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ABSTRACT Two-tier networks combining an operator-managed infrastructure of macrocell base stations
combined with a user-deployed network of femtocells have recently emerged in the context of modern
wireless standards as a solution to meet the ambitious performance requirements envisaged in 4G/5G
architectures. Most often, these systems require interference coordination schemes that allow near universal
frequency reuse while maintaining a considerably high signal-to-interference-plus-noise ratio levels across
the coverage area. In particular, fractional frequency reuse (FFR) and its variants are deemed to play a
fundamental role in the next generation of cellular systems. This paper develops an analytical framework
targeting the downlink performance evaluation of FFR-aided orthogonal frequency division multiple access-
based two-tier heterogeneous networks. In the considered scenario, macrocell and femtocell tiers are assumed
to be uncoordinated and co-channel deployed, thus representing a worst-case scenario in terms of inter-tier
interference. The proposed framework allows the evaluation of the impact produced by both inter- and co-tier
interferences on the performance of either the macro-users (MUs) or the femto-users. Analytical results are
used to optimize the FFR parameters as a function of, for example, the density of MUs per cell, the resource
block scheduling policy, the density of femto base stations per area unit, or the degree of isolation provided
by wall penetration losses. Moreover, different optimization designs of the FFR component are proposed
that allow a tradeoff between throughput performance and fairness by suitably dimensioning the FFR inner
and outer areas and the corresponding frequency allocation.

INDEX TERMS Heterogeneous networks, femtocells, OFDMA, fractional frequency-reuse, optimization.

I. INTRODUCTION
A. MOTIVATION
The last breed of cellular communications standards such as
the Long-Term Evolution (LTE) and LTE-Advanced (LTE-A)
rely on the use of orthogonal frequency division multiple
access (OFDMA) as the air-interface technology [1] and there
are good chances that OFDMA will still play a key role in
future 5G systems [2]. In OFDMA networks, the orthog-
onal time/frequency resources are organized into multiple
resource blocks (RBs) that, based on predesigned frequency
reuse plans, are distributed among cells. These RBs are then
assigned to different users following predefined schedul-
ing policies. Since RBs are allocated exclusively to one
user per cell, intra-cell interference is eliminated completely.

However, due to the common use of aggressive high spectral
efficiency universal frequency reuse plans, OFDMA-based
networks are greatly affected by high levels of inter-cell
interference (ICI), harming particularly the users located in
the cell-edge areas. In order to mitigate the ICI experienced
by the cell-edge users while still achieving high spectral effi-
ciencies, many different inter-cell interference control (ICIC)
techniques have been proposed [3], among which static frac-
tional frequency reuse (FFR) and all its variants have emerged
as efficient ICIC techniques result in a good trade-off among
the provision of high spectral efficiency, implementation
complexity and cell-edge throughput enhancement [4], [5].

Aiming at even higher area spectral efficiencies, mod-
ern cellular systems are transitioning from planned
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homogeneous (one-tier) macro-cellular networks to highly
heterogeneous (multi-tier) deployments where consciously
designed macro-cellular networks coexist with networks of
femtocells installed by the end users that have the potential
to offload traffic from the macrocells while providing high-
quality low-cost network access to indoor users [6]. In these
networks, due to the large cost of licensed spectrum, operators
typically choose to allocate the same frequency bands to
both macrocells and femtocells. As a result, these co-channel
deployments result in what is usually known as inter-tier
interference (ITI), which is particularly damaging for the
femtocell users (FUs) connected to a femto base station (FBS)
situated close to a macro base station (MBS) or the macrocell
users (MUs) far from the MBS who are roaming in the
vicinity of an FBS [7].

B. RELATED WORK
Previous works have focused on the simulation-based per-
formance evaluation of two-tier macro/femto networks
considering selected scenarios [8]–[10]. Simulation-based
approaches, however, besides relying on computationally
intensive, time-consuming, and proprietary system-level sim-
ulators, do not serve to capture the joint interplay of system
design parameters and to infer theoretical insights behind the
obtained performance results. This necessitates the
development of accurate yet tractable analytical performance
evaluation models. The analytical performance evaluation
of multi-tier heterogeneous networks (HetNets) has been
approached in recent years using stochastic geometry, where
both MBSs and FBSs are distributed according to Poisson
Point Processes (PPPs) (see, for instance, [11]–[13] and ref-
erences therein). While stochastic geometry-based analyses
lead to intuitive closed-form analytical solutions, in general,
they evaluate the system performance by spatially averaging
over all possible network realizations, including those that
would never be considered in planned macrocellular set-
ups. Using spatial averaging allows characterizing the per-
formance for an entire network but, unfortunately, it does
not allow the performance of a given cell to be accurately
analysed. Note that this is an important metric for network
designers interested in calculating the performance obtained
over a given spatial region in the coverage area of the net-
work. In trying to overcome some of the limitations of the
stochastic geometry approach, Heath et al. [14] inscribed a
circular cell within the weighted Voronoi cell provided by the
PPP-based model in order to derive an upper bound to model
the interference. Nevertheless, characterizing the MBS lay-
outs using stochastic geometry makes it extremely difficult,
if at all possible, to accurately capture the effects of using
powerful ICIC techniques such as FFR and its variants and/or
MBS cooperation schemes. We note that [15] and [16] do
indeed tackle the performance analysis of FFR-based net-
works within the context of stochastic geometry, and despite
the valuable insight their analyses provide at a network level,
the proposed framework cannot be particularized to assess
the performance at a specific cell level.

Unlike the aforementioned works, which rely on stochastic
geometry to characterize both macrocell and femtocell tiers,
Jin et al. [17] considered an FFR-aided twin-layer OFDMA
network where stochastic geometry was used to model the
random deployment of femtocells, while the macrocells were
overlaid on top of the femtocells following a regular tessella-
tion. One of themain contributions of [17] was the proposal of
a spectrum swapping allocation for the femtocells, however,
in order to prove the superiority of this spectrum sharing
strategy in front of the classical full-spectrum reuse, some
simplifications were introduced in the analytical framework,
in particular: (i) indoor users were always linked to FBSs
whereas outdoor users were always connected to MBSs,
(ii) the small scale fading effects were not fully considered
and, therefore, (iii) the performance analysis was restricted
to resource allocation schemes adhering to the round robin
scheduling policy. Similar approaches, lacking the full con-
sideration of small scale fading and scheduling policies,
were proposed by Assaad in [18] and Najjar et al. in [19]
to optimize FFR-based parameters in a single-tier network.
These limitations were overcome in part by Xu et al. in [20]
(see also [21]) and [22], but only in the context of single-tier
networks.

C. CONTRIBUTIONS OF THE PAPER
This paper presents an analytical framework allowing the
performance evaluation of an FFR-aided OFDMA-based
two-tier HetNet. A worst-case scenario in terms of inter-
tier interference is evaluated in which macrocell and fem-
tocell tiers are assumed to be uncoordinated and employ a
co-channel deployment (full spectrum reuse); work dealing
with spectrum sharing strategies can be found in, among
many others, [23]–[25]. The main contributions of this paper
can be summarized as follows:
• The first tier of the proposed framework comprises a
planned FFR-based macro-cellular network modelled
as a regular tessellation of hexagonally-shaped cells
overlaying a randomly deployed second tier of low-
power, low-complexity, short range femtocells. Such an
approach can then be regarded as a hybrid model in
between a deterministic two-tier deployment where the
locations of all BSs are known a priori, and a stochastic
two-tier deployment where both MBSs and FBSs are
distributed using PPPs. As a major benefit of the hybrid
approach proposed here, our model allows the analyti-
cal evaluation of two-tier HetNets that incorporate spe-
cific network parameters typically designed for planned
macrocell networks (e.g., optimal threshold distance
designs for different scheduling schemes in FFR-based
OFDMA networks), while capturing the random nature
of unplanned FBS deployments. Remarkably, the ana-
lytical model proposed in this paper allows the deriva-
tion of the average throughput provided by macro- or
femto-BSs.

• Based on a unified approach, the analytical model
allows the evaluation of the impact produced by the
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inter- as well as the co-tier interferences on either the
MUs or the FUs. The interference produced by the
randomly allocated FBSs on either a reference MU or
a reference FU is characterized by using the statistical
distribution of the distance between two nodes whose
positions adhere to a PPP distribution.

• Analytical results are used to optimize FFR-based
parameters as a function of, for instance, the RB
scheduling policy used in both tiers (e.g., round
robin (RR) or maximum signal-to-interference-plus-
noise ratio (MSINR)), the density of users per cell, the
FBS density per area unit or the power attenuation due
to wall penetration losses. The proposed optimization
strategies aim at determining the size of the FFR-related
spatial and frequency partitions maximizing the average
macrocell throughput while at the same time fulfilling
operator-defined restrictions such as using frequency
partitions proportional to the area of the central and edge
regions or attaining a prescribed fairness degree when
allocating data-rates to the center and edge MUs. Unlike
previous works, the proposed analytical framework is
able to fully incorporate the effects of small-scale fading,
thus allowing the optimization of the FFR parameters
under different scheduling policies.

Although results are obtained for an FFR-aided macro-
cell deployment overlaid by a strict co-channel deploy-
ment of femtocells, the analytical framework proposed in
this paper opens the door to the analytical performance of
multi-tier OFDMA heterogeneous networks using more
sophisticated ICIC techniques (e.g. soft frequency reuse,
adaptive frequency reuse, network MIMO), other spectrum
sharing strategies, and/or alternative RB scheduling algo-
rithms. In particular, the resulting signal-to-interference-
plus-noise ratio (SINR) expressions derived in this work
could be used in conjunction with resource allocation
algorithms [26], [27] to maximize some prescribed utility
function. We note that a preliminary conference version of
this work [28] was limited to uniform distributions of a
fixed number of users per cell (i.e., PPP-based distributions
were not taken into account) and furthermore, the analytical
framework was not used to formulate optimization strategies
aiming at improving the FFR-related system parameters.

D. PAPER ORGANIZATION
The rest of the paper is organized as follows.
In Sections II and III, the system model under consideration
is introduced alongside with the key simplifying assumptions
made for the sake of analytical tractability of the proposed
framework. Sections IV and V elaborate on the analyti-
cal frameworks used to characterize the overall macrocell
and femtocell average throughput performance, respectively,
according to both the MSINR and RR scheduling strate-
gies. Optimal designs for the FFR-aided two-tier system are
presented in Section VI. Extensive analytical and simula-
tion results are provided in Section VII. Finally, the main
outcomes of this paper are recapped in Section VIII.

II. SYSTEM MODEL
A two-tier (macrocell/femtocell) OFDMA cellular net-
work providing service to a given set of mobile users
is considered. Both the macrocell and femtocell tiers are
co-channel deployed (i.e., they both use the same spectrum)
with the femtocells operating under a closed-access
policy.

MBSs are typically deployed following a well-planned
strategy leading to a fairly regular distribution over the whole
coverage area. Aiming at controlling the ICI in the macro-
tier, the received average signal-to-interference-plus-noise
ratio (SINR) is used to classify the different MUs as either
cell-edge users, when the received average SINR is below
a given threshold, or cell-centre users, when it is above
that threshold. Non-overlapping frequency bands are then
allocated to cell-center and cell-edge users, thus conform-
ing to an static FFR scheme in which a frequency reuse
factor equal to one is used for the cell-center users and a
higher frequency reuse factor 1 (e.g., three or seven) is
assumed for the cell-edge users. The complete system band-
width consists of a set FT of subcarriers, which is split
into two subsets: the subset FC of subcarriers allocated
to the macrocell-center and the subset FT \FC of subcar-
riers allocated to the macrocell-edge. The subset FT \FC
is further split into 1 equal parts FE1, . . . and FE1, of
size |FE |, which are allocated to cell-edge MUs in such a
way that adjacent cells will operate on different subsets of
subcarriers.

A fraction of the coverage area is considered to be
indoors (i.e., inside buildings), while the rest is out-
doors. The femtocells are typically deployed by the own-
ers in an unplanned manner within the indoor coverage
area, thus only a fraction of the indoor area is covered
by FBSs.

According to the previous system description, the base
stations (BSs) can be classified into two tiers:
• Tier 0: MBSs, and
• Tier 1: FBSs.

Furthermore, the whole set of users, including femto-,
macrocell-center and macrocell-edge users, can be classi-
fied as:
• Class 0: indoor FUs situated inside a building with
femtocell coverage,

• Class 1: outdoor cell-center MUs,
• Class 2: indoor cell-center MUs situated inside a
building with femtocell coverage,

• Class 3: indoor cell-center MUs situated inside a
building without femtocell coverage,

• Class 4: outdoor cell-edge MUs,
• Class 5: indoor cell-edge MUs situated inside a building
with femtocell coverage, and

• Class 6: indoor cell-edge MUs situated inside a building
without femtocell coverage.

We note that this user classification generalizes the one
proposed in [17] by allowing MUs to be outdoor or
indoor.
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A. CHANNEL MODEL
The downlink channel experiences small-scale fading as well
as path loss including, potentially, wall penetration losses.1

The path loss characterizing the link between a BS of tier t
and a user of class s located at a distance of d (in meters) from
the BS can be modeled as (in dB)

Lt,s(d) = Kt,s + 10αt,s log10(d), (1)

where Kt,s is a fixed path loss at a reference distance of one
meter, and αt,s is the path loss exponent. Themain parameters
and conditions of the path loss model used in this work
have been drawn from [29] and are listed in Table 1. Notice
that buildings have been characterized by a wall penetration
loss W and thus, depending on the relative position of users
with respect to the BSs, there are links that are not affected
by any wall penetration loss (e.g., MBS-to-outdoor MU),
links that are affected by a wall penetration loss W
(e.g., MBS-to-indoor MU), and links that are affected by a
two-wall penetration loss 2W (e.g., FBS-to-FU located in
another femtocell) (see [29] for more details).

TABLE 1. Path loss model parameters.

III. ASSUMPTIONS AND PRELIMINARIES
A. ASSUMPTIONS
Assumption 1 (Circular Reference Macrocell): For the

sake of analytical tractability, when obtaining the perfor-
mance metrics for a particular MBS, termed the reference
MBS, its coverage area will be approximated as a circle of
radius Rm which, without loss of generality, will be chosen
to match the area of the cell under consideration [20]. As an
example, for the classical hexagonally-shapped regular tes-
sellation shown in Fig. 1, the reference cell is approximated

as a circle of radius Rm = Rh
√
3
√
3/(2π ), where Rh is used

to denote the side of the regular hexagon.
Assumption 2 (Circular FFR-Defined Regions): Again,

for analytical tractability, the reference macrocell-center and
macrocell-edge regions will be separated by a circumference
of radius Rth (threshold distance or threshold radius), as it can
be appreciated in the example shown in Fig. 1 [17], [20].

1Note that in line with, among others, Xu et al. [20] and Jin et al. [17],
and for the sake of analytical simplicity, shadowing is not considered in the
proposed framework. Remarkably, it is contrasted by simulation in [20] that
despite shadowing can affect the resulting throughput values, the optimum
operational points (e.g., FFR optimum thresholds and spectrum allocation)
do not significantly change with the inclusion of the shadowing component.

FIGURE 1. OFDMA-based and FFR-aided two-tier network topology.

Assumption 3 (Uniform Distribution of Buildings and
FBSs): The buildings are assumed to be randomly located
over the coverage area with each building having a certain
probability of housing an active femtocell [17]. Femtocells
are assumed to be non-overlapping and thus, the joint area of
all femtocells can at most cover the whole indoor area of the
system.
Assumption 4 (Circular Femtocells): Femtocells, as

shown in the example network represented in Fig. 1, are mod-
elled as small circular areas with radius Rf [17]. Assuming
that femtocells are uniformly distributed with a normalized
intensity of λ femtocells/m2. For those buildings housing
a femtocell, the FBSs, using omnidirectional antennas, are
assumed to be located at the center of the femtocell.
Assumption 5 (Uniform distribution of MUs): Macro-

users are independently and uniformly distributed with a
normalized intensity λm (measured in users per area unit) over
the service coverage area.
Assumption 6 (Uniform distribution of FUs within the

femtocell): Femto-users connected to an active FBS are inde-
pendently and uniformly distributed with a normalized inten-
sity λf (measured in users per area unit) over the femto service
coverage area.

A consequence of Assumptions 5 and 6 is that the proba-
bility distribution of the number MS of users falling within
the coverage area AS of either an MBS or an FBS follows a
Poisson distribution, thus implying

Pr{MS = M} =
(λuAS )Me−λuAS

M !
, (2)

with λu = λm for the MUs and λu = λf for the FUs.

B. SIGNAL-TO-INTERFERENCE-PLUS-NOISE RATIO
The instantaneous SINR experienced on the nth subcarrier by
user u of class s served by BS b of tier t can be expressed as

γb,t,u,s[n] =
PtLt,s(db,t,u,s)

∣∣Hb,t,u,s[n]∣∣2
N01f + Ib,t,u,s[n]

, (3)
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where Pt denotes the per-subcarrier transmit power of any
BS in tier t , Hb,t,u,s[n] ∼ CN (0, 1) is the frequency response
resulting from the small-scale fading channel linking the BS
b of tier t to user u of class s on the nth subcarrier, N0 denotes
the noise power spectral density, 1f is the subchannel band-
width, and Ib,t,u,s[n] denotes the interference term, which is
given by

Ib,t,u,s[n]

=

∑
t ′∈{0,1}

Pt ′
∑

b′∈Bb,t′,u,s[n]
Lt ′,s(db′,t ′,u,s)

∣∣Hb′,t ′,u,s[n]∣∣2 , (4)

with Bb,t ′,u,s[n] ⊆ Bt ′ denoting the set of BSs of tier t ′

interfering user u of class s on subcarrier n. Obviously, the
elements of the interfering sets are likely to differ for different
classes of users and for different subcarriers. For instance, the
set of interfering FBSs for a MU u of any class s ∈ {1, . . . , 6}
and on any subcarrier n is Bb,1,u,s[n] = B1, while the set of
interfering FBSs for FU u served by FBS b on any subcarrier
n is Bb,1,u,0[n] = B1\b. Furthermore, for a cell-center MU
u (classes s ∈ {1, 2, 3}) served by MBS b or a FU u (class
s = 0) using cell-center subcarrier n, the set of interfering
MBSs isBb,0,u,s[n] = B0\b orBb,0,u,0[n] = B0, respectively.
In contrast, for a cell-edgeMU u (classes s ∈ {4, 5, 6}) served
byMBS b or a FU u (class s = 0) using cell-edge subcarrier n,
the set of interfering MBSs Bb,0,u,s[n] contains the indexes of
all the MBSs using subcarrier n to serve cell-edge, except the
reference MBS b in the former case.
Theorem 1 (Statistical Distribution of the SINR): When

conditioned to the distances from user u of class s to both
the serving BS b of tier t and the set of interfering BSs in
subsets Bb,0,u,s[n] and Bb,1,u,s[n], the cumulative distribution
function (CDF) of the instantaneous SINR γb,t,u,s[n] in (3)
can be expressed as

Fγb,t,u,s[n]|db,t,u,s (x|d) = 1− exp
(
−
xN01f

Pb,t,u,s

)
×

∏
t ′∈{0,1}

∏
b′∈Bb,t′,u,s[n]

1

1+ x
Pb′,t′,u,s
Pb,t,u,s

, x ≥ 0, (5)

where db,t,u,s is a vector containing the distances from user u
of class s served by BS b of tier t to all BSs contributing to its
SINR, and Pb′,t ′,u,s , Pt ′Lt ′,s(db′,t ′,u,s) is used to denote the
average received power from BS b′ of tier t ′.

Proof: See Appendix A.

C. STATISTICAL MODEL OF THE FEMTOCELL
DISTRIBUTION
Since it is assumed that the distribution of femtocells within
the coverage area of the network is uniform, calculations
accounting for their random positions would make the ana-
lytical tractability of the proposed framework rather involved.
This step can be simplified by following a similar approach
to the one used by Mawira in [30], the set of indepen-
dent and identically distributed (i.i.d.) random variables
{db′,1,u,s[n]}∀ b′∈Bb,t,u,s[n] representing the distances from the

interfering FBSs to a given user u of class s served by a
BS b of tier t and using subcarrier n, are first converted
into the ordered set {d (b

′)
u,s [n]}

|Bb,t,u,s[n]|
b′=1 , where d (1)u,s[n] ≤

d (2)u,s[n] ≤ . . . ≤ d (|Bb,t,u,s[n]|)u,s [n], and then the distance
d (j)u,s[n] to the jth nearest interfering FBS is approximated
by E{d (j)u,s[n]|d (1)u,s[n] ≤ Rf }, when user u is located inside
a building with femtocell coverage (i.e., MUs of classes
s ∈ {2, 5} as well as FUs), or by E{d (j)u,s[n]|d (1)u,s[n] > Rf },
when user u does not have femtocell coverage (i.e., MUs of
classes s ∈ {1, 3, 4, 6}), where E{·} denotes the statistical
expectation operation.
Theorem 2 (Expected Distances to Interfering FBSs):

Given a uniform distribution of interfering FBSswith normal-
ized intensity λ femtocells/m2 around user u of class s using
subcarrier n, the expected distance to the jth nearest interfer-
ing FBS when the user is located in a building with a circular
femtocell coverage area of radius Rf can be expressed as

E
{
d (j)u,s[n]|d

(1)
u,s[n] ≤ Rf

}

=



Rf

1−e
πλR2f
−

e
πλR2f erf

(√
πλRf

)
2
√
π (1−e

πλR2f )
, j = 1

0(j+1/2)
√
πλ (j−1)!

(
1−e
−πλR2f

)

−
(πλ)jR2j+1f e

−πλR2f U
(
j,j+3/2,πλR2f

)
1−e
−πλR2f

, j ≥ 2,

(6)

where erf(·) denotes the Gauss error function, 0(·) is the
Gamma function and U (·, ·, ·) is the confluent hypergeomet-
ric function of the second kind, also known as the Kummer’s
function of the second kind. In contrast, when the user is
located outside areas with femtocell coverage, the expected
distance to the jth nearest interfering FBS is given by

E
{
d (j)u,s[n]|d

(1)
u,s[n] > Rf

}
=

Rf +
e
πλR2f erfc

(√
πλRf

)
2
√
π

, j = 1

(πλ)jR2j+1f U
(
j, j+ 3/2, πλR2f

)
, j ≥ 2,

(7)

where erfc(·) is the Gauss complementary error function.
Proof: See Appendix B.

IV. MACROCELL THROUGHPUT ANALYSIS
A. AVERAGE MACROCELL THROUGHPUT
Let us define MSb,0 as a positive integer random variable
representing the number of MUs in the region covered by the
reference MBS b. Using this definition, the average through-
put of the reference macrocell can be expressed as

ηb,0 =

∞∑
k=1

Pr{MSb,0 = k}
k∑

kC=0

(
k
kC

)
PkCC (1− PC )k−kC

×

[
|FC |η

C
b,0(kC )+ |FE |η

E
b,0(k − kC )

]
, (8)
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where PC denotes the probability that a MU is located in
the reference cell-center region and ηAb,0(kA) is the average
macrocell throughput on a generic subcarrier allocated to
cell-region A when there are kA MUs in this region, where A
is a token representing either the macrocell-center region C
or the macrocell-edge region E .
Taking into account Assumptions 1, 2 and 5, the probability

that a MU is located in the reference cell-center area is

PC =
R2th − R

2
0m

R2m − R
2
0m

, (9)

where R0m denotes the minimum distance of a MU from its
serving MBS. Now, defining MA as a non-negative integer
random variable representing the number of MUs in the cell
region A covered by the reference BS, the average macro-
cell throughput on the nth subcarrier, allocated to macrocell
region A when MA = k , can be obtained as

ηAb,0(k) = Eγ Ab,0|MA

{
1f log2(1+ γ

A
b,0)|MA = k

}
= 1f log2 e

∫
∞

0

1− Fγ Ab,0|MA
(x|k)

1+ x
dx, (10)

where γ Ab,0 denotes the instantaneous SINR experienced on a
generic subcarrier allocated to region A of macrocell b, and
Fγ Ab,0|MA

(x|k) is its cumulative distribution function (CDF).

To arrive at closed-form expressions for the throughput, the
CDF Fγ Ab,0|MA

(x|k) needs to be determined, which is strongly
tied to the particular scheduling policy applied at the MBS.

B. MACROCELL MSINR SCHEDULING
Multiuser diversity is maximized when employing MSINR
scheduling. In this case, a given subcarrier in region A is
assigned to the user experiencing the highest SINR on that
particular subcarrier, thus,

γ Ab,0[n] = arg max
(u,s)∈MA

b,0

{γb,0,u,s[n]}, (11)

whereMA
b,0 is used to denote the set ofMA MUs in region A

served by the reference MBS b. Consequently, as on each
subcarrier n in region A the MUs of the same class s are
statistically equivalent in terms of SINR, the conditional CDF
in the right-hand side (RHS) term of (10) simplifies to

FMSINR
γ Ab,0|MA

(x|k) , Pr
{
γ Ab,0[n] 6 x|MA = k

}
=

∑
∀ksA1

,ksA2
,ksA3
∈{0,...,k}

ksA1
+ksA2
+ksA3
=k

(
k

ksA1 , ksA2 , ksA3

)

×

3∏
i=1

(
PsAi
PA

)ksAi [
Fγb,0,sAi

(x)
]ksAi

, (12)

with ksAi denoting the number of MUs of class sAi , where

[sC1 , s
C
2 , s

C
3 ] = [1, 2, 3] and [sE1 , s

E
2 , s

E
3 ] = [4, 5, 6]. Further-

more, with a slight abuse of notation, γn,sAi is used to denote

the instantaneous SINR experienced by a genericMU of class
sAi served by the reference MBS b when being allocated any
of the available subcarriers. The probability PsAi that a MU
belongs to class sAi is found to be

PsA1 = (1− PI )PA,

PsA2 = PFPA,

PsA3 = (PI − PF )PA, (13)

where, thanks to Assumptions 3 and 4, the probability PF that
an indoorMU is located in a building with femtocell coverage
can be obtained as

PF = πλR2f . (14)

The conditional CDF in (12) depends on the CDF of γn,sAi
that can be obtained as

Fγb,0,sAi
(x) = Ed

{
Fγb,0,u,sAi

[n]|db,0,u,sAi
(x|d)

}
. (15)

Using Theorem 2, the random variables representing the
distances from the MU under analysis to the whole set of
interfering FBS are approximated by deterministic values
that can be calculated using (6) or (7). Hence, the dis-
tances to the interfering FBSs can be eliminated from the set
db,0,u,sAi when calculating the expectation in (15). Further-
more, the positions of all the MBSs in the system are known
(i.e., they are deterministic) and consequently, setting the
origin of the coordinate system on the position occupied by
the reference MBS, the random variable db′,0,u,sAi represent-
ing the distance from the interfering MBS b′ to user u of
class sAi can be expressed in terms of the random variables
db,0,u,sAi and θb,0,u,sAi , denoting the modulus and phase of the

polar coordinates of the MU under consideration with respect
to the reference BS. Moreover, since MUs are uniformly
distributed over the macrocell area, the random variables
db,0,u,sAi and θb,0,u,sAi are independent from each other and

thus, summarizing, (15) can be rewritten as

Fγb,0,sAi
(x)

= Edb,0,u,sAi ,θb,0,u,sAi

{
Fγb,0,u,sAi

[n]|db,0,u,sAi
,θb,0,u,sAi

(x|d, θ)
}

=

∫ 2π

0

∫ RAH

RAL

Fγb,0,u,sAi
[n]|db,0,u,sAi

,θb,0,u,sAi
(x|d, θ)

× fdb,0,u,sAi
(d)fθb,0,u,sAi

(θ ) dd dθ, (16)

where the distances RAL and RAH are, respectively, the lower
and higher radii of the circumferences delimiting macrocell
region A, and fdb,0,u,sAi

(d) and fθb,0,u,sAi
(θ ) represent the PDFs

of db,0,u,sAi and θb,0,u,sAi , that can be expressed as

fdb,0,u,sAi
(d) =

{
2d

(RAH)
2−(RAL)

2 , RAL ≤ d ≤ R
A
H

0, otherwise,
(17)
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and

fθb,0,u,sAi
(θ ) =

1
2π
, 0 ≤ θ ≤ 2π, (18)

respectively. Furthermore, it is shown in [31] that the instan-
taneous SINR in multi-cell networks barely depends on the
polar angle and thus,

Fγb,0,sAi
(x) '

2

(RAH)
2 − (RAL)

2

×

∫ RAH

RAL

Fγb,0,u,sAi
[n]|db,0,u,sAi

(x|d)d dd . (19)

Note that this CDF characterizes the SINRs of all subcarriers
and for all MUs of class sAi .
Finally, using (19), (12) and (10) in (8) and after some

algebraic manipulations, the average macro-throughput of
the FFR-aided OFDMA scheme in a two-tier network using
MSINR follows

ηb,0 = η
C
b,0 + η

E
b,0, (20)

where

ηAb,0 = 1f |FA| log2 e

×

∫
∞

0

1− e
−πλmR2m

[
PA−

∑3
i=1 PsAi

Fγ
b,0,sAi

(x)
]

1+ x
dx. (21)

Computation of (21) can be easily tackled using numerical
solvers such as those found in Mathematica or Matlab.

C. MACROCELL RR SCHEDULING
Given that the RR scheduler randomly allocates subcarriers
to users and exploiting the fact that the user SINRs are
statistically equivalent on each subcarrier, it is clear that
serving MA = k users in macrocell-region A using RR
amounts to serveMA = 1 user by means of the MSINR [21].
Consequently

FRR
γ An |MA

(x|k) = FMSINR
γ An |MA

(x|1) =
3∑
i=1

PsAi
PA

Fγn,sAi
(x). (22)

Hence, using (19), (22) and (10) in (8) and after some alge-
braic manipulations, the average macrocell throughput of the
FFR-aided OFDMA scheme in a two-tier network using the
RR scheduling rule can be written as in (20) with

ηAb,0 = 21f |FA| log2 e
1− e−πλmR

2
mPA

(RAH)
2 − (RAL)

2

3∑
i=1

PsAi
PA

×

∫ RAH

RAL

∫
∞

0

[
1− Fγb,0,u,sAi

[n]|db,0,u,sAi
(x|d)

]
d

1+ x
dx dd .

(23)

V. FEMTOCELL THROUGHPUT ANALYSIS
A. OVERALL FEMTOCELL THROUGHPUT
The average throughput of a reference femtocell b can be
obtained as

ηb,1 =

∞∑
k=1

Pr{MSb,1 = k}

[
ηCb,1(k)+

1∑
i=1

ηEib,1(k)

]
, (24)

where MSb,1 is a positive integer random variable represent-
ing the number of FUs in the region covered by FBS b and

ηSb,1(k) = 1f log2 e
∫
∞

0

1− Fγ Sb,1|MSb,1
(x|k)

1+ x
dx, (25)

with γ Sb,1 denoting the instantaneous SINR experienced on a
generic subcarrier that, in themacro-tier, has been allocated to
cell-region S. The token S can represent either the macrocell-
center region C , when dealing with subcarriers in FC ,
or any of the macrocell-edge regions Ei, when dealing with
subcarriers in FEi.

B. FEMTOCELL MSINR SCHEDULING
In an FBS implementing the MSINR scheduling rule,
subcarrier n is allocated to the FU experiencing the highest
instantaneous SINR on this subcarier. Hence,

γb,1[n] = arg max
u∈Mb,1

{
γb,1,u,0[n]

}
, (26)

where Mb,1 is the set of MSb,1 FUs served by refer-
ence FBS b. Setting, again, the origin of the coordinate
system on the position occupied by the reference FBS
and taking into account similar assumptions to those used
in Subsection IV-B, the conditional CDF of γ Sb,1 can be
expressed as

FMSINR
γ Sb,1|MSb,1

(x|k) =
[
Fγb,1,u,0[n]|db,1,u,0 (x|d)

]k
=

[
2

(R2f − R
2
0f )

∫ Rf

R0f
Fγb,1,u,0[n]|db,1,u,0 (x|d)d dd

]k
, (27)

for a generic subcarrier n ∈ FS and with R0f denoting the
minimum distance of a FU from its serving FBS.

The average femtocell throughput using the MSINR
scheduling rule can be obtained using (27) and (25) in (24) as

ηb,1 = η
C
b,1 +

1∑
i=1

ηEib,1, (28)

where, after some algebraic manipulations,

ηSb,1 = 1f |FS | log2 e

×

∫
∞

0

1− e

−πλf R2f

1− 2
∫ Rf
R0f

F
γ Sn |do,dfu

(x|z,y) y dy

R2f −R
2
0f


1+ x

dx.

(29)
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C. FEMTOCELL RR SCHEDULING
As serving MSb,1 = k FUs in a femtocell using RR is
equivalent to serving one FU with MSINR, the conditional
CDF of γ Sb,1 conditioned on MSb,1 can be obtained using
(27) with MSb,1 = 1 as FRR

γ Sb,1|MSb,1
(x|k) = FMSINR

γ Sb,1|MSb,1
(x|1).

Therefore, the average femtocell throughput when using the
RR scheduler can be obtained as in (28) where, in this case,

ηSb,1 = 21f |FS | log2 e
1− e−πλf R

2
f

R2f − R
2
0f

×

∫ Rf

R0f

∫
∞

0
y
1− Fγ Sn |do,dfu (x|z, y)

1+ x
dxdy. (30)

VI. OPTIMAL DESIGNS
This sections introduces a variety of designs targeting
the optimization of FFR-aided two-tier OFDMA networks.
Broadly speaking, these designs aim at dimensioning the
FFR-related spatial and frequency partitions so that the
average macrocell throughput is maximized while operator-
defined constraints are fulfilled. Examples of such con-
straints are the use of area-proportional frequency partitions
or the provision of fairness among the cell-center and
cell-edge MUs. In particular, three FFR-based two-tier
designs are explored: 1) Fixed-spectrum-allocation-factor
Design (FxD), 2) Area-proportional Design (ApD) and
3) Quality-constrained Design (QoScD). With the first
design, the use of a fixed frequency partition typically pro-
vides high spectral efficiencies at the cost of loosing fairness
when allocating data rates to cell-center and cell-edge MUs.
Using an area-proportional design allows a more equitable
distribution of the spectrum that results in a higher degree of
fairness between cell-center and cell-edge MUs, at the cost
of reducing the average macrocell throughput with respect to
the fixed-spectrum-allocation-factor design. To guarantee a
certain degree of fairness between central and edge users, the
optimization problem can be constrained to ensure that the
cell-edge throughput is at least a fraction of the one achieved
at the cell-center, in this way a certain quality of service (QoS)
to the cell-edge MUs is provided while maximising the area
spectral efficiency.

The parameters that will be used in posing the optimization
problems are the spectrum allocation factor ρ , |FC |/|FT |

and the distance threshold ratio ω , Rth/Rm. Expectably,
the selection of these parameters greatly affects the average
macrocell throughput per subchannel [17] that, for conve-
nience, is defined as2

τ (ω, ρ) ,
η(ω, ρ)
1f |FT |

= ρτC (ω, ρ)+
1− ρ
3

τE (ω, ρ), (31)

measured in bps/Hz/subchannel, where τA(ω, ρ) , ηA(ω,ρ)
1f |FA|

is the average throughput per subchannel in cell region A.

2Note that to emphasise its dependence on the optimization parame-
ters ρ and ω, the overall average throughput is represented as η(ω, ρ).

A. FIXED-SPECTRUM-ALLOCATION-FACTOR DESIGN
Under FxD, the spectrum allocation factor is fixed to ρ = ρo
(typically ρo = 0.5). Therefore, only the parameterω remains
to be optimized and the problem can be formulated as

ω∗ = arg max
0≤ω≤1

ρoτ
C (ω, ρo)+

1− ρo
3

τE (ω, ρo). (32)

B. AREA-PROPORTIONAL DESIGN
In this case, it is assumed that the MUs are uniformly dis-
tributed in the macrocell and that the number of subcarriers
allocated to both the cell-center and the cell-edge MUs is
proportional to the areas of both the cell-center and the-edge
regions, respectively. That is, the so-called area-proportional
ratio is used to determine the spectrum allocation factor as
ρ = ω2 [17]. Based on this approach, the optimization
problem can then be formulated as

ω∗ = arg max
0≤ω≤1

ω2τC (ω,ω2)+
1− ω2

3
τE (ω,ω2), (33)

where, obviously, ρ∗ = ω∗2.

C. QoS-CONSTRAINED DESIGN
Trying to guarantee a certain degree of fairness between the
cell-center and cell-edge MUs, the QoS-constrained design
enforces that the per-subchannel average throughput allo-
cated to a MU in the cell-edge region is at least a fraction
q of the per-subchannel average throughput allocated to a
MU in the cell-center region. Hence, in the QoScD approach
the the FFR-related parameters are tuned establish a trade-off
between the data rates allocated to the cell-center MUs and
those allocated to the cell-edge MUs [17]. The corresponding
constrained optimization problem can then be formulated in
terms of the QoS factor q as

(ω∗, ρ∗) = arg max
0≤ω,ρ≤1

ρτC (ω, ρ)+
1− ρ
3

τE (ω, ρ),

subject to τEmu(ω, ρ) ≥ q τ
C
mu(ω, ρ), (34)

where the implementation of different scheduling policies
suggests the use of different definitions for the corresponding
variables τAmu(ω, ρ). Let us assume that the number of MUs
connected to the central MBS is MMBS0 = k . In this case, as
the main aim of the RR scheduling rule is to offer equitable
access opportunities to the whole set of MUs, the per-MU
and per-subchannel average macrocell throughput can be rea-
sonably defined as τCmu(ω, ρ) =

ρτC (ω,ρ)
PCk

for the cell-center

MUs and τEmu(ω, ρ) =
(1−ρ)τE (ω,ρ)
3(1−PC )k

for theMUs located in the
cell-edge region. In contrast, as the MSINR scheduling rule
aims at providing service to the MU experiencing the highest
instantaneous SINR, the definitions τCmu(ω, ρ) = ρτ

C (ω, ρ)
and τEmu(ω, ρ) =

(1−ρ)τE (ω,ρ)
3 seem to be more appropriate

as, in this case, the average number of MUs in each of the
cell regions is not taken into account when obtaining the
corresponding per-subchannel average throughput values.
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VII. NUMERICAL RESULTS
Aiming at validating the analytical framework proposed in
previous sections and providing a set of practical design
guidelines, the macro-tier is modelled as a cellular network
with 19 MBs where the so-called macrocell of interest is
surrounded by two interfering rings of MBSs (see Fig. 1).
Without loss of generality, a frequency reuse 1 = 3 is
assumed in the cell-edge region of the FFR-aided scheme.
The macro-tier is underlaid by a co-channel femto-tier that
is modelled using a uniform random deployment of closed-
access femtocells, that is, a deployment following a PPP
distribution characterized by a normalized intensity λ (mea-
sured in FBSs per area unit). Furthermore, and as it has been
stated in previous sections, PPPs of normalized intensities λm
and λf (measured in users per area unit), are used to model
the distribution of MUs and FUs over the corresponding
coverage areas, respectively. Even though we have used the
normalized intensities of the corresponding PPPs to develop
the analytical framework described in previous sections, for
the sake of presentation clarity, results shown in this section
will be expressed as a function of the average number of
FBSs per macrocell (Nf , πλR2m), the average number of

MUs per macrocell (M , πλmR2m) and the average number
of FUs per femtocell (Mf , πλf R2f ). The per-tier aver-
age spectral efficiency is evaluated for the OFDMA-based
FFR-aided two-tier network under different system configu-
rations and using the optimal designs described in Section VI.
Based on [29], Table 2 summarizes the main system param-
eters that have been used to obtain both the simulated and
analytical results.

TABLE 2. Network parameters.

A. FXD-BASED MACROCELL FFR
The average macrocell spectral efficiency (measured in
bps/Hz) is shown in Fig. 2 for the fixed optimization design
as a function of the distance threshold Rth. Aiming at illus-
trating the system behaviour under a wide variety of network
deployments, simulation and analytical results are provided

FIGURE 2. Average macrocell throughput versus distance threshold Rth,
average number of MUs per macrocell M and FBS density Nf
(FxD, W = 10 dB).

for both the RR and MSINR scheduling policies and using
different combinations of the average numbers of FBSs and
MUs per macrocell. The first obvious conclusion to be drawn
from the observation of these results is that there is an almost
perfect match between the results obtained using analysis
(lines) and those obtained through Monte-Carlo simulations
(markers) and, therefore, this validates the analytical frame-
work developed in Section IV. Focusing now on performance
issues, it can be observed that the effects of a dense femtocell
deployment on the average macrocell throughput degradation
aremore pronouncedwhen using the RR scheduler than when
implementing the MSINR scheduling rule. As expected, due
to the exploitation of the multiuser diversity, the average
throughput provided by theMSINR scheduling rule increases
with the average number of MUs per macrocell. Nonetheless,
there is another effect, more apparent when using the RR
scheduling rule, that produces also an increase of the average
throughput with the number of MUs. Increasing the average
number ofMUs per macrocell increases both the probabilities
of having at least one cell-edge MU and one cell-center MU,
hence reducing the probability of wasting resources in those
cases in which subcarriers cannot be allocated because the BS
has no users to serve. Furthermore, note that increasing the
average number ofMUs per macrocell produces a decrease in
the optimal distance threshold, thus reducing the size of the
macrocell-center region and increasing the impact the aver-
age macrocell-edge throughput has on the average macrocell
throughput. The decrease of the optimal value of Rth with the
average number of MUs per macrocell can be appreciated for
both the MSINR and RR scheduling rules.

Once the accuracy and precision of the proposed analytical
framework has been established, and unless otherwise stated,
we note that results shown next only depict the analytical
results, notwithstanding all of them have been duly repli-
cated by means of simulations. Using the wall penetration
loss as parameter, Fig. 3 shows the degradation of the opti-
mal macrocell throughput produced by an increase in the

VOLUME 4, 2016 5119



J. García-Morales et al.: FFR-Aided OFDMA-Based Heterogeneous Cellular Networks

FIGURE 3. Optimal average macrocell throughput versus the average
number of FBSs per macrocell Nf and wall penetration losses W
(FxD, M = 128).

average number of FBSs per macrocell. When compared to
the MSINR scheduling policy, a higher degradation slope can
be appreciated when using the RR scheduler, specially for
urban environments with buildings constructed with mate-
rials providing high levels of isolation (i.e., buildings with
W ranging from 10 to 20 dB). This can be explained by the
fact that the scheduled MUs are typically more robust against
interference when using an MSINR scheduling rule than for
the case of an RR scheduler.

FIGURE 4. Optimal average macrocell throughput versus wall penetration
loss W and FBS density Nf (FxD, M = 128).

Results presented in Fig. 4 compare the optimal macro-
cell throughput performance versus the wall penetration loss
using the average number of FBSs per macrocell as a param-
eter. In the absence of the femtocell tier (Nf = 0), the optimal
average macrocell throughput experiences a negligible degra-
dation when increasing the wall penetration losses because,
assuming that the thermal noise power is residual in front of
the intercell interference, both the useful and the interfering
signals for indoor MUs are affected by exactly the same

attenuation factor. In contrast, in environments with a high
FBS density, increasing the wall penetration losses produces
an increase in the the average macrocell throughput because,
in this case, high wall penetration losses protect indoor and
outdoor MUs in front of cross-tier interference generated by
neighboring FBSs.

FIGURE 5. Optimal distance threshold ratio versus average number of
FBSs per macrocell Nf and wall penetration losses W (FxD, M = 128).

The optimal distance threshold ratio versus the average
number of FBSs per macrocell is shown in Fig. 5 for different
values of the wall penetration loss and assuming, without
loss of generality, an average number of MUs per macrocell
M = 128. As it can be observed, using the MSINR
scheduling rule results in a higher optimal distance thresh-
old when compared with that obtained using the RR rule.
This is because MUs in the cell-center region experience
a much higher SINR than the cell-edge MUs and as the
MSINR scheduler favours users with good channel condi-
tions, the optimal fixed-spectrum-allocation-factor design for
the MSINR rule results in larger cell-center areas. Another
interesting effect is that increasing the average number of
FBSs per macrocell produces an increase in the optimal
distance threshold ratio in an MSINR-based system but, in
contrast, it results in a decrease of this parameter when using
an RR scheduling rule. These dissimilar behaviours can be
explained by the fact that the femto-tier interference effects
are less significant when affecting the best users selected
by the MSINR scheduler, specially the best cell-center FUs,
than when affecting a randomly selected user in an RR-based
system. It is also interesting to consider the effect the wall
penetration losses have on ω∗ as Nf increases. Irrespective of
the applied scheduling rule, increasing the wall penetration
losses produces an increase of the optimal distance threshold
ratio that is more apparent for high values ofNf . The rationale
behind this behaviour can be found in the fact that increas-
ing W results in a general decrease of the interference pro-
duced by the femto-tier, interference reduction that produces
a higher throughput increase in those MUs close to the MBS,
that is, those MUs likely to be cell-center users, thus leading
to an expansion of the central region (increase of ω).
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FIGURE 6. Average macrocell throughput versus distance threshold Rth,
average number of MUs per macrocell M and FBS density Nf (ApD,
MSINR, W = 10 dB).

FIGURE 7. Average macrocell throughput versus distance threshold Rth,
average number of MUs per macrocell M and FBS density Nf (ApD, RR,
W = 10 dB).

B. ApD-BASED MACROCELL FFR
As it was stated in Section VI, macrocell FFR optimization
problems based of area-proportional designs use an spectrum
allocation factor ρ = ω2. Using this setup, the simulated and
analytical average macrocell throughput as a function of the
distance threshold ratio ω and with different configurations
of number of FBSs and MUs per macrocell are shown in
Figs. 6 and 7 for the MSINR and RR scheduling policies,
respectively. As expected, as it does not make use of the
multiuser diversity, the RR scheduler provides much lower
average throughput figures than the MSINR scheduling rule.
An effect that becomes more and more evident as the density
of MUs per macrocell increases. The effects of increasing the
density of FBSs per macrocell are similar to those observed in
FxD-based macrocell FFR systems, with a more pronounced
degradation of the average macrocell throughput when using
the RR scheduler than for the MSINR scheduling rule.

As it can be observed in Fig. 6, when using an MSINR
scheduling strategy in an ApD-based FFR-aided network, the
optimal distance threshold ratio is ω∗ = 1 irrespective of
the network configuration, thus implying that the optimal
ApD spectral allocation factor is ρ∗ = 1. That is, in an
ApD-based FFR-aided network using an MSINR scheduler,
the optimal solution consists in eliminating the cell-edge
regions and allocating all the subcarriers to the cell-center
area (i.e., the optimal solution consists in using a full spec-
trum reuse strategy). This can be explained by the fact that
the MSINR scheduling rule does not provide fairness to the
set of served users and thus, the optimal ApD allocates the
available resources to MUs experiencing high SINR values,
that is, MUs located in the cell-center.

Results are quite different when using the fairness-driven
RR scheduling policy. In this case, and as it can be observed
in Fig. 7, there is an optimal distance threshold ratio that
is rather insensitive to the density of MUs per macrocell
but tends to increase as the density of FBSs per macrocell
increases. Furthermore, as the RR scheduling rule does not
take advantage of the multiuser diversity, the optimal values
of ω (and hence, those of ρ) are almost independent of M .
The displacement of the optimal value of ω∗ to higher values
as the femtocell density increases can be explained by the fact
that a given femto-tier interference power produces a higher
effect on those MUs experiencing lower SNIRs (i.e., those
MUs laying on the cell-edge region) and thus, the optimal
design tends to favour cell-center MUs by allocating more
resources to them.

C. QoScD-BASED MACROCELL FFR
The QoScD strategy allows setting different average through-
put fairness requirements between cell-edge and cell-center
MUs. Hence, in order to observe the system behaviour under
high and low QoS constraints, quality factors of q = 0.2
and q = 0.02 will be considered, respectively. Using dif-
ferent configurations of the densities of MUs and FBSs per
macrocell for both the RR and the MSINR scheduling poli-
cies, analytical and simulated average macrocell throughput
results are shown in Fig. 8 as a function of the distance
threshold ratio ω. Note that for the results shown in this
figure, for each value of ω, the value of ρ maximising the
averagemacrocell throughput has been used. Indeed, the pairs
(ω, ρ) optimizing the average macrocell throughput observed
in these graphs have been obtained by solving problem (34).
Because of the exploitation ofmultiuser diversity, theMSINR
scheduling policy shows a clear advantage in terms of average
throughput performance when compared to the RR strat-
egy. A performance advantage that, as in the FxD- and
ApD-based schemes, becomesmore pronounced inmacrocell
environments with a high density ofMUs. Increasing the QoS
requirement q enforces a higher degree of fairness between
cell-center and cell-edge MUs at the cost of decreasing the
spatially averaged macrocell throughput. Additionally, note
that the average throughput degradation produced by the
increase of the density of FBSs per macrocell is more obvious
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FIGURE 8. Average macrocell throughput versus distance threshold Rth
(assuming the use of the corresponding optimal value of ρ), average
number of MUs per macrocell M and FBS density Nf (QoScD, W = 10 dB).
(a) RR, q = 0.2. (b) MSINR, q = 0.2. (c) RR, q = 0.02. (d) MSINR, q = 0.02.

for the RR scheduling policy than for the MSINR scheduler,
specially for the case of a quality factor q = 0.02.
As it can be observed in Figs. 8 and 9, when using the

RR scheduling rule both the optimal distance threshold ratio
and the optimal spectrum allocation factor increase with the
quality factor q at the expense of a reduction in the average
macrocell throughput.3 In fact, recalling that τAmu(ω, ρ) is
defined as the average per-subcarrier and per-MU throughput
in region A and that the q is defined as the requirement that
τEmu(ω, ρ) is greater than a certain fraction of τ

C
mu(ω, ρ), strict

QoS constraints in an RR-based network can only be fulfilled
by increasing both the cell-center area (i.e., the number of
cell-center MUs) and the number of subcarriers allocated to
the cell-center MUs. Interference increase produced by the

3For comparison reasons, results for the area-proportional design are also
provided in Fig. 9.

FIGURE 9. Optimal spectrum allocation factor ρ∗ and distance threshold
ratio ω∗ versus the average number of FBSs per macrocell Nf and the QoS
requirement q (QoScD/ApD, M = 128, W = 10 dB). (a) RR scheduler.
(b) MSINR scheduler.

femto-tier densification produces a clear increase of ω∗ and a
not so obvious behaviour of ρ∗ that increases for q = 0.2 and
decreases for q = 0.02. In fact, both the objective function
and the constraint in problem (34) show a highly nonlinear
dependencewith respect to the optimization variablesω and ρ
and this makes it very difficult to provide an intuitive expla-
nation of its behaviour.

Full spectrum reuse has been found to be the one pro-
viding the maximum average macrocell throughput when
assuming an ApD-based network under MSINR scheduling.
This solution coincides with that obtained when designing a
QoScD-based FFR-aided network with q = 0. Despite this
is a trivial non-realistic QoS constrained design, it can help
to understand the MSINR-related results in Figs. 8 and 9.
Since a minimum degree of fairness between cell-edge and
cell-center MUs is enforced by the QoScD strategy, the con-
strained design targeting the maximization of the average
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macrocell throughput may no longer match the full spectrum
reuse scheme, however, note that the optimal spectrum alloca-
tion factor for q = 0.02 approaches 95% of all the available
spectral resources, that is, the optimal design shows a clear
tendency to the full spectrum reuse strategy. In fact, irrespec-
tive of the average number of FBSs per macrocell, increasing
the QoS requirement from q = 0.02 to q = 0.2 produces a
notable decrease in both the optimal distance threshold ratio
and the optimal spectrum allocation factor, thus increasing
the amount of spatial and frequential resources allocated to
the cell-edge MUs. The optimal spectrum allocation factor
is rather insensitive to the femto-tier density. In contrast,
increasing the average number of FBSs per macrocell results
in a decrease of the optimal distance threshold ratio. That
is, increasing the femto-tier interference affecting the MUs
produces a decrease of the optimal cell-center area. This is
because increasing the femto-tier interference harms more
the cell-edge MUs than the cell-center MUs and the QoScD,
in order to continue fulfilling the constraint in problem (34),
is bound to decrease the optimal threshold radius.

FIGURE 10. Average femtocell throughput versus the average numbers of
FUs per femtocell and FFR-aided macrocell optimization design
(d0 = 350 m, Nf = 100 FBs/macrocell, M = 128 MUs/macrocell,
W = 10 dB).

D. FEMTOCELL NETWORK
Considering now the performance evaluation of the fem-
tocell tier, and assuming that the macro-tier uses the opti-
mal ρ and ω for each particular set-up, Fig. 10 presents
the average spectral efficiency for a reference femtocell as
a function of the average number of FUs and for the different
FFR-based macrocell designs, when using either an RR
scheduling rule or an MSINR scheduler. Without loss
of generality, the reference FBS is located at a distance
d0 = 350 meters from the central MBS, the average num-
ber of MUs per macrocell is fixed to M = 128, the wall
penetration loss has been assumed to be W = 10 dB and
the average number of FBSs per macrocell has been set to
Nf = 100. As in the case of the macrocell network, note the
very accuratematch between analytical (lines) and simulation

(markers) results, thus validating the analytical framework
developed in Section V. It can be observed that increasing
the average number of FUs in the reference femtocell leads
to an improvement in its average throughput. This behavior
is due to the lower probability of not having any FU attached
to this femtocell, with the consequent waste of resources
(i.e., a femtocell infrastructure providing service to nobody),
andmoreover, for the particular case of theMSINR scheduler,
to the higher degree of multiuser diversity.

Inter-tier interference produced by different FFR-based
macrocell designs results in different levels of degradation
on the femto-tier basically due to the fact that the number
of subcarriers allocated to the cell-center and cell-edge areas
(i.e., the spectrum allocation factor ρ) is design-dependent.
As the subcarriers allocated to the cell-edge MUs suffer
from less macro-tier interference, the more subcarriers are
allocated to the cell-edge (i.e., the less ρ is) the higher is
the average throughput experienced in the femto-tier. As the
optimal spectrum allocation factor of ApD and QoScD is
higher than that used in the FxD (see Fig. 9), using FxD with
ρ = 0.5 in the FFR-aided macro-tier provides the highest
average femtocell throughput. As ApD is the one exhibiting
the highest optimal spectrum allocation factor for both the
RR and the MSINR schedulers, using ApD in the FFR-aided
macro-tier produces the highest degradation in the average
femtocell throughput. Degradation effects produced by the
QoS constrained designs lie in between those produced by
the fixed and area-proportional designs.

FIGURE 11. Average femtocell throughput versus wall penetration loss
and FFR-aided macrocell optimization design (d0 = 350 m,
Nf = 100 FBs/macrocell, M = 128 MUs/macrocell, Mf = 4 FUs/femtocell).

In Fig. 11, assuming M = 128 MUs/macrocell,
Nf = 100 FBSs/macrocell and an average number of FUs
Mf = 4 served by the reference femtocell located at a
distance d0 = 350 meters from the central MBS, the average
throughput for this particular FBS is shown as a function
of the wall penetration losses for the different FFR-based
macrocell designs and applying RR and MSINR schedul-
ing policies. It can be seen how, irrespective of the applied
FFR-aided macro-tier design, a large wall penetration loss

VOLUME 4, 2016 5123



J. García-Morales et al.: FFR-Aided OFDMA-Based Heterogeneous Cellular Networks

FIGURE 12. Average femtocell throughput versus distance to the nearest
MBS and FFR-aided macrocell optimization design (Nf = 100
FBs/macrocell, M = 128 MUs/macrocell, W = 10 dB, Mf = 4
FUs/femtocell).

leads to a better femto-throughput performance because, in
this case, the walls protect the indoor FUs from the interfer-
ence emanating from both the macro- and femto-tiers. That
is, wall penetration losses are always beneficial for the indoor
FUs in terms of average spectral efficiency.

Finally, Fig. 12 depicts the average reference FBS through-
put as a function of its distance to the central MBS (notice
that this distance ranges from R0m to Rm) for the different
FFR-based macrocell designs and scheduling strategies.
In this particular result, the system is parameterized
with M = 128 MUs/macrocell, W = 10 dB,
Nf = 100 FBSs/macrocell and Mf = 4 FUs attached to
the reference FBS. Clearly, FBSs located far-away from a
MBS achieve higher average throughput owing to a lower
interference caused by the macro-tier. Note that for the
majority of distances to the MBS, MSINR outperforms RR,
however, when the reference FBS is located in the proxim-
ity of the MBS, for certain FFR-based macrocell designs
(i.e., ApD and QoScD with q = 0.02) the RR scheduler
provides an advantage over the MSINR scheduling rule.
For these particular designs, and unlike in RR scheduling,
the optimal value of ρ when applying MSINR scheduling
is almost equal to one, that is, virtually all subcarriers are
allocated to the center-region and thus, in the vicinity of the
MBS,most of the subcarriers used by the FBSwill be affected
by a high level of inter-tier interference thus resulting in a
decreased average femtocell throughput.

VIII. CONCLUSION
This paper has introduced an analytical framework to evaluate
the performance of two-tier FFR-aided OFDMA networks
that is able to incorporate the regular distribution of the macro
base stations with randomly-deployed users and femto base
stations adhering to Poisson-point processes. Monte Carlo
simulations have been used to thoroughly validate the analyt-
ical results. Regarding the macro-tier, numerical results show

that the macrocell throughput tends to increase when number
of macro-users in the system grows, as the probability of
having empty FFR-defined areas (i.e., cell-center or cell-edge
without any user) vanishes, thus preventing radio resources
assigned to each area from being wasted. Remarkably, when
employing MSINR scheduling, the exploitation of multiuser
diversity helps to further magnify the macrocell throughput
improvement. Increasing the number of FBSs per macrocell
rises the inter-tier interference, thus causing a significant
degradation on the macrocell throughput, which has been
found to be of comparable magnitude for both scheduling
policies. Most of the effects observed in the macro layer are
alsomimicked at the femto level, where in this case the femto-
tier performance degradation observed with an increased
number of femtos is caused by an enhanced level of intra-
tier interference. Multiuser diversity, as in the macro tier,
is also observed to very significantly increase the femtocell
throughput when using MSINR even for a small number of
femto users. Remarkably, the optimal threshold radius in the
FFR design, has been found to significantly depend on the
number of FBSs per macrocell and the number of MUs per
cell, thus clearly revealing the close relation between femto-
network characteristics and the macrocell FFR component
as well as the relevance of analytical frameworks, such as
the one introduced here, that jointly consider both macro
and femto tiers. Finally, a variety of FFR designs have been
proposed by suitably dimensioning the edge and central FFR
defined-regions and the corresponding amount of frequency
resources assigned to each region. In particular, ApD and
QoScD designs have been shown to offer different operating
points in the throughput vs fairness plane. The proposed
model also incorporates wall penetration losses. It has been
found that the effects these losses have on the average femto-
cell throughput barely depend on the scheduling technique or
FFR design, whereas when evaluating the average macrocell
throughput, this has been shown to exhibit a clear dependence
on the number of active femtocells.

Further work will progress along different lines. Firstly, by
demonstrating how the proposed analysis can be tailored to
more sophisticated ICIC techniques. Notice for instance that
by allowing the FFR-defining thresholds to vary in time or
by using different reuse patterns, the analytical performance
of adaptive and soft frequency reuse schemes could be tack-
led, and that by relying on the SINR expressions achievable
when using network MIMO schemes, combined cooperative
and multi-tier networks could be analyzed. Secondly, more
sophisticated scheduling techniques, such as proportional
fair (PF), will be incorporated. Finally, other spectrum shar-
ing strategies can be explored such as those based on the
spectrum swapping technique mentioned in the Introduction.

APPENDIX A
PROOF OF THEOREM 1
In order to simplify notation, let us define the random vari-
able γ representing the instantaneous SINR experienced by a
generic user on a generic subcarrier. Let us also assume that
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this SINR can be expressed as

γ =
|x0|2

N01f +
∑r

i=1 |xi|
2 , (35)

with {xi}ri=0 denoting a set of r + 1 independent zero-
mean complex-normal random variables with variance Pi,
for all i ∈ {0, . . . , r}. In this case, when conditioned on
the set of random variables {xi}ri=1, the CDF of γ can be
obtained as

Fγ |x1,...,xr (x|y1, . . . , yr )

= Pr {γ ≤ x|x1 = y1, . . . , xr = yr }

= Pr

{
x0 ≤ x

(
N01f +

r∑
i=1

yi

)}

= 1− exp
(
−x

N01f +
∑r

i=1 yi
P0

)
, x ≥ 0. (36)

Now, averaging over the PDFs of the random variables in the
set {xi}ri=1 yields

Fγ (x)=
∫
∞

0
· · ·

∫
∞

0
Fγ |x1,...,xr (x|y1, . . . , yr )

×fx1 (y1) · · · fyr (yr )dy1 · · · dyr

= 1−exp
(
−x

N01f

P0

) r∏
i=1

∫
∞

0
exp

(
−x

yi
P0

)
fxi (y)dy

= 1− exp
(
−x

N01f

P0

) r∏
i=1

(
1+ x

Pi
P0

)−1
. (37)

APPENDIX B
PROOF OF THEOREM 2
For the moment, let as assume that the number of interfering
FBSs is equal to N and that they are uniformly distributed in
a circular area of radius R around the position of the user.
Furthermore, in order to simplify notation, let us drop the
user class and subcarrier indices. As a result of the ordering
process, the order statistics {d (j)u }Nj=1 are no longer i.i.d. and
their probability density function (PDF) is given by [32]

f
d (j)u

(x) =
N !

(j− 1)!(N − j)!
Fd (x)j−1(1− Fd (x))N−jfd (x),

(38)

for all j ∈ {1, . . . ,N }, where

fd (x) =


2x
R2
=

2πλx
N

, 0 ≤ x ≤ R

0, otherwise,
(39)

and

Fd (x) =


0, x < 0
x2

R2
=
πλx2

N
, 0 ≤ x ≤ R

1, x > R,

(40)

denote, respectively, the PDF and cumulative distribution
function (CDF) common to all the unordered statistics
{dj,u}Nj=1. Now, taking N → ∞ (and thus R → ∞) while
keeping λ constant yields

f
d (j)u

(x) =
2πλx
(j− 1)!

(πλx2)j−1e−πλx
2
, x > 0. (41)

For a user located inside a building with femtocell cov-
erage, the conditional PDF of d (1)u |d

(1)
u ≤ Rf can be

obtained as

fd (1)u [q]|d (1)u ≤Rf
(x) =

Pr{d (1)u = x, d (1)u ≤ Rf }

Pr{d (1)u ≤ Rf }

=


2πλxe−πλx

2

1− e−πλR
2
f
, 0 ≤ x ≤ Rf

0, otherwise,

(42)

and therefore, the expected distance of the nearest FBS for
this particular case is

E
{
d (1)u |d

(1)
u ≤ Rf

}
=

Rf

1− eπλR
2
f
−

eπλR
2
f erf

(√
πλRf

)
2
√
π (1− eπλR

2
f )

,

(43)

where erf(·) denotes the Gauss error function. Analogously,
for a user located outside areas with femtocell cover-
age, the conditional PDF of d (1)u |d

(1)
u > Rf can be

obtained as

fd (1)u |d
(1)
u >Rf

(x) =
Pr{d (1)u = x, d (1)u > Rf }

Pr{d (1)u > Rf }

=


0, x ≤ Rf
2πλxe−πλx

2

e−πλR
2
f

, x > Rf .
(44)

In this case, the expected distance of the nearest FBS can be
expressed as

E
{
d (1)u |d

(1)
u > Rf

}
= Rf +

eπλR
2
f erfc

(√
πλRf

)
2
√
π

, (45)

where erfc(·) is the complementary Gauss error function.
The joint PDF of the order statistics d (1)u and d (j)u ,

1 < j ≤ N , is given by [32]

f
d (1)u ,d (j)u

(y, x)

=
N ! [Fd (x)− Fd (y)]j−2 [1− Fd (x)]N−j fd (y)fd (x)

(j− 2)!(N − j)!
,

(46)

for 0 ≤ y < x ≤ R. Again, taking N → ∞ (and thus
R→∞) while keeping λ constant yields

f
d (1)u ,d (j)u

(y, x) =
4(πλ)2yx
(j− 2)!

[
πλ

(
x2 − y2

)]j−2
e−πλx

2
, (47)
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with 0 ≤ y < x ≤ ∞. For a user u located inside a building
with femtocell coverage then

f
d (j)u |d

(1)
u ≤Rf

(x) =
Pr{d (j)u = x, d (1)u ≤ Rf }

Pr{d (1)u ≤ Rf }

=



0, x < 0
2(πλ)jx2j−1e−πλx

2

(j−1)!
(
1−e
−πλR2f

) , 0 ≤ x ≤ Rf

2(πλ)j
[
x2j−1−x

(
x2−R2f

)j−1]
e−πλx

2

(j−1)!
(
1−e
−πλR2f

) , x > Rf .

(48)

Consequently, the expected distance of the jth nearest inter-
fering FBS, with j ≥ 2, from an user located in a building
with femtocell coverage can be derived as

E
{
d (j)u |d

(1)
u ≤ Rf

}
=

∫
∞

0
xf
d (j)u |d

(1)
u ≤Rf

(x)

=
0(j+ 1/2)

√
πλ (j− 1)!

(
1− e−πλR

2
f

)
−

(πλ)jR2j+1f e−πλR
2
f U

(
j, j+ 3/2, πλR2f

)
1− e−πλR

2
f

, (49)

where 0(·) is the Gamma function and U (·, ·, ·) is the conflu-
ent hypergeometric function of the second kind, also known
as the Kummer’s function of the second kind.

Analogously, for a MU u located outside areas with fem-
tocell coverage we have that

f
d (j)u |d

(1)
u >Rf

(x) =
Pr{d (j)u = x, d (1)u > Rf }

Pr{d (1)u > Rf }

=


0, x ≤ Rf
2(πλ)jx

(
x2−R2f

)j−1
(j−1)! e

πλ
(
x2−R2f

) , x > Rf ,
(50)

and thus, the expected distance of the jth nearest interfering
FBS, with j ≥ 2, is given by

E
{
d (j)u |d

(1)
u > Rf

}
=

∫
∞

Rf
xf
d (j)u |d

(1)
u >Rf

(x) dx

= (πλ)jR2j+1f U
(
j, j+ 3/2, πλR2f

)
. (51)
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