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Abstract

Using k-Selection in Radio Networks as an example of unique-resource dispute among k un-
known contenders, the conflict-resolution protocol presented in this paper shows that, for any sen-
sible probability of error ¢, all of them get access to such resource in asymptotically optimal time
(e+1+4&)k+0(log?(1/¢)), where & > 0 is any constant arbitrarily close to 0. This protocol works
under a model where not even an upper bound on k is known and conflicts can not be detected by all

the contenders.

1 Introduction

A recurrent question, in settings where a resource must be shared among many contenders, is how to
make that resource available to all of them. The problem is particularly challenging if not even an upper
bound on the number of contenders is known. The broad spectrum of settings where answers to such
a question are useful makes its study a fundamental task. In Radio Networks, one of the instances of
such a question is the problem known in the literature [3] as Selection!. In its general version, the k-
Selection problem, also known as all-broadcast, is solved when an unknown size-k subset of network
nodes have been able to access a unique shared channel of communication, each of them at least once.
The k-Selection problem in Radio Networks and related problems have been well-studied for settings

where an upper bound on k is known (e.g., the size n of the whole network). In this paper, a randomized
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adaptive protocol for k-Selection in Radio Networks is presented, assuming that such a knowledge is not
available, the arrival of messages is batched, and conflicts to access the channel cannot be detected by all
nodes. To our knowledge, this is the first k-Selection protocol in the Radio Networks literature that works
in such conditions, and improves over previous work in adversarial packet contention-resolution thanks
to the adaptive nature of the protocol. Given that the error probability is parametrized, this protocol can
be also applied to solve k-Selection in multiple neighborhoods of a multi-hop Radio Network. For any
sensible error-probability bound (up to inverse exponential), the protocol is optimal.

Notation and Model. Most of the following assumptions and notation are folklore in the Radio Net-
works literature. For details and motivation, see the survey of Chlebus [3]. We study the k-Selection
problem in a Radio Network comprised of an unknown number of labeled stations called nodes. Each
node is assumed to be potentially reachable from any other node in one communication step, hence, the
network is characterized as single-hop or one-hop indistinctively. Before running the protocol, nodes
have no information besides their own label, which is assumed to be unique but arbitrary. Time is as-
sumed to be slotted in communication steps. Assuming that the computation time-cost is negligible in
comparison with the communication time-cost, time efficiency is studied in terms of communication
steps only. The piece of information assigned to a node in order to deliver it to other nodes is called a
message. The assignment of a message is due to an external agent and such an event is called a mes-
sage arrival. Communication among nodes is through radio broadcast on a shared channel. If exactly
one node transmits at a communication step, such a transmission is called successful or non-colliding,
we say that the message was delivered, and all other nodes receive such a message. If more than one
message is transmitted at the same time, a collision occurs, the messages are garbled, and nodes only
receive interference noise. If no message is transmitted in a communication step, nodes receive only
background noise. In this work, nodes can not distinguish between interference noise and background
noise, thus, the channel is called without collision detection. Each node is in one of two states, active
if it holds a message to deliver, or idle otherwise. In contrast with oblivious protocols, where the se-
quence of transmissions of a node does not depend on the transmissions received, the adaptive protocol
presented in this paper exploits the information implicit on the occurrence of a successful transmission.
The randomized protocol presented here is fair, i.e., all active nodes use the same probability in the
same communication step. Therefore, it is also a uniform protocol, i.e., all active nodes use the same

protocol. As in for instance [1,7,11], we assume that all the & messages arrive in a batch, i.e. in the



same communication step, a problem usually called static k-Selection, and that each node becomes idle
upon delivering its message.

Problem Definition. Given a Radio Network where an unknown subset K of network nodes, such that
| K| = k, are activated by message arrivals, the k-Selection problem is solved when each node in K has
delivered its message.

Related Work. In the following results, availability of collision detection and knowledge of the size n
of the network are assumed. Martel presented in [13] a randomized adaptive protocol for k-Selection
that works in O(k + logn) time in expectation®. As argued by Kowalski in [11], this protocol can be
improved to O(k + loglogn) in expectation using Willard’s expected O(loglogn) selection protocol
of [17]. In the same paper, Willard shows that, for any given protocol, there exists a choice of £ < n
such that selection takes Q2(log log n) expected time for the class of fair selection protocols. For the case
in which n is not known, in the same paper a O(log log k) expected time selection protocol is described,
again, making use of collision detection.

If collision detection is not available, using the techniques of Kushilevitz and Mansour in [12], it can
be shown that, for any given protocol, there exists a choice of & < n such that 2(logn) is a lower bound
in the expected time to get even the first message delivered.

Regarding deterministic solutions, the k-Selection problem was shown to be in O(klog(n/k)) al-
ready in the 70’s by giving adaptive protocols that make use of collision detection [2, 8, 14]. In all these
results the algorithmic technique, known as tree algorithms, relies on modeling the protocol as a com-
plete binary tree where the messages are placed at the leaves. Later, Greenberg and Winograd [6] showed
a lower bound for that class of protocols of 2(k log;, n). Regarding oblivious algorithms, Greenberg and
Komlos [10] showed the existence of O(klog(n/k)) solutions even without collision detection but re-
quiring knowledge of k£ and n. More recently, Clementi, Monti, and Silvestri [4] showed a matching
lower bound, which also holds for adaptive algorithms if collision detection is not available. In [11],
Kowalski presented the construction of an oblivious deterministic protocol that, using the explicit selec-
tors of Indyk [9], gives a O(k polylog n) upper bound without collision detection.

Regarding related problems, extending previous work on tree algorithms, Greenberg and Leiser-
son [7] presented randomized routing strategies in fat-trees for bounded number of messages. Choosing
appropriate constant capacities for the edges of the fat-tree, the problem could be seen as k-Selection.

However, that choice implies a logarithmic congestion parameter which yields an overall O(k polylog n)

Througout this paper, log means log, unless otherwise stated.



time. In [5], Gereb-Graus and Tsantilas presented an algorithm that solves the problem of realizing arbi-
trary h-relations in an n-node network, with probability at least 1—1/n¢, ¢ > 0, in ©(h+logn loglogn)
steps. In a h-relation, each processor is the source as well as the destination of h messages. Making
h = k this protocol can be used to solve k-Selection. However, it requires that nodes know h. Mono-
tonic back-off strategies for contention resolution of batched arrivals of k packets on simple multiple
access channels, a problem that can be seen as k-Selection, have been analyzed in [1]. The best strategy
shown is the so-called loglog-iterated back-off with a makespan in O(k loglog k/logloglog k) with
probability at least 1 — 1/k¢, ¢ > 0, which does not use any knowledge of k.

Results and Outline. In this paper, a randomized adaptive protocol for k-Selection, in a one-hop Radio
Network, that does not require knowledge of the size of the network n or the number of contenders
k, is presented. Assuming that 2 + ke < 1, the protocol is shown to solve the problem in (e + 1 +
€)k + O(log?(1/€)) communication steps, where £ > 0 is any constant arbitrarily close to 0 with
probability at least 1 — €. Given that the error probability is parametric, this protocol can be applied to
multiple neighborhoods of a multi-hop Radio Network, adjusting the error probability in each one-hop
neighborhood appropriately. To our knowledge, loglog-iterated back-off [1] is the only protocol in the
literature suitable to solve k-Selection in Radio Networks (although they propose it for packet contention
resolution), that works without knowledge of n, under batched arrivals, and without collision detection.
By exploiting back-on/back-off, our protocol improves their time complexity. Given that k is a lower
bound for this problem, the protocol is optimal (modulo a small constant factor) if € € 9(2_‘/%). Given
the lower bound of Q(kloglogk/logloglog k) shown in [1] for monotonic back-off strategies, our
protocol shows that back-on/back-off strategies perform better. In Section 2 the details of the protocol

are presented and they are analyzed in Section 3.

2 Protocol

The protocol comprises two different algorithms. Each of them is particularly suited for one of two
scenarios, depending on the number of messages left to deliver. The algorithm called BT solves the
problem for the case when that number is below a threshold (that will be defined later). The algorithm
called AT is suited to reduce that number from the initial £ to a value below that threshold. The BT
algorithm uses the well-known technique of repeating transmissions with the same appropriately-suited

probability until the problem is solved. The AT algorithm on the other hand is adaptive by repeatedly



increasing an estimation of the messages left and decreasing such an estimation by roughly one each
time a message is delivered. (Even if that successful transmission is due to the BT algorithm.) Further
details can be seen in Algorithm 1. Both algorithms are executed interleaving their communication steps
(see Task 1 in Algorithm 1). For clarity, each communication step is referred to by using the name of
the algorithm executed at that step. The following notation used in the algorithm is defined for clarity:
BEe+Es =1+ E&, 72 3008In(1/e), e £ error probability, 0 < & < 1,0 < £3 < 0.27 and

0 < & < 1/2 are constants arbitrarily close to 0, and 1/&; € N.

Algorithm 1: Pseudocode for node x.

1 upon message arrival do

2 te—T

3 R T

4 start tasks 1,2 and 3

5 Task /

6 foreach communication-step = 1,2, ... do

7 if communication-step = 1 (mod 1/¢;) then // BT-step
8 transmit (x, message) with probability 1/7

9 else // AT-step
10 transmit (x, message) with probability 1/x

1 t—t—1

12 if ¢ < 0 then

13 t—T

14 Ke—RK+T

15 Task 2

16 upon reception from other node do

17 K« max{k — 4,7}

18 t—t+p

19 Task 3

20 upon message delivery stop

3 Analysis

For clarity, each of the algorithms comprising the protocol are first analyzed separately and later put
together in the main theorem. Consider first the AT algorithm. (Refer to Algorithm 1.) Let % be called
the density estimator. Let a round be the sequence of AT-steps between increasings of the density
estimator (Line 14). Let the rounds be numbered as r € {1,2,...} and the AT-steps within a round
ast € {1,2,...}. (E.g., round 1 is the sequence of AT-steps from initialization until Line 14 of the
algorithm is executed for the first time.) Let x,¢, called the density, be the number of messages not
delivered yet (i.e., the number of active nodes) at the beginning of AT-step ¢ of round r. Let K, ; be

the density estimator used at the AT-step ¢ of round r. Let X,.; be an indicator random variable such



that, X,; = 1 if a message is delivered at the AT-step ¢ of round r, and X, ; = 0 otherwise. Then,
Pr(X,; =1) = (krt/Fre)(1—1/F.1)"rt 71 Also, for a round r, let the number of messages delivered
in the interval of AT-steps [1,¢) of r, including those delivered in BT steps, be o,.;. The following

intermediate results will be useful. First, we state the following useful fact.

Fact 1. [15, §2.68] ¢*/(+%) <142 <e® 0 < || < 1.

Lemma 2. For any round r where K, < k1 —7, 7 > 6(2—=906)/(0 —1) > 0, Pr(X,; = 1) is
monotonically non-increasing with respect to t for § +1 < Kyt < Ky, and 6 < (Kpp — ) (Krt — 7 —

1)/(Krt —v+1).

Proof. We want to show conditions such that for any ¢ in round r, Pr(X,; = 1) > Pr(X,;41 = 1). If
krt = Krt+1 the claim holds trivially. Then, let us assume instead that s, ; > Ky ¢41. We want to show

that

Ket—1 Kr t+1*1
KRopt 1 ’ Rprt+1 1 ’
~"<1—~ ) zj**(1—~ . 1)
Rrt Rt Ry t4+1 Rrt+1

Due to the BT-step between two consecutive AT-steps, at most two messages are delivered in the interval

[t,t + 1) of r. Thus, replacing appropriately, we want to show

1 Kpt—1 1 1 Kyt —2
Bt (g = = ot 1- - )
Rrt Rrt Rrt — J Rt — J

. 1 Ket—1 _9 1 K t—3
ALY > 1~ . 3)
Rrt Rrt Ryt — 20 Ryt — 20

v

Reordering 2,

~ ~ ~ Kpt—1
Ryt — 6—1 <I€7-7t —1 Ryt — 0 ) " > Ryt — 1
Ryt Ryt  Ret — 0—1 B

)

Using calculus, it can be seen that the left-hand side is monotonically non-increasing for § +1 < k. <



kr¢. The details follow. The derivative with respect to k¢ is,

o+1 %nt -1 %7-715 -0 fort—1 %nt —0—1 :‘ﬂv?r’t -1 %7’715 -0 ort =2
= = + (R — 1) | —=—= :
Rrt Ret — o—1 Rrt Rrt Rrt — 0—1

R
1 R —=08 Ryl 1 B
K2 Frg—0—1 Fri (Fpg—06—12]
_ <7<5r,t —1 Fpr—0 >“” 2Rt (0Frt — O) + Frp = 1)) = Krg(0(Fps — 6) + 6(Rpy — 1))

Tt Fg—0—1 "2 (Rrg —6— 1)

Which is not positive for 6 + 1 < k¢ < k. Then, giventhat K. = Kp1 — 0rt < Kp1 — Opp — 7 <

Krt — 7, it is enough to show

Ryt Hr,t_7_6_1 (’ir,t_’}/_l /fr,t_'y_(s >KT¢1 Zl (4)

Hr,t_l Krt =7 Krt —7 Hr,t_7_5_1
Again using calculus, it can be seen that the left-hand side of Inequality 4 is monotonically non-
increasing on ,; fory > §(2—6)/(0 — 1) and 6 < (krt —¥)(krt —y —1)/(Kpt — + 1). The details

follow. Since

< Hrt
5’417“15 Ryt — Krt

) Kpt—7Y —0 — 5+1
5/{/7“71: K/rt_ K/Tt_

0 Ryt — -1
657"75 Rrt —7
) < Krt—7y —0

5Hr,t

Krt_

Rpt — 7% — d—1 Krt Y= 6_1)

then,

o Kt /fr,t—’Y—(S—l(/‘&r,t—’Y—l Krt—7—0 )m't_l _
Okpt \ Kpt — 1 Krt — Y Krtg =7 HKpg—7—0—1

—< —1 "fr,t—’}/—(s—l_'_ Kt 6+1 ><“r,t_'7_1 Kpg =7 — 0 >HM_1+
(Kr’t_1)2 Frt =7 /fr,t_l(/‘ir,t—’}/)2 Kpg =7 Kpg—77—0—1

Fort “r,t—7—5—1</€r,t—7—1 Krt =7 —0 )ml’t_l.
/‘&r,t_l Hr,t_7 ’KJT,t_FY K-ﬂr’t_py_(;_l

Krg =Y —1 Kppg—7—94 Krg =7 Kpp—7y—0-1
-{In + (krp — 1) .
Krt—7 HKrt—7—0—1 Kt —Y—1 Kpp—7vy—90

< 1 Kr,t_'y_é +Hr,t_7_1 —1 >>
(Krt —7)2 kpp —y—0—1 Krg — (Kpp—7v—90—1)2




Therefore, given that x,.; > v+ 0+ 1, in order to show that the derivative is not positive, it is enough

to show

o+l +ln<1—|— i >+ e — 1 <
(krt =) (Rrg =7 =0 —1) (ke =N(rg =7 =0 =1)) * (Frg =) (Kre =7 = 1)
< Ryt — 1 + 1
o (Hr,t -7 - 6)(57% -7 = 0 — 1) ﬁr,t(ﬁr,t - 1) '

Using that In(1 +y) < yforany 0 < y < 1, for 6 < (krt —¥)(krt — 7 — 1)/ (Kry — v + 1), it is

enough to show

20+ 1 Kt — 1
(ot = (it =7 =0 = 1) (g =)t =7 — 1)
< Krg— 1 n 1
T (Bt =y —=0)(kpp—y—0—1)  Kpp(kre—1)

(26 + 1) (kg = = 1) (Ko = — ) birp(brg — 1) + (Rrg — D)2 (Kpg — 7 = 0 — D) (Kpp — 7 — ) ipp <

< ("fr,t - 1)2(”1“,1‘/ - V)Kr,t(“r,t —y=1)+ (“r,t -7 5)(“?"4‘ —y—0-— 1)(”1",15 - ’7)(’%,75 —v—1)

Kot (Kt — 1)2((Hr,t =y =0—=D(krt —7—0) = (hrt = (kirg —7—1)) <

< (Rre =7 = D(rg =7 = ) (ks = ) (g =7 =0 = 1) = (20 + Dy (s — 1))

_ 5/fr,t(/€r,t - 1)2(/{7‘,7& -y — 1) — 5HT,t(K’T,t _ 1)2(’{T7t —y— 5) <

S (brg =y = D(Brg =7 = 0)((Krg =) (Brg —7y =0 —=1) = (20 + 1)Ky g (kg — 1))

— Skt (Forp — 1) (Kipg — v — 1) = Skpp (ki — 1) (krg —y — 9) <
< (’fr,t - 'Y)(Kr,t -y —0- 1)(Hr,t -7 1)(Hr,t —v—0)— 5Hr,t("'€r,t - 1)2(’€T,t —y—0)+
+ '7557“,t(/‘€r,t - 1)(/<Ir,t - — 5) - 5/<fr,t(’fr,t - 1)2(51”,1‘, -7 — 1)+

+ (’Y +d— 1)5/{'7“715("57",75 - 1)(Hr,t - 1) - ﬁr,t(’{'r,t - 1)("57’,75 - - 1)("57’,75 - 6)



0 < kpp(krg = D)(Fre =7 = 1) (Kre =7 —6) = (v + 0)krp(birg —7 — 1) (Krg —7 —6)—
- V(Kr,t -7 0 — 1)("57",15 - — 1)("57",15 -7 - 5) + ’Y(Sﬁr,t(“r,t - 1)(’€r,t -7 - 5)+

+ (7 + 5 - 1)557”,15(&7“,15 - 1)(57‘,75 -7 1) - Kr,t(/ir,t - 1)("437“,15 i 1)("437“,15 -7 - 5)

0< (Kt =7 — (Y46 = 18kt (Krg — 1) — (7 + 8)irg (Kot — v — 6))

+ 76(/437“715 - 5)(’ir,t(/€r,t - ]—) - (Kr,t - o — 1)(/4'7“715 -7 1))

(Y +0 = 1okt —1) = (v + ) (Kt =7 —=6) >0
(Y+0=1)0—(v+08)krs —(y+0—1)5+ (v +6)*> >0

(Y +6)(6—1) =) ks + V2 + 76+ >0

Then, it is enough to show (y+6)(6 —1) —d > 0, which is true for v > 6(2—9)/(d —1). Therefore,
the left-hand side of Inequality 4 is monotonically non-increasing. Then, it is enough to show that, in

the limit, tends to 1.

R e Rt et (fw ~v=1 fg—v—6 )1 _
Krt—00 Ky — 1 Rrg — 7 Krg =7 Krg =7 — 0—1
. Ryt . l‘drt_’y_(s_l . K/rt_'y_]- Krt_7_6 Fra—l
= lim : lim : lim : : =
Frt—00 Kpy — 1 firp—00 Krt — Y Kt —00 Krt =7 Krg—7—0—1
—v—=0-1 —~v—1 —~v =9
= lim ot i P77 exp( lim ((Fam —1)In fort — 7 forg 7 )) =
Frt—00 Kpy — 1 firp—00 Krt — K, —00 Krt =7 HKpg—7—0—1
T Rr.t . l‘dr,t_’y_(s_l
= lim lim .
Krt—00 Kpg — 1 Krt—00 Krt — Y
1 —~v—1 —v=9 — —v—=0-1
cexp( lim n(((krg =7 = D(kre =7 = 8)/((Frg = ¥)(Krg =7 ) . using L' Hopital,
K t—00 1/(/{r,t - 1)
< _ < §(kprt — 122k — 2y — 1 —6) >>
=exp| lim : :
rra—00 \ (Kt =7 = 0)(Krg =7 — 0 = 1) (krg — 7 = ) (Krt —7)
=1.

Which can be verified using standard calculus techniques. Using the same techniques, Inequality 3 can

be shown to hold. O



Lemma 3. For any round v where k.1 — v — T < K1 < kp1 — 7, ¥ > 0 and for any AT-step t in

r such that o, < Ky ;?nﬁﬁ_fl - (7+5T;;12£115 =L the probability of a successful transmission is at least

Pr(X,, =1) > 1/8.

Proof. We want to show (ky¢/Ry¢)(1 — 1/F.4)* =1 > 1/3. Given that nodes are active until their

message is delivered, it is enough to show

Kpl — Opt 1 Kp1—1l—0rt
e (1Y, 5

Kp1 — 50’r,t Rr1 — 50—1“,15

Using calculus, it can be seen that the left hand side of Inequality 5 is monotonically non-decreasing

with restpect to k1 under the conditions of the Lemma. The details follow.

717
d Krl — Opt (1 1 )"‘“ it
d’ir,l Ryl — 50r,t Re1 — 5Ur,t

o1
_ 1= One (1 _ 1) B
(/{7«,1 — (5(77«,13)2 Rpl — (507«715

o2
Rel —Ort  Kpl — Opt — 1 ( 1 >HT’1 ont
Rprl — 50r,t (Hr,l - 50T,t)2 Rprl — 50r,t

_l’_

)

Rpl — Ort 1 Fra=ori—l Ryl — Oprt — 1
== < l— ——¢— -1+ -—"
(K'nl - 5Ur,t) Kr 1 — 6Ur,t Ryl — 50r,t -1
Kp1—0prt—1 ~
kel —Org <1 B 1 ) " mt <Klr,l — Kp1+ 0'7“715(6 - 1)>
(%731 - 507‘,t)2 %r,l - 5Ur,t Er,l — 50}715 -1

. ~ - Dinp—1 _ /~
Given that K1 < kp1 —7 < Kp1+0p(0 — 1) and 0,4 < Ky ;?H’Bﬂ_ll - (7+g;23_nlﬁ < (Rp1—1)/6

because 0 > 1 and k.1 < K1 + 7 + 7, the last expression is non-negative. Then, it is enough to prove

Inequality 5 for k.1 = kp1 — 7 — 7.

_ 1 Kp1—1—0rt
Rr1 Ort (1 . ) > 1/,8
Re1 — 7

57"1_’)/_7-_50'7”,75 _T_(so'r,t

7 1 K/r,l*lfo'r,t
1-— > 1/B.
< /Qr,lfyT(SO'r,t) /
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;?nﬂﬁill — wTE%IfIBA < (Rrqp — (y+7+1))/0, using Fact 1, we want

o -1
eXp( Kp1l — Orgt > <A

ﬁr,l_’Y_T_(so'r,t_l

Given that 0, < Ky 1

Rr1l — Ort — 1

<hp

R 1 _’Y_T_(So"mf_l
KRrl — Ort — 1< (57‘,1 - T 5Ur,t - 1) 11118

doptInf—opp < (kpg—y—7—1)Inf—Kkp1+1

0re(SInf 1) < kpy(mf —1) = (y+7+ ) IpB + 1

Ing—-1 (y+7+1)lnhg-1
Ur,té“r,l - .
dlng—1 dlng—1

The following lemma, shows the efficiency and correctness of the AT-algorithm.

Lemma 4. If the number of messages to deliver is more than M = 251215 :11 (Z?:1(5/ 6)7717) +

((6(275)/(51;2):?“)lnﬁfl € O(log(1/¢)), after running the AT-algorithm for (e + &3 + 1 + &)k — 7

steps, where & > 0 is any constant arbitrarily close to 0, the number of messages left to deliver is

reduced to at most M with probability at least 1 — ¢, for €2 + ke < 1.

Proof. Consider the first round 7 such that k,1 — v — 7 < Kp1 < Kpp — 7,7 = 0(2—9)/(6 — 1).
By definition of the AT algorithm, unless the number of messages left to deliver is reduced to at most
M before, such a round exists. To see why, notice in Algorithm 1 that the density estimator is either
increased by 7 in Line 14, or decreased by ¢ in Line 17, or assigned 7 in Line 3 or 17. After the first
assignment, we have kK11 = 7 < K11 — Y — T, because K11 > M > 27 + . We show now that
the condition of r can not be satisfied right after decreasing the density estimator in Line 17. Consider
two consecutive steps t',¢" + 1 of some round ' such that still K,» py < K,y — v — 7. If, upon a
success at step ¢’ of 77, K, 41 = 7 by the assignment in Line 17, and K, 41 — v — 7 < Ky 741, then
Kyt pr41 < T+ +7 < M and we are done. If on the other hand K, ;11 = K+ ;» — & by the assignment
in Line 17, then kv py4 1 = Rpryr — 60 < Kpryp —y — T — 0 < Kprpy1 — 7 — 7. Thus, the only way
in which the density estimator gets inside the aforementioned range is by the increase in Line 14 and
therefore round 7 exists.

We show now that, before leaving round 7, at least 7 messages are delivered with high probability

so that in some future round r” > r the condition k1 —y — 7 < K3 < K1 — 7 holds again.

11



In order to do that, we divide round r in consecutive sub-rounds of size 7,5/67, (5/6)%7,... (The fact
that a number of steps is an integer is omitted throughout for clarity.) More specifically, the sub-round
Sy is the set of AT-steps in the interval (0, 7] and, for i > 2, the sub-round S; is the set of steps in the
interval ((5/6)~27, (5/6)"~'7]. Thus, denoting |S;| = 7; forall i > 1,itis 7y = 7 and 7; = (5/6)7;_1
for ¢ > 2. For each 7 > 1, let Y; be a random variable such that Y; = Zte s, X, t. Even if no message
is delivered, round r still has at least the sub-round S; by definition of the algorithm. Given that each
message delivered delays the end of round 7 in 8 = e + {g Al-steps, for i > 2, the existence of sub-
round S; is conditioned on Y;_1 > 57;_1/(6(3). We show now that with big enough probability round
r has 5 sub-rounds and at least 7 messages are delivered. Even if messages are delivered in every step
of the 5 sub-rounds (including messages delivered in BT-steps), given that .1 > M, the total number

of messages delivered is less than £, ;?n%—fl - (VJFg;lﬁ)Iff ~! because v = §(2 — §)/(6 — 1). Thus,

Lemma 3 can be applied and the expected number of messages delivered in S; is E[Y;] > 7;/beta.
In order to use Lemma 2, we verify first its preconditions. If, at any step ¢, .y < M, we are done.
Otherwise, we know that k,.; > Ky > 0 + 1 and (krt — ) (Kee — 7 — 1)/(Kre — v+ 1) > 4.
Given that v = §(2 — J) /(0 — 1), by Lemma 2, the random variables X, ; are not positively correlated,

therefore, in order to bound from below the number of successful transmissions we can use the following

Chernoff-Hoeffding bound [16]. For 0 < ¢ < 1,

Pr(Y; < (1— p)n/B) < e #m/CD)
Pr(y; < (1 — (p)Ti/,BIY;_l > 5TZ‘_1/(6,3)) < e—¢7Ti/(28) ;-9 <1 <5

Taking ¢ = 1/6,

Pr(Y1 <51/(683)) < o—#23001In(1/)/2
Pr(Y; < 57/(68)|Yi1 > 571/(68)) < e# (/0 180IM1/9/2 g1 9 < < 5,

Pr(Y; <571 /(68)) < e~ 21n(1/2)
Pr(Y; <57;/(68)|Yi1 > 57-1/(683)) < e 20(1/e) 2 < <5.

Given that €2 + ke < 1, then it holds that In(1/e) > In(e + k), therefore e=2n(1/2) <

e~ In(EFR)—In(1/e) = ¢ /(¢ + k). So, more than (5/(6(e + £5)))7; messages are delivered in any sub-

round S; with probability at least 1 — ¢/(¢ + k). Given that each success delays the end of round r

12



in B = e + {g Al-steps, we know that, for 1 < ¢ < 4, sub-round S, exists with probability at least
1—¢/(e + k). If, after any sub-round, the number of messages left to deliver is at most M, we are done.
Otherwise, conditioned on these events, the total number of messages delivered over the 5 sub-rounds
is at least Z?:l Y; > 2?21(5/(6(6 +&3))) (e + &) L = (1/(e + &) 2221(5/6)j > T because
§p < 0.27.

Thus, the same analysis can be repeated over the next round r” such that Ky = =T < Ry g <
Kpr 1 — 7. Unless the number of messages left to deliver is reduced to at most M before, such a round
r”" exists by the same argument used to prove the existence of round r. The same analysis is repeated
over various rounds until all messages have been delivered or the number of messages left is at most M.
Then, using conditional probability, the overall probability of success is at least (1 — /(e + k))*. Using
Fact 1 twice, that probability is at least 1 — €.

It remains to be shown the time complexity of the AT algorithm. The difference between the number
of messages to deliver and the density estimator right after initialization is at most £ — 7. This difference
is increased with each message delivered by at most  — 1 and reduced at the end of each round by 7.
Therefore, the total number of rounds is at most (k — 7 + (6 — 1)k)/7 = dk/7 — 1. Each message
delivered adds only a constant factor 3 to the total time, whereas the other steps in each round add up to

7. Therefore, the total time is at most (5 + 6)k — 7= (e + g+ 1 + &)k — 7. O

The time efficiency and correctness of the BT algorithm is established in the following lemma. The
proof, omitted for brevity, is a straightforward computation of the probability of some message not being

delivered.

Lemma 5. If the number of messages left to deliver is at most M = 26&“[35:11 (2?21(5 /6)77tr) +

((6(2—0)/(6—1))+7+1)In -1
InB—1

, there exists a constant ¢ > 0 such that, after running the BT-algorithm for

clog®(1/e) steps, all messages are delivered with probability at least 1 — e.
The following theorem establishes the main result.

Theorem 6. For any one-hop Radio Network, under the model detailed in Section 1, Algorithm I solves
the k-selection problem within (e + 1 4 &)k + O(log?(1/¢)) communication steps, where £ > 0 is any

constant arbitrarily close to 0, with probability at least 1 — ¢, for €% + ke < 1.

Proof. From Lemmas 4 and 5, and the definition of the algorithm, the total time is (¢ + 1 + &5 +

€5)k/(1 — &) + O(log?(1/¢)). Given that 5, &5, and & are positive constants arbitrarily close to 0, the

13



claim follows. O
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