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Mariano. Sin el cariño, apoyo y comprensión de todos ellos no habŕıa podido llegar
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Preface

“Though the world does not change with a

change of paradigm, the scientist afterward

works in a different world.”

–Thomas Samuel Kuhn (1922-1996).

This thesis is devoted to the study of chaos theory, which is based on the concept
of deterministic chaos. To get a glimpse of the implications of this theory, it may be
interesting to start with one of the fathers of determinism: Pierre-Simon Laplace
(1749-1827). Following the laws of Newtonian mechanics, he enunciated what we
know today as the Laplace’s demon (or demiurge). In short, and in Laplace’s words,
this demon would possess “such intelligence... that nothing would be uncertain to
them [e.g., the positions and momenta of all the constituents of the universe] and
the past, as well as the future, would be present before his eyes”. Thus, Laplace was
establishing that not only scientific theories were deterministic, but also that nature
itself was deterministic. However, since Laplace enunciated his demon, it has been
fractured at least three times.

First, statistical mechanics proposes probabilistic laws to explain the behavior of
many-body systems, for which Newtonian mechanics presents severe limitations since
it only proposes approximate solutions. Secondly, quantum mechanics establishes
that quantum entities satisfy the Heisenberg’s uncertainty principle, which makes it
impossible to know with full accuracy the position and momentum of a quantum
particle simultaneously. Last but not least, chaos theory states that chaotic systems,
despite having a simple appearance and few degrees of freedom, are deterministic
but unpredictable, since they are highly sensitive to changes in their initial conditions.
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Therefore, chaos theory has not only had implications which have improved
our lives, such as weather prediction, but also profound consequences in our under-
standing of natural phenomena or, in other words, in shaping our current scientific
paradigm. For the sake of completeness, it is only fair to add that the fourth frac-
ture of Laplace’s determinism would be the one carried out by the philosophers of
science. This philosophical fracture holds that scientific theories can only be at best
approximately true. Therefore, an exact scientific knowledge of what surrounds us is
highly improbable1.

This doctoral thesis is the result of three years of work in the Research Group on
Nonlinear Dynamics, Chaos, and Complex Systems of the Rey Juan Carlos University.
The research carried out has been focused on chaotic scattering, taking into account
both special relativistic and Newtonian dynamics. This manuscript begins with
two introductory chapters detailing the key concepts and methodology of chaotic
scattering. The following three chapters show the results of the research on the three
different problems addressed, each of them associated with a scientific publication.
The final two chapters are dedicated to summarizing and discussing both the findings
and conclusions of this thesis. The complete structure of the doctoral thesis and a
brief description of each chapter is given below.

Chapter 1. Introduction

The phenomenon of chaotic scattering in open Hamiltonian systems is introduced.
In addition, the two systems that we use as models in this thesis are briefly explained,
namely, the paradigmatic Hénon-Heiles system and a three-dimensional system of
four Morse hills forming a regular tetrahedron. Finally, the three problems addressed
in the manuscript are motivated.

Chapter 2. Chaotic scattering methodology

The concepts and tools of chaotic scattering to understand the thesis are described
in detail. Specifically, the numerical methods that we use to carry out the simulations,
the scattering functions, and the decay laws are explained.

Chapter 3. Lorentz transformations in relativistic chaotic scattering

Here, it is investigated whether the Lorentz transformations affect a chaos indi-
cator such as the fractal dimension of the escape time function. Specifically, this
function is measured from both inertial and noninertial clocks in a special relativistic
version of the paradigmatic Hénon-Heiles system. The relativistic phenomenon of
the time dilation experienced by the particle is highly sensitive to initial conditions.
However, we prove that this is not enough to affect topologically the fractal structure

1The ideas outlined here can be expanded in A. Rivadulla. Revoluciones en F́ısica. Editorial
Trotta, Madrid, Spain (2003).
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of this function. Consequently, the existence of transient chaos is invariant under
coordinate transformations.

Chapter 4. Ergodic decay laws in Newtonian and relativistic chaotic
scattering

Exponential decay laws are studied, which are usually associated with ergodic
and hyperbolic dynamics. However, it is found that the chaotic saddle prevents
the ergodicity hypothesis from being fulfilled. Using the Hénon-Heiles system, we
provide theoretical and numerical evidence that particles evolve within the scattering
region non-uniformly, but spend more time in the chaotic saddle vicinity. Therefore,
we highlight the limitations of the exponential decay laws proposed so far and
suggest other approaches for the description of escapes in open Hamiltonian systems.
Furthermore, these conclusions are generalized to the special relativistic inertial and
noninertial cases.

Chapter 5. Wada basins in dissipative three-dimensional chaotic scat-
tering

Here, it is explored a three-dimensional open Hamiltonian system whose Wada
basin boundaries are known to transform into non-Wada when, in the absence of
dissipation, a certain critical value of energy is exceeded. This topological change has
no analogy in the two-dimensional case. In particular, we find that the non-Wada
basins transform into partially Wada basins when the weak dissipation reduces the
system energy below this critical energy value. We prove numerically that Wada
points appear at the basin boundaries under weak dissipation, implying that the
Wada property is driven and enhanced in weakly dissipative and three-dimensional
chaotic scattering.

Chapter 6. Results and discussion

In this chapter, the main results obtained throughout the thesis are presented
and discussed. Potential lines of research to be addressed in future work are also
mentioned.

Chapter 7. Conclusions

All conclusions obtained in the thesis are briefly and schematically described
here.
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4.2.1 Hénon-Heiles system . . . . . . . . . . . . . . . . . . 33
4.2.2 Nonhyperbolic and hyperbolic dynamical regimes . . 34
4.2.3 Concept of critical time . . . . . . . . . . . . . . . . 37
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Chapter 1

Introduction

“I gathered up a handful of leaves as I made

my way to the roof of a livery overlooking the

pennant courtyard near the Archives.”

–First part of an extract from the book The

Name of the Wind (2005), by writer Patrick

Rothfuss. The following parts of this extract

are found at the beginning of the remaining

chapters of the thesis.

Chaos governs a myriad of physical, chemical, biological, and even economic
phenomena. The reason for the ubiquity of chaos in nature is the presence of
nonlinear dynamics, which are responsible for amplifying small differences between
almost identical trajectories. Hence, these phenomena, from planetary movements to
stock prices, show extreme sensitivity to change in their initial conditions. However,
chaotic behavior does not last forever in some systems, which are said to experience
transient chaos. One of the physical manifestations of this transient chaos is the
phenomenon of chaotic scattering, which is dealt with in this thesis profusely. In this
chapter, we introduce chaotic scattering and then explain in which three different
situations we study this type of problems.

1.1 Chaotic scattering in open Hamiltonian systems

Chaotic scattering is a fundamental field in nonlinear dynamics for its very diverse
applications in physics [1], such as the scattering of molecules [2], particle advection
in fluid mechanics [3], transition of materials [4], or even celestial mechanics [5], to
name a few recent examples.

1



2 Chapter 1. Introduction

A generic scattering process is characterized by a point particle traveling freely
from a remote region and encountering an obstacle, often described in terms of a
potential function, that affects its state of motion. After a finite time, the particle
can leave the region of interaction, commonly referred to as the scattering region, and
freely continues its journey. If this interaction is nonlinear, the particle undergoes a
chaotic scattering process in which when and toward which direction it leaves the
scattering region depends strongly on its initial state of motion. In this type of
problems, it is usual to study the so-called scattering functions, which relate initial
conditions to some variable representative of the final state, e.g., the escape time or
the exit through which such escape takes place. Interestingly, these functions exhibit
a structure that is neither simple nor trivial, which is riddled with singularities due
to the performance of chaotic dynamics. In this sense, the presence of chaos, even
for a finite time, makes it difficult to predict the final state of the particle.

These chaotic scattering processes have been investigated in different systems,
namely, chaotic billiards [6], hard disks [7] and area-preserving maps with leaks [8].
Here, we are devoted to the study of chaotic scattering in the continuous systems
known as open Hamiltonian systems [9], where the scattering process can be described
by the generic time-independent Hamiltonian1

H(q,p) = H0(p) + V (q), (1.1)

which depends on the spatial coordinates q and the momentum p of the particle2. On
the other hand, H0 represents the free Hamiltonian, which describes the essentially
free dynamics of the particle when it is far enough away from the scattering region
and its interaction with the potential function V (q) is negligible. For clarity, when
the particle evolves within the scattering region, the term H0 represents the kinetic
energy of the system. Furthermore, the potential function satisfies two additional
aspects for a chaotic scattering process to occur: there must be several different exits
through which the particle can leave the scattering region and the potential must
have nonlinear terms. As mentioned, the nonlinearity is responsible for amplifying
the differences between trajectories starting from extremely close initial conditions,
causing them to diverge and escape through different exits. Figure 1.1 is intended to
illustrate all the above mentioned about open Hamiltonian systems.

Despite the variety of open Hamiltonian systems, we only use two of them in
this thesis. The first one is the Hénon-Heiles system [10], a paradigmatic system of
chaotic scattering in two dimensions widely studied for its simplicity and the great
abundance of dynamical behaviors it displays. In 1964, the astronomer Michel Hénon

1The mechanical energy of the system, E = H(q,p), is a conserved quantity along the particle
trajectories. However, not all systems are the same, e.g., we consider in Chapter 5 a dissipative
system that loses energy as time proceeds.

2We clarify that q means the vector of spatial coordinates and generalized to n dimensions, e.g.,
q = (x, y) for two dimensions. Similarly, this clarification applies to the momentum vector p.
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and the astrophysicist Carl Heiles, immersed in the search for the third integral of
motion in celestial mechanics, introduced this system to model the dynamics in a
nonlinear potential that emulates a galaxy with triangular symmetry and from which
star escape is possible.

On the other hand, the second one is a three-dimensional system that models the
interaction of a point particle with non-rotating diatomic molecules [11]. This system
has been less studied than the previous one because chaotic scattering has been
investigated with more attention in two dimensions. However, given its simplicity,
it is a very convenient Hamiltonian to explore the unique phenomena of the three-
dimensional case. In particular, the potential consists of four three-dimensional
Morse hills whose centers are placed at the vertices of a regular tetrahedron. Finally,
it is worth mentioning that the Morse potential, which owes its name to the physicist
Philip M. Morse, is an interesting, though now an obsolete, model for describing the
potential energy of a molecule consisting of two atoms.

Figure 1.1. (a) Hénon-Heiles potential, V (x, y) = 1
2(x

2+y2)+x2y− 1
3y

3, which has three
exits through which a particle can escape from the scattering region. (b) Two trajectories
starting from similar initial conditions may diverge due to nonlinear interactions between
the particle and the potential. As a result, the particle leaves the scattering region by
different exits and at different times.

In the phase space of open Hamiltonian systems, there exists a nonattracting
set called the chaotic saddle, which is formed by a countable number of unstable
periodic orbits surrounded by an uncountable number of nonperiodic orbits [12]. It
is an invariant set, which means that if a trajectory starts from initial conditions
belonging to such a set, it can never leave it. Nevertheless, the Lebesgue measure of
this chaotic saddle is zero, so all that can be achieved is choosing an initial condition
extremely close to the invariant set. In this case, the particle will describe a chaotic
trajectory in the vicinity of the chaotic saddle until its eventual escape, as illustrated
in Fig. 1.2(a). More specifically, the trajectories approach the chaotic saddle through
the set known as the stable manifold of the chaotic saddle and leave it following its
unstable manifold. Put another way, the chaotic saddle results from the intersection
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of its stable and unstable manifolds, which can be interpreted as the stable and
unstable directions from which a trajectory approaches the mentioned periodic orbits.
In light of the above, the chaotic saddle is responsible for the existence of transient
chaos within the scattering region [13, 14].

On the other hand, there may be other invariant sets that affect the system
dynamics such as Kolmogorov-Arnold-Moser (KAM) tori [12]. The origin of KAM
tori comes from the fact that the chaotic Hamiltonian systems that exhibit them are
essentially nonlinear perturbations of integrable Hamiltonian systems. Thus, KAM
tori are the surviving tori of such perturbations. Unlike the chaotic saddle, these
tori are non-zero Lebesgue measure sets, which implies the possibility of evolving
particles starting from initial conditions belonging to these invariant sets. Therefore,
their described trajectories are periodic, or quasiperiodic in most cases, and are
trapped forever in the scattering region, as observed in Figs. 1.2(b). In addition
to preventing escapes, these sets are also responsible for delaying the escapes of
particles describing trajectories close to them. This is known as stickiness [6, 15]
and is a key aspect in the study of the probabilistic laws governing particle escapes.

Figure 1.2. (a) Typical chaotic transient described by a particle suffering in its dynamics
the effects of a chaotic saddle present in phase space. (b) On the other hand, a quasiperiodic
trajectory described by a particle trapped in a KAM torus and, therefore, never leaving
the scattering region.

The mechanical energy of the system determines the existence of KAM tori in
phase space, which in turn determines the underlying chaotic dynamics. When the
exits of the potential remain open, there are two dynamical regimes, namely, the
nonhyperbolic and hyperbolic regimes. In the former, the KAM tori coexist with
the chaotic saddle, and the phase space is said to be mixed since it exhibits regions
where the dynamics is regular (or non-chaotic) and others where it is chaotic [16].
In the latter, which is typical of higher energies for which the relevant KAM tori are
destroyed, the chaotic saddle governs the dynamics and transforms the phase space
into what is known as a chaotic sea, where all regions are chaotic.
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We have introduced the most basic aspects of open Hamiltonian systems so far.
In Chapter 2, we will describe some of these aspects in more detail and the tools of
chaotic scattering to fully understand the following chapters. Now, we motivate the
three problems we address in the thesis, which reflect the wide variety of situations
that chaotic scattering processes are capable of modeling and studying.

1.2 Three different problems

First, we have dedicated Chapter 3 to relativistic chaotic scattering. Relevant
works have been carried out on the link between relativity and chaos [17, 18]. As an
illustration of the wide range of topics to which the fruitful intersection of these two
fields is devoted, we mention the results of two recently published papers. On the one
hand, it has been found that the dynamics developed by light rays propagating in
what are known as optical metamaterials is typical of a system subject to transient
chaos [19]. The authors emphasize that in this type of materials it is possible to verify
experimentally some of the hypotheses proposed by the general relativity theory on
the motion of light. On the other hand, it has been shown numerically that the
presence of an event horizon can induce chaos in an integrable system [20]. This
result may be interesting, as the authors suggest, in the study of Hawking radiation,
whose particles would be radiated by the horizon and, in turn, affected dynamically
by it to describe chaotic trajectories.

Regarding chaotic scattering, the first works on relativistic systems focused on the
fact that Newtonian and relativistic mechanics diverged rapidly when simulating in-
dividual chaotic trajectories, and even in the case of velocities much smaller than the
speed of light [21, 22]. Nonetheless, for small velocities as well, it was demonstrated
numerically that some global dynamic properties are robust and that similar results
are obtained taking into account both mechanics [23]. Other works also related to
chaotic scattering have shown how the variation of a parameter of the relativistic
system can affect topologically the phase space structure. Specifically, the relativistic
parameters studied have been the well-known Lorentz factor, typical of the special
relativity theory [24, 25], and the gravitational radius in the context of the relativistic
Sitnikov problem [26, 27]. Notably, all these works demonstrate numerically that this
topological change is due to the destruction of the KAM tori, which has significant
consequences on the predictability of the system asymptotic behavior. Finally, in
another interesting work, a chaotic scattering process is simulated in a binary black
hole system [28]. Its authors proved that the shadows cast by the black holes present
an intricate fractal structure that exhibits the peculiar Wada property, which we
introduce later.

Undoubtedly, one of the most important results of relativistic chaos has been
its invariance under coordinate transformations [29]. That is, the chaotic dynamics
present in a relativistic system cannot be completely erased by an adequate choice
of the reference frame in which to describe it. In other words, chaos is an intrinsic
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property of chaotic relativistic systems. This important result derives from the
fact that the sign of Lyapunov exponents, a common indicator of chaos capable
of measuring the exponential divergence of nearby trajectories, is invariant under
coordinate transformations. In this context, in Chapter 3, we investigate whether
transient chaos is invariant as well. For this purpose, we numerically explore the
fractal dimension of the chaotic saddle in the special relativistic Hénon-Heiles system.
The study of this fractal dimension is common in chaotic scattering because it
provides information about the system unpredictability.

However, most of the studies that use the Hénon-Heiles system as a model do
so in the framework of Newtonian mechanics. These works, and others dedicated
to chaotic scattering in similar systems, focus on unraveling the effect of chaotic
and non-chaotic sets on three main matters [1, 30]: the uncertainty associated with
the prediction of the asymptotic behaviors of these systems, the fractal structures
that exist in phase space and their properties, and finally the probabilistic laws that
govern the eventual escapes that put an end to chaotic transients.

In our case, we continue in Chapter 4 with the characterization of these laws
whose usual name in the literature is decay laws. However, we include some novel
elements in this study that have certainly received less attention in the context
of open systems. First and foremost, we analyze and discuss in depth the role of
the ergodicity3 in the escape processes in open Hamiltonian systems. On the other
hand, although the Hénon-Heiles system has been extensively studied, it is still
possible to investigate some surprising aspects such as the existence of a critical
time which is key to understanding the decay laws. Finally, we also complement
this Newtonian study by extending our findings and claims to the special relativistic
case, for which we take advantage of some specific elements of the relativistic study
already introduced.

We address in Chapter 5 the third and last work of this thesis, which is framed in
the three-dimensional case, less studied than the two-dimensional one. Furthermore,
we consider that the three-dimensional system we deal with is not isolated from
its environment, which certainly models a typical feature of the systems present in
nature. Consequently, its mechanical energy is not a conserved quantity and we
model that it decreases as time advances. This situation is known as a system in the
dissipative regime or in the presence of dissipation.

Even though the vast majority of works on open Hamiltonian systems have been
devoted to conservative problems, there is recently a proliferation of studies with
surprising results in the presence of external perturbations, such as noise [31], periodic
driving [32], or the mentioned energy dissipation [33, 34, 35]. For instance, it has

3This concept comes from statistical mechanics but is important in nonlinear dynamics as well.
In Chapter 5, we delve into the definition of ergodic motion and the dynamical consequences it
causes in chaotic open systems.
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been shown numerically that certain intensities of additive Gaussian noise favor the
trajectories to last longer transients in the scattering region. The reason is that the
noise affects the mechanical energy of the system and can randomly drive it to lower
energies where the probability of escaping is minor and even null. In the dissipative
two-dimensional case, emphasis has been placed on the study of the uncertainty
in the prediction of the final states [33, 34, 35], and the persistence of Wada basins [34].

The Wada property is an intriguing topological property of some sets, according
to which the boundary separating three or more sets is common to all of them [36]. In
chaotic scattering, this property may be exhibited by the boundaries of sets known as
exit basins [37], i.e., sets of initial conditions leading to a specific exit of the potential
function (e.g., see Fig. 1.3). These exit basins are a common tool for determining
which regions of initial conditions are fractal, and therefore unpredictable if there
exists uncertainty in choosing such initial conditions. On a Wada boundary where
apparently only two exit basins coexist, it is always possible to find all other basins,
which represents a clear source of unpredictability [30, 38]. Specifically, we investigate
in the fifth chapter this property in the dissipative three-dimensional case, which has
not been explored so far. Surprisingly, we unmask a topological transformation of
basins without analogy in two dimensions.

Figure 1.3. (a) Exit basins of the Hénon-Heiles system in its nonhyperbolic regime, where
KAM tori are present. Consequently, there are regular (or non-chaotic) regions of initial
conditions whose trajectories never escape (black). Note that the latter are surrounded
by chaotic regions where the three exit basins (or colors) are intermingled, forming what
is known as a chaotic sea. (b) Similarly, exit basins in the hyperbolic regime, where the
chaotic saddle is the only invariant set present in phase space. Compared to (a), there are
large exit basins (smooth regions of initial conditions) but delimited by fractal boundaries
where the effects of the chaotic saddle manifest themselves.

The structure and order of the third, fourth, and fifth chapters of the manuscript
are justified since concepts and results from earlier chapters are used in later chap-
ters. Thus, although the three problems are addressed in three completely different
situations, this reveals that any result in chaotic scattering, however small, can be
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useful and even the first step for new research.

Finally, the main results of the thesis are collected and discussed extensively in
Chapter 6. In addition, future lines of research in which to further develop the work
started in this thesis are suggested. This manuscript ends with Chapter 7 where its
main conclusions are briefly and schematically described.



Chapter 2

Chaotic scattering
methodology

“In the dim moonlight I could see the dark, shape-

less shadows of leaves swirling over the grey of

the cobblestones below. I ran my hand roughly

through my hair, ending up with a few loose

strands. Then I dug at a seam of tar on the

roof with my fingernails and used some to stick

the hair to a leaf. I repeated this a dozen times,

dropping the leaves off the roof, watching as

the wind took them away in a mad dance back

and forth across the courtyard.”

–Second part of an extract from The Name of

the Wind (2005), by Patrick Rothfuss.

A computational and theoretical methodology has been used to carry out this
thesis. Therefore, most of the findings and claims have been demonstrated and
confirmed numerically. In this chapter, we extend some already introduced aspects
of chaotic scattering and explain in detail other concepts and tools which are
fundamental in the remaining chapters. Specifically, we present the numerical
methods we have employed to carry out the computations and focus on the scattering
functions and the decay laws.

2.1 Numerical methods

The two open Hamiltonian systems we deal with here are non-integrable due to
the presence of nonlinear terms. Therefore, numerical methods must be employed to
approximately solve the equations of motion, which are a system of ordinary differen-
tial equations, unfortunately, without an exact analytical solution. In the following,
we briefly describe the two solvers with which we obtain all the computational results
of this thesis.

9



10 Chapter 2. Chaotic scattering methodology

In Chapter 3, we have used a fourth-order Runge-Kutta method with a fixed
integration step [39]. This solver is the most common to simulate the dynamics
of the Hénon-Heiles system and other similar open systems because it provides a
good balance between its computational cost, time and resources, and accuracy. The
Runge-Kutta methods are not symplectic, which means that the conservation of the
system energy is not their highest priority. However, we have found that the energy
fluctuations are negligible due to the small size of the fixed integration step, namely,
5 · 10−3. For instance, after 4 · 104 iterations of the algorithm, the energy difference
concerning the initial value is of the order of 10−12.

On the other hand, we have opted for a more precise method for the remaining
chapters, namely, an adaptive Runge-Kutta-Fehlberg method [40]. This solver has
an integration step of variable size, and also a parameter that sets the desired error
tolerance. These two features are convenient when solving numerically trajectory
parts that approach “troublesome” regions of phase space, such as may be the
vicinity of KAM tori1. This adaptive algorithm consists of implementing efficiently
two Runge-Kutta algorithms of fourth and fifth orders, respectively. The key of the
method is that the higher-order algorithm is assumed to yield an approximate but
closer solution to the “real” solution than the lower-order one. Then, an estimation
of the “real” error is derived by subtracting both solutions in every integration
step, which is compared to the error tolerance. In case such estimation is higher
than this tolerance, the computations are repeated with a smaller integration step size.

To be more specific, we have set a relative tolerance of 10−12 for each solution of
the system of equations, and a maximum value of the integration step of 5 · 10−3.
This maximum step size has been selected to be small enough to conserve mechanical
energy up to the eleventh digit at each iteration in the worst case. Furthermore, note
that such maximum value is equal to the fixed value of the step of the fourth-order
Runge-Kutta method described above. The energy fluctuations for the adaptive
method are remarkably reduced, by one-fifth, in comparison to the fixed-step method.

These two methods provide approximate solutions, so that a trajectory simulated
by each method, even starting from the same initial conditions, will be different,
and even completely different, due to chaos. However, we are interested in studying
collective quantities involving a very large number of trajectories, in which the aspect
of individual trajectory is certainly lost. In this regard, we are aware that there exist
more refined methods than those used here, such as the Taylor method [41], which
are used in astrophysical problems where a high precision of the orbits is needed to
predict their individual behavior over huge amounts of time.

To conclude the review of the numerical methods, we clarify that the scripts have
been written mainly in the C programming language, while the data processing and

1KAM tori are not involved in Chapter 3 since we study the relativistic Hénon-Heiles system
only in its hyperbolic regime.
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the figure design have been carried out thanks to the Matlab software.

2.2 Scattering functions

A scattering function is a mathematical instrument that allows us to represent
the relationship between the input and output dynamical states of the particle. For
instance, a typical scattering function is the escape time function, which we use in
Chapter 3. First, the escape time can be easily defined as the time that the particle
spends evolving within the scattering region before escaping to infinity. In general,
the escape time function is one-dimensional, i.e., it is calculated by varying a system
parameter that determines the initial conditions of the particle. We measure this
time versus the shooting angle with which the particle starts its trajectory from a
specific location in the potential well.

Typically, the presence of the chaotic saddle causes the escape time function
to exhibit a non-smooth structure, which is said to be full of singularities [30], as
observed in Fig. 2.1. For clarity, a singularity in the escape time function lies between
two initial conditions that are very close but yield very different results. Furthermore,
due to the fractal nature of the chaotic saddle, this structure of singularities is
also fractal and, sometimes, self-similar (e.g., see Fig. 2.1(b)), so that difficulty in
determining the escape time persists even when we improve the accuracy in the
choice of initial conditions.

Another fundamental scattering function is the exit basins, which are reminiscent
of the basins of attraction [42] that are common in dissipative (and closed) problems,
where there exist attractors that trap particles forever. In chaotic scattering, an exit
basin is defined as the set of initial conditions whose trajectories escape eventually
through a particular exit. In general, exit basins are two-dimensional sets, so they
are constructed by varying two parameters, e.g., two spatial coordinates, which
represent the initial conditions from which the particle starts. A color is associated
with each exit so that a two-dimensional map of colored initial conditions is obtained
depending on which exit the escape takes place (e.g., see again Fig. 1.3). It should be
noted that, although less common, there are two-dimensional versions of the escape
time function and one-dimensional versions of the exit basins. All these versions are
used for different purposes in the next three chapters.

The initial conditions belonging to an exit basin and that limit with a different
basin constitute what is known as the basin boundary. Similar to the escape times, the
presence of the chaotic saddle implies that this boundary, where the singularities of
the function are found, is fractal. Interestingly, particles starting from the boundary
of the exit basins yield very high escape times because they take long times to
converge to one of the exits. Therefore, the singularity structure of the escape times
and the exit basins are closely related. Extremely small differences between two
trajectories can be amplified over long transients, so fractal boundaries of basins are
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known to be a source of the unpredictability of both escape times and exits.

Figure 2.1. (a) Escape time function versus initial shooting angle, te(θ0). This function
has smooth parts and other parts full of singularities, i.e, extremely small intervals of initial
conditions where the escape times are disparate. (b) In addition, a self-similar singularity
structure is observed, which then appears again at smaller scales.

In light of the above, scattering functions are used to quantify the system’s
unpredictability. One of the indicators of chaos that we use in several chapters is the
fractal dimension of the singularity structure of these functions, which in turn gives
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information about the chaotic saddle. This fractal dimension, d, can be computed
by means of the uncertainty exponent algorithm [43, 44]. Below, as an illustrative
example, we explain the implementation of this algorithm for the function of escape
times developed in Chapter 3.

First, we launch a particle with a random2 shooting angle θ0 and measure its
escape time te(θ0). Next, we perform the same procedure again starting from a
slightly different shooting angle θ0 + ϵ, where ϵ ≪ 1 can be considered a small
perturbation, and compute the associated escape time, i.e., te(θ0 + ϵ). Then, we
say that the initial condition θ0 is uncertain when measuring the escape time if the
difference between the computed escape times, |te(θ0)− te(θ0 + ϵ)|, is larger than an
arbitrary amount of time, e.g., the integration step of the numerical method, namely,
h. On the contrary, if by applying the above criterion, the difference of escape times
is less than h, we say that the initial condition θ0 is certain.

We repeat the above procedure with a large number of random initial conditions,
which we classify as certain or uncertain. Thus, the fraction of uncertain initial
conditions behaves as

f(ϵ) ∼ ϵD−d = ϵ1−d, (2.1)

where D = 1 is the dimension of the space of initial conditions since one parameter
has been continuously varied. We also recall that d is the fractal dimension that
quantifies the uncertainty in the prediction of the escape time, while ϵ is the value of
the perturbation that quantifies the uncertainty in the determination of the initial
condition. Again, the whole previous procedure is repeated for several values of
the perturbation, so that for each of them the fraction of uncertain conditions is
computed. It is now possible to take decimal logarithms in Eq. (2.1) and obtain

log10
f(ϵ)

ϵ
∼ −d log10 ϵ. (2.2)

This formula allows us to determine the fractal dimension from the slope of the linear
relation, which obeys a representation of log10 f(ϵ)/ϵ versus log10 ϵ.

The algorithm, in essence, is based on estimating the tendency of the fraction
of the uncertain initial conditions as the ϵ-value is decreased, i.e., the resolution in
determining the initial conditions is improved. We distinguish two extreme situations
[44], namely, that the function of escape times is completely smooth, or conversely
that it is riddled with singularities. In the first case of minimum unpredictability,
the absence of singularities implies that the fractal dimension is null, d = 0. Then,
the fraction of uncertain conditions behave as f(ϵ) ∼ ϵ, i.e., the number of uncertain
conditions is reduced if the resolution in determining the initial conditions is improved.
On the other hand, in the maximum unpredictability scenario, the fractal dimension

2The numerical specifications are detailed in Chapter 3, while here we only explain the conceptual
foundation of the algorithm.



14 Chapter 2. Chaotic scattering methodology

is unity, d = D = 1, since the singularities densely occupy the entire space of initial
conditions. Therefore, the fraction of uncertain conditions behave as f(ϵ) ∼ 1, i.e.,
the number of uncertain conditions does not decrease even when the mentioned
resolution is improved. The fractal structure of singularities is found at all scales.
The intermediate cases, where 0 < d < 1, are the usual ones in computations.

2.3 Decay laws

Another fundamental tool in chaotic scattering that reflects the effect of chaotic
dynamics is the decay laws. A common way to study these laws is to simulate a large
number of particles (non-interacting among them) from different initial conditions
and observe the typology and rate of the escapes. Notably, two types of decay laws
are distinguished depending on the existence of KAM tori in phase space. On the
one hand, particles escape following an exponential decay law when a chaotic saddle
governs the dynamics in the absence of KAM tori. Thus, if we represent the number
of particles present in the scattering region as a function of time t, we obtain a
behavior such that

N(t) ∼ e−αt, (2.3)

where α represents the exponential decay rate.

We study numerically these exponential decay rates based on the ergodic hypoth-
esis in Chapter 4. Interestingly, we observe that, although the dynamics is dominated
by the chaotic saddle, the exponential decay does not occur simply and trivially, but
rather the curves and decay rates require sophisticated and detailed study.

On the other hand, the presence of KAM tori prevents most particles from
escaping exponentially due to the stickiness phenomenon. Additionally, thanks to
stickiness, particles starting from chaotic regions can stick to the vicinity of the
boundary of a regular region before escaping [6, 15]. Therefore, the escapes take
place substantially slower than in the hyperbolic regime, and, consequently, the
particles escape according to an algebraic decay law at long times [44, 45, 46, 47, 48]

N(t) ∼ t−δ, (2.4)

where δ is the exponent of the algebraic decay.

These laws are characteristic of the two dynamical regimes present in open
Hamiltonian systems. One of the methods to discriminate whether the dynamics
is nonhyperbolic or hyperbolic has been to check whether the KAM tori produce
an algebraic decay at long times. However, the stickiness of these tori can also
significantly influence other properties of open systems, such as the already introduced
fractal dimension [44]. On the other hand, a recently developed chaos indicator
known as the basin entropy is also used to discern between dynamical regimes [49].
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scattering
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under coordinate transformations in relativistic systems. Phys. Rev. E 101, 062212
(2020).

“I smiled at the thought of anyone trying to

dowse for me now, trying to make sense of

the dozens of contradictory signals as the leaves

swirled and spun in a dozen different directions.”

–Third part of an extract from The Name of

the Wind (2005), by Patrick Rothfuss.

In this chapter, we study whether coordinate transformations affect the unpre-
dictability of relativistic systems with transient chaos. Specifically, we explore the
effects of the Lorentz transformations on the Hénon-Heiles system’s dynamics. We
focus on how the time dilation phenomenon occurs within the scattering region
by measuring the time in a clock attached to the particle. We observe that the
several events of time dilation that the particle undergoes exhibit sensitivity to initial
conditions. Nonetheless, the structure of the singularities appearing in the escape
time function remains invariant under coordinate transformations. This occurs
because the singularities are closely related to the chaotic saddle, whose nature is
observer-independent. Subsequently, we demonstrate that, from a theoretical point
of view, the fractal dimension of the escape time function is relativistic invariant.
To verify this result, we compute by using the uncertainty dimension algorithm
the fractal dimensions of the escape time functions as measured with inertial and
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comoving with the particles frames. We find that escape times are not equally
predictable in any reference frame if clocks exhibit finite resolutions. Despite that,
we conclude that transient chaos is coordinate invariant.

3.1 Introduction

There have been numerous efforts to characterize chaos in relativistic systems in
an observer-independent manner [50]. However, one of the most important results
of relativistic chaos is that the sign of the Lyapunov exponents is invariant under
coordinate transformations, which satisfy four minimal conditions [29]. More specifi-
cally, such conditions consider that a valid coordinate transformation has to leave
the system autonomous, its phase space bounded, the invariant measure normalizable
and the domain of the new time parameter infinite [29]. As a consequence, chaos is
a property of relativistic systems independent of the choice of the reference frame
in which they are described. In other words, homoclinic and heteroclinic tangles
cannot be untangled through coordinate transformations. We utilize the Lorentz
transformations along this chapter, which satisfy this set of conditions [51].

Although we utilize an open Hamiltonian system, from the point of view of
Lyapunov exponents, its phase space can be considered bounded because of the
presence of the chaotic saddle. This set is in the scattering region, which is a finite
region of phase space. Furthermore, importantly, the chaotic saddle contains all the
non-escaping orbits in the hyperbolic regime. The Lyapunov exponents are well-
defined since these orbits stay in the saddle forever. On the other hand, concerning
the computation of the escape time function, we only consider the finite part of
the phase space where the escaping orbits remain bounded. Hence, from the point
of view of the finite-time Lyapunov exponents, the phase space can be considered
bounded as well [52].

Even though the sign of the Lyapunov exponents is invariant, the specific val-
ues of these exponents, which indicate “how chaotic” a dynamical system is, are
noninvariant. Therefore, this lack of invariance leaves some room to explore how
coordinate transformations affect the unpredictability in dynamical systems with
transient chaos. Here, we analyze the structure of singularities of the escape time
function under the Lorentz transformations: we compute the fractal dimension of
the escape time function as measured in an inertial reference frame and another
noninertial reference frame comoving with the particle, respectively. This method
has been proposed as an independent-observer procedure to determine whether a
relativistic system is chaotic or not [53].

This chapter is organized as follows. In Sec. 3.2, we describe the model, which
consists of a relativistic version of the Hénon-Heiles system. In Sec. 3.3, two well-
known scattering functions are explored, such as the exits through which the particles
escape and their associated escape times. In Sec. 3.4, we demonstrate the fractal
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dimension invariance under coordinate transformations by using a Cantor-like set
approach. Moreover, in this last section, we also verify this invariance numerically.
Finally, in Sec. 3.5, we summarize the main results of the chapter.

3.2 Model description

In turn, this section is divided into three sections for easier reading. In Sec. 3.2.1,
we detail the basic aspects of the potential function of the Hénon-Heiles system,
followed by the description of the relativistic version of the system. In Sec. 3.2.2, we
provide an interpretation of the Lorentz factor’s effects on the dynamics. Finally, in
Sec. 3.2.3, we explain the established particle escape criterion.

3.2.1 Relativistic Hénon-Heiles system

We consider a single particle whose total mechanical energy can be denoted as
EN in the Newtonian approximation. This energy is conserved along the trajectory
described by the particle, which is launched from the interior of the potential well.
We utilize a dimensionless form of the Hénon-Heiles system [10] so that the potential
is written as

V (x, y) =
1

2
(x2 + y2) + x2y − 1

3
y3, (3.1)

where x and y are the spatial coordinates.

When the energy is above a threshold value, EN = 1/6, the potential well exhibits
three exits due to its triangular symmetry in the configuration space, i.e., the plane
(x, y), as visualized in Fig. 3.1. We call Exit 1 the exit located at the top (y → +∞),
Exit 2 the one located downwards to the left (x → −∞, y → −∞) and Exit 3 the one
at the right (x → +∞, y → −∞). One of the characteristics of open Hamiltonian
systems is the existence of highly unstable periodic orbits known as Lyapunov orbits
[54], which are placed near the saddle points. When a trajectory crosses through a
Lyapunov orbit, it escapes to infinity and never returns to the scattering region.

When the speed of the particle is comparable to the speed of light (e.g., |v| ≥ 0.1c),
the relativistic effects have to be taken into account [55]. Here, we deal with a special
relativistic version of the Hénon-Heiles system, whose dynamics is governed by the
conservative Hamiltonian [24, 25]

H = c
√

c2 + p2x + p2y + V (x, y), (3.2)

where c is the value of the speed of light, and px and py are the momentum coordinates.

On the other hand, the Lorentz factor is defined as

γ =
1√

1− v2

c2

=
1√

1− β2
, (3.3)
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where v is the velocity vector of the particle and β = |v|/c the ratio between the
speed of the particle and the speed of light. The Lorentz factor γ and β are two
equivalent ways to express how large is the speed of the particle compared to the
speed of light. These two factors vary in the ranges γ ∈ [1,+∞) and β ∈ [0, 1),
respectively. For convenience, we use β as a parameter in this chapter.

Hamilton’s canonical equations can be derived from Eq. (3.2), yielding the
equations of motion

ẋ =
px
γ
,

ẏ =
py
γ
,

ṗx = −x− 2xy,

ṗy = y2 − x2 − y,

(3.4)

where the Lorentz factor can be alternatively written in the momentum-dependent
form as γ = 1

c

√
c2 + p2x + p2y. Although the complete phase space is four-dimensional,

the conservative Hamiltonian constrains the dynamics to a three-dimensional manifold
of the phase space, known as the energy shell.

Figure 3.1. (a) Three-dimensional representation of the Hénon-Heiles potential V (x, y) =
1
2(x

2+y2)+x2y− 1
3y

3. (b) The isopotential curves in the configuration space show that the
Hénon-Heiles system is open and has triangular symmetry. If the energy of the particle is
higher than a threshold value, related to the potential saddle points, there exist unbounded
orbits. Following these trajectories, the particle leaves the scattering region through any of
the three exits.

3.2.2 Effects of the Lorentz factor on the system dynamics

Some recent works aim at isolating the effects of the variation of the Lorentz
factor γ (or β equivalently) from the remaining variables of the system [24, 25]. To
this end, they modify the initial value of β and use it as the only parameter of the
dynamical system. Since β is a quantity that depends on |v| and c, they choose
to vary the numerical value of c. Needless to say, the value of the speed of light c
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remains constant during the particle trajectory.

The fundamental reason for deciding to increase the kinetic energy of the system
by reducing the numerical value of the speed of light is simply as follows. If we
keep the Hénon-Heiles potential constant and increase the speed of the particle to
values close to the speed of light, the potential will be in a much lower energy regime
compared to the kinetic energy of the particle. Therefore, the potential becomes
negligible and the interaction between them becomes irrelevant. As a consequence,
each time we select a value of the speed of light we are scaling the system, and hence
the ratio of the kinetic energy and the potential as well. The sequence of potential
wells with different values of β represents potential wells with the Hénon-Heiles
morphology, but at different scales in which the interaction of a relativistic particle is
not trivial. In this way, the effects of the Lorentz factor on the dynamics are isolated
from the other system variables, because the Lorentz factor is the only parameter
that differentiates all these scaled systems.

Therefore, we always consider the same initial value of the particle speed |v0|,
and choose |v0| ≈ 0.5831 arbitrarily. This particle speed corresponds to the open
nonhyperbolic regime with energy EN = 0.17. It is expected that as the β-value
increases, the dynamical regime of the open system changes from one nonhyperbolic
to one hyperbolic. Numerical computations reveal that the KAM tori are mostly
destroyed at β ≈ 0.4, and hence the dynamics is hyperbolic for higher β-values [25].
If some small tori survive, they certainly do not rule the system’s overall dynamics.
As we focus on the hyperbolic regime, the simulations here are run for β ∈ [0.5, 0.99].
We recall that this computational technique (to vary the value of β fixing |v0|) is an
ideal method to increase the particle kinetic energy to the relativistic regime. For
example, a particle trapped in the KAM tori can escape if the initial value of β is
high enough, as can be noticed in Fig. 3.2.

Figure 3.2. Evolution of a particle launched within the scattering region from the same
initial condition for different values of β. (a) For a very low β (Newtonian approximation),
the particle is trapped in a KAM torus and describes a bounded trajectory. (b) The value
of β is large enough to destroy the KAM tori and the particle leaves the scattering region
following a trajectory typical of transient chaos. (c) Finally, a larger value of β makes the
particle escape faster.

For clarity, we mention again that the numerical value of c varies, as indicated in
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Fig. 3.2. If the simulation is carried out for a small β, where |v0| ≪ c, the initial
speed of the particle only represents a very low percentage of the speed of light. In
this case, we recover the Newtonian version of the Hénon-Heiles system. On the
contrary, if the simulation takes place with a value of β near one, the speed of the
particle represents a high percentage of the speed of light and the relativistic effects
on the dynamics become more intense.

3.2.3 Escape criterion

First of all, we take into account two aspects before defining the escape criterion.
On the one hand, the maximum value of the kinetic energy is reached at the minimum
of the potential function, located at (x, y) = (0, 0). Associated with this value of the
maximum kinetic energy, we define arbitrarily the critical Lorentz factor, i.e.,

γc(β) =
1√

1− β2
. (3.5)

Secondly, all particles in this chapter are launched from this potential minimum,
so all of them present this critical Lorentz factor at the beginning of their trajectories.

Then, it is possible to monitor the Lorentz factor of the particle along its trajec-
tory and use the critical Lorentz factor as the escape criterion. It is based on the
fact that the value of the kinetic energy remains bounded while the particle evolves
chaotically within the potential well, bouncing back and forth against the potential
barriers before escaping. The Lorentz factor value then varies between the unity and
the critical value inside the scattering region, i.e., γ(t) ∈ [1, γc].

Eventually, the particle leaves the scattering region and the value of its Lorentz
factor breaks out towards infinity, because its kinetic energy does not remain bounded
anymore. To prevent this asymptotic behavior of the Lorentz factor, it is convenient
to set that the escape happens at the time te when γ(te) > γc. In this manner,
we define the scattering region as the part of the configuration space where the
dynamics is bounded. This escape criterion is computationally affordable and useful
to implement in any Hamiltonian system without knowing specific information about
its exits. In addition, it includes all the escapes that take place when the Lyapunov
orbit criterion is considered.

3.3 Scattering functions

This section is divided into two parts, Sec. 3.3.1 and Sec. 3.3.2, where the exit
function and the escape time function are analyzed, respectively.

3.3.1 Exit function

To verify the sensitivity to exits and escape times, we launch particles from
the potential minimum slightly varying the shooting angle θ that is formed by the
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initial velocity vector and the positive x-axis, as indicated in Fig. 3.3(a). Thus, a
particle launched with θ = π/2 escapes directly towards Exit 1 for every value of
β as illustrated in Fig. 3.3(b), whereas if it is launched with θ = 5π/6 the particle
bounces against the potential barrier placed between Exit 1 and Exit 2 and escapes
through the Exit 3. The whole structure of exits in between is apparently fractal.
Nonetheless, the exit function becomes smoother when the value of β increases, but
it is never completely smooth.

We recall that the chaotic saddle is an invariant set of points formed by the
intersection of the stable and unstable manifolds. Concretely, the stable manifold of
an open Hamiltonian system is defined as the boundary between the exit basins [12].
If a particle starts from a point arbitrarily close to the stable manifold, it will spend
an infinite time converging to an exit, i.e., it never escapes. Therefore, the chaotic
saddle is an observer-independent set since it is only defined by the exits, and the
exit through which the particle escapes does not depend on the clock.

Figure 3.3. (a) Each of the exits is identified with a different color, such that Exit 1
(red), Exit 2 (green), and finally Exit 3 (blue). To avoid redundant results due to the
triangular symmetry of the well, we only let the particle evolve from the angular region
θ0 ∈ [π/2, 5π/6] (black dashed lines). (b) Scattering function of the exits (2000 × 2000)
given the parameter map (β ∈ [0.5, 0.99], θ0 ∈ [π/2, 5π/6]) in the hyperbolic regime.

3.3.2 Escape time function in inertial and noninertial frames

In nonrelativistic systems, the particular clock in which the time is measured is
irrelevant since time is absolute. However, here we consider two time quantities: the
time t that is measured by an inertial reference frame at rest, and the proper time
τ as measured by a noninertial reference frame comoving with the particle. This
proper time is the time measured by a clock attached to the particle.
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As is well known, a uniformly moving clock runs slower by a factor
√
1− β2 in

comparison to another identically constructed and synchronized clock at rest in an
inertial frame. Therefore, we assume that at any instant of time the clock of the
accelerating particle advances at the same rate as an inertial clock that momentarily
had the same velocity [56]. In this manner, given an infinitesimal time interval dt,
the particle clock will measure a time interval

dτ =
dt

γ(t)
, (3.6)

where γ(t) is the particle Lorentz factor at the instant of time t. Since the Lorentz
factor is greater than the unity, the proper time interval always obeys that dτ ≤ dt,
which is just the mathematical statement of the twin paradox. When the particle
velocities are close to the speed of light, the time dilation phenomenon takes place
so that the time of the particle clock runs more slowly in comparison to clocks at
rest in the potential. In the context of special relativity, it is important to bear in
mind that it is assumed that the potential does not affect the clocks’ rate. In other
words, all the clocks placed at rest at any point of the potential are ticking at the
same rate throughout this chapter.

Without loss of generality, Eq. (3.6) can be expressed as an integral in the form

τe =

∫ te

0

dt

γ(t)
, (3.7)

where the final time of the integration interval is the escape time in the inertial frame.
Since each evolution of the Lorentz factor is unique because each particle describes a
distinct chaotic trajectory, every particle clock measures a different proper time at
any instant of time t. Nonetheless, as the dynamics is bounded in the same energetic
conditions given a value of β, the Lorentz factor of all trajectories is similar on
average at any instant of time t. For this reason, we assume that there exists an
average value of the Lorentz factor along the particle trajectory, and estimate it as
the arithmetic mean between the maximum and minimum values of the bounded
Lorentz factor inside the scattering region, i.e.,

γ̄(β) =
1 + γc

2
=

1 +
√

1− β2

2
√

1− β2
. (3.8)

Using this definition in Eq. (3.7), we can define an average time dilation in the form
τ̄e ≡ te/γ̄. This value should only be regarded as an approximation, which shall
prove of great usefulness to interpret the numerical results obtained ahead.

Accordingly, the difference between both the average escape time and the time te
is also approximately linear on average. Thus, we can also define the magnitude

δt̄e ≡ te − τ̄e =
1−

√
1− β2

1 +
√
1− β2

te. (3.9)
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We emphasize that this value is again just an approximation representing the average
behavior of the system, which disregards the fluctuations of the Lorentz factor.
However, it reproduces qualitatively the behavior when the dynamics is bounded in
the well, as observed in Fig. 3.4(a).

The escape time function is similar to the exit function, as shown in Fig. 3.4(b):
the longest escape times are located close to the boundary of the exit regions, i.e., the
mentioned stable manifold, because these trajectories spend long transients before
escaping. Hence, the structure of singularities is again associated with the stable
manifold, equally that the exit function. This is evidence that the fractality of the
escape time function must be an observer-independent feature, since, as mentioned

Figure 3.4. (a) Lorentz factor evolution γ(t) of three different trajectories: a fast escape
(yellow) and two typical transient chaotic trajectories (red and blue). The dashed guideline
represents the Lorentz factor value of γ̄ (black), corresponding to β = 0.75. The time
differences δt(t) along these trajectories are also shown. (b) Scattering function of escape
times te in logarithmic scale given the parameter map (β ∈ [0.5, 0.99], θ0 ∈ [π/2, 5π/6]).
The two black dashed lines corresponds to the subfigures (c) and (d), which show the
scattering function of escape time te(θ0) (blue) and τe(θ0) (red) for β = 0.5 and β = 0.8,
respectively. (e, f) Time difference function δte(θ0) (black) for the same values of β.
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above, the exit through which the particle escapes does not depend on the considered
clock. Indeed, we observe that the escape proper time function exhibits a similar
structure of singularities because of the approximated linear relation described by τ̄e
(see Figs. 3.4(c) and 3.4(d)). Despite being almost identical structures, the dilation
time phenomenon always makes τe(θ0) < te(θ0).

Importantly, the time difference function δte(θ0) also preserves the fractal structure
as illustrated in Figs. 3.4(e) and 3.4(f). This occurs because sensitivity to initial
conditions is translated into sensitivity to time dilation phenomena. The longer the
time the particle spends in the well, the more travels from the center to the potential
barriers and back. If we think of each of these travels as an example of a twin paradox
journey, we get an increasing time dilation for particles that spend more time in
the well. Since these times are sensitive to modifications in the initial conditions, so
are time dilation effects. We could then introduce what might be called the chaotic
twin paradox : the sibling who embarks on the space journey returns to Earth at an
unpredictable time because of the sensitivity to initial conditions. This phenomenon
in particular illustrates how chaotic dynamics affects typical relativistic phenomena.

3.4 Invariance of the fractal dimension

This section is divided into two parts. In Sec. 3.4.1, we prove theoretically the
fractal dimension invariance under coordinate transformations, whereas we provide
numerical evidence of it in Sec. 3.4.2.

3.4.1 Theoretical derivation from a Cantor-like set approach

The chaotic saddle and the stable manifold are self-similar fractal sets when the
underlying dynamics is hyperbolic [12]. This fact is reflected in the peak structure
of the escape time functions, which is present at any scale of initial conditions. In
this sense, the escape time functions share with the Cantor set some properties
concerning their singularities, and therefore their fractal dimensions. It is possible to
study the fractal dimensions of the escape time functions in terms of a Cantor-like
set [35, 44].

Thus, we can build a Cantor-like set to schematically represent the escape of
particles launched from different initial conditions θ0. We consider that a certain
fraction of particles ηt escape when a minimal characteristic time t0 has elapsed. If
these particles were launched from initial conditions centered in the original interval,
two identical segments are created. That is, the trajectories that began in those
segments do not escape at least by a time t0. Similarly, the same fraction of particles
ηt from the two surviving segments escapes by a time 2t0. If we continue this iterative
procedure for 3t0, 4t0 and so on, as illustrated in Fig. 3.5, we obtain a Cantor-like
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set of zero-Lebesgue measure of fractal dimension dt that can be computed as1

dt =
ln 2

ln 2− ln (1− ηt)
. (3.10)

As shown in the previous section, the same fractal structure of peaks appears by
measuring the proper escape times. Therefore, it is also possible to build a Cantor-like
set of fractal dimension

dτ =
ln 2

ln 2− ln (1− ητ )
, (3.11)

where the fraction of escaping particles is ητ . For this purpose, we consider that
escape times are measured from a clock attached to a hypothetical particle that
starts sufficiently close to the chaotic saddle to remain trapped in the well for a long
time to count a large number of escapes.

Note that to demonstrate that the fractal dimension is invariant under coordinate
transformations, it is only necessary to prove that the fraction of escaping particles
is invariant, since this fraction is the only difference between the quantities dt and dτ .
Thus, without loss of generality, we consider that the fractions of escaping particles
measured from both reference frames can be written as

ηt =
N(t0)−N(2t0)

N(t0)
(3.12)

and

ητ =
Ñ(τ0)− Ñ(τ ′0)

Ñ(τ0)
, (3.13)

respectively, where N(t) and Ñ(τ) are the number of particles remaining in the
scattering region according to the considered reference frames.

For clarity, while a clock at rest in the potential measures the time t0, the nonin-
ertial clock attached to the hypothetical particle measures τ0. On the other hand,
when the inertial clock ticks 2t0, the particle clock ticks an arbitrary quantity τ ′0
that depends sensitively on the Lorentz factor of this particle. However, regardless
of the time interval that both clocks have measured (t0 and τ ′0 − τ0), the fraction of
particles that have escaped is the same, i.e., ηt = ητ . This is in line with the fact
that whether a particle has escaped or not is independent of the clock at which the
escape time is measured.

1This fractal dimension is related to the role that scaling plays in the construction of some simple
fractals. Conveniently, it can be rewritten as dt = ln 2/ ln [2/ (1− ηt)]. The quantity 2/ (1− ηt)
present in the denominator means the reduction factor by which all the existing segments in the
fractal set are reduced in each iteration (e.g., this reduction factor is 3 in the original Cantor set).
Finally, the number 2 in the numerator refers to the number of new segments needed to cover
entirely the “volume” occupied by the original segment.
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Hence, trivially and independently of the functions N(t) and Ñ(τ), we obtain
that the fractal dimension of a Cantor-like set associated with the function of escape
times is invariant under coordinate transformations, i.e., dt = dτ . This equality holds
for every particle clock evolving in the well, as long as it stays long enough. We
emphasize that this invariance holds for any valid coordinate transformation, since
the fraction of escaping particles is observer-independent. Finally, this result aligns
with the Cantor-like set nature, because its fractal dimension does not depend on
how much time an iteration lasts.

Figure 3.5. Scheme of how escape time functions can be interpreted in terms of a
hypothetical Cantor-like set to relate their fractal dimensions. In particular, we observe
how every time t0 the same fraction of the remaining particles ηt escape, and size-reduced
segments are created. On the other hand, this same fraction of particles (i.e., ηt = ητ )
escapes but at different times according to the clock of a hypothetical particle evolving
near the chaotic saddle. The times τ0, τ

′
0, etc., depend on the time dilation suffered by this

particle clock.

3.4.2 Numerical results of the fractal dimensions

We compute the fractal dimensions associated with these scattering functions
employing the uncertainty dimension algorithm [43, 44] and the shooting method
previously described. Thus, we launch a particle from the potential minimum with a
random shooting angle θ0 in the interval [π/2, 5π/6] and measure the escape times
te(θ0) and τe(θ0), and the exit e(θ0) through it escapes. Then, we carry out again the
same procedure from a slightly2 different shooting angle and calculate the quantities
te(θ0 + ϵ), τe(θ0 + ϵ) and e(θ0 + ϵ).

2We use log10 ϵ ∈ [−6,−1], which is an adequate range of angular perturbations according to
the shooting method and the established criterion of uncertain initial conditions.
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We then say that an initial condition θ0 is uncertain in measuring the escape
time te if

∆te(θ0) = |te(θ0)− te(θ0 + ϵ)| > h, (3.14)

where h is the integration step of the numerical method and, in turn, is the resolution
of the inertial clock. Similarly, we set this criterion of uncertain initial conditions as
h for any clock. Therefore, an initial condition is uncertain in measuring the escape
time τe if

∆τe(θ0) = |τe(θ0)− τe(θ0 + ϵ)| > h. (3.15)

Finally, an initial condition is uncertain with respect to the exit through which the
particle escapes if e(θ0) ̸= e(θ0 + ϵ).

In general, we expect that the time differences holds ∆τe(θ0) < ∆te(θ0), since we
have defined previously that τ̄e ≡ te/γ̄. So, given the same criterion h in both clocks,
there will be some uncertain initial conditions θ0 in the inertial clock (∆te(θ0) > h)
that become certain in the particle clock (∆τe(θ0) < h). We show a scheme in
Fig. 3.6(a) to clarify this aspect of the escape time unpredictability. It is easy to see
that this phenomenon is caused by the limited resolution of the hypothetical clocks,
and becomes more intense for high values of β since it is proportional to the Lorentz
factor.

h

Figure 3.6. (a) Scheme to visualize the configuration effect of a reference frame modifica-
tion on the unpredictability of the escape times, where h = 0.005. (b) Fractal dimensions
according to exits de (green), escape time dt (blue) and escape proper time dτ (red) with
standard deviations computed by the uncertainty dimension algorithm versus twenty five
equally spaced values of β ∈ [0.5, 0.98].

The computed fractal dimensions always hold de < dt, dτ as seen in Fig. 3.6(b).
This occurs because it is generally more predictable to determine the exit through
which the particle escapes than exactly its escape time when the clock’s resolution
is small. Therefore, there is a greater number of uncertain conditions concerning
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escape times than concerning exits. The former ones are located outside and over
the stable manifold, whereas the uncertain conditions regarding exits can only be
located on the stable manifold by definition. We obtain computationally dt ≈ dτ
for almost every value of β. Nonetheless, the effect regarding the clock resolution
explained above causes a small difference between the computed fractal dimensions
regarding escape times, implying dτ < dt in a very energetic regime.

However, from a theoretical point of view, if we consider an infinitely small clock
resolution, i.e., h → 0, uncertain initial conditions in any clock will be only the ones
whose associated escape time differences are also infinitely small. Such uncertain con-
ditions will be located on the stable manifold. In that case, the observer-independent
nature of the fractality caused by the chaotic saddle is reflected in the values of
the fractal dimensions. It is expected that in this limit the equality de = dt = dτ holds.

This equality extends the very important statement that relativistic chaos is
coordinate invariant to transient chaos as well. The result provided in Ref. [29], which
shows that the signs of the Lyapunov exponents of a chaotic dynamical system are
invariant under coordinate transformations, can be perfectly extended to transient
chaotic dynamics. For this purpose, it is only required to consider a chaotic trajectory
on the chaotic saddle, which meets the necessary four conditions also described in
Ref. [29]. Since the sign of the Lyapunov exponents of a trajectory on the chaotic
saddle is also invariant, it is therefore evident that the existence of transient chaotic
dynamics can not be avoided by considering suitable changes in the reference frame.
We believe that this theoretical result is at the basis of the results arising from all
the numerical explorations performed in the previous sections.

3.5 Conclusions and discussions

Although the Hénon-Heiles system has been widely studied as a paradigmatic
open Hamiltonian system, we have added a convenient definition of its scattering
region. In this manner, the scattering region can be defined as the part of the physical
space where the particle dynamics is bounded, and therefore a particle escapes when
its kinetic energy is greater than the kinetic energy value at the potential minimum.

Since relativistic chaos has been demonstrated as coordinate invariant, we have
been focused on the special relativistic version of the Hénon-Heiles system to extend
this occurrence to transient chaos. We have then analyzed the Lorentz factor effects
on the system dynamics, concretely, how the time dilation phenomenon affects the
scattering function structure. The exit and the escape time functions exhibit a similar
fractal structure of singularities as a consequence of the presence of the chaotic saddle.
Therefore, the fractality of the escape time function must be independent of the
observer, as for the exit function. We conclude that the time dilation phenomenon
does not affect the typical structure of the singularities of the escape times, and
interestingly this phenomenon occurs chaotically.
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The escape time function as measured in any clock is closely related to a Cantor-
like set of Lebesgue measure zero since it is a self-similar set in the hyperbolic regime.
This feature allows us to demonstrate that the fractal dimension of the escape time
function is relativistic invariant. For this, it has only been necessary to prove that
the fraction of escaping particles is independent of the clock from which the escape
times are measured. We have used a trivial reasoning: an arbitrary time interval
will be measured differently depending on whether the clock is at rest or undergoes
the effects of time dilation, however, the number of particles escaping during that
interval will be the same.

To verify this result computationally, we have used the uncertainty dimension
algorithm. Furthermore, we have pointed out that the system is more likely to be
predictable in a reference frame comoving with the particle if a limited clock resolu-
tion is considered, even though from a theoretical point of view the predictability of
the system is independent of the reference frame.

The main conclusion of the present chapter is that transient chaos is coordinate
invariant from a theoretical point of view. This statement extends the universality of
the occurrence of chaos and fractals under coordinate transformations to the realm
of transient chaotic phenomena as well.

Finally, if general relativity theory was taken into account, the time dilation
phenomenon would probably intensify due to the additional effect of the potential
on the ticking of the clocks, and also to the modifications in the spatial part of
the metric. However, it is also expected that the singularities of the escape time
function will remain over the stable manifold of the system chaotic saddle, whose
Cantor set topology is independent of the observer. Therefore, the same reason-
ing used to demonstrate that the fractal dimension of the escape time function
is coordinate invariant can be argued. Hence, introducing the general relativity
framework will probably give similar results, adding more complexity to the problem
without necessity. Nevertheless, we shall study these phenomena using general rela-
tivistic potentials in the future, which has been beyond the scope of the present thesis.

In the next chapter, we investigate how particles escape when their dynamics is
nonrelativistic and relativistic. For the latter case, we use some concepts described
here.
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“I’d come to this particular courtyard because

the wind moved oddly here. I’d only noticed

it after the autumn leaves began to fall. They

moved in a complex, chaotic dance across the

cobblestones. First one way, then another, never

falling into a predictable pattern.”

–Fourth part of an extract from The Name of

the Wind (2005), by Patrick Rothfuss.

In open Hamiltonian systems, the escape from a bounded region of phase space
according to an exponential decay law is frequently associated with the existence of
hyperbolic dynamics in such a region. Furthermore, exponential decay laws based on
the ergodic hypothesis are used to describe escapes in these systems. However, in this
chapter, we uncover that the presence of the chaotic saddle invalidates the assumption
of ergodicity. For the Hénon-Heiles system, we use both theoretical and numerical
arguments to show that the escaping dynamics is non-ergodic independently of the
existence of KAM tori, since the chaotic saddle, in whose vicinity trajectories are
more likely to spend a finite amount of time evolving before escaping forever, is not
utterly spread over the energy shell. Taking this into consideration, we provide a
clarifying discussion about ergodicity in open Hamiltonian systems and explore the
limitations of ergodic decay laws when describing escapes in this kind of systems.
Finally, we generalize our claims by deriving a new decay law in the relativistic regime
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for inertial and noninertial reference frames under the assumption of ergodicity and
suggest another approach to the description of escape laws in open Hamiltonian
systems.

4.1 Introduction

Exponential decay laws are sometimes associated with ergodic motions, so it is
common to find works in which the concepts of chaos and ergodicity are used in
an equivalent way [57]. Boltzmann coined the terms ergoden or ergodische, whose
Greek etymological origin means “energy path” [58], to refer to systems in which
trajectories, if left to themselves for a long time enough, will pass close to nearly all
the dynamical states on the energy surface [59], i.e., the dynamical states compatible
with constant energy. It is widely known that in small systems with a few degrees of
freedom chaos is decisive to determine whether the laws of statistical mechanics are
satisfied or not, and therefore it is the key to many proofs that demonstrate that
systems are ergodic [60].

However, exponential decay laws based on the ergodic hypothesis, which we shall
name ergodic decay laws hereafter for simplicity, are inadequate to describe the
rich phenomenology of open Hamiltonian systems, as confirmed by the numerical
results presented in this chapter. The reason is that assuming this hypothesis in
the open regime is an oversimplifying approximation for small exits, since it implies
disregarding the existence of KAM tori or the chaotic saddle in the nonhyperbolic
and hyperbolic regimes, respectively. As is well known, KAM tori prevent parti-
cles to escape exponentially for long periods due to the phenomenon of stickiness
[6, 15, 61, 62, 63]. Therefore, the KAM stickiness disallows the assumption of
equiprobability of the phase space states, avoiding ergodic motions [59, 64, 65].

Furthermore, whereas the presence of the chaotic saddle can make the decay law
exponential, it is also responsible for the existence of particles that evolve and spend
a finite amount of time near its vicinity before escaping. Specifically, a significant
number of particles approach the chaotic saddle following its stable manifold and
move away from its vicinity following its unstable manifold [12]. Thus, although
the hyperbolic chaos rules the dynamics in these situations, the particle’s motion is
non-ergodic before escaping because the saddle vicinity occupies only a subset of the
energy shell. Then, once again, we can not expect equiprobability of the phase space
states, when following any escaping trajectory compatible with some value of the
energy.

Taking all of the above into consideration, the purposes of the present chapter are
to extend ergodic decay laws to relativistic chaotic scattering, to study numerically
their scope of applicability regarding the system’s dynamical regimes, and to propose
other ways to widen these laws taking into account statistical methods that do not
rely on the ergodic hypothesis.
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This chapter is organized as follows. In Sec. 4.2, we provide a complete description
of the Newtonian Hénon-Heiles system, including striking aspects of escapes such as
the critical time. In Sec. 4.3, we discuss the concept of ergodicity in open systems
and provide numerical evidence of the limited applicability of ergodic decay laws.
In Sec. 4.4, we derive an analytic ergodic decay law in a relativistic version of the
Hénon-Heiles system. Finally, in Sec. 4.5, we conclude this chapter with a discussion
of our findings.

4.2 Model description

This second section is divided into three parts for easier reading. In Sec. 4.2.1,
we describe a Newtonian version of the Hénon-Heiles system and define its scattering
region as well. In Sec. 4.2.2, we detail its open nonhyperbolic and open hyperbolic
dynamical regimes. Finally, in Sec. 4.2.3, we introduce the concept of critical time.

4.2.1 Hénon-Heiles system

We utilize a dimensionless, conservative, and Newtonian version of the Hénon-
Heiles system where the particle dynamics is governed by the Hamiltonian

H(px, py, x, y) =
p2x + p2y

2
+ V (x, y), (4.1)

where V (x, y) is the same potential function already introduced in the previous
chapter, as shown in Fig. 4.1(a). In addition, we define the quantity ∆E ≡ E − Ee

for convenience in computing decay laws in the next sections. Specifically, the escapes
are allowed for E > Ee = 1/6.

The corresponding equations of motion are given by

ẋ = px,

ẏ = py,

ṗx = −x− 2xy,

ṗy = y2 − x2 − y.

(4.2)

The fixed points of the system can be computed from the latter equations. Thus, we
see that the system has three fixed points located at the saddle points of the potential
well, namely, (xs, ys) = (0, 1), (

√
3/2,−1/2) and (−

√
3/2,−1/2), and another fixed

point right in the minimum of the well, (xm, ym) = (0, 0). In addition, there exist
three highly unstable periodic orbits known as Lyapunov orbits [54], which are
considered the actual limits of the scattering region. The Lyapunov orbits are placed
extremely close to the saddle points in this version of the Hénon-Heiles system.
Therefore, it is convenient to define the scattering region as the allowed region of the
potential well delimited by the lines that cross the saddle points, as visualized in
Fig. 4.1(b).
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4.2.2 Nonhyperbolic and hyperbolic dynamical regimes

As is well known, the underlying dynamics of open systems is determined by
the presence of KAM tori in phase space, which may delay escapes or even trap
particles forever within the scattering region, as shown in Fig. 4.1(c). Then, there
exist two open dynamical regimes. On the one hand, the nonhyperbolic regime where
KAM tori coexist with the chaotic saddle. An example of the typical nonhyperbolic
topology of the exit basins is presented in Fig. 4.1(d).

Figure 4.1. (a) Hénon-Heiles potential, V (x, y) = 1
2(x

2 + y2) + x2y − 1
3y

3. (b) Closed
and open isopotential curves are projected into the configuration space (x, y). We establish
arbitrarily the exits of the potential well at the saddle points: Exit 1 (red), Exit 2 (green),
and Exit 3 (blue). Thus, the scattering region is the allowed region of the potential well
delimited by the saddle points’ lines. The potential minimum is located right at the center
of the well (black dot). (c) Scattering region for E = 0.19 (light gray) and a particle
trapped in a KAM structure describing a non-escaping orbit typical of the nonhyperbolic
regime. (d) Exit basins and non-escaping orbits in black associated with E = 0.19, as
computed employing the tangential shooting method [37] with a 500×500 resolution. (e)
Similarly, for E = 0.25, an escaping orbit starting from the same initial condition that in
(c), but in the hyperbolic regime. (f) Exit basins for E = 0.25.

On the other hand, if the system energy is increased, the KAM tori that dominate
the dynamics disappear and thus the hyperbolic regime begins. The destruction of
such KAM structures has been studied recently, yielding approximately an energy
value of E ≈ 0.2309 for the transition between dynamical regimes [49]. After this
energy value, the chaotic saddle dominates the dynamics, making the system chaotic
(see, e.g., Figs. 4.1(e) and 4.1(f)). Nonetheless, some remnant KAM tori may survive
for E > 0.2309, after the destruction of the last relevant KAM tori. The presence
of such remnant structures in the hyperbolic regime shows that purely hyperbolic
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dynamics is unlikely to exist [66]. However, they have been extensively studied and
found to be extremely small and difficult to locate [67, 68], so their possible stickiness
barely affects the decay law: an ensemble of particles escapes conforming to an
exponential law at long times in the hyperbolic regime. Finally, this situation is
different in area-preserving maps, where there exist relevant sticky KAM structures
for ranges of parameter values arbitrarily large1 [69].

To illustrate how the volume in phase space occupied by the KAM tori evolves
as the system energy is varied, we analyze the well-known surface of section (y, py)
located at x = 0, which is a convenient plane transverse to the orbits. Similar
surfaces of section have been extensively used in area-preserving maps [62] and in
continuous-time systems as well [37]. Thus, particles are launched from the exits
of the scattering region with random initial shooting angles into its interior. These
trajectories map the entire surface of section except the area occupied by the KAM
tori. Using a partition of the surface of section with high resolution, it is easy to
compute what fraction of points have not been visited by the escaping trajectories,
which is the fraction occupied by the KAM tori.

Hence, we show in Fig. 4.2(a) examples of which regions are mapped (darker
gray) and those occupied by the KAM tori (lighter gray) for three values of the
energy, and in Fig. 4.2(b) the fraction of KAM tori versus the system energy. The
shape of the curve is non-trivial due to the complexity of the KAM tori destruction
[68]. Although the volume of the phase space occupied by tori KAM is residual for
E > 0.208 (dashed red line), it has been shown that KAM structures can influence
up to E ≈ 0.2309 still some global properties of the dynamics, such as the unpre-
dictability of the final state of the system [49]. For this reason, we set the hyperbolic
regime in the energy range E > 0.2309 throughout this chapter.

Now, we make some comments on computing the fraction of KAM tori in a
surface of section. As indicated, an ensemble of particles are launched from the exits
of the scattering region with random initial shooting angles into its interior. Such
initial conditions, blue, red, and green colored in Fig. 4.2(a), are all the possible
final conditions of trajectories just before escaping forever, but with their velocity
vector rotated by π radians. For clarity, the limit case of all possible final conditions
is reached when the number of initial conditions is infinite. Thus, due to the time
symmetry of conservative systems, we simulate all escaping trajectories but backward
in time.

Another basic method to compute the fraction of KAM tori consists of counting

1For instance, in the paradigmatic standard map, it is possible to find KAM structures that
significantly affect the diffusion process for relatively large values of the parameter K in comparison
to the well-known critical value Kc ≈ 0.971635. As mentioned in the text, although these structures
may survive in the Hénon-Heiles system for larger energy values, they are extremely small and then
unlikely to be relevant concerning the decay laws.
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how many trajectories do not escape of the total number of trajectories initially
launched [49]. Such a method is usually computationally expensive as it has to evolve
trajectories belonging to KAM tori, which do not escape by definition, in addition to
trajectories with long transients due to the KAM stickiness. The latter trajectories,
if the final computation time is less than their escape times, can be interpreted as
belonging to KAM tori, which would yield an erroneous result of the fraction of
KAM tori.

Figure 4.2. Computing the fraction of KAM tori in the surface of section (y, py) placed at
x = 0, where only escaping trajectories are launched from the exits of the scattering region
(more details in the text). (a) For E = 0.19, a trajectory launched from Exit 3 with eight
crossings through the surface of section before escaping through Exit 3, again. We also
show three examples of surfaces of section for E = 0.17, 0.19, and 0.25, where the mapped
regions (darker gray) and KAM tori regions (lighter gray) are depicted. (b) Fraction of
the surface of section occupied by KAM tori fk versus the system energy, specifically, fifty
equally spaced values belonging to the interval E ∈ [0.17, 0.25]. The dashed lines are placed
at E = 0.208 (red) and 0.2309 (black), respectively. We have set a 500×500 grid resolution
for the surface of section and 106 initial conditions have been launched for each energy
value.

Nonetheless, the alternative method proposed here depends on the number of
particles launched: the greater the number of escaping particles, the greater the
probability of mapping the whole area of the surface of section occupied by the
chaotic regions. Specifically, the regions of the surface of section that are most
complicated to map are those away from the fractal boundaries of exit basins and
KAM tori. These regions, which grow as the system energy increases, are formed by
a multitude of trajectories that we must launch, which escape without exhibiting
long transients and map only a few points on the surface of section.

For completeness, we add two more method aspects. On the one hand, note that
it is equivalent to launching an infinite ensemble of particles by the proposed method
that simulates a single particle trajectory that elastically bounces off the exits forever
[64], since in both cases one would obtain the same fraction of KAM tori. On the
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other hand, this computationally affordable method can be applied to any system
(including area-preserving maps and continuous-time systems) that exhibits exits
well-defined where particles can be started from.

4.2.3 Concept of critical time

An important concept such as the critical time has not been addressed in this
system yet. The critical time is defined as the escape time spent by a particle launched
from a saddle point of the potential towards the center of the well [70, 71]. More
specifically, it is the maximum time that straight-line trajectories can spend inside the
scattering region before escaping. We name these trajectories the critical trajectories
and there exist as many as saddle points the potential has (see Fig. 4.3(a)). Thus,
we compute this time in the Hénon-Heiles system utilizing the critical trajectory
associated with Exit 1,

tc(E) = 2

∫ yf

ys

dy

p
= 2

∫ yf

1

dy√
2E − y2 + 2

3
y3

, (4.3)

where ys = 1 is the y-coordinate of the saddle point located at the Exit 1, and yf is
the y-coordinate of the point of the configuration space which satisfies the equality
E = V (0, yf ). Finally, p =

√
p2x + p2y is the modulus of the particle momentum.

Interestingly, critical trajectories are not disturbed by the presence of KAM tori
in light of Fig. 4.3(b). In addition, already in Fig. 4.3(a), we also show the critical
trajectories even when the potential well is closed, for E = 0.16. In this example, the
three trajectories remain bounded along straight lines over 100 time units, bouncing
back and forth against the potential barriers. They can be simulated over any
arbitrarily longer time and would describe the same straight-line bounded behavior,
because the so-called critical trajectories are closely related to the stable normal
modes of the Hénon-Heiles system in its closed regime [67, 68]. More examples of
critical trajectories are shown when the system is open in Fig. 4.3(a) again.

Therefore, as the critical trajectories are not deviated by the likely influence of
KAM tori or the chaotic saddle, we can state that critical trajectories are the orbits
in the open regime that spend the longest time without suffering any effect of the
sets that govern the dynamics. To demonstrate this, we compute the exit basins
shown in Fig. 4.3(c) by shooting particles with a constant initial angle θ0 = 3π/2.
We notice that there exists a smooth region of initial conditions (depicted in red)
near the Exit 1 critical trajectory, which is surrounded by the typical fractal regions
produced by the influence of the sets that govern the dynamics, where the final state
of particles is subject to chaos. As this smooth region becomes larger as the system
energy increases, it implies that a significant amount of particles starting from it
might escape having only suffered negligible effects from such mentioned sets on their
trajectories and their escape times.
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Figure 4.3. (a) Critical trajectories (red, green and blue) in the configuration space for
E = 0.16 (closed regime) and E = 0.17, 0.19 and 0.25 (open regime). We also simulate
another trajectory (yellow) initialized near the critical trajectory associated with Exit 1.
(b) Critical trajectories in the space (y, py) when x = 0. They allow visualizing the presence
of KAM tori (black) and their proximity to the critical trajectories. (c) Exit basins as
computed by shooting particles always with a constant initial angle, θ0 = 3π/2. (d) Critical
times versus the system energy as a numerical result of Eq. (4.3) (black line) and as an
average from the escape times of three critical trajectories (red triangles). On the other
hand, t̄e (red squares) represents the average escape times of 5 · 105 particles launched
randomly along the critical trajectory associated with Exit 1, and t̄e (yellow) means the
average escape times of particles launched with θ0 = 3π/2 and randomly distributed within
the delimited region by the dashed lines depicted in (a) and (c). Finally, the vertical dashed
line splits the nonhyperbolic and hyperbolic regimes at an approximate energy value of
E = 0.2309.

The critical times versus the system energy as a numerical result of Eq. (4.3)
and as an average computed from the escape times of three critical trajectories are
in perfect agreement as shown in Fig. 4.3(d). As pointed out above, the values
of critical times are not disturbed by the presence of KAM tori. Furthermore, we
compute the average escape times of two different ensembles of particles. On the
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one hand, we launch particles randomly along the Exit 1 critical trajectory, i.e., with
x0 = 0 and θ0 = 3π/2 as initial conditions. As expected, the average escape times
computed are always less than the critical times, since simulated trajectories are just
shorter parts of the Exit 1 critical trajectory.

On the other hand, we simulate particles with θ0 = 3π/2 again, but randomly
distributed within the region delimited by the limits of the Exit 1 for E = 0.17, i.e.,
x0 = ∓

√
2∆E/3, where ∆E = 0.17− 1/6 (see the dashed black lines in Fig. 4.3(a)

or 4.3(c)). Simulations reveal that average escape times are less than critical times
for approximately E > 0.18 because the majority of these particles bounce against
the potential barrier and escape through Exit 1, having evolved shorter trajectories
than critical trajectories in general. We recall that all these particles belong to the
smooth region mentioned above.

Finally, according to the results about critical times, we state that all escap-
ing orbits after the critical time are affected by KAM tori and the saddle in the
nonhyperbolic and hyperbolic regimes, respectively. Conversely, as indicated above,
there exist some escaping orbits that are negligibly affected by these sets before
the critical time. Importantly, this fact is reflected in the decay curves: a sudden
change in the tendency of the escapes occurs when the critical time is achieved. For
instance, escapes take place more slowly after the critical time when the dynamics is
nonhyperbolic because all escaping orbits are affected by KAM tori stickiness, as
shown in the next section.

4.3 Decay law in the Newtonian Hénon-Heiles system

This section is divided into four parts as follows. In Sec. 4.3.1, we provide a brief
discussion on the ergodic hypothesis in open systems. In Sec. 4.3.2, we introduce
the Newtonian decay law and some time quantities that happen to be relevant to
test it. In Sec. 4.3.3, we display and discuss the numerical results as computed by
fitting the decay rates from the decay curves. Finally, in Sec. 4.3.4, we interpret the
distributions of the escape times and the particles over time.

4.3.1 Discussion on the ergodic hypothesis in open systems

Theoretically, a Hamiltonian system is ergodic when its energy surface uniquely
consists of a chaotic sea, due to the existence of a dense set of highly unstable periodic
orbits densely embedded in it [72]. However, a problem may arise when testing
whether the motion is ergodic or not in open systems, since simulated trajectories
in open systems generally escape before accomplishing long enough times to fill
densely the energy surface and test the assumption of ergodicity. In this regard, a
modified Hénon-Heiles system with reflecting walls, where elastic collisions occur,
was proposed to prevent particles from escaping [64]. The authors provide numerical
results claiming that this modified Hénon-Heiles system behaves ergodically in the
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hyperbolic regime when the walls are placed far from the origin of the potential
well. Thus, one might think that if the reflecting walls are placed infinitely far
from the origin, the Hénon-Heiles system would be recovered and, following the
computational results shown above, one would obtain that the open and hyperbolic
Hénon-Heiles system behaves ergodically. However, this limit case is unattainable in
computational practice, since the Hénon-Heiles system is open and does not allow any
escaped trajectory to return to the scattering region again. As we will discuss below,
the fact that trajectories escape forever causes the escaping process to be non-ergodic.

Since the chaotic saddle is a zero-Lebesgue-measure set and the definition of
ergodicity only requires that almost all trajectories in the energy surface fill it
densely [58], the presence of such an invariant set should not hinder a priori the
application of the ergodic hypothesis. However, saddle sets separate the phase
space into disjoint sets, which invalidates the ergodic hypothesis. This is evinced
by the fact that a trajectory launched directly towards any of the exits can leave
the scattering region without returning (e.g., see any of the aforementioned critical
trajectories). Moreover, the phase space fragmentation is manifested by the exis-
tence of large and differentiated exit basins, as can be appreciated in Fig. 4.1(f).
Therefore, the approximation of ergodicity to derive decay laws can only be made for
energies close to the energy escape, i.e., when the exits are vanishingly small and the
exit basins exhibit a completely fractalized structure. Furthermore, and as we show
numerically right ahead, this hypothesis also demands considering short enough times.

Lastly, as is well known, we recall that the stickiness and the possible entrapment
of the particle developed by KAM tori prevent a set of trajectories with a Lebesgue
measure different from zero satisfies the ergodic hypothesis [59, 64, 65].

4.3.2 Relevant times to test the decay law

Having stated the problems of assuming the ergodic hypothesis in open systems,
we elucidate below the range of applicability of an ergodic decay law to describe
exponential escapes. At first, the evolution of the number of particles inside the
scattering region for any hyperbolic system can be expressed without loss of generality
as

N(t) = N0e
−α(E)t, (4.4)

where α(E) is the decay rate and depends on the mechanical energy of the system.
A decay law, αe, has been derived analytically in the case of the open Hénon-Heiles
system [57], obtaining

αe(∆E) =

√
3∆E

S(∆E)
, (4.5)

where the function S(∆E) is the area of the scattering region as defined in Sec. 4.2,
which can be computed by utilizing a Monte Carlo method. The calculus of the
ergodic decay rate, αe, is accomplished utilizing the microcanonical ensemble, which
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is the only ensemble able to describe the statistical properties of ergodic systems
[73].

To test the ergodic decay law, we launch a large number of particles (N0 = 5 · 105)
from different initial conditions randomly distributed in the configuration space of
the scattering region, i.e., with random values for x0, y0 and θ0. For convenience, the
evolution of the number of particles inside the potential well is shown in the natural
logarithmic scale, i.e., lnN(t) in Fig. 4.4. This representation enables the reader to
infer easily an exponential decay when a linear relation between lnN and t appears.

Figure 4.4. We consider short times (t5%, t10% and t15%), the critical time (tc) and long
times (t2c ≡ 2tc, t99% and t99.9%). (a) Decay curves (gray) when the underlying dynamics is
nonhyperbolic for E = 0.17, 0.19, 0.21 (solid lines) and 0.23 (dashed line). (b) Exponential
decay curves (gray) when the underlying dynamics is hyperbolic, for E = 0.235, 0.25, 0.275
(solid lines) and 0.29 (dashed line). (Inset plots) The first instants of the decay curves. (c)
The evolution of the fitting times versus the system energy. (d) Again, the evolution of the
fitting times versus the system energy, but the evolution of the long times is included.

Now, we take into account several time intervals to fit the exponential behaviors
and to ascertain how the time intervals affect the decay. Firstly, we define the
short-time quantities t5%, t10% and t15% (e.g., t10% means the time at which the 10%
of the particles starting inside the scattering region have escaped). These short times
are usually smaller than the critical time and thus are located at the beginning of
the time evolution. Secondly, we consider the critical time, tc. As indicated above,
notice that the decay curve suffers a slight change of tendency when this time is
reached in both dynamical regimes, although this change is even more subtle in the
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hyperbolic regime. Finally, we define the long-time quantity t2c, which is twice the
critical time for nonhyperbolic dynamics and, on the other hand, we also establish
the long-time quantities t2c, t99% and t99.9% for hyperbolic dynamics.

Note that, in the nonhyperbolic regime, the exponential decay only appears
during the first instants of the time evolution, provided that KAM tori turn the
decay law algebraic at long times, as is observed in Fig. 4.4(a). For this reason, we
only compute exponential fittings until the time t2c when KAM tori are present.
However, the presence of the chaotic saddle makes the escapes exponential in the
hyperbolic regime (see Fig. 4.4(b)), and thus we can fit the exponential decay until
longer times, such as t99% or even t99.9%. Interestingly, we notice that the fraction
of trapped particles for E = 0.23 is greater than for E = 0.21. This result is in
agreement with the fact that the phase space volume occupied by KAM tori usually
follows a non-trivial tendency as the energy changes. Furthermore, we show in
Figs. 4.4(c) and 4.4(d) how the time quantities defined above evolve as the system
energy increases.

4.3.3 Numerical results of the fitted decay rates

The fitted decay rates αa,b associated with the time intervals t ∈ [ta, tb] are
displayed in Fig. 4.5. For example, the exponential rate α0,10% has been computed
considering only a very small part of the decay curve, t ∈ [0, t10%].

We observe that the shorter the times considered in exponential fitting, the better
the agreement is between the ergodic decay rate, αe, and the fitted rate, such as
α0,5% (see Fig. 4.5(a)). This is explained because the ergodic decay law does not
take into account the KAM tori and the chaotic saddle, whose traces in particle
paths are more noticeable when the longer the time particles have evolved inside
the scattering region. As a consequence, the ergodic decay law overestimates the
decay rate αc,2c when KAM tori are present and escapes are delayed by them. How-
ever, in the hyperbolic regime, the ergodic decay law underestimates all long-time
decay rates, such as αc,2c, α2c,99% and α99%,99.9%, because the unstable manifold of
the chaotic saddle affects the escapes at long times, accelerating them (see Fig. 4.5(b)).

On the other hand, we note that as the system energy is increased, the chaotic
saddle also enhances its effects on escapes at short times. Hence, the ergodic decay
rate underestimates escapes when the energy system is high even at short times.
This last argument can be applied when analyzing why the fitted rate α0,c does not
agree with the ergodic decay law either, because the influence of the sets that govern
the dynamics is strong enough to prevent particles from being distributed according
to the microcanonical ensemble at the critical time as well.

Furthermore, we would like to highlight that the decay rates for long times may
be useful to quantify whether particles always escape in the same way over the
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three different periods of the time evolution that we establish in the hyperbolic
regime, namely αc,2c, α2c,99% and α99%,99.9%. For example, these decay rates can be
affected by the existence of extremely small KAM tori that may survive even after
the destruction of the dominant KAM tori [67, 68]. In our simulations, we have
not found trapped particles for energies greater than E > 0.2309, nor long-time
algebraic decays for at least the 99.9% of the initialized particles in the scattering
region. Therefore, such remnant KAM structures are not decisive in the exponential
escape regime.

Nonetheless, we observe in Fig. 4.5(b) that the decay rates of the two last periods
considered, α2c,99% and α99%,99.9%, exhibit a fluctuating evolution when plotted
against the system energy, whose cause deserves further research. So far, we have
found that hyperbolic decay rates measured at any given sufficiently long time are
underestimated by the ergodic decay law, which implies a clear limitation of this
kind of decay laws in describing escapes in open systems.

Figure 4.5. Exponential fittings of the decay curves at (a) short times, (b) critical and
long times. We recall that the dashed line again splits the nonhyperbolic and hyperbolic
dynamics when E = 0.2309. For the sake of clarity, although the decay law αe has been
computed in terms of ∆E, we show the results of fittings in terms of E for simplicity.

4.3.4 Distribution of escape times and particles over time

Now, we present the decay basins for hyperbolic dynamics in Figs. 4.6(a), 4.6(b),
and 4.6(c) to visualize which particles escape during each time interval and how they
are distributed inside the scattering region. Furthermore, they relate the escape
times and the exit basins built by utilizing the tangential shooting method [37].

We observe that an important fraction of particles escape before the critical time.
These particles start their escaping trajectories far from the fractal boundaries of the
exit basins, i.e., far from the influence of the chaotic saddle. This confirms that the
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critical time is the maximum escape time for a trajectory that is not affected by the
sets that govern the dynamics. Conversely, all the initial conditions associated with
escape times higher than the critical time are located close to the fractal boundaries
of the exit basins.

Nonetheless, we are interested in the escape time distribution by shooting particles
from initial conditions randomly. Hence, we show here the average escape times in
the configuration space in Figs. 4.6(d), 4.6(e), and 4.6(f), where for each pixel we
launch a large number of particles and compute the mean of their escape times. In
the three cases shown, it can be observed a fractal structure that is reminiscent of the
typical structures that appear in scattering functions when a Smale horseshoe-like set
rules the dynamics, such as the chaotic saddle. This structure is formed by the initial
conditions that spend long escape times, i.e., the initial conditions close to the stable
manifold of the chaotic saddle [72]. Therefore, the images of average escape times
provide a clear manifestation of the presence of the chaotic saddle when particles are
launched randomly.

Figure 4.6. (a–c) Decay basins for E = 0.235, 0.25 and 0.275, respectively. The color
code indicates the initial conditions from which escapes occur before the short time t15%
(lighter red), the critical time tc (red), twice the critical time t2c (darker red), and finally
those from which particles have not already escaped by t2c (black). (Inset plot) Exit basins
associated with the shown decay basins. (d–f) Average escape times, again, for E = 0.235,
0.25 and 0.275. We launch 2.5 · 103 particles for each initial condition (x0, y0) with random
shooting angles belonging to the interval θ0 ∈ [0, 2π). As explained in the text, the average
escape times can be interpreted as the regions where it is more likely to find a particle in
the configuration space. (Inset plot) Zoom-in near the potential barrier between Exit 1
and Exit 3, where a low-probability region is found in the three cases.

Moreover, we study how the chaotic saddle explicitly affects particle trajectories.
Then, again, by launching particles with random values for x0, y0, and θ0, and taking
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into account every position of their orbits, we obtain the regions where a hypothetical
particle is more likely to be found before its eventual escape. Not surprisingly, the
obtained images are the same as those provided by calculating the average escape
times (see again Figs. 4.6(d), 4.6(e), and 4.6(f)), since trajectories starting close to
the chaotic saddle spend longer times within the potential well: they come close to
the chaotic saddle along its stable manifold, stay in its neighborhood, and leave it
along its unstable manifold. In light of the results, the particle is more likely to be
found near the chaotic saddle in its escaping process. In addition, we also detect a
region of low probability of finding the particle, as visualized in the inset plots of
Figs. 4.6(d), 4.6 (e), and 4.6(f).

Finally, we show in Fig. 4.7 the instantaneous distribution of particles at some
relevant times of the decay law. The regions that are emptied in the first place
are those close to the exits from which particles can escape if the shooting angle
points directly towards the exit. Subsequently, when the critical time is reached,
a symmetric structure can be inferred in the particle distribution, which is closely
related to the manifestation of the chaotic saddle (see Figs. 4.6(d), 4.6(e), and 4.6(f)).
Interestingly, the fact that trajectories spend a finite time in the chaotic saddle
vicinity implies that there are zones of the scattering region full of particles and others
empty during the time evolution. For instance, as indicated above, there is an almost
zero probability of staying in the space nearby the wall between two exits, because
the chaotic saddle does not occupy that zone (see the inset plots of Fig. 4.7). Hence,
the presence of the chaotic saddle is incompatible with an equiprobability of being
in any dynamical state compatible with energy, as assumed by the microcanonical
ensemble.

Figure 4.7. Particle distribution at (a) t15%, (b) tc and (c) t99%, respectively, by means
of a histogram, for E = 0.25. The histogram color code consists of a fading between yellow
(highly occupied area) and dark blue (lowly occupied area). The white color means an area
depleted of particles. (Inset plots) Zoom-in of the particle distribution near the potential
barrier between Exit 1 and Exit 3. We depict the present particles (black dots) in the
allowed scattering region compatible with energy (gray).
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4.4 Decay law in the relativistic Hénon-Heiles system

This section is divided into four parts. In Sec. 4.4.1, the relativistic Hénon-Heiles
system is briefly described with emphasis on new aspects concerning decays. In
Sec. 4.4.2, we derive analytically a new ergodic decay law for this relativistic system.
In Sec. 4.4.3, we show the numerical results of this decay law. Finally, in Sec. 4.4.4,
we compare the fitted decay rates when measured from inertial and noninertial
reference frames.

4.4.1 Brief description of the relativistic Hénon-Heiles system

We use the relativistic version of the Hénon-Heiles system already introduced in
Chapter 3. Although the equations of motion are different from the Newtonian ones,
the four fixed points of the relativistic system remain at the three saddle points of
the potential well and its minimum. For this reason, we have defined the relativistic
scattering region as in the Newtonian Hénon-Heiles system. Again, we shall use β as
the relativistic parameter for convenience in showing our numerical results.

We have arbitrarily established v0 ≈ 0.679 along this section, which corresponds
to the Newtonian energy E ≈ 0.2309, to focus on hyperbolic dynamics. The Newto-
nian and hyperbolic system becomes relativistic and increasingly hyperbolic as β
increases. Figure 4.8 shows the effect of β on the dynamics and the basin topology:
the particle generally escapes more quickly and the fractal boundaries of exit basins
are smoother as β increases.

Finally, the computations here have been carried out only until β = 0.75. The
reason is that, in very energetic cases, i.e., as the quotient β approaches unity, the
scattering region that we define does not reflect the actual phenomenology of escapes
in the system. This issue is explained below when displaying the numerical results
of the relativistic decay law.

Figure 4.8. Scattering regions (pale gray) and escaping trajectories starting from the
same condition but for (a) β = 0.25, (b) 0.5 and (c) 0.75, where the underlying dynamics
is hyperbolic. As β = v0/c always holds, the computational value of the speed of light
changes inevitably when the value of β changes. We have arbitrarily set v0 ≈ 0.679, and
therefore the values of the speed of light in the computations are (a) c ≈ 2.718, (b) 1.359
and (c) 0.906, respectively. (Inset plots) Exit basins corresponding to the β-values.
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4.4.2 Analytical expression of the relativistic decay law

We also concentrate our efforts on exponential decay laws and derive a decay rate
based on ergodic motion inside the scattering region as follows. Firstly, instead of
the momenta px and py, Eq. (3.2) can be rewritten in terms of the total momentum
of the particle p and the angle θ formed by the speed vector and the positive x-axis,
obtaining thus

H(p, x, y, θ) = c
√

c2 + p2 + V (x, y). (4.6)

Importantly, we recall that the total momentum of the particle is related to its speed
in this dimensionless version of the system by p ≡ γv. Furthermore, we express the
total relativistic energy as ∆E ≡ E − Ee = γc2 + V − 1/6 for convenience when
computing the decay rate. In addition, there exists a relation between ∆E and β,
which is

∆E(β) =
c2√
1− β2

− 1

6
, (4.7)

since, as in Chapter 3, we define β as the relativistic parameter of the system at the
potential minimum, where the potential energy is null.

The motion in the well is assumed to be ergodic, and therefore the phase space
distribution inside the scattering region for a given energy ∆E is expressed by

ρ(p, x, y, θ) =
δ (E −H(p, x, y, θ))∫

dpdxdydθδ (E −H(p, x, y, θ))
, (4.8)

where δ(E) represents the Dirac delta function. Here, we are interested in the
distribution of the variables in the configuration space. In this manner, we integrate
Eq. (4.8) along the interval p ∈ [0,∞), yielding

ρ(x, y, θ) =
γ

2π
∫
S(∆E)

dxdyγ
, (4.9)

where the integral is bounded inside the scattering region, and the Lorentz factor γ
depends on the spatial coordinates because the system is conservative and every point
of the well is associated with a specific kinetic energy value. Notice that if the limit
c → ∞ (or γ → 1, equivalently) is considered, the Newtonian probability density
ρ(x, y, θ) = 1/(2πS(∆E)) is recovered, as derived in Ref. [57]. For simplicity, we
define Γ(∆E) ≡

∫
S(∆E)

dxdyγ, where the integral can be solved numerically utilizing

a Monte Carlo method.

In resemblance to the Newtonian case, the number of particles remaining inside
the scattering region under hyperbolic dynamics at the time t is N(t) = N0e

−αet,
where the αe(∆E) is again the decay rate, but relativistic. It can be computed by
setting that the flux of escaping particles through an exit of the well, for instance,
Exit 1, is ∫∫

dxdθρv · n̂ =

∫ xb

xa

dx

∫ π

0

dθρ(x, y, θ)v(x, y) sin θ, (4.10)
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where the quantity ρv means a current density vector and n̂ is the normal vector to
Exit 1, which points outwards along the direction of the y-axis [57]. We choose the
Exit 1 for convenience, since the integral then remains defined along the segment
delimited by x ∈ [xa, xb] and y = 1, as shown in Fig. 4.9(a). Specifically, the points

xa,b = ∓
√

2

3
(∆E − c2) (4.11)

satisfy the condition E = c2 + V (xa,b, 1), where the particle kinetic energy vanishes.
Finally, bearing in mind the triangular symmetry of the well, the flux of escaping
particles is the same through all exits, and therefore the decay rate of the system is
three times the decay rate through Exit 1, yielding the integral

αe(∆E) =
3

πcΓ(∆E)

∫ √
2
3
(∆E−c2)

−
√

2
3
(∆E−c2)

dx

√(
∆E − 3

2
x2

)2

− c4. (4.12)

It is possible to solve this integral using elliptic functions, obtaining the result

αe(∆E) =
4
√
2∆E

√
∆E + c2√

3πcΓ(∆E)

{
E

(
∆E − c2

∆E + c2

)
− c2

∆E
K

(
∆E − c2

∆E + c2

)}
, (4.13)

where E(m) and K(m) are the elliptic integrals of the first and second kind, respec-
tively, and m means the squared elliptic modulus. In our case, m = (∆E−c2)/(∆E+
c2).

4.4.3 Numerical results of the fitted decay rates

The results are similar to the Newtonian case already discussed. Firstly, as the
value of β is varied, the slope of the exponential decay curves becomes greater, as
shown in Fig. 4.9(b).

On the other hand, the shorter the fitting time of the decay curve is considered,
the better the agreement between the numerical fittings and the ergodic decay rate
αe, as displayed in Fig. 4.9(c). This is because the chaotic saddle barely affects the
trajectories escaping during the very first instants of the time evolution. Hence, as
in the Newtonian case, the ergodic decay rate, αe, only takes into account the initial
distribution of particles, in our case, randomly distributed inside the well. However,
this initial distribution of particles is modified by the saddle since the time evolution
begins. That is why only short-time fittings work.

This last reasoning is also valid to interpret why the critical-time fittings do not
strictly agree with the analytical decay rate, as seen in Fig. 4.9(d). Finally, when the
relativistic system becomes very energetic, the ergodic decay rate underestimates all
long-time fittings, αc,2c, α2c,99% and α99%,99.9%, similarly to the Newtonian case.
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Figure 4.9. (a) Scheme of the Exit 1 for β = 0.25. (b) Hyperbolic particle decay
for β = 0.25, β = 0.5 (solid lines) and β = 0.75 (dashed line). (c) Exponential fittings
of the decay curves for only short times in the inertial relativistic approximation for
β ∈ [0.05, 0.75]. (d) Similar fittings to (c) but for critical and long times. We clarify that
although the decay law αe has been computed in terms of ∆E, we show the results of
fittings in terms of β for simplicity (see Eq. (4.7)).

Moreover, we would like to mention that the formalism of ergodic decay laws
discussed and developed in this chapter also fails when the regime is highly energetic
(Newtonian2 and relativistic schemes included). In Fig. 4.9(b), for β = 0.75, it is
noticeable that the first change of tendency in the decay curve happens before the
indicated critical time (red triangle). Then, a problem arises, because the critical time
is providing us misleading or unclear information regarding tendency changes. We
argue that in very energetic cases the scattering region that we define, delimited by
the potential saddle points, becomes far from the actual scattering region, delimited
by the Lyapunov orbits, and does not reflect the actual phenomenology of escapes

2We have also verified that this issue occurs in the Newtonian case for very high energy values
concerning the usual energy levels in the Hénon-Heiles system (e.g., E = 2.00 ≫ Ee).
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in the system. This produces the effect that the decay curve shows changes in the
tendency before (and after as well) the critical time. In other words, when the system
is highly energetic, the critical time becomes irrelevant to study the decay laws.

4.4.4 Decay laws in inertial and noninertial frames

Escape times have been measured by an inertial clock at rest in the potential
well in this chapter so far. However, as explained in Chapter 3, it is possible to
consider another noninertial reference frame comoving with a particle that describes
a trajectory for a long time enough to measure the escape times of the other particles.
This hypothetical clock will suffer the well-known time dilation phenomenon and
measure the so-called proper time. Thus, we recall that, given an infinitesimal time
interval dt as measured by an inertial clock, the particle clock will measure the time

dτ =
dt

γ(t)
, (4.14)

where both time intervals satisfy that dτ ≤ dt. As the particle dynamics is bounded
under the same energetic conditions, given a value of β, the Lorentz factor of all
the trajectories is similar on average at any time t before escaping. Then, there
exists an approximate average value of the Lorentz factor and it can be reasonably
estimated as the arithmetic mean between the maximum and the minimum values of
the Lorentz factor inside the potential well, i.e.,

γ̄(β) =
1 +

√
1− β2

2
√
1− β2

, (4.15)

as introduced in the previous chapter. Taking this into consideration, Eq. (4.14) can
be approximated as dτ̄ ≡ dt/γ̄, where γ̄ is a constant.

Thus, escape times as measured by an inertial clock will be higher than escape
times of the same trajectories as measured by the noninertial particle clock. This
latter affects quantitatively the exponential decay laws. The decay rate in the inertial
case, αe, will be smaller than the decay rate in the noninertial case, yielding

ᾱτ
e ≡ γ̄αe, (4.16)

where the approximation of bounded dynamics has been taken into account.

Observing particle escapes from a noninertial clock makes them occur faster due
to the time dilation both at short and long times, according to the results shown in
Fig. 4.10. Moreover, the fitted decay rate ατ

0,5% for very short times agrees with the
noninertial ergodic decay rate ᾱτ

e . Thus, the approximation of assuming an average
Lorentz factor inside the scattering region to characterize escapes works at least for
short times, which corresponds to the real range of applicability of ergodic decay
laws, as proven in previous sections of this chapter.
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Figure 4.10. Exponential fittings for short times and long times to compare the decay
rates as measured by an inertial clock at rest in the potential well in blue (αe, α0,5% and
αc,99.9%) and as observed from a noninertial particle clock evolving chaotically inside the
scattering region in red (ᾱτ

e , α
τ
0,5% and ατ

c,99.9%).

4.5 Conclusions and discussions

The indiscriminate use of the concepts of hyperbolicity, chaos, and ergodicity is
sometimes found in the bibliography referring to dynamical systems with a few de-
grees of freedom, because chaos is usually responsible for the fulfillment of ergodicity
in this kind of systems. In this manner, we have contextualized in the present chapter
each of these terms in the open regime of the Hénon-Heiles system and provided
solid evidence that, far from being equivalent, chaos and the fact that the system
is open can also be the specific reason why its motion is non-ergodic. Notably, we
refer to the existence of a chaotic saddle, which provokes particles to explore all the
regions of the energy surface unevenly before escaping.

Therefore, we have studied numerically an exponential decay law based on er-
godic motions in the Newtonian Hénon-Heiles system. We conclude that this ergodic
decay law can quantify adequately escapes only for the very first instants of the
time evolution when particles are launched randomly distributed. Thus, when the
time evolution begins, particles remain no longer equally distributed throughout
the scattering region, and in this way no longer conform to the microcanonical
ensemble, on which the ergodic decay law is based. Particles evolve according to
other more complex probability distributions related to the sets that govern the
dynamics, i.e., KAM tori or the chaotic saddle in the nonhyperbolic and hyperbolic
regimes, respectively.

In addition to the detailed study of the Newtonian case, we have extended the
formalism of the ergodic decay laws to a relativistic version of the Hénon-Heiles
system for the first time. The result, obtained through measuring escapes from two
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inertial and noninertial reference frames, is that we have encountered the limitations
present in the Newtonian case for the same reasons.

Nonetheless, the current chapter constitutes a step toward the solution in the
characterization of decay laws in open systems. Bearing in mind the limitations of
the microcanonical distribution, other distributions based on the sets that govern the
dynamics have to be considered in the calculus of new decay laws. For instance, when
KAM tori are present, the particle distribution must be affected by the phenomenon
of stickiness. Therefore, in this case, there exist some regions near KAM tori where
particles explore for longer times than others. On the other hand, when the chaotic
saddle governs the dynamics, a fractalized particle distribution over the saddle can
describe all the escaping orbits in the hyperbolic regime. In general, we insist, the
measure in the open regime converges to a fractal probability density defined on the
chaotic saddle.

The critical time has to be considered as well since it is part of the phenomenol-
ogy caused by the invariant sets. Importantly, our numerical study has allowed
us to interpret that the so-called critical time in open Hamiltonian systems means
the maximum escape time that a trajectory can spend inside the scattering region
without being affected at all by KAM tori or the chaotic saddle. Then, the existence
of escaping orbits unaffected by them is reflected in the decay curves, which suffer a
sudden change in their tendency when the critical time is reached. This fact opens
some room to explore particle distributions that evolve in time.

We mention, to conclude, some processes in nature with only a few relevant de-
grees of freedom where our numerical work can be useful. For example, open systems
can be interpreted as scattering models of nuclear or chemical reactions, where each
exit represents a final rearrangement of atoms and molecules [74]. Interestingly,
these kinds of reactions may occur chaotically and, in light of the present results,
non-ergodically.

On the other hand, relaxation of nonequilibrium systems such as glass-forming
melts or soft matter can be modeled through a modified Hénon-Heiles system, whose
saddle points are located at different values of the potential energy [4]. More specifi-
cally, processes of relaxation consist of local reorientations of the masses that form
the glass structure. In some cases, these processes are governed by a chaotic saddle,
and hence new studies can be addressed to analyze how non-ergodic dynamics may
also affect the structure and properties of glasses.

Finally, the interest in diffusion phenomena in the so-called soft Lorentz gases has
grown because these systems can simulate the electronic transport in graphene-like
structures [75]. The unit cell of the triangular lattice of potentials in such systems
is reminiscent of the morphology of the Hénon-Heiles potential. Numerical works
have evinced that soft Lorentz gases exhibit normal diffusion or superdiffusion due
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to a non-trivial interaction between trapped and ballistic periodic orbits that form
the KAM tori. Superdiffusion is related to a dependence on initial conditions, and
hence ergodicity is broken in such a case. Thus, the present chapter can provide new
approaches to elucidate this phenomenology.

In the next chapter, we investigate in detail the Wada property at the boundary
of the exit basins. Although it is not closely related to escape dynamics, we use the
concept of critical trajectory and critical time in the development of the study.





Chapter 5

Wada basins in dissipative
three-dimensional chaotic
scattering

D. S. Fernández, J. M. Seoane, and M. A. F. Sanjuán. Weak dissipation drives and
enhances Wada basins in three-dimensional chaotic scattering. Chaos Solit. Fractals
156, 111891 (2022).

“Once you noticed the wind’s odd swirlings, it

was hard to ignore. In fact, viewed from the

roof like this, it was almost hypnotic. The same

way flowing water or a campfire’s flames can

catch your eye and hold it.”

–Fifth part of an extract from The Name of

the Wind (2005), by Patrick Rothfuss.

In this chapter, we deal with a three-dimensional open Hamiltonian system. In
the absence of dissipation, its Wada basin boundaries become non Wada when the
critical energy value is surpassed. In particular, we study here the dissipation effects
on this topological change, which has no analogy in two dimensions. Hence, we find
that non-Wada basins, expected in the absence of dissipation, transform themselves
into partially Wada basins when a weak dissipation reduces the system energy below
the critical energy. We provide numerical evidence of the emergence of the Wada
points on the basin boundaries under weak dissipation. According to the chapter
findings, Wada basins are typically driven, enhanced and, consequently, structurally
stable under weak dissipation in three-dimensional open Hamiltonian systems.

55
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5.1 Introduction

The unpredictability in determining the system final state has been studied in
the presence of dissipation, both in discrete maps [33] and two-dimensional open
Hamiltonian systems [34, 35]. These works conclude that the nonhyperbolic dy-
namics, dominated by KAM tori, is suddenly destroyed by introducing an even
extremely small amount of dissipation. As a consequence of this, the more intense
the dissipation rate, the less the system unpredictability.

On the other hand, the Wada property has been also investigated in two-
dimensional open Hamiltonian systems, whose exit basins typically exhibit this
property [37]. Furthermore, Wada basins have been demonstrated to be structurally
stable in the presence of weak dissipation in these systems [34]. We recall that on a
boundary of two exit basins that satisfies the Wada property it is always possible
to find all the other basins (or colors), no matter how many are. Thus, the Wada
basins pose a huge impediment to the prediction of the exits. For further details,
see Refs. [30, 38], where the state of the art of the Wada property and the current
methods to detect it are reviewed.

However, three-dimensional open Hamiltonian systems under dissipation still
require to be investigated, since the conservative scenario is the one that has been the
focus of attention so far [2, 76, 77, 78]. Here, we deal with a three-dimensional open
Hamiltonian system with four possible exits [11], which also has a two-dimensional
version [79]. Notably, in the absence of dissipation, a striking basin topological
metamorphosis takes place with no analogy in two dimensions: Wada basins become
non-Wada basins when the system energy exceeds a certain critical value Ec. In this
context, we wonder about the topological consequences of introducing dissipation,
since the energy loss can determine whether the basins are Wada or not.

The organization of this chapter is as follows. In Sec. 5.2, we describe the model
dynamics in the conservative and the dissipative cases. In Sec. 5.3, we compute the
system unpredictability versus the dissipation parameter by means of the fractal
dimension of the chaotic saddle. In Sec. 5.4, we propose the dissipative mechanism
that produces the metamorphosis of the Wada basins, and also confirm it by numerical
evidence. Finally, in Sec. 5.5, we summarize the main findings of the chapter.

5.2 Model description

This second section is divided into two parts in turn for easier reading. In
Sec. 5.2.1, we describe the three-dimensional aspects of the system, such as its
scattering region and the critical energy. In Sec. 5.2.2, we introduce the dissipative
case.
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5.2.1 Three-dimensional Morse hills

The system dynamics is modeled by the dimensionless and time-independent
Hamiltonian [11]

H(px, py, pz, x, y, z) =
p2x + p2y + p2z

2
+ V (x, y, z). (5.1)

The potential consists of four Morse hills [80] whose centers are placed at the vertices
of a regular tetrahedron of unit side lengths. Specifically, located at (x1, y1, z1) =
(0, 0,

√
2/3), (x2, y2, z2) = (1/2,−1/(2

√
3), 0), (x3, y3, z3) = (−1/2,−1/(2

√
3), 0) and

(x4, y4, z4) = (0, 1/
√
3, 0), depicted as red dots in Fig. 5.1. For clarity, the tetrahedron

centroid, (xc, yc, zc) = (0, 0, 1/
√
24), is also depicted as a black dot in Fig. 5.1. Here

the three-dimensional Morse hills have spherical symmetry but are slightly distorted
by the presence of the others. Each one of them consists of a repulsive core (any
tetrahedron vertex) surrounded by an attractive region, which is less effective, and
ultimately negligible if the particle moves away from the hill center.

The Morse potential represents short-range interactions, implying that the system
chaotic behavior is concentrated near the tetrahedron formed by the four hills’ centers.
Thus, we define the scattering region as the space bounded by the four tetrahedron
planes. That is, we consider that a particle escapes when it crosses any of these
planes. The complete potential function is written as

V (x, y, z) =
4∑

i=1

Vi(x, y, z), (5.2)

where

Vi(x, y, z) =
V0

2

[
1− e−α(ri−re)

]2 − V0

2
(5.3)

represents the potential function associated with each one of the four hills, and

ri(x, y, z) =
√

(x− xi)2 + (y − yi)2 + (z − zi)2 (5.4)

represents the distances between the particle position and each one of the four hills’
centers. In addition, the quantities V0, α and re are the Morse potential parameters,
which are related to the well depth, the well steepness and the effective range of each
hill, respectively. Without loss of generality, we set the parameter values as V0 = 1,
α = 6 and re = 0.68.

Given a system energy value E, there exists a three-dimensional region of the
configuration space inaccessible to the particle, where E < V is satisfied. That is,
the inaccessible region limits are the potential barriers where the particle usually
bounces off before escaping. In this system, when the energy is greater than a
certain critical energy Ec, the inaccessible region is formed by four disconnected
spherical-like regions surrounding the Morse hills’ centers, as shown in Fig. 5.1(a).
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As the system energy is decreased, the four disconnected regions grow in radius,
touching each other when the critical energy is reached. Finally, when the energy is
smaller than the critical energy, the inaccessible region is a single fully connected
region, as observed in Fig. 5.1(b).

Figure 5.1. Configuration space for (a) E = 3 > Ec and (b) E = 2 < Ec, where
Ec ≈ 2.25. The interior of the gray spherical-like regions represents the configuration
space part inaccessible to the particle, which remain (a) disconnected for E > Ec and (b)
connected for E < Ec. We define the scattering region as the regular tetrahedron (dashed
red lines) formed by the four Morse hills’ centers (red dots) since the chaotic behavior is
only relevant near the tetrahedron centroid (black dot). Five attractors (black and blue
dots) appear when the dissipation is introduced, and the particle may trap in them forever.
Finally, we show a potential function section with the plane z = 0 for (c) E = 3 and (d)
E = 2, where the minimum value is the same in both cases.

In addition, we display the potential function in the plane z = 0 in Figs. 5.1(c) and
5.1(d) to better visualize how inaccessible regions remain connected or disconnected
depending on the energy. The existence of this critical energy is key to the phase
space topology, even in presence of dissipation, as we explain in detail in the next
sections.
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Finally, we compute the critical value Ec by using the critical trajectory concept,
which has been already developed in Chapter 4. First, note that, in this system, half
of a critical trajectory is that described by a particle launched from the tetrahedron
centroid toward one of the six saddle points of the potential1. Thus, for each energy
value, we let a particle describe half of a critical trajectory. If we start from typically
high energy values, where presumably E > Ec is satisfied, the inaccessible regions
will remain disconnected and the particle will escape by crossing one of the edges
of the tetrahedron. However, when the particle bounces off the potential barrier
and returns to the centroid, the critical value Ec is reached, since the inaccessible
regions in such a case remain connected. In this manner, we obtain Ec ≈ 2.250414.
Therefore, we work along the chapter on a range of initial energy values E0 ∈ [2, 3],
which includes the critical energy.

5.2.2 Dissipative case

Furthermore, we focus on the dissipative case, in which the system initial energy
E0 decreases as time passes by. As is common in this kind of problems, we introduce
the dissipation parameter µ in Hamilton’s equations of motion by adding a term
proportional to the particle velocity in the three degrees of freedom [81], yielding

ẋ = px,

ẏ = py,

ż = pz,

ṗx = −∂V

∂x
− µpx,

ṗy = −∂V

∂y
− µpy,

ṗz = −∂V

∂z
− µpz.

(5.5)

Then, five attractors appear when the dissipation is introduced to which the
particle may converge and be trapped forever. Specifically, one of them appears at
the tetrahedron centroid, whereas the remaining four attractors are associated with
potential relative minima, depicted as blue dots in Fig. 5.1. As four attractors lie
outside the defined scattering region, we take into account in the dissipative case that
a particle escapes when it moves an arbitrary distance l away from the tetrahedron
centroid, e.g., l > 3, such that it is highly unlikely that the particle can be trapped
in any attractor.

1As deduced by symmetry, a saddle point is located at the same distance between the centers of
two Morse hills. Also, due to the distortion of the other hills, the saddle points are located near
but not exactly at the midpoint of the six edges of the tetrahedron. Nevertheless, it is possible to
launch a particle towards a saddle point, since it lies on the straight line joining the centroid and
the midpoint of one of the edges of the tetrahedron.
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On the other hand, Fig. 5.2(a) shows how the escape time average is affected
by the dissipation. We notice that, from µ > 10−2, the escape time averages in the
dissipative and conservative cases begin to differentiate and from such a value the
introduced dissipation becomes relevant. So, we use the value range µ ∈ [0.01, 0.5]
throughout this chapter.

Three examples of trajectories are plotted in Fig. 5.2(b). In particular, they evolve
for the same dissipation rate but depart from different values of E0. Interestingly,
the trajectory starting from the lowest initial energy manages to escape from the
scattering region in the first term but is eventually trapped in one of the attractors.
Conversely, the other two trajectories escape quickly from the tetrahedron barely
interacting with the potential. This last kind of behavior is the one we observe the
most in the computations under weak dissipation.

Figure 5.2. (a) Escape time average as the dissipation parameter µ is varied for fifty
different values belonging to the interval µ ∈ [10−4, 0.5]. The three curves correspond to
three initial energy cases E0 = 2 < Ec (blue), E0 = 2.5 > Ec (red) and E0 = 3 ≫ Ec

(green), where Ec ≈ 2.25. The horizontal dashed lines represent the escape time average in
the conservative case. The vertical dashed line is placed at µ = 10−2 and indicates the
beginning of the regime where the dissipation affects significantly the system dynamics.
The escape times have been computed by launching 2500 particles from the plane z = 0
toward the tetrahedron centroid and taking into account if l > 3. Finally, the three
black circles correspond to the parameter values of the trajectories shown in (b). These
trajectories are launched from the same initial condition (square) and evolve for µ = 0.3
and E0 = 2 (blue), E0 = 2.5 (red) and E0 = 3 (green), respectively. Finally, we depict the
five attractors and the scattering region (black).

5.3 System unpredictability under dissipation

This third section is structured as follows. In Sec. 5.3.1, we define the exit
basins and compute the fractal dimension of the chaotic saddle from them as well.
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In Sec. 5.3.2, we show and discuss the numerical results in the conservative and
dissipative cases.

5.3.1 Computation of the fractal dimension on the exit basins

We use the exit basins to analyze the system unpredictability. Specifically, we
choose the plane z = 0 to build the basins. In addition, we launch every particle
toward the tetrahedron centroid to simulate trajectories that capture all the three-
dimensional scattering region phenomenology. Four basins (or colors) appear, which
correspond to the four tetrahedron planes through which the particle can escape.
The yellow basin is associated with the bottom exit, i.e., the plane z = 0, whereas the
other basins (red, green and blue) are associated with the three remaining tetrahedron
planes. Figure 5.3 shows the exit basins in the conservative case for several energy
values. As expected, the higher the energy, the less fractal the basin boundaries. The
exits of the potential function become wider as the energy is increased, implying the
escape to happen without spending long transients and therefore more predictable
the exit by which it occurs.

As already explained, the numerical computation of the fractal dimension of
the chaotic saddle, Dc, is a common method to quantify the unpredictability in
chaotic scattering [49]. For instance, the bigger the computed Dc value, the more
unpredictable the system is since a bigger region of phase space (the exit basins)
is occupied by the chaotic saddle (the fractal basin boundaries). Next, we derive
an expression that relates the fractal dimension of the chaotic saddle to the fractal
dimension of the exit basin boundaries, d.

Since the chaotic saddle is the intersection of the stable and unstable manifolds
[30], whose dimensions can be denoted as Ds and Du, respectively, then the expression

Dc = Ds +Du −N = 2Ds − 5 (5.6)

is satisfied, where Ds = Du due to the symplectic nature of the Hamiltonian under
study (5.1), and N = 5 is the dimension of the phase space of the conservative system.
On the other hand, if d is the dimension of the exit basin boundaries, and taking
into account that such boundaries can be described as the intersection between the
stable manifold of the chaotic saddle and the proposed initial condition plane, whose
dimension is D = 2, then we have

d = D +Ds −N = 2 +Ds − 5. (5.7)

Finally, we relate the dimensions of the chaotic saddle and the basin boundary by
operating Eqs. (5.6) and (5.7), yielding

Dc = 2d+ 1. (5.8)

The latter relation enables the dimension Dc to be computed directly if d is
known, which is obtained by the uncertainty exponent algorithm as follows [82].
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Figure 5.3. Exit basins in the conservative case for (a) E = 2 < Ec, (b) E = 2.26 ≈ Ec,
(c) E = 2.5 > Ec, and (d) E = 3 ≫ Ec, where Ec ≈ 2.25. The yellow color corresponds
to particles that escape through the bottom plane, whereas the other colors (red, blue
and green) are related to the remaining planes. Finally, the white color represents the
inaccessible initial conditions, which satisfy E < V (x, y, z = 0).

We compute the exit given an arbitrarily initial condition (x0, y0) and also given
four additional trajectories starting from slightly perturbed initial conditions, such
as (x0 + ϵ, y0), (x0 − ϵ, y0), (x0, y0 + ϵ) and (x0, y0 − ϵ), where ϵ ≪ 1. If all five
exits coincide, we denote the initial condition as certain. Otherwise, we say the
initial condition is uncertain. Repeating this process for many initial conditions and
several values of the perturbation2, we obtain that the fraction of uncertain initial
conditions behaves as f(ϵ) ∼ ϵD−d = ϵ2−d. Taking decimal logarithms, we obtain

2For clarity, we only use the basin region x0, y0 ∈ [−0.1, 0.1] to speed up the uncertainty exponent
algorithm. Specifically, for each pair of values E0 and µ, we simulate as many initial conditions as
necessary to reach one hundred uncertain conditions and, in addition, repeat the process for fifteen
values of the perturbation ϵ ∈ [10−4, 10−1].
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log10 f(ϵ) = (2 − d) log10 ϵ + k, where k is a constant. This formula allows us to
compute d by a linear fit of log10 f(ϵ) versus log10 ϵ.

Two extreme situations can be distinguished, as explained in Chapter 2. The
unpredictability is maximal when d = D = 2, since the basin boundary densely
occupies the entire space of initial conditions, and even under minimal system
perturbations, the fraction of uncertain conditions does not decrease, i.e., f(ϵ) ∼ 1.
In this situation, Dc = N = 5 holds, implying that the chaotic saddle densely
occupies the entire phase space. On the other hand, the unpredictability is minimal
when the basin boundary is completely smooth, d = 1, and consequently Dc = 3.
These two extreme cases have not been observed in any of the simulations carried
out, so it is expected that the values of the fractal dimensions are 1 < d < 2, and
hence 3 < Dc < 5.

Figure 5.4. (a) Fractal dimension of the chaotic saddle as E0 is varied for three different
dissipation values. The vertical dashed line is placed at Ec ≈ 2.25, and four circles are
drawn at the energy values of the exit basins already shown in Fig. 5.3. (b) Similarly, the
fractal dimension of the chaotic saddle as µ is varied for three different initial energies.
The vertical dashed lines are placed at µm(E0), i.e., the dissipation parameter values where
the fractal dimension Dc reaches its maximum for a given initial energy. Specifically,
µm(2) = 0.33, µm(2.5) = 0.39 and µm(3) = 0.45. Again, we draw four circles at the µ
values of the exit basins shown in Fig. 5.5.

5.3.2 Numerical results in the absence and presence of
dissipation

We display the fractal dimension of the chaotic saddle versus the initial energy
and the dissipation in Figs. 5.4(a) and 5.4(b), respectively. On the one hand, the
greater the initial energy, the smaller the value of Dc. That is, increasing the energy
softens the basin boundaries, making the system to be more predictable. On the
other hand, the dissipative case is more complicated. When the dissipation is weak,
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the fractal dimension Dc increases until a maximum value of Dc is obtained, as
observed for three different initial energies in Fig. 5.4(b). Immediately after reaching
this maximum value, the system unpredictability exhibits an abrupt decrease to
presumably Dc = 3, as theoretically reasoned above. This tendency of Dc can be
interpreted by visualizing the dissipation parameter impact on the basin boundaries.

Figure 5.5. Exit basins in the dissipative case for E0 = 2.5 and (a) µ = 0.01 ≪ µm, (b)
µ = 0.2 < µm, (c) µm = 0.39, and (d) µ = 0.45 > µm. Specifically, µm = 0.39 represents
the dissipation value for which the fractal dimension is maximum for E0 = 2.5. (Inset plot)
We magnify a basin region to illustrate how the fractal basin boundary at µm = 0.39 is
replaced by a new white basin, which represents the initial conditions that lead trajectories
to be trapped in the attractors.

Hence, Fig. 5.5 shows four dissipative cases for E0 = 2.5. Firstly, the basins are
barely affected by the dissipation for µ = 0.01. However, the higher the dissipation,
the longer the transients within the scattering region. Then, as observed for µ = 0.2,
the basin boundaries widen and the value of Dc increases. A weak dissipation makes
the system to be more unpredictable. In addition, as the dissipation is increased,
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some trajectories starting from the basin boundaries can be trapped. Then, another
basin (or color) appears and the basins become more complex and unpredictable.
In this situation, the fractal dimension Dc grows until a maximum value is reached
when all trajectories starting from the boundaries are trapped. The latter is satisfied
for µ = 0.39, where the fractal basin boundaries are completely erased by a new
white and smooth basin. Here we can define µm as the dissipation parameter value
that causes the fractal dimension Dc to be maximum. In particular, the value of
µm depends on the initial energy, since the larger E0 the more dissipation must be
introduced to trap particles. Finally, the new white basin grows when the dissipation
is stronger than µm, as seen for µ = 0.45. Therefore, the fractal dimension Dc sharply
declines in this scenario of strong dissipation.

5.4 Wada basins under dissipation

This section is divided into two parts. In Sec. 5.4.1, we explain in terms of
escaping trajectories the possible mechanism that may lead to the transformation
from non-Wada basins into Wada basins under dissipation. In Sec. 5.4.2, we display
and discuss the numerical results of this dissipative mechanism.

5.4.1 Mechanism of driving and enhancement of Wada basins

Now, we investigate how dissipation affects the topology of the basin boundaries,
which may exhibit the Wada property. Briefly, we recall that Wada basins share a
common boundary implying that between two basins it is always possible to find all
other basins.

The exit basin boundary is non Wada for E > Ec in the conservative regime.
That is, only some isolated points on the boundaries are Wada points, which are
defined as points separating the four basins (or colors). For E > Ec, the inacces-
sible regions remain disconnected, causing a part of the tetrahedron edges to be
accessible. The exits, i.e., the tetrahedron planes, are connected by the part of the
edges not swallowed by the inaccessible regions. Hence, it is possible to propose a
continuous and smooth path of initial conditions whose corresponding trajectories
escape through an exit at the path beginning and through another different exit at
the path ending. Then, necessarily, a trajectory must escape at some path point
through the tetrahedron edge separating the two exits. This hypothetical path of
initial conditions consists of two one-dimensional basins separated by a boundary
where only two colors meet, i.e., a non-Wada point.

On the other hand, the exit basin boundary exhibits the Wada property for
E < Ec, i.e., all boundary points are Wada points. The inaccessible region is
connected and completely covers the tetrahedron edges. Hence, the exits remain
disconnected. In this case, there is no hypothetical path of initial conditions whose
corresponding trajectories escape through only two exits. These trajectories, as
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they approach the now inaccessible edge of the tetrahedron, deviate until escaping
inevitably through a third exit different from the previous ones. Note that this last
argument is valid for any path separating two basins, no matter its length. Therefore,
a different basin always appears between any two basins, and so on. For E < Ec,
the path is formed by two one-dimensional basins separated by a Wada boundary,
consisting of an infinite number of Wada points.

In this context, where the system energy determines whether the basins are Wada
or not, introducing energy dissipation may affect their topology. For instance, as
illustrated in Fig. 5.6, a particle starting from E0 > Ec may leave the tetrahedron
with E < Ec due to dissipation after spending a finite time within the scattering
region. Hence, this particle escapes from the tetrahedron with the inaccessible regions
fully connected. Regarding the latter, it is worth recalling that a dissipative system
can be understood as a sequence of momentarily conservative systems of decreasing
energy over time. So, the momentarily inaccessible regions of the potential function
grow in radius as the energy is dissipated. Then, when all particles starting from
the basin boundaries escape with energy values lower than the critical energy, only
Wada paths of initial conditions are possible. In this manner, from a theoretical
point of view, non-Wada basins expected in the conservative case may become Wada
basins under dissipation.

Figure 5.6. Energy values of fifty particles over time for three dissipative cases, namely,
E0 = 2.5 and µ = 0.15 (blue), E0 = 2.5 and µ = 0.35 (yellow), and E0 = 2.75 and µ = 0.15
(green). We draw a red (black) dot if the particle final energy before leaving the tetrahedron
is smaller (greater) than the critical energy Ec ≈ 2.25, which is indicated by the horizontal
red dashed line.

Nonetheless, when the dissipation allows only a few particles to escape with
energies below the critical energy, the basin boundaries are formed by Wada and
non-Wada points, which is known as the partially Wada property [83]. In this
situation, only trajectories with long transients contribute to the formation of Wada
points. Furthermore, as detailed in the previous section, a strong dissipation is
expected to reduce both the fractal boundary and the number of Wada points.
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5.4.2 Numerical results of the Wada point fraction

Next, we test the emergence of the Wada points in the dissipative case by applying
a recently developed numerical method called the merging method [84]. This method
is based on a non-obvious aspect of Wada basins: if the boundary of a basin is
Wada, then this boundary remains invariant under the merging of the other basins.
Therefore, the method consists of verifying this latter statement by merging basins.

On the other hand, an advantage of this method is that it only requires a basin
image of finite resolution as input. This is useful when there is no more knowledge
about the system and its dynamics than a basin image. However, the method has
also limits, since it only verifies whether a boundary point is Wada or non-Wada up
to a given resolution. In addition, the Wada point detection depends strongly on the
fattening parameter r. The method only ascertains what fraction of Wada points
is given a value of r. In practice, the computation has to be repeated increasing
r ∈ N to test how the fraction of Wada points evolves as a function of r. Finally, the
computation ends at the value of r for which the Wada point fraction as a function
of r has converged. The steps and many other aspects of this method are extensively
detailed in Refs. [28, 84].

Figure 5.7. (a) Exit basins as computed for E0 = 2.5 and µ = 0.01 with a 1000×1000
resolution. We focus on the magnified region x0 ∈ [−0.029, 0) and y0 ∈ [−0.249,−0.19],
because non-Wada points can be detected when considering these parameter values and
finite resolution. Then, here we implement the merging method to compute the Wada point
fraction as the dissipation parameter is varied. (b) The four merged basins are represented
in gray and are obtained by merging the remaining basins (including the white basin)
except the colored one, namely, yellow, blue, red and green, respectively.

We provide an example of merged basins for E0 = 2.5 in Fig. 5.7. Here, we only
focus on a convenient basin region where non-Wada points can be detected when con-
sidering a finite resolution for E0 = 2.5. In fact, the vast majority of boundary points
seem to be Wada at lower resolutions despite E > Ec (e.g., see again Fig. 5.3(c)). We
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have verified by successive magnifications of the basin boundary that, at higher reso-
lution, the boundary points only separate two basins for E > Ec in the conservative
case, except for some isolated Wada points where the four colors meet. This kind of
fractal structure is known as a slim fractal [85], which is simpler at smaller resolutions.

The fractions of Wada points fW and trapped particles ft are displayed versus the
dissipation parameter in Figs. 5.8(a) and 5.8(b), respectively. In light of the results,
the method converges for r = 6. Firstly, note that the value of fW grows slightly
when the dissipation is weak enough that the trapped particle fraction is negligible,
e.g., roughly, ft < 10−3. Here the proposed mechanism drives the formation of
new detectable Wada points and fW reaches a maximum value, as indicated by
a red dashed line in both figures. However, as the dissipation is increased and
strong enough to trap a substantial fraction of particles, the number of Wada points
decreases drastically. In particular, as already explained above, a white basin appears
and the probability of detecting Wada points decreases since a colored boundary
point is less likely to be surrounded by the other three remaining colors.

Figure 5.8. (a) The fraction of Wada points fW on the basin boundaries for several values
of the fattening parameter and (b) the fraction of trapped particles ft both versus one
hundred values of the dissipation parameter belonging to the interval µ ∈ [0.01, 0.45] and
E0 = 2.5. We draw a red dashed line at the maximum value of fW , which is reached when
dissipation begins to be strong enough to trap particles, as indicated in (b) as well. On the
other hand, µm = 0.39 (black dashed line) represents strong dissipation for E0 = 2.5 and,
regarding the basin boundary topology, it indicates the separation between the partially
Wada [83] and non-Wada regimes. Furthermore, we draw four circles at the values of µ of
the basins shown in Fig. 5.9.

Finally, the fraction of Wada points tends to vanish, fW → 0, when the dissipa-
tion exceeds µm = 0.39, which is considered as strong dissipation for E0 = 2.5. We
indicate the beginning of the strong dissipative regime by a black dashed line in both
figures. This result is in perfect agreement with the findings obtained in Sec. 5.3,
where we prove for µ > µm that all fractal boundaries are removed and replaced by
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a new smooth basin representing trapped particles. Hence, for µ > µm all detected
boundary points are non-Wada, so that fW = 0.

The whole process of basin transformation described here is illustrated in Fig. 5.9,
where the appearance of Wada points under weak dissipation and their drastic
destruction in the strong dissipation regime can be appreciated.

Figure 5.9. Exit basins (gray scale) as computed for E0 = 2.5, and (a) µ = 0.09, (b)
µ = 0.24556, (c) µ = 0.36111 and (d) µ = 0.41. We plot in red the Wada points detected
by the merging method when the fattening parameter value is r = 6. Finally, the white
basin represents particles trapped in the attractors.

5.5 Conclusions and discussions

We have studied the dissipation effects on a three-dimensional open Hamiltonian
system. Specifically, in the conservative regime, the basin boundaries undergo a
topological metamorphosis at the critical energy Ec ≈ 2.25. Then, the Wada basins
become non-Wada basins when this critical energy is surpassed. In this context,
we argue that non-Wada basins expected in the conservative case (for E > Ec) can
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transform themselves into partially Wada basins in some situations where dissipation
can reduce the system energy below Ec.

We confirm the latter and detect how Wada points emerge on the basin boundaries
under weak dissipation, whereas strong dissipation prevents the formation of Wada
points. This phenomenology has no counterpart in dissipative two-dimensional open
Hamiltonian systems because there exist no critical energies related to a basin topo-
logical metamorphosis. As a result of this research, we claim that the Wada property
is driven, enhanced and, consequently, structurally stable under weak dissipation in
three-dimensional open Hamiltonian systems.

Finally, it should be noted that the concepts of critical trajectory and critical
time, introduced and discussed in Chapter 4, have proven to be useful and valid in a
three-dimensional chaotic scattering problem. More specifically, using the definition
of critical trajectory we have numerically obtained a value of the critical energy of
the system, such that Ec ≈ 2.250414, which is extremely similar to the one already
obtained in Ref. [11], where this three-dimensional system was first introduced.

The analysis carried out here may be useful in other three-dimensional models in
which the aim is to increase their predictability. Since a control parameter might
exceed a certain threshold value, an unpredictability source such as a Wada boundary
can be eliminated. However, we have proved that this control parameter can also be
modified by the energy loss over time. In this situation, the appearance of Wada
basins would again hinder the predictability. For instance, an application where
friction has crucial consequences might be the three-dimensional chaotic open flows of
active particles. They can model from the dynamics of pollutants in the atmosphere
(chemical activity) to the plankton population dynamics in an ocean (biological
activity) [86]. Finally, it is worth mentioning that dissipation is not the only factor
that can drive and enhance Wada structures. Some systems have been proven to
exhibit the Wada property when time delays are involved [87]. Thus, dissipation is
one more factor to be taken into account when predicting the behavior of dynamical
systems, precisely, in three dimensions.



Chapter 6

Results and discussion

“Watching it tonight, weary and wounded, it

was rather relaxing. The more I watched it,

the less chaotic it seemed. In fact, I began to

sense a greater underlying pattern to the way

the wind moved through the courtyard. It only

looked chaotic because it was vastly, marvelously

complex. What’s more, it seemed to be always

changing. It was a pattern made of changing

patterns.”

–Last part of an extract from The Name of

the Wind (2005), by Patrick Rothfuss.

Below, we summarize and discuss the main findings and the possible lines of
future research.

Lorentz transformations in relativistic chaotic scattering

In Chapter 3, we have continued the efforts of previous works devoted to charac-
terizing chaos in relativistic systems. Previously, it had been shown that an indicator
of chaos, such as the sign of Lyapunov exponents, is invariant under coordinate trans-
formations. This implies that chaos, if it exists, is an intrinsic property of systems
and, therefore, independent of the observer describing their dynamics. However,
the specific values of these exponents are not invariant, which indicate not only
whether it is chaotic but also how chaotic or unpredictable a dynamical system is.
Therefore, we have investigated how coordinate transformations affect how chaotic
or unpredictable the dynamics of the system is. To do so, we have studied the fractal
dimension of the scattering functions under the Lorentz transformations.

Precisely, throughout the third chapter, we have used the relativistic Hénon-Heiles
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system to study the scattering function of the escape times as measured from two
different clocks: one at rest, i.e., an inertial reference frame; and one comoving with
the particle, i.e., a noninertial reference frame. So, we have focused on how the time
dilation phenomenon occurs within the scattering region. We have observed that
the time dilation events take place chaotically. In other words, the time difference
measured from both clocks is extremely sensitive to initial conditions.

However, we have demonstrated that these time dilation chaotic events do not
affect topologically the structure of singularities present in the escape time function.
The reason for this is that such singularities are closely related to the chaotic saddle,
which is independent of the observer since it is defined by the exit basins. We
have obtained theoretically and computationally that the fractal dimension of the
function of escape times is invariant under any valid coordinate transformation,
including the Lorentz transformations. Thus, the main conclusion of the chapter
is that transient chaos, as had been proved for chaos, is coordinate invariant. The
key of the theoretical proof of this invariance has been to stress that the number of
escaping particles is independent of the clock that measures the escape time. On the
other hand, note that the sign of the Lyapunov exponents of a trajectory extremely
close to the chaotic saddle, and so non-escaping, is invariant. We believe that this is
at the basis of all the results obtained in this chapter.

Finally, it should be noted that this study has been developed under the prism
of special relativity, avoiding the framework of the theory of general relativity. We
also believe that, if aspects of the latter theory were taken into account, the results
and conclusions about the coordinate invariance of transient chaos would remain
valid, due to the observer-independent nature of the chaotic saddle. Nonetheless, in
future research, we plan to study the phenomenon of transient chaos using general
relativistic potentials.

Ergodic decay laws in Newtonian and relativistic chaotic scattering

In Chapter 4, we have studied the statistical laws governing the decay or escape
of particles from the inside of the scattering region in open Hamiltonian systems. In
particular, we have focused our investigation on the exponential decay laws based on
the fulfillment of the ergodic hypothesis, i.e., the equiprobability of the energetically
allowed dynamical states.

Most of the works about ergodicity in this type of systems study how the presence
of KAM tori invalidates the ergodic hypothesis due to the well-known stickiness
phenomenon. However, using again the Hénon-Heiles system, now in its Newtonian
version, we have provided computational evidence that the particle dynamics be-
fore escape is non-ergodic, regardless of the presence of KAM tori. To ensure the
absence of relevant KAM tori in phase space, we have developed a very affordable
computational method that obtains the fraction of KAM tori just by simulating the
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trajectories of escaping particles.

On the other hand, the exponential decay laws, typical of hyperbolic dynam-
ics and therefore dominated by a chaotic saddle, are in some works erroneously
associated with ergodic motions. In light of the computational results presented
in this chapter, the chaotic saddle prevents particles from evolving equiprobably
in the scattering region before leaving it. The reason is that many particles spend
a finite amount of time in the chaotic saddle vicinity before escaping, and such
a vicinity does not entirely occupy the scattering region. We have observed that,
when simulating particles starting from a uniform (or, in the context of this chapter,
microcanonical) distribution, the regions most populated of particles coincide quickly
with a fractal-like distribution over the chaotic saddle.

According to the above, the ergodic decay law studied in this Newtonian Hénon-
Heiles system is only able to quantify correctly the exponential decay rate in the
first instants of the time evolution, and only if the particles are launched distributed
uniformly over the scattering region. It is noteworthy that even the ergodic decay
law fails before the so-called critical time is reached, which has been extensively
analyzed and discussed for the first time in this system. Briefly, we have proven that
the critical time corresponds to the maximum escape time of a particle not affected
at all by KAM tori and the chaotic saddle.

Furthermore, we have studied and derived an ergodic decay law in the relativistic
version of the Hénon-Heiles system already explored in the third chapter. We have
obtained the same results as for the Newtonian case, i.e., this decay law fails due to
the same reasons. Nevertheless, we have verified that the approximation of assuming
an average Lorentz factor proposed in Chapter 3 also works and is useful in describing
escapes from a noninertial clock.

For all these reasons, we consider that this fourth chapter constitutes a step
toward the complete characterization of the decay laws in open Hamiltonian systems.
In future research, we believe it would be interesting to study other probability
densities on which to base the decay laws beyond the microcanonical distribution
and the ergodic hypothesis. As a matter of fact, in this chapter, we have pointed out
some guidelines to follow such as, for example, that probability densities have to be
based on the presence of the KAM tori and the chaotic saddle. On the other hand,
it is also worth considering more complex particle distributions that evolve in time,
since the critical time affects significantly the escape rate of particles.

Wada basins in dissipative three-dimensional chaotic scattering

Lastly, in Chapter 5, we have investigated a topological change in the boundary
of the exit basins in an open Hamiltonian system in three dimensions and in the
presence of dissipation. Specifically, we have used a system modeling the interaction
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of a point particle with a potential consisting of four Morse hills whose centers
are arranged in the form of a regular tetrahedron. Thus, we have studied, as the
dissipation varied, both the unpredictability of the system in terms of the fractal
dimension of the basin boundary and its topology.

Hence, we have observed that the fractal dimension of the basin boundary ex-
hibits non-monotonic behavior versus the dissipation parameter. When the system
is affected by weak (strong) dissipation, this fractal dimension grows (decreases),
making the system more (less) unpredictable. Consequently, given an energy value,
there exists a certain value of dissipation, µm, for which this fractal dimension is
maximum. For this value of the dissipation parameter, all particles starting from the
boundary of the basins are trapped in the attractors and the fractal boundaries are
replaced by a new smooth basin, representing the trapped particles.

The main finding of the fifth chapter is that the Wada property is driven, enhanced,
and, consequently, structurally stable under weak dissipation in three-dimensional
open Hamiltonian systems, as has also been proved for the two-dimensional case.
First, we recall that in this three-dimensional system in the absence of dissipation
the boundaries of the exit basins undergo a topological change when a critical value
of the energy Ec is exceeded: the Wada basins become non-Wada basins. Therefore,
we have proposed that it is possible for non-Wada basins expected in the conservative
case to become partially Wada basins by introducing weak dissipation. The reason
is that particles starting from the boundaries of the basins may escape from the
scattering region having reduced their energy below the critical value. This change
in the basin topology due to dissipation has no analogy in two-dimensional open
Hamiltonian systems, which have been extensively studied.

We have confirmed computationally this hypothesis by calculating the fraction of
Wada points at the boundary of the basins versus the dissipation parameter, again
obtaining a non-monotonic behavior. Specifically, we have observed that under weak
dissipation a creation process of Wada points takes place, while if the dissipation is
high enough to trap even a not very high number of particles this emergence process
stops, and the maximum of Wada points is reached. However, as the dissipation is
further increased, a process of destruction of these points takes place until they are
all destroyed when the dissipation is µm, being able to erase all traces of fractality
at the boundaries, as already explained above.

Finally, we have employed the concept of the critical time in a three-dimensional
open system for the first time, and it has been useful to obtain numerically and
very affordably the value of the critical energy of the system, Ec ≈ 2.250414. We
expect this work to be useful in other open systems where predictability is to be
enhanced. In future works, we plan to investigate whether topological changes occur
in the basins when the system is affected by external perturbations different from
dissipation (additive noise, periodic forcing, time delay, etc.) that cause its energy
to vary over time.
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Conclusions

“The answers you get depend on the questions

you ask.”

–Thomas Samuel Kuhn (1922-1996).

The conclusions of this thesis are summarized below:

� The main result of Chapter 3 has been the theoretical and computational
proof that transient chaos, as had been proved for chaos, is invariant under
coordinate transformations. Particularly, we have demonstrated that the
Lorentz transformations do not affect topologically both the structure and the
fractal dimension of the escape time functions. The reason is that the origin of
fractality is the chaotic saddle, whose nature is observer-independent.

� Also in the third chapter, we have observed that the time dilation events that
the particle undergoes are extremely sensitive to initial conditions. Thus, we
believe that this example is illustrative of how typical relativistic phenomena,
such as time dilation, can be significantly affected by the presence of chaos.
Finally, we consider it interesting to explore in the future chaotic scattering
processes where the effects of the theory of general relativity are involved.

� The main result of Chapter 4 is to have proved the limitations of the ergodic
decay laws in open Hamiltonian systems, both Newtonian and relativistic.

75



76 Chapter 7. Conclusions

These laws only adequately quantify exponential escape rates in the first
instants of time evolution. The reason is that, even in the absence of KAM
tori, the chaotic saddle causes rapidly particles to evolve non-uniformly in the
scattering region. In fact, the particle distribution converges to a fractal-like
distribution defined on this chaotic saddle.

� Moreover, in the fourth chapter, we have suggested new approaches to address
the study of decay laws. On the one hand, the probability density has to
take into account that particles evolve according to the mentioned fractal-like
probability density. On the other hand, it would be interesting to consider
probability densities evolving in the time since we have found that decay rates
can undergo subtle changes when certain times are reached, such as the so-
called critical time. We recall that this critical time has been computed and
extensively analyzed here for the first time in the Hénon-Heiles system. It
refers to the maximum escape time of a particle that is not affected by any
dynamical set and describes a straight trajectory.

� The main result of Chapter 5 has been that the Wada property is driven,
enhanced, and structurally stable in weakly dissipative three-dimensional
chaotic scattering. In particular, we have found that non-Wada basins transform
into partially Wada basins when weak dissipation reduces the system energy
below a certain critical energy value. It would be interesting to study how other
external perturbations can produce topological changes or other phenomena
that can hinder predictability in open systems.
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Resumen de la tesis en castellano

“Prefiero caminar con una duda que con un mal

axioma.”

–Javier Krahe (1944-2015).

Introducción

El caos gobierna un sinf́ın de fenómenos f́ısicos, qúımicos, biológicos e incluso
económicos. La razón de la ubicuidad del caos en la naturaleza es la presencia de
dinámicas no lineales, que son responsables de amplificar las pequeñas diferencias
entre trayectorias casi idénticas. De ah́ı que estos fenómenos, desde los movimientos
planetarios hasta las cotizaciones bursátiles, muestren una sensibilidad extrema al
cambio de sus condiciones iniciales. Sin embargo, el comportamiento caótico no
dura para siempre en algunos sistemas, de los que se dice que experimentan caos
transitorio. Una de las manifestaciones f́ısicas de este caos transitorio son los procesos
de dispersión caótica, que se tratan en esta tesis con profusión. En este caṕıtulo,
introducimos los aspectos básicos de la dispersión caótica y explicamos en qué tres
situaciones diferentes estudiamos este tipo de fenómenos.

Dispersión caótica en sistemas Hamiltonianos abiertos

La dispersión caótica es un campo fundamental en la dinámica no lineal por sus
muy diversas aplicaciones en f́ısica, como la dispersión de moléculas, la advección de
part́ıculas en mecánica de fluidos, la transición de materiales, o incluso la mecánica
celeste, entre otros.

Un proceso genérico de dispersión se caracteriza por una part́ıcula puntual que
viaja libremente desde una región remota y se encuentra con un obstáculo, a menudo
descrito en términos de un potencial, que afecta a su movimiento. Después de un
tiempo finito, la part́ıcula es capaz de abandonar la región de interacción, comúnmente
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denominada región de dispersión, y continuar su viaje libremente. Si esta interacción
es no lineal, la part́ıcula sufre un proceso de dispersión caótico en el que el momento
y la dirección en que abandona la región de dispersión dependen en gran medida
de su estado de movimiento inicial. En este tipo de problemas, es habitual estudiar
las llamadas funciones de dispersión, que relacionan las condiciones iniciales con
alguna variable representativa del estado final como, por ejemplo, el tiempo de
escape o la salida por la que se produce dicho escape. Curiosamente, estas funciones
presentan una estructura que no es simple ni trivial, y que, de hecho, está plagada
de singularidades debido a la actuación de la dinámica caótica. En este sentido, la
presencia de caos, incluso durante un tiempo finito, hace dif́ıcil predecir cuándo y
hacia qué dirección escapará la part́ıcula.

Estos procesos de dispersión caótica han sido investigados en diferentes sistemas,
a saber, billares caóticos, hard disks y mapas discretos con escapes. Aqúı, nos
dedicamos al estudio de la dispersión caótica en los sistemas continuos conocidos
como sistemas Hamiltonianos abiertos, donde el proceso de dispersión puede ser
descrito por el Hamiltoniano genérico independiente del tiempo

H(q,p) = H0(p) + V (q), (7.1)

donde q y p son las coordenadas espaciales y el momento de la part́ıcula, respec-
tivamente. Por otro lado, H0 representa el Hamiltoniano libre, que describe la
dinámica esencialmente libre de la part́ıcula cuando está lo suficientemente alejada
de la región de dispersión y su interacción con la función de potencial V (q) es
despreciable. Indicar que, cuando la part́ıcula evoluciona dentro de la región de
dispersión, el término H0 representa la enerǵıa cinética del sistema. La función
de potencial satisface dos aspectos adicionales para que se produzca un proceso de
dispersión caótica: deben existir varias salidas diferentes por las que la part́ıcula
pueda abandonar la región de dispersión y el potencial debe presentar términos no
lineales. Como se ha mencionado, la no linealidad es la responsable de amplificar las
diferencias entre trayectorias que parten de condiciones iniciales extremadamente
cercanas, haciendo que éstas diverjan entre śı y escapen por salidas diferentes.

En el espacio de las fases de un sistema Hamiltoniano abierto, existe un con-
junto no atractivo llamado silla caótica, formada por un número contable de órbitas
periódicas inestables rodeadas de un número incontable de órbitas no periódicas.
Además, se trata de un conjunto invariante, lo que significa que si una trayectoria
parte de unas condiciones iniciales pertenecientes a dicho conjunto, nunca podrá salir
de él. Sin embargo, la medida de Lebesgue de esta silla caótica es cero, por lo que lo
único que se puede conseguir es elegir una condición inicial extremadamente cercana
al conjunto invariante. En este caso, la part́ıcula describirá una trayectoria caótica
en las proximidades de la silla caótica hasta su eventual escape. Más concretamente,
las trayectorias se aproximan a la silla caótica a través del conjunto conocido como
variedad estable de la silla caótica, y la abandonan siguiendo su variedad inestable.
Dicho de otro modo, la silla caótica resulta de la intersección de sus variedades estable
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e inestable, que pueden interpretarse como las direcciones estables e inestables desde
las que una trayectoria se aproxima a las mencionadas órbitas periódicas. A la luz
de lo anterior, la silla caótica es la responsable de la existencia del caos transitorio
en la región de dispersión.

Pueden existir otros conjuntos invariantes que afecten a la dinámica del sistema,
como los toroides o toros Kolmogorov-Arnold-Moser (KAM). El origen de estos toros
KAM proviene del hecho de que los sistemas Hamiltonianos caóticos que los presentan
son esencialmente perturbaciones no lineales de sistemas Hamiltonianos integrables.
Aśı, los toros KAM son las estructuras supervivientes de tales perturbaciones. A
diferencia de la silla caótica, estos toros son conjuntos de medida de Lebesgue no
nula, lo que implica la posibilidad de que las part́ıculas evolucionen partiendo de
condiciones iniciales pertenecientes a ellos. En tal caso, sus trayectorias descritas
son periódicas, o cuasiperiódicas en la mayoŕıa de ocasiones, quedando atrapadas
para siempre en la región de dispersión. Además de impedir los escapes, los toros
KAM son los responsables de retrasar los escapes de las part́ıculas que describen
trayectorias cercanas a ellos. Esto se conoce como pegajosidad y es un aspecto clave
en el estudio de las leyes probabiĺısticas que rigen los escapes de las part́ıculas.

La enerǵıa mecánica del sistema determina la existencia de toros KAM en el
espacio de las fases, lo que a su vez determina la dinámica caótica subyacente. Cuando
las salidas del potencial permanecen abiertas, existen dos reǵımenes dinámicos, a
saber, los reǵımenes no hiperbólico e hiperbólico. En el primero, los toros KAM
coexisten con la silla caótica, y se dice que el espacio de las fases es mixto, ya que
presenta regiones en las que la dinámica es regular (no caótica) y otras en las que
es caótica. En cambio, en el régimen hiperbólico, t́ıpico de enerǵıas altas para las
que se destruyen los toros KAM relevantes, la silla caótica gobierna la dinámica y
transforma el espacio de fases en lo que se conoce como un mar caótico, donde todas
las regiones son caóticas.

A pesar de la variedad de sistemas Hamiltonianos abiertos, en esta tesis sólo
utilizamos dos de ellos. El primero es el sistema de Hénon-Heiles, un sistema
paradigmático de dispersión caótica en dos dimensiones ampliamente estudiado por
la simplicidad y, a la vez, la gran abundancia de comportamientos dinámicos que
presenta. En 1964, el astrónomo Michel Hénon y el astrof́ısico Carl Heiles, inmersos
en la búsqueda de la tercera integral de movimiento en mecánica celeste, introdujeron
este sistema para modelizar la dinámica estelar en un potencial no lineal que emula
una galaxia con simetŕıa triangular y de la que es posible escapar.

Por otro lado, el segundo es un sistema tridimensional que modeliza la interacción
de una part́ıcula puntual con moléculas diatómicas que no rotan. Este sistema
ha sido menos estudiado que el anterior puesto que la dispersión caótica se ha
investigado con más atención en dos dimensiones. Sin embargo, dada su simplicidad,
es un Hamiltoniano muy conveniente para explorar los fenómenos únicos del caso
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tridimensional. El potencial consiste en cuatro colinas de Morse tridimensionales
cuyos centros se sitúan en los vértices de un tetraedro regular. Por último, cabe
mencionar que el potencial de Morse, que debe su nombre al f́ısico Philip M. Morse,
es un modelo interesante, aunque ya obsoleto, para describir la enerǵıa potencial de
una molécula formada por dos átomos.

Tres problemas diferentes

Dedicamos el Caṕıtulo 3 a la dispersión caótica relativista. Antes de nada, indicar
que se han realizado numerosos trabajos relevantes sobre relatividad y caos. Para
ilustrar la amplitud de temas a los que se dedica la fruct́ıfera intersección de estos
dos campos, mencionamos los resultados de dos trabajos publicados recientemente.
Por un lado, se ha comprobado que la dinámica desarrollada por los rayos de luz que
se propagan en los conocidos metamateriales ópticos es t́ıpica de un sistema sujeto
a caos transitorio. Los autores destacan que en este tipo de materiales es posible
verificar experimentalmente algunas de las hipótesis propuestas por la teoŕıa de la
relatividad general sobre el movimiento de la luz. Por otro lado, se ha demostrado
numéricamente que la presencia de un horizonte de sucesos puede inducir caos en un
sistema integrable. Este resultado puede ser interesante, como sugieren los autores,
en el estudio de la radiación de Hawking, cuyas part́ıculas seŕıan irradiadas por el hor-
izonte y, a su vez, afectadas dinámicamente por él para describir trayectorias caóticas.

En cuanto a la dispersión caótica, los primeros trabajos sobre sistemas rela-
tivistas se centraron en el hecho de que la mecánica Newtoniana y la relativista
divergen rápidamente al simular trayectorias caóticas individuales, incluso en el
caso de velocidades mucho menores que la de la luz. No obstante, también para
velocidades pequeñas, se demostró numéricamente que algunas propiedades dinámicas
globales son robustas y que se obtienen resultados similares teniendo en cuenta ambas
mecánicas. Otros trabajos han mostrado cómo la variación de un parámetro del
sistema relativista puede afectar topológicamente a la estructura del espacio de las
fases. En particular, estos trabajos demuestran numéricamente que este cambio
topológico se debe a la destrucción de los toros KAM, lo que tiene consecuencias
significativas en la predictibilidad del comportamiento asintótico de los sistemas.
Finalmente, en otro trabajo interesante se simula un proceso de dispersión caótica
en un sistema binario de agujeros negros. Sus autores prueban que las sombras
proyectadas por los agujeros negros presentan una estructura fractal intrincada que
exhibe la peculiar propiedad de Wada, que introducimos más adelante.

Sin duda, uno de los resultados más importantes del caos relativista ha sido su
invariancia bajo transformaciones de coordenadas. Es decir, la dinámica caótica
presente en un sistema relativista no puede ser completamente borrada por una
elección adecuada del sistema de referencia en el que describirlo. En otras palabras, el
caos es una propiedad intŕınseca de los sistemas relativistas cuya dinámica es caótica.
Este importante resultado se deriva del hecho de que el signo de los exponentes de



Introducción 87

Lyapunov, un indicador común de caos capaz de medir la divergencia exponencial
de trayectorias cercanas, es invariante bajo transformaciones de coordenadas. En
este contexto, en el Caṕıtulo 3, investigamos si el caos transitorio es invariante
también. Para ello, exploramos numéricamente la dimensión fractal de la silla caótica
en el sistema de Hénon-Heiles relativista especial. El estudio de esta dimensión
fractal es común en dispersión caótica debido a que proporciona información sobre
la imprevisibilidad del sistema.

Sin embargo, la mayoŕıa de los estudios que utilizan el sistema de Hénon-Heiles
como modelo lo hacen en el marco de la mecánica Newtoniana. Estos trabajos, y
otros dedicados a la dispersión caótica en sistemas similares, se centran en desen-
trañar el efecto de los conjuntos caóticos y no caóticos en tres cuestiones principales:
la incertidumbre asociada a la predicción de los comportamientos asintóticos de
estos sistemas, las estructuras fractales que existen en el espacio de las fases y sus
propiedades y, por último, las leyes probabiĺısticas que rigen los eventuales escapes.

En nuestro caso, continuamos en el Caṕıtulo 4 la caracterización de estas leyes
cuyo nombre habitual en la literatura es leyes de decaimiento. Sin embargo, incluimos
en este estudio algunos elementos novedosos que han recibido menos atención en
el contexto de los sistemas abiertos. En primer lugar, analizamos y discutimos
en profundidad el papel de la ergodicidad en los procesos de escape en sistemas
Hamiltonianos abiertos. Por otro lado, aunque el sistema de Hénon-Heiles ha sido
ampliamente estudiado, todav́ıa es posible investigar algunos aspectos sorprendentes
como la existencia de un tiempo cŕıtico, que es clave para comprender en detalle
las leyes de decaimiento. Finalmente, también complementamos este estudio New-
toniano extendiendo nuestros hallazgos y afirmaciones al caso relativista especial,
para lo cual aprovechamos algunos elementos espećıficos del estudio relativista previo.

Abordamos en el Caṕıtulo 5 el tercer y último trabajo de esta tesis, que se enmarca
en el caso tridimensional, poco estudiado y con fenómenos singulares. Además, con-
sideramos que el sistema tridimensional que tratamos no está aislado de su entorno,
lo que ciertamente modeliza una caracteŕıstica t́ıpica de los sistemas presentes en la
naturaleza. En consecuencia, su enerǵıa mecánica no es una cantidad conservada y,
de hecho, disminuye a medida que el tiempo avanza. Esta situación se conoce como
el régimen disipativo de un sistema o que es afectado por disipación.

A pesar de que la gran mayoŕıa de los trabajos sobre sistemas Hamiltonianos
abiertos se han dedicado a problemas conservativos, recientemente están proliferando
estudios con resultados sorprendentes en presencia de perturbaciones externas, como
el ruido, la conducción periódica o la mencionada disipación de enerǵıa. Por ejemplo,
se ha demostrado numéricamente que ciertas intensidades de ruido gaussiano aditivo
favorecen que las trayectorias duren transitorios más largos en la región de dispersión.
La razón es que el ruido afecta a la enerǵıa mecánica del sistema y es capaz de
conducirlo aleatoriamente a enerǵıas más bajas donde la probabilidad de escapar es



88 Resumen de la tesis en castellano

menor e incluso nula. Para el caso disipativo bidimensional, se ha hecho hincapié
en el estudio de la predictibilidad de los estados finales y en la persistencia de las
estructuras de Wada.

La propiedad de Wada es una intrigante propiedad topológica de algunos conjuntos,
según la cual la frontera que separa tres o más conjuntos es común a todos ellos.
En dispersión caótica, esta propiedad puede estar presente en las fronteras de los
conjuntos conocidos como cuencas de salida, es decir, conjuntos de condiciones
iniciales que conducen a una salida espećıfica del potencial. Estas cuencas de salida
son una herramienta común para determinar qué regiones de condiciones iniciales son
fractales, y por tanto imprevisibles si existe incertidumbre en la elección de dichas
condiciones iniciales. En una frontera Wada donde aparentemente solo coexisten
dos cuencas de salida, siempre es posible encontrar todas las demás cuencas, lo
que representa una clara fuente de imprevisibilidad. En concreto, investigamos en
el quinto caṕıtulo esta propiedad en el caso tridimensional disipativo, que no ha
sido explorado hasta ahora. Sorprendentemente, descubrimos una transformación
topológica sin analoǵıa en dos dimensiones en la frontera de las cuencas.

Metodoloǵıa

Para llevar a cabo esta tesis se ha utilizado una metodoloǵıa computacional y
teórica. Por lo tanto, la mayoŕıa de las conclusiones y afirmaciones se han demostrado
y confirmado numéricamente.

Métodos numéricos

Los dos sistemas Hamiltonianos abiertos que tratamos aqúı no son integrables
debido a la presencia de términos no lineales. Por lo tanto, hay que emplear métodos
numéricos para resolver de forma aproximada las ecuaciones de movimiento, las
cuales consisten en un sistema de ecuaciones diferenciales ordinarias sin solución
anaĺıtica exacta. Por ello, hemos utilizado dos solvers con los que obtenemos todos
los resultados computacionales de esta tesis. Por un lado, en el Caṕıtulo 3, hemos
utilizado un método Runge-Kutta de cuarto orden con un paso de integración fijo.
Nos proporciona un buen equilibrio entre su coste computacional, en tiempo y
recursos, y precisión. Los métodos Runge-Kutta no son simplécticos, pero hemos
encontrado que las fluctuaciones de enerǵıa son insignificantes debido al pequeño
tamaño del paso de integración fijo seleccionado. Por otro lado, hemos optado
por un método más preciso para el resto de caṕıtulos, concretamente un método
Runge-Kutta-Fehlberg adaptativo. Cuenta con un paso de integración de tamaño
variable, y también un parámetro que establece la tolerancia de error deseada. Estas
dos caracteŕısticas son convenientes cuando se resuelven numéricamente trayectorias
que se acercan a regiones “problemáticas” del espacio de las fases, como puede ser
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la vecindad de los toros KAM. En nuestras computaciones, las fluctuaciones de
enerǵıa para el método adaptativo se reducen notablemente, en una quinta parte,
con respecto al método de paso fijo.

Funciones de dispersión

Una función de dispersión es un instrumento matemático que nos permite rep-
resentar la relación entre los estados dinámicos de entrada y salida de la part́ıcula.
Por ejemplo, una función de dispersión t́ıpica es la función de tiempo de escape, que
utilizamos en el Caṕıtulo 3. La presencia de la silla caótica hace que la función de
tiempo de escape exhiba una estructura t́ıpicamente no suave y, de hecho, se dice
que está llena de singularidades. Para mayor claridad, una singularidad en la función
de tiempo de escape se encuentra entre dos condiciones iniciales que están muy cerca
pero que dan resultados muy diferentes. Además, debido a la naturaleza fractal
de la silla caótica, esta estructura de singularidades es también fractal y, a veces,
autosimilar, de modo que la dificultad para determinar el tiempo de escape persiste
incluso cuando mejoramos la precisión en la elección de las condiciones iniciales. Otra
función de dispersión son las cuencas de salida. En dispersión caótica, una cuenca de
salida se define como el conjunto de condiciones iniciales cuyas trayectorias acaban
escapando por una salida determinada. Las condiciones iniciales que pertenecen a
una cuenca de salida y que limitan con una cuenca diferente constituyen lo que se
conoce como la frontera de la cuenca. Al igual que los tiempos de escape, la presencia
de la silla caótica implica que esta frontera, donde se encuentran las singularidades
de la función, sea fractal. Curiosamente, las part́ıculas que parten de la frontera de
las cuencas de salida producen tiempos de escape muy elevados porque tardan largos
transitorios en converger a una de las salidas.

Uno de los indicadores de caos que utilizamos en varios caṕıtulos es la dimensión
fractal de la estructura de singularidades de estas funciones, que a su vez da in-
formación sobre la silla caótica. Esta dimensión fractal puede calcularse mediante
el algoritmo del exponente de incertidumbre, para el que se define el concepto de
condición inicial incierta. Esto es, una condición inicial que perturbada mı́nimamente
arroja un resultado lo suficientemente diferente (bajo un criterio establecido y arbi-
trario) como para determinar que entre la condición inicial original y la mı́nimamente
perturbada se encuentra una singularidad. Este algoritmo, en esencia, se basa en
estimar la tendencia de la fracción de las condiciones iniciales inciertas a medida que
disminuye el valor de la perturbación, es decir, a medida que se mejora la resolución
en la determinación de las condiciones iniciales. Distinguimos dos situaciones ex-
tremas, a saber, que la función de los tiempos de escape sea completamente suave o,
por el contrario, que esté plagada de singularidades. En el primer caso, de mı́nima
imprevisibilidad, la ausencia de singularidades implica que la dimensión fractal es
nula. Entonces, el número de condiciones inciertas se reduce si se mejora la resolución
a la hora de elegir las condiciones iniciales. Por otro lado, en el escenario de máxima
imprevisibilidad, las singularidades ocupan densamente todo el espacio de condiciones
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iniciales. Por lo tanto, el número de condiciones inciertas no disminuye aunque se
mejore la mencionada resolución. Aśı, la estructura fractal de las singularidades se
encuentra en todas las escalas.

Leyes de decaimiento

Una forma habitual de estudiar estas leyes es simular un gran número de part́ıculas
(no interaccionan entre śı) a partir de diferentes condiciones iniciales y observar la
tipoloǵıa y ritmo de los escapes. En particular, se distinguen dos tipos de leyes
de escape en función de la existencia de toros KAM en el espacio de las fases.
Por un lado, las part́ıculas escapan siguiendo una ley de decaimiento exponencial
cuando una silla caótica gobierna la dinámica en ausencia de toros KAM. Por otra
parte, la presencia de toros KAM impide que la mayoŕıa de las part́ıculas escapen
exponencialmente debido al fenómeno de la pegajosidad, por el que las part́ıculas que
parten de regiones caóticas pueden pegarse a las proximidades de una región regular
antes de escapar. Por lo tanto, los escapes tienen lugar de forma sustancialmente
más lenta y, en consecuencia, las part́ıculas escapan según una ley de decaimiento
algebraico a tiempos largos. Además, la pegajosidad de estos toros también puede
influir significativamente en otras propiedades de los sistemas abiertos, como la ya
introducida dimensión fractal.

Resultados y discusión

A continuación, resumimos y discutimos los principales resultados y las posibles
ĺıneas de investigación futuras.

Transformaciones de Lorentz en la dispersión caótica relativista

En el Caṕıtulo 3, hemos continuado los esfuerzos de trabajos previos dedicados a
caracterizar el caos en los sistemas relativistas. Anteriormente, se hab́ıa demostrado
que un indicador de caos, como es el signo de los exponentes de Lyapunov, es invari-
ante bajo transformaciones de coordenadas. Esto implica que el caos, si existe, es
una propiedad intŕınseca de los sistemas y, por tanto, independiente del observador
que describe su dinámica. Sin embargo, los valores espećıficos de estos exponentes
no son invariantes, los cuales indican no sólo si es caótico sino también cuánto de
caótico o imprevisible es un sistema dinámico. Por lo tanto, hemos investigado cómo
las transformaciones de coordenadas afectan a cuánto de caótico es la dinámica
del sistema. Para ello, hemos estudiado la dimensión fractal de las funciones de
dispersión bajo transformaciones de Lorentz.

En particular, a lo largo del tercer caṕıtulo, hemos utilizado una versión relativista
del conocido sistema de Hénon-Heiles para estudiar la función de dispersión de los
tiempos de escape medidos desde dos relojes diferentes: uno en reposo, es decir, un
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sistema de referencia inercial; y otro comóvil a la part́ıcula, es decir, un sistema de
referencia no inercial. Aśı, nos hemos centrado en cómo se produce el fenómeno de
la dilatación temporal dentro de la región de dispersión. Hemos observado que los
eventos de dilatación temporal tienen lugar de forma caótica. En otras palabras, la
diferencia de tiempo medida desde ambos relojes es extremadamente sensible a la
variación de las condiciones iniciales de la trayectoria de la part́ıcula.

Sin embargo, hemos demostrado que estos eventos caóticos de dilatación tem-
poral no afectan topológicamente a la estructura de singularidades presente en la
función de los tiempos de escape. La razón de ello es que tales singularidades están
estrechamente relacionadas con la silla caótica, que es un conjunto definido en base
a las cuencas de salida, y por tanto independiente del observador. De hecho, hemos
obtenido anaĺıtica y computacionalmente que la dimensión fractal de esta función
es invariante bajo cualquier transformación válida de coordenadas, incluyendo las
transformaciones de Lorentz. Aśı, la principal conclusión del caṕıtulo es que el caos
transitorio, como se hab́ıa demostrado para el caos, es invariante relativista. La
clave para probar esta invariancia ha sido argumentar que el número de part́ıculas
que escapan es independiente del reloj que mide el tiempo de escape. Por otro
lado, cabe señalar que el signo de los exponentes de Lyapunov de una trayectoria
extremadamente cercana a la silla caótica, y por tanto que no escapa, es invariante.
Creemos que esto último está en la base de todos los resultados obtenidos en este
caṕıtulo.

Este estudio se ha desarrollado bajo el prisma de la relatividad especial, evitando
el marco de la teoŕıa de la relatividad general. Sin embargo, consideramos que, si
se tuvieran en cuenta aspectos de esta última teoŕıa, los resultados aqúı obtenidos
sobre la invariancia del caos transitorio seguiŕıan siendo válidos, debido a la nat-
uraleza independiente del observador de la silla caótica. No obstante, en futuras
investigaciones estudiaremos el fenómeno del caos transitorio utilizando potenciales
relativistas generales.

Leyes de decaimiento ergódicas en la dispersión caótica Newtoniana y relativista

En el Caṕıtulo 4, hemos estudiado las leyes estad́ısticas que gobiernan el de-
caimiento o escape de part́ıculas del interior de la región de dispersión en sistemas
Hamiltonianos abiertos. En concreto, hemos centrado nuestra investigación en las
leyes de decaimiento exponencial basadas en el cumplimiento de la hipótesis ergódica,
es decir, la equiprobabilidad de los estados dinámicos energéticamente permitidos.

Por un lado, la mayoŕıa de los trabajos sobre ergodicidad en este tipo de sistemas
estudian cómo la presencia de toros KAM invalida claramente la hipótesis ergódica
debido al conocido fenómeno de la pegajosidad. Sin embargo, utilizando de nuevo el
sistema de Hénon-Heiles, ahora en su versión Newtoniana, hemos aportado evidencia
computacional de que la dinámica de las part́ıculas antes del escape es no ergódica,
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independientemente de la presencia de toros KAM. De hecho, para asegurar la
ausencia de toros KAM relevantes en el espacio de las fases, hemos desarrollado
un método computacional muy asequible que calcula la fracción de toros KAM
únicamente simulando las trayectorias de las part́ıculas que escapan.

Por otro lado, las leyes de decaimiento exponencial, t́ıpicas de la dinámica
hiperbólica dominada por una silla caótica, se asocian erróneamente en algunos
trabajos con movimientos ergódicos. A la luz de los resultados computacionales
presentados en este caṕıtulo, la silla caótica impide que las part́ıculas recorran
de forma equiprobable la región de dispersión antes de abandonarla. La razón es
que muchas part́ıculas pasan una cantidad finita de tiempo en la vecindad de la
silla caótica antes de escapar, y tal vecindad no ocupa completamente la región de
dispersión. De hecho, hemos observado que al simular part́ıculas que parten de una
distribución uniforme (microcanónica), rápidamente las regiones más pobladas de
part́ıculas coinciden con una distribución de tipo fractal sobre la silla caótica.

En consonancia con lo anterior, la ley de decaimiento ergódica estudiada en este
sistema de Hénon-Heiles Newtoniano sólo es capaz de cuantificar correctamente la
tasa de decaimiento exponencial en los primeros instantes de la evolución temporal,
y sólo si las part́ıculas se lanzan uniformemente distribuidas sobre la región de
dispersión. Cabe destacar que incluso la ley de decaimiento ergódica falla antes
de que se alcance el llamado tiempo cŕıtico, que ha sido ampliamente analizado y
discutido por primera vez en este sistema. Hemos demostrado que el tiempo cŕıtico
corresponde al tiempo de escape máximo de una part́ıcula no afectada en absoluto
por los toros KAM y la silla caótica.

Además, hemos estudiado y derivado una ley de decaimiento ergódica para la
versión relativista del sistema de Hénon-Heiles, ya explorada en el tercer caṕıtulo.
Hemos obtenido los mismos resultados que en el caso Newtoniano, es decir, que esta
ley de decaimiento falla por las mismas razones. No obstante, hemos comprobado que
la aproximación de suponer un factor de Lorentz promedio propuesta en el Caṕıtulo
3 también funciona y es útil para describir los escapes desde un sistema de referencia
no inercial.

Por todo lo anterior, consideramos que el cuarto caṕıtulo constituye un paso
adelante hacia la caracterización completa de las leyes de decaimiento en los sistemas
Hamiltonianos abiertos. En futuras investigaciones, creemos que seŕıa interesante
estudiar otras densidades de probabilidad en las que basar las leyes de decaimiento
más allá de la distribución microcanónica y la hipótesis ergódica. De hecho, en este
caṕıtulo hemos señalado algunas pautas a seguir como, por ejemplo, que las densidades
de probabilidad se basen en la presencia de los toros KAM y la silla caótica. Por
otra parte, también conviene considerar distribuciones de part́ıculas más complejas
que evolucionen en el tiempo, ya que el tiempo cŕıtico afecta significativamente al
ritmo de escape de las part́ıculas.
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Cuencas Wada en la dispersión caótica disipativa y tridimensional

En el Caṕıtulo 5, hemos investigado un cambio topológico en la frontera de las
cuencas de salida de un sistema Hamiltoniano abierto tridimensional y afectado por
disipación. Concretamente, hemos utilizado un sistema que modeliza la interacción
de una part́ıcula puntual con un potencial formado por cuatro colinas de Morse cuyos
centros están dispuestos en forma de tetraedro regular. Aśı, hemos estudiado, al
variar la intensidad de la disipación, tanto la predictibilidad del sistema en términos
de la dimensión fractal de la frontera de las cuencas como su topoloǵıa.

Hemos observado que esta dimensión fractal presenta un comportamiento no
monótono frente al parámetro de disipación. Cuando el sistema se ve afectado por
una disipación débil (fuerte), esta dimensión fractal crece (disminuye), haciendo que
el sistema sea más (menos) impredecible. En consecuencia, dada una enerǵıa, existe
un cierto valor de la disipación, µm, para el cual esta dimensión fractal es máxima.
Para esta disipación todas las part́ıculas que parten de la frontera de las cuencas
quedan atrapadas en los atractores, y aśı las fronteras fractales son sustituidas por
una nueva cuenca suave (que representa a las part́ıculas atrapadas).

El principal hallazgo del quinto caṕıtulo es que la propiedad de Wada es inducida,
potenciada y, en consecuencia, estructuralmente estable bajo disipación débil en
sistemas Hamiltonianos abiertos tridimensionales, como también se ha demostrado
para el caso bidimensional. En primer lugar, recordamos que, en este sistema tridi-
mensional en ausencia de disipación, las fronteras de las cuencas de salida sufren un
cambio topológico cuando se supera un valor cŕıtico de la enerǵıa Ec: las cuencas
Wada se convierten en cuencas no Wada. Por lo tanto, hemos propuesto que es
posible que las cuencas no Wada, esperadas en el caso conservativo, se conviertan en
cuencas parcialmente Wada introduciendo una disipación débil. La razón es que las
part́ıculas que parten de las fronteras de las cuencas pueden escapar de la región de
dispersión habiendo reducido su enerǵıa por debajo del valor cŕıtico. Este cambio en
la topoloǵıa de las cuencas debido a la disipación no tiene analoǵıa en los sistemas
Hamiltonianos abiertos bidimensionales, los cuales han sido ampliamente estudiados.

Hemos confirmado computacionalmente esta hipótesis calculando la fracción de
puntos de Wada en la frontera de las cuencas frente al parámetro de disipación, obte-
niendo de nuevo un comportamiento no monótono. En concreto, hemos observado
que bajo una disipación débil se produce un proceso de creación de puntos Wada,
mientras que si la disipación es lo suficientemente alta como para atrapar incluso
un número no muy elevado de part́ıculas este proceso de emergencia se detiene y
se alcanza el máximo de puntos Wada. Sin embargo, a medida que aumenta la
disipación, tiene lugar un proceso de destrucción de puntos Wada hasta que se
destruyen todos cuando la disipación vale µm, borrándose todo rastro de fractalidad
en las fronteras, como ya se ha explicado anteriormente.
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Por último, hemos empleado por primera vez el concepto de tiempo cŕıtico en un
sistema abierto tridimensional, y nos ha servido para obtener numéricamente de forma
muy asequible el valor de la enerǵıa cŕıtica del sistema. Esperamos que este trabajo
sea útil en otros sistemas abiertos en los que se quiera mejorar la predictibilidad. En
futuros trabajos, tenemos previsto investigar si se producen cambios topológicos en
las cuencas cuando el sistema se ve afectado por perturbaciones externas diferentes
a la disipación (ruido aditivo, forzamiento periódico, retardo temporal, etc.) que
hagan variar su enerǵıa a lo largo del tiempo.

Conclusiones

Las conclusiones principales de esta tesis se resumen a continuación:

� El principal resultado del Caṕıtulo 3 ha sido la demostración teórica y com-
putacional de que el caos transitorio, como se hab́ıa demostrado para el caos,
es invariante bajo transformaciones de coordenadas. En particular, hemos
demostrado que las transformaciones de Lorentz no afectan topológicamente a
la estructura y a la dimensión fractal de las funciones de tiempo de escape. La
razón es que el origen de la fractalidad es la silla caótica, cuya naturaleza es
independiente del observador.

� También en el tercer caṕıtulo hemos observado que los eventos de dilatación
temporal que experimenta la part́ıcula son extremadamente sensibles a las
condiciones iniciales. Por lo tanto, creemos que este ejemplo es ilustrativo
de cómo los fenómenos relativistas, como la mencionada dilatación temporal,
pueden verse significativamente afectados por la presencia de caos. Por último,
consideramos interesante explorar en el futuro procesos de dispersión caótica
en los que intervengan efectos propios de la teoŕıa de la relatividad general.

� El principal resultado del Caṕıtulo 4 es haber demostrado las limitaciones de
las leyes de decaimiento ergódicas en sistemas Hamiltonianos abiertos, tanto
Newtonianos como relativistas. Estas leyes sólo cuantifican adecuadamente las
tasas de escape exponencial en los primeros instantes de la evolución temporal.
La razón es que, incluso en ausencia de toros KAM, la silla caótica hace que
las part́ıculas evolucionen rápidamente de forma no uniforme en la región
de dispersión. De hecho, la distribución de las part́ıculas converge a una
distribución de tipo fractal definida sobre la silla caótica.

� Además, en el cuarto caṕıtulo, hemos sugerido nuevos enfoques para abordar el
estudio de las leyes de decaimiento. Por un lado, la densidad de probabilidad
tiene que tener en cuenta que las part́ıculas evolucionen según la mencionada
densidad de probabilidad de tipo fractal. Por otro lado, seŕıa interesante
considerar densidades de probabilidad que evolucionen en el tiempo, ya que
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hemos encontrado que las tasas de decaimiento pueden sufrir cambios sutiles
cuando se alcanzan ciertos tiempos, como el llamado tiempo cŕıtico. Recordamos
que este tiempo cŕıtico ha sido calculado y analizado extensamente aqúı por
primera vez en el sistema de Hénon-Heiles. Se refiere al tiempo de escape
máximo de una part́ıcula que no se ve afectada por ningún conjunto dinámico
y, en consecuencia, describe una trayectoria recta.

� El resultado principal del Caṕıtulo 5 ha sido que la propiedad de Wada es in-
ducida, potenciada y estructuralmente estable en procesos de dispersión caótica
tridimensionales y débilmente disipativos. En particular, hemos encontrado
que las cuencas no Wada se transforman en cuencas parcialmente Wada cuando
una disipación débil reduce la enerǵıa del sistema por debajo de un cierto valor
cŕıtico. Seŕıa interesante estudiar cómo otras perturbaciones externas producen
cambios topológicos u otros fenómenos que puedan dificultar la predictibilidad
en los sistemas abiertos.




