with promising results. However, results were significantly better when re-training
the whole network (much slower procedure) than when training just the final layers.
Therefore, using pre-trained models requires further research.

Although this study showed very promising results, it has several limitations that
should be taken into account. The first one is the size and balance of our dataset. It
is composed by 130 sets of BSPs, obtained with 10 torso geometries but from only
13 AF computerized models, so the number of represented propagation patterns is
low. Moreover, the distribution of drivers across the 7 defined atrial regions is not
balanced, i.e, there are regions that are over-represented, and performance will be
worse on under-represented regions. However, we have decided to use the proposed
division in seven regions because it represents a clinical-based classification of the ar-
eas where the AF drivers are more commonly found and has been already clinically
used to guide AF ablation strategies demonstrating to have a clear clinical signifi-
cance [10]. Besides, the proposed classification method can be easily extrapolated to
other atrial geometry divisions based on a higher number of smaller regions, being
able to get a higher resolution in the driver classification.
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Another important problem to be faced is the training approach. In this work, we
first trained the models with random samples that belongs to the 13 AF models avail-
able (time independence). However, in a real situation, the Deep Learning model
will have to compute a prediction with a dataset that the network has never seen.
Therefore, we decided to perform a proof of concept assuming independence of AF
models. In this case, performance substantially worsened because of the high tempo-
ral redundancy between consecutive time instants and the low number of AF models.
The same behavior was obtained when training the models with a chunk of signals
of each model, while testing with the rest. Both facts lead to overfit to the training set,
even when using tools like dropout. Using RNNs could be an useful tool to face the
redundancy problem, since they are able to extract temporal characteristics of BSPs
that are omitted when using CNNs.

In a real scenario, assuming model independence (i.e., training with some AF mod-
els and testing with the rest) is the way to go, but it will require the availability of a
higher number of computerized models and propagation patterns. Finally, another
point of future work will be applying this methodology with real patient data. How-
ever, nowadays there is a lack of gold standard for the identification of AF drivers,
and there are not labeled clinical data that could help us to validate this methodol-
ogy.



Part IV

F I N A L C O N C L U S I O N S



7 F I N A L C O N C L U S I O N S , F U T U R E W O R K A N D
M A I N C O N T R I B U T I O N S

In this Chapter we will give a global conclusion about the main results of this
Ph.D. Thesis. These conclusions will be organized according to the main and specific
objectives proposed in Chapter 1. Then, we will summarize the topics of future
work, indicating those aspects of this Thesis that can be improved. Finally, we will
list the main contributions of this Thesis in terms of journal papers and conference
contributions.

7.1 final conclusions

ECGI has several limitations when estimating and analyze irregular cardiac electri-
cal propagation patterns. ECGI is an ill-posed problem, and BSPs are blurred due to
the laws of electromagnetic field theory. This two limitations lead ECGI to provide
smoother reconstructed electrical patterns in AF. Moreover, ECGI requires an accu-
rate mathematical modeling of both atria and torso, mainly from CT or MR images.
On the other hand, using only invasive intracardiac mapping systems has also lim-
itations when characterizing the electrical cardiac activity due to the complex atrial
anatomy and the large distance between catheter sensors.

To overcome these limitations of ECGI, we have proposed two different methods
to improve AF characterization in terms of epicardial potential estimation and rotor
identification, which are the specific objectives of this Thesis.

The conclusions of each specific objective are the following ones:

1. Inclusion of intracardiac information in ECGI during AF.

We have proposed a new method to include intracavitary information from en-
docardial EGMs into the ECGI inverse methodology. That is, we have included
this information as a second constraint on the Tikh regularization method.
The proposed model improved the estimation of epicardial potentials by us-
ing first-order Cons-Tikh method, which is able to reproduce high frequency
components in the solution, avoiding the low-pass filtering behavior of the
classical Tikh approach. Furthermore, Cons-Tikh clearly outperforms interpo-
lation of nodes when we have less than 128 available nodes, obtaining lower
RDMS (higher CC) values, although the epicardial potential estimation de-
graded severely for all the methods as the complexity of AF increases. More-
over, although this methodology has two free regularization parameters to be
estimated (very computationally expensive), we have diminished the computa-
tional cost by using an iterative λ estimation method. Finally, combined BSP-
EGM measurement could be easily achieved in a real environment, since several
studies simultaneously recorded BSPs and endocardial EGMs. Therefore, it is
possible to integrate both types of signals in the proposed formulation in a
clinical setting.
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2. Implementation of a non-invasive Deep Learning-based method to estimate AF
driver location.

We have proposed MLP and CNN-based models to identify target regions for
ablation using a non-invasive procedure, as BSPM. The main advantage of this
methodology is to predict those regions without using ECGI, which requires
accurate mathematical modeling of torso and atria. In the case of CNN, where
BSPs were converted into images, this methodology has been demonstrated to
be accurate and robust to noise, i.e, the performance just degrades for very low
values of SNR. Moreover, the proposed methodology makes transfer learning
very easy to apply, since it can be used to adapt much more complex pre-trained
CNN models to our specific task with promising results. Finally, the proposed
classification method can be easily extrapolated to other atrial geometry divi-
sions based on a higher number of smaller regions, being able to get a higher
resolution in the driver classification.

7.2 limitations and future work

First, the inclusion of intracavitary information in ECGI has some limitations that
should be taken into account. The first one is related to the simplified geometrical
model used. Endocardium-epicardium bi-layer model approximations and model
mismatch are issues that should be taken into account in further studies to obtain
better performance in real situations.

In the case of patient data, it is necessary to proposed new methodologies to select
the optimal regularization parameters in real data, facing the reference mismatch
between BSPs and intracavitary EGMs, and validating the proposed methodology on
a higher number of real patient datasets.

The number of electrodes needed to improve classical zero-order Tikh regulariza-
tion (without including intracardiac information) is also a topic to be studied. Cur-
rently, in clinical practice the number of endocardial electrodes is still small, but the
trend is to use catheters with a higher number of electrodes (more than 64 poles).
This trend would eventually allow obtaining more reliable reconstructions using the
Cons-Tikh approach.

On the other hand, the main limitation about using Deep Learning methods to
locate AF drivers is related to the size and balance of our dataset. It is composed by
130 sets of BSPs, obtained with 10 torso geometries but from only 13 AF computer-
ized models, so the number of represented propagation patterns is low. Moreover,
the distribution of drivers across the 7 defined atrial regions is not balanced, i.e,
there are regions that are over-represented, and performance will be worse on under-
represented regions.

Another important problem to be faced is the training approach. In a real situa-
tion the Deep Learning model will have to compute a prediction with a dataset that
the network has never seen. In this scenario, performance substantially worsened
because of the high temporal redundancy between consecutive time instants and the
low number of AF models. Both facts lead to overfit to the training set, even when
using tools like dropout. Using RNNs could be an useful tool to face the redun-
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dancy problem, since they are able to extract temporal characteristics of BSPs that
are omitted when using CNNs.

Finally, in a real clinical scenario, assuming model independence (i.e., training
with some AF models and testing with the rest) is the way to go, but it will re-
quire the availability of a higher number of computerized models and propagation
patterns. Besides, this methodology should be validated with real patient data. How-
ever, nowadays there is a lack of gold standard for the identification of AF drivers,
and there are not labeled clinical data that could help us to validate this methodology.

7.3 main contributions of this thesis

The following published journal and conference contributions include the central
part of the work developed in this Thesis:

Journal papers

• M.Á. Cámara-Vázquez, I. Hernández-Romero, M. Rodrigo, F. Alonso-Atienza,
C. Figuera, E. Morgado-Reyes, F. Atienza, M. S. Guillem, A. M.Climent and Ó.
Barquero-Pérez, “Electrocardiographic imaging including intracardiac informa-
tion to achieve accurate global mapping during atrial fibrillation”, Biomedical
Signal Processing and Control, vol.64,p.102 354,2021.

• M.Á. Cámara-Vázquez, I. Hernández-Romero, E. Morgado-Reyes, M. S. Guillem,
A. M. Climent and Ó. Barquero-Pérez, “Non-invasive Estimation of Atrial Fibril-
lation Driver Position with Convolutional Neural Networks and Body Surface
Potentials”, Frontiers in Physiology, Accepted, Sep. 2021.

Conference contributions

• V. Suárez-Gutiérrez, M.Á. Cámara-Vázquez, Ó. Barquero-Pérez, I. Hernández-
Romero, M. S. Guillem, A. M. Climent, F. Alonso-Atienza, C. Figuera, “Includ-
ing a Priori Knowledge in the Solution of the Inverse Problem During Atrial
Fibrillation”, presented at the 2017 Computing in Cardiology Conference, Sep.
2017. doi: 10.22489/cinc.2017.246-215

• M.Á. Cámara-Vázquez, V. Suárez-Gutiérrez, I. Hernández-Romero, F. Alonso-
Atienza, C. Figuera, M. S. Guillem, A. M.Climent and Ó. Barquero-Pérez, "In-
clusión de información a priori en la solución del problema inverso de electro-
cardiografía durante fibrilación auricular", presented at the 2017 Conference of
the Spanish Society of Biomedical Engineering, Nov. 2017.

• M.Á. Cámara-Vázquez, A. Oter-Astillero, I. Hernández-Romero, M. Rodrigo, E.
Morgado-Reyes, M. S. Guillem, A. M. Climent and Ó. Barquero-Pérez. “Atrial
Fibrillation Driver Localization From Body Surface Potentials Using Deep Learn-
ing”, presented at the 2020 Computing in Cardiology Conference, Sep. 2020.
doi: 10.22489/CinC.2020.383.

• M.Á. Cámara-Vázquez, I. Hernández-Romero, E. Morgado-Reyes, M. S. Guillem,
A. M. Climent and Ó. Barquero-Pérez, “Detection of Atrial Fibrillation Driver
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Locations using CNN and Body Surface Potentials”, presented at the 2021 Com-
puting in Cardiology Conference, Sep. 2021.

7.4 related funding
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