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1. Motivation and significance

Time series (TS) are pervasive in contemporary applications [1]
such as multimedia, medicine, or finance [2-4]. While classical
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tools to deal with TS exploit stationarity and frequency repre-
sentations, the explosion in data availability has rendered more
heterogeneous and complex TS (e.g., having different duration or
including both categorical and numerical data). This has sparked
the interest of the data-science and machine learning (ML) com-
munities in dealing with both univariate TS (UTS) and multivari-
ate TS (MTS) [2]. The definition of a well-suited distance (alterna-
tively, a similarity) function is key to many ML approaches [5]. In
this context, dynamic time warping (DTW), originally proposed
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Selection of the most relevant parameters
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Fig. 1. Flow-diagram representing the most critical parts of the software architecture. Yellow boxes indicate outputs and blue ones input and configuration parameters.
Only the most relevant input parameters are shown, for a comprehensive list, check Table 1. Visualization is only available when using dtwParallel with an APL
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

to handle potential misalignments between univariate speech
signals [6], has emerged as one of the most prominent distances
for TS [7,8].

DTW has been employed in several ML tasks [1,5], and recent
advances have reduced the computational complexity relative to
the series length [ 1]. However, no efforts have been accomplished
for setups with multiple MTS, where parallelization is advanta-
geous. Moreover, current software implementations (e.g., [9-16])
exhibit additional limitations since they have been designed to
address a specific problem. They may lack simplicity, ease of
use, or do not allow working with features of different nature,
among others. These limitations motivated dtwParallel with
the ultimate goal of facilitating and fostering the use of DTW.

From a software-engineering viewpoint, dtwParallel is
based on the low-floor, high-ceiling, and wide-walls software-
design principle [17,18], which comes from educational environ-
ments and, in particular, from those that aim to bring program-
ming to young people [18]. As a result, dtwParallel aims to:
(i) render DTW accessible to everybody, even those with fewer
technical and mathematical skills, making it suitable for learn-
ing (low-floor); (ii) be appropriate for advanced uses, including
industry-ready applications (high-ceiling); and (iii) be versatile
enough for many types of tasks (wide-walls).

dtwParallel combines the functionalities of the most rel-
evant state-of-the-art DTW software packages (in particular [9-
16]) with novel functionalities, such as computation of both in-
dependent and dependent DTW for MTS [19], consideration of
multimodal data [20,21], parallelization, and computation of both
distances and similarities (based on an exponential kernel) [22,
23).

2. Software description
2.1. Introduction to dtwParallel

We focus first on the simplest case where the inputs x and
y are two UTS with length (duration) T and T’, respectively. The
DTW distance between x and y is computed using dtwParallel,
supplying dprw (x, y) as output. Alternatively, if X is a collection of
N UTS and Y of M UTS (typically as a matrix), the dtwParallel
package returns an N x M matrix whose (i, j)-th entry represents
the DTW distance between the i-th UTS in X and the j-th UTS

in Y. Finally, if the input of dtwParallel is only X, the output
is an N x N symmetric distance matrix whose (i,j)-th entry
represents the DTW distance between the i-th and the j-th UTS
in X. For MTS, dtwParallel works similarly: if two single MTS
are used as input (each of them being a matrix with F rows, as
many as features, and columns representing time instants), the
output is a scalar; if two collections of MTS are used as input
(typically as a tensor collecting either N or M matrices, each of
the matrices representing a single MTS), the output is a non-
symmetric rectangular matrix; and if only one collection of MTS
is used as input, the output is a symmetric distance matrix. As
detailed next, the additional inputs and configuration parameters
allow the implementation of several types of local dissimilarity
functions, including the L1-norm, the L2-norm, or the square
Euclidean distance [24,25], among others. The transformation of
a distance matrix into a similarity matrix via an exponential
kernel and the visualization of intermediate results providing
additional information on the temporal structure of the inputs is
also implemented in dtwParallel.

2.2. Software architecture and functionalities

The dtwParallel package is designed to be easy to use and
interact with via the command line or a Python APL. Its operation
can be tuned via 14 parameters (see Table 1), most of which
activate additional functionalities and advanced options.

The flowchart of the package is detailed in Fig. 1. Some rele-
vant features are summarized next:

e After inputting the set of TS whose distances must be com-
puted, the users can specify the number of configuration
parameters. These include the nature of the TS, the type
of DTW distance (dependent or independent [19]), or if
a constrained search method to accelerate the computa-
tion of the warping/alignment path is implemented (two
constrained schemes, Itakura parallelogram [26] and Sakoe-
Chiba band [6,8] are provided). The list of options, along
with the “by default” values, is given in Table 1.

e When considering two TS, users can visualize the cost ma-
trix, the optimal warping path used to compute the distance
(for details, see [28]), and the alignment between TS. Visu-
alizing the intermediate results provides insights into the
alignment of both TS [8,28].
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Table 1

Description of the parameters of dtwParallel, including default values.
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API

Terminal

Description

Default

type_dtw

-t

Specifies the type of DTW scheme to
deal with the multiple features in the
MTS. The user can choose between
“dependent DTW” (d) or
“independent DTW” (i) [19].

d

constrained_path_search

Specifies the global constraint for
admissible paths in DTW. The user
can choose between “itakura” [26],
“sakoe_chiba” [6] or None.

None

local_dissimilarity

Specifies the type of local
dissimilarity/distance to be used.
Among others, all distances in
scipy.spatial.distance (see list
in [27]), as well as the Gower
distance (intended for multimodal
features), are allowed.

Euclidean

check_errors

-ce

Enables carrying out an exhaustive
error check.

False

visualization

-vis

Enables the visualization of the cost
matrix with the optimal route used
to find the value of the DTW
distance (uses the API).

False

MTS

MTS

Indicates if the computation involves
MTS (if true) or UTS (if false).

False

Not possible

Enables saving the output in a CSV
file.

False

Not possible

If the previous option is selected,
sets the name of the output file.

output.csv

n_threads

Sets the number of threads to
parallelize the computation of the
DTW distances among multiple pairs
of MTS. The value —1 is equivalent
to selecting all the available threads

-1

of your CPU.

dtw_to_kernel -k

Generates an additional output False

quantifying the similarities among
the input TS via an (exponential)
kernel transformation of the distance
matrix entries.

sigma_kernel -s

When performing the kernel 1

transformation, sets the value of the
parameter (sigma) specifying the
width of the exponential kernel.

regular_flag -rf

Value used to complete irregular 0

MTS. This value is removed
transparently to the user.

itakura_max_slope -imx

Maximum slope for the Itakura 2

parallelogram [26].

sakoe_chiba_radius -scr

Radius to be used for Sakoe-Chiba 1

band [6].

e When the number of TS exceeds 2, the activation of multi-
threaded computation (parallelization) and the number of
threads can be specified. Parallelization will speed up com-
putation, especially for a large number of TS (see Section 4.2
for details). The DTW distance between each pair of TS
has arranged in a (distance) matrix. Finally, an exponential
kernel transformation (the width of the kernel must be in-
dicated) can be applied to the distance matrix [23,29] to get
a similarity matrix as an additional output. Similarity ma-
trices are particularly suitable for visualization, supervised
classification/regression, or unsupervised clustering.

In a nutshell, the main functionality of dtwParallel is to
compute the DTW distance between two or more TS, where: (i)
the TS can be either uni or multivariate; (ii) the TS can have

different lengths; and (iii) for the multivariate case, features can
be of the same type or multimodal. Regarding the definition of the
DTW distance, several configuration choices are provided, includ-
ing: (a) the function to quantify the dissimilarity between values
of the TS at two time instants (Euclidean, Manhattan, among
others); and (b) for the multivariate case, the DTW approach
(independent or dependent) to deal with the multiple features
in an MTS. From the execution point of view, dtwParallel
offers the possibility of speeding up computations across pairs of
series and features. From an application viewpoint, dtwParal-
lel allows the generation of a similarity matrix quantifying the
closeness between TS. Finally, our tool provides additional minor
functionality such as reading the inputs from CSV or npy files
and, for N = 2 input series, visualizing the time-instant-to-time
instant cost matrix used to obtain the DTW distance.
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#E1

from dtwParallel import dtw_functions
2 from scipy.spatial import distance
import numpy as np
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dtw_distance = dtw_functions.dtw(x, y, local_dissimilarity=distance.euclidean, check_errors=True)

print("DTW distance: ", np.round(dtw_distance,4))

dtw_distance = dtw_functions.dtw(x, y, local_dissimilarity=distance.canberra)

print("DTW distance:

", np.round(dtw_distance,4))

dtw_distance = dtw_functions.dtw(x, y, local_dissimilarity=distance.euclidean, get_visualization=True)

print("DTW distance: ", np.round(dtw_distance,4))

DTW distance: 45.4
DTW distance: 5.4687

DTW distance: 45.4

80

70

60

50

-40

-30

-20

—— Time series 1
—— Time series 2

Fig. 2. Example showing the python code (top panel) to obtain the DWT distance for 2 UTS (x and y), visualizing the cost matrix and the path followed to reach
the final distance (bottom-left panel), and visualizing the alignment between TS x and y (bottom-right panel). The bottom-right entry of the cost matrix represents

dprw (X, ¥). .
3. Illustrative examples

We present several examples that, with an increasing level of
complexity, are intended to gain insights on DTW and become
familiar with the dtwParallel package. The code of the exper-
iments is available as a Jupyter Notebook at https://github.com
Joscarescuderoarnanz/dtwParallel/tree/main/exampleData/CodeE
xamples.

3.1. Simple example: 2 UTS and optimal path visualization

The first example, labeled as # E1 and shown in Fig. 2, il-
lustrates how to find the distance between 2 UTS when using
a Jupyter Notebook. First, we start with the imports (lines 1-3)
and the definition of the input UTS (x and y, both with length
T = 10) in lines 5 and 6. In line 8, we make the first call to the
DTW function, using the Euclidean distance, activating the option
to check for errors, and saving the output as a variable. The output
is then printed (line 9). Lines 11 and 12 are the counterparts
of 8 and 9, but without checking for errors and considering the
Canberra distance. Finally, line 14 repeats the computation in line
8, also requesting the visualization of the cost matrix, the optimal
warping path, and the alignment between time series. The calling
line 14 returns: (i) the computed DTW distance (same value as in
line 8), (ii) a colormap image containing both the entries of the
10 x 10 cost matrix and the optimal warping path (starting in
the top left corner and finishing in the bottom right corner), and
(iii) the alignment between the time series. The last value of the
path in the cost matrix is the DTW distance [30].

3.2. Simple example: 2 MTS and multimodal data

# E2 illustrates the package’s operation when considering two
MTS as inputs (X and Y), each of them with F = 3 and T = 5.
The code in Fig. 3 reveals that two of the features are real-valued,
while one of them (the second one) is binary. As a result, the
Gower distance is used. Since MTS are considered, we specify
whether to use the DTW, or DTW; approach. The code starts by
importing the necessary packages (lines 1 and 2) and defining the
MTS X (lines 4-10) and Y (lines 12-18) as 5 x 3 matrices. Finally,
we call the dtw function (line 20) to compute the DTW, between
X and Y via the Gower distance.

3.3. Intermediate example: multiple UTS and similarity matrix

# E3, detailed in Fig. 4, considers the DTW distance between
N pairs of UTS, using two “subexamples” # E3.1 and # E3.2.
For # E3.1, we import the dtwParallel package (line 1 and
2), load the N UTS (line 4) onto the variable data_A (with size
1 x 3) and the N UTS (line 5) onto the variable data_B (with
size 1 x 4). Both variables have N = 3 UTS of length T = 4.
The distance between each of the N UTS in data_A and each of
the N UTS in data_B is computed, parallelizing the computation
with 9 threads (line 7). The output (a 3 x 3 matrix) is shown in
Fig. 4. For # E3.2, we consider a single collection of N = 3 UTS
and compute the DTW distance between those 3 UTS. The result,
equivalent to computing the distance from data_A to itself, is
arranged as a 3 x 3 symmetric matrix whose diagonal is zero.
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#E2

from dtwParallel import dtw_functions
import numpy as np

X = np.array([

[Ei5E)y iy abeBl s
oty by el
[1.5, e, ©.55],
[22a 10 185]"
[ilofay s 7ap |
1)
Y = np.array([
[1.3, 1, 0.25],
[4.1, 1, 1.42],
[2.5, 1, 4.55],
[3.0, 1, 2.85],
[0.2, @, 3.25],
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dtw_distance = dtw_functions.dtw(X, Y, type_dtw="i", local_dissimilarity="gower", MTS=True)

print("DTW distance:

DTW distance: 11.0

", np.round(dtw_distance, 4))

Fig. 3. Example code to compute the DTW; distance between two MTS (X and Y).

#E3.1

from dtwParallel import dtw_functions
import pandas as pd

data_A = pd.read_csv("../../Data/E1l_SyntheticData/data_A.csv")

data_B

pd.read_csv("../../Data/E1_SyntheticData/data_B.csv")

dtw_distance = dtw_functions.dtw(data_A, data_B, n_threads=9)

print("DTW distance:\n", dtw_distance)

DTW distance:
[[ 2. 23. 14.]
[29. 17. 25.]
[23. 38. 28.]]

#E3.2

from dtwParallel import dtw_functions
import pandas as pd

data_A = pd.read_csv("../../Data/E1l_SyntheticData/data_A.csv")

dtw_distance, Kernel_matrix = dtw_functions.dtw(data_A, n_threads=3, dtw_to_kernel=True, sigma_kernel=1.75)
print("DTW distance:\n", dtw_distance, "\n\nKernel matrix:\n", Kernel_matrix)

DTW distance:
[[ @. 26. 20.]
[26. @. 23.]
[20. 23. 0.]]

Kernel matrix:
[[1. 0.0143372 ©.03818524]
[0.0143372 1. 0.02339806]
[0.03818524 ©.02339806 1. 11

Fig. 4. Examples code for N UTS. # E3.1 uses two collections of UTS (the resultant matrix distance is non-symmetric). # E3.2 uses a single collection (the distance
matrix is symmetric) and illustrates how the associated similarity matrix can be obtained.

This example also illustrates how a matrix quantifying the sim-
ilarity across the input UTS can be obtained. As shown in Fig. 4,
the necessary packages (lines 1 and 2) are imported, data are
loaded (line 4), and the dtw function is called (line 6) by setting
the parameters of the similarity transformation (dtw_to_kernel
and sigma_kernel). Two 3 x 3 matrices are returned as output
and printed (line 7): the distance matrix and the similarity matrix,
both shown in Fig. 4.

3.4. Advanced example: real-world dataset

# E4 considers financial data associated with the
stocks of the SP500 index downloaded from Yahoo Finance
(https://finance.yahoo.com/) and processed using the code
in https://github.com/oscarescuderoarnanz/dtwParallel/tree/main/

exampleData/CodeExamples/E2_FinanceData. We obtained 6 fea-
tures (open-price, close-price, adjusted-close-price, highest-price,
lowest-price, volume) for 505 US stocks during a period of 20
trading days. The data is arranged as a tensor of size 505 x 20 x 6
saved as [FinanceData_20days_norm.npy]. Our goal is to compute
the DTW distance among the 505 MTS series, providing the
associated code in Fig. 5. We start by importing the required
Python packages (lines 1-2) and creating the Input class (lines 4-
18). Then, we load the 505 MTS from the npy file (lines 20 and 21),
generate the object with the corresponding parameters (line 23)
and call the dtw_tensor_3d method from dtwParallel (line
25), finally printing the symmetric 505 x 505 distance matrix.

4. Impact

Over time, access to information generated/recorded periodi-
cally is pervasive in contemporary data-science and engineering
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#E4

import numpy as np
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from dtwParallel import dtw_functions as dtw

class Input:

def _ init_ (self):
self.check_errors = False
self.type_dtw = "d"
self.constrained_path_search =
self.MTS = True
self.regular_flag = False
self.n_threads = -1

self.local_dissimilarity = "norm2”

self.visualization = False
self.output_file = True
self.dtw_to_kernel = False
self.sigma_kernel = 1
self.itakura_max_slope = None
self.sakoe_chiba_radius = None

X
N

= np.load("../
= X.copy()
input_obj = Input()

# API call.

None

../Data/E2_FinanceData/FinanceData_2@Days.npy', allow_pickle=True)

distance_matrix = dtw_functions.dtw_tensor_3d(X, Y, input_obj)
print("Dimensions:”, distance_matrix.shape, "\n")

print(distance_matrix)
Dimensions: (505, 585)

[[e.00000000e+00 1
3.85234000e+07 3.19547002e+07]
[1.15864701e+08 ©
1.69340200e+08 1.55661900e+08]
[2.52994000e+07 7
7.02448000e+07 5.84802000e+07]
[1.47812080e+07 1
3.52968000e+07 3.11542004e+07]
[3.85234000e+07 1
0 @ 3.56295000e+07]
1
0

[3.19547002e+07

3.56295000=+07 0.00000000e+00]]

.158647@1e+08 2.52994000e+07 ...

.000000R0=+00 7.31400001e+07 ...

.31400001e+27 0.20000000c+020 ...

.23506201e+08 2.52220001e+07 ...

.69340200=+08 7.02448000=4+07 ...

.556619@0c+88 5.84802000e+07 ...

[

.47312000e+07

-

.23506201e+08

~

.52226001e+07

=]

.2D00BR0Oe+20

W

.52968000=+07

w

.11542804e+07

Fig. 5. Example code of DTW distance among the 505 stocks in the SP500 index.

applications. Owing to its ability to deal with TS not necessarily
synchronized and of different duration, DTW is broadly used to
compute distances between TS in many applications [7,31-33].

Thus, it is not surprising that several software implementa-
tions of DTW exist, some of them with significant impact both
from an academic (number of citations) and practitioners’ (num-
ber of stars in the GitHub repositories) viewpoint. The two imple-
mentations with the largest number of Google Scholar citations
are the dtw R package [9] and the fastdtw Python package [10],
which, at the current time (December 2022), accumulate more
than 900 and 2100 citations, respectively. Additionally, when a
GitHub user adds a repository to his/her/their personal list for
later reference, the project gets one GitHub star, prompting this
metric to be used as a proxy for popularity among software
developers [34]. Taking this into account, it is worth mentioning
that there exist 5 DTW packages that currently have more than
100 stars: tslearn [16] (2.3k), pyts [15] (1.4k), dtw [12] (988),
dtaidistance [13] (816) and dtw-python [11] (154).

Our long-term goal with dtwParallel is to offer a more com-
prehensive and easy-to-use DTW package, boosting the impact
and adoption of DTW by a larger and more diverse set of users.
Next, we delve into some of our comparative advantages.

4.1. Functionalities

We summiarize in Table 2 the main functionalities of different
DTW implementations. In particular, we compare dtwParal-
lel with dtw [12], dtaidistance [13], fastdtw [10], dtw-
python [11], tslearn [16], and pyts [15]. Since pyts only
works with univariate time series, it has not been included in Ta-
ble 2. The first observation is that, except for dtwParallel, none

of the state-of-the-art alternatives implement the functionalities
considered in this paper. Arguably, the most important difference
relative to the state-of-the-art is the ability to compute the DTW
distances distributing the load among processors (parallelization)
since none of the listed implementations considers this option,
challenging their use in tasks with a large number of TS. Note also
that, for the MTS case, none of the implementations can compute
DTW distances for multimodal MTS. On a related note, it also
holds that none of the implementations offers functionalities that,
while not difficult to compute, are quite useful in data-driven
applications, such as DTW; and kernel-based similarity measures.
Finally, we note that some of the available packages, includ-
ing dtw-python, lack examples and user-friendliness, hindering
their adoption by non-expert users.

4.2. Parallelization

The number of entries of the distance matrix grows quadrat-
ically with N, the number of input TS. Since this hinders the use
of DTW in large datasets, the use of parallelization to distribute
the computation among the available threads is well-motivated.
To illustrate the associated gains when using the dtwParallel
package, we present three sets of experiments. The first one
evaluates the computational time as the number of threads (a
configuration parameter) increases. The second one evaluates the
difference, in terms of computational time, between dtwParal-
lel and several state-of-the-art DTW implementations. The third
one evaluates the computational time of dtwParallel and the
package providing the lowest computational time in the second
experiment when varying the time series length. For all cases, the
MTS of the SP500 dataset downloaded from Yahoo Finance (cf.
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Table 2
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Summary of the functionalities offered by the most relevant DTW implementations, and by dtwParallel. The number of GitHub

stars (#stars) were obtained using data from December 2022.

Implementation (#stars) Visualization Multimodal DTWy DTW; Parallelization Kernel
Features transformations
tslearn [16] (2.3k) v - v - - -
dtw [12] (988) - - v - - -
dtaidistance [13] (816) v - v - - -
fastdtw [10] (650) - - v - - -
dtw-python [11] (154) v - v - - -
dtwParallel v v v v v v
800 800
- --e-- 505 MTS s 505 MTS
S 700 2 e 252 MTS w700 . 252 MTS
o \ c
g 600 8 600
ki g
o 500 \\ ‘; 500
= 400 \ £
© . 400
5 300 g
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Fig. 6. Computational time (averaged over 30 repetitions) to compute DTW distances for the 505 MTS of the SP500 Yahoo Finance dataset run on an AMD-Ryzen-
Threadripper-3990X processor (64 cores/128 threads) and RAM-DDR4-3200MHz-128 GB. Results for: (Top-left) different number of threads, with the value —1 in
abscissas standing for “all threads available on the machine” (128 in our case); (Top-right) 5 popular DTW packages (4 packages are single-threaded, and dtwParallel
is run with 32 threads); and (Bottom) dtwParallel and tslearn when varying the MTS length. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)

Section 3.4 for details) was considered, also adopting a dependent
DTW approach among features and the Euclidean distance as the
local dissimilarity function.

In the first experiment, a distance matrix of size 505 x 505
is computed, with each entry representing the DTW distance
between 2 MTS with F = 6 and T = 20. The computational
time averaged across 30 repetitions is reported for each particular
number of threads [35]. Fig. 6 (top-left panel) shows the simu-
lation results, with the vertical axis representing computational
time (in seconds) and the horizontal axis the number of threads
from 1 to 128. The number —1 in the abscissas axis refers to
the total number of available threads (128 in this case). The
results confirm that: (i) the computational time decreases as the
number of threads increases; (ii) the savings are significant, going
from approximately 665 seconds to around 18 seconds (using 64
threads); and (iii) the marginal savings decrease as the number of
threads increase (see how the line flattens after 32). We rerun the
experiments using approximately half of the MTS (252), noting
that the computational time reduces by a factor of 4, and findings
i-ii-iii also hold in this case.

The second experiment compares the computational time of
the dtwParallel package with that of other DTW packages
widely used in the literature. In particular, 4 alternative DTW
implementations have been considered: dtw, dtaidistance,

fastdtw, and tslearn [16] (a package about TS that includes
the computation of the DTW distance). dtw-python, has not
been included due to its more limited use and documentation.
The computational times are reported in Fig. 6 (top-right panel),
again averaging across 30 repetitions. For the dtwParallel
package, the number of threads is set to 32. When comparing the
computational time among the tested alternatives, we observe
that dtwParallel and tslearn yield the lowest computational
time, being 40-50 times faster. Clearly, the actual complexity
depends on the value of N and the number of threads. To cor-
roborate this, we also present the results when only 252 of the
MTS are considered (see red bars in Fig. 6, top-right panel). In this
case, while the computational time is 4 times smaller, the savings
of our implementation are still in the order of x20 than the other
three alternatives.

The third experiment delves into the comparison of the com-
putational time of the two fastest architectures: dtwParallel
and tslearn. The number of threads is 32, and N is 505. Since
the previous experiment considered MTS with a length of 20, we
test a broader range of lengths here. The Fig. 6 (bottom panel)
reveals that: (i) for low time lengths tslearn is faster than
dtwParallel; (ii) for a length of 50, the computational time is
similar; and (iii) for larger lengths dtwParallel is faster (8 times
faster for a length of 1000).
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5. Conclusions

dtwParallel is a new free/open software evaluating the
DTW distance among a collection of UTS or MTS in a compu-
tationally efficient way. Under the umbrella of a single off-the-
shelf Python package, it provides all the relevant functionalities
present in the current state-of-the-art DTW libraries, comple-
menting them with new meaningful functionalities. The latter
include, among others: consideration of TS with multiple features,
consideration of multiple pairs of series, use of parallelization
across features and pairs of series to speed up computation,
ability to deal with multimodal setups involving different types of
data (categorical, binary, ...), and generation of not only distance
but also similarity values.

Our ultimate goal was to facilitate and foster the use of DTW
distances in a diverse and broad range of data-science environ-
ments. Consideration of parallelization, multiple features, and
multimodality was key to fostering the application to real-world
datasets (which typically involve a large number of MTS and
heterogeneous features). Similarly, the implementation of a low-
floor, high-ceiling, and wide-walls software design methodology
(which resulted in a more comprehensive design and the ability
to generate multiple intermediate results and outputs) was aimed
at enlarging the set of potential users (including those in educa-
tion, research, and industry environments) with different levels
of expertise.
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