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ABSTRACT In orthogonal frequency-division multiple access (OFDMA) networks, the use of universal
frequency reuse improves overall cell capacity at the cost of very high levels of inter-cell interference partic-
ularly affecting the users located in the cell-edge regions. In order to provide a better quality of experience to
cell-edge users while still achieving high spectral efficiencies, conventional fractional frequency reuse (FFR)
schemes split the cells into inner and outer regions (or layers) and allocate disjoint frequency resources to
each of these regions by applying higher frequency reuse factors to the outer regions. Recently, multi-layer
FFR-aided OFDMA-based designs, splitting the cell into inner, middle, and outer layers, have been proposed
with the aim of further improving the throughput fairness among users. This paper presents an analytical
framework allowing the performance evaluation and optimization of multi-layer FFR-aided OFDMA-based
networks. Tractable mathematical expressions of the average spectral efficiency are derived and used to
pose optimization problems allowing network designers to achieve the optimal trade-off between spectral
efficiency and fairness. Analytical and simulation results clearly show that, irrespective of the channel-aware
scheduler in use, multi-layer FFR-schemes can outperform the conventional two-layer FFR architectures.

INDEX TERMS OFDMA cellular networks, multi-layer FFR, channel-aware schedulers, spectral efficiency,
optimization.

I. INTRODUCTION
A. MOTIVATION
Orthogonal frequency division multiple access (OFDMA) is
one of the most prominent air-interfaces in modern cellular
standards [1]. Owing to the orthogonality among subcar-
riers, OFDMA makes the intra-cell interference negligible.
However, inter-cell interference (ICI) remains an issue due
to the use of aggressive high spectral efficiency universal
frequency reuse plans where all cells use the same set of
frequency subbands (reuse-1). In this setup, ICI critically
affects the mobile stations (MSs) located near the cell-edge
because the serving base station (BS) and the nearest inter-
fering ones are located at similar distances. Unfortunately,
the implementation of less aggressive conventional fre-
quency reuse arragements like, for instance, the well-known

reuse-3 scheme, decreases ICI at the cost of sacrificing spec-
tral efficiency. With the aim of mitigating the high levels of
ICI experienced by the cell-edge users while still achieving
high spectral efficiencies, multiple ICI control (ICIC) strate-
gies have been proposed in the literature (see, for instance, [2]
and references therein), among which, static fractional fre-
quency reuse (FFR) has been shown to provide a good trade-
off among cell-edge throughput enhancement, provision of
high spectral efficiency and implementation complexity [3].

The conventional FFR scheme splits the cell into two lay-
ers, the inner and the outer ones (also known as cell-center
and cell-edge regions). A low frequency reuse factor is used
for the inner-cell MSs (typically reuse-1), less affected by co-
channel interference, and a larger frequency reuse factor is
selected for the outer-cell MSs (e.g., reuse-3), which are more
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prone to ICI. In spite of their advantages, the conventional
two-layer FFR has also some drawbacks. On one hand, when
the area covered by the inner layer is large, the MSs located
at the edge of this layer already suffer from high levels of ICI.
On the other hand, when the area covered by the outer layer
expands, the spectrum utilization decreases and the spectral
efficiency drops. Therefore, it can be concluded that, in order
to provide a certain degree of fairness among users located in
different areas of the cell while still achieving high spectral
efficiencies, both inner and outer layers should not be too
large. In an attempt to reconcile these two conflicting situa-
tions, the use of FFR schemes with more than two layers has
been recently proposed as a promising ICIC approach for next
generation cellular systems (see [4] and references therein).
The rationale behind themulti-layer FFR configuration is that
by incorporating middle layers in between the inner and outer
ones, the fairness among MSs located in different layers can
be improved without sacrificing (and even often increasing)
the overall cell throughput.

Regardless of the particular ICIC technique in use, spectral
efficiency can be further enhanced by using channel-aware
schedulers. This scheduling family relies on the availability
of ideal1 instantaneous channel state information (CSI) and
has been profusely studied in the context of OFDMA [6]–[8].
In particular, the maximum signal-to-interference-plus-noise
ratio (MSINR) or the proportional fairness (PF) scheduling
rules have become very relevant in the operation of modern
cellular networks [9]. TheMSINR scheduler aims at optimiz-
ing the system spectral efficiency but this comes at the cost
of sacrificing fairness among MSs. By contrast, the propor-
tional fair (PF) scheduler has been shown to provide a good
tradeoff between spectral efficiency and fairness [10]. Then,
the use of multi-layer FFR-aided OFDMA-based systems in
combination with PF-based channel-aware schedulers seems
to be a very interesting approach to deal with the deleterious
effects of ICI.

B. RELATED WORK
Analytical performance evaluations of conventional two-
layer FFR-aided OFDMA-based cellular networks have been
tackled using Poisson Point Processes (PPPs) to model the
location of the BSs [11], [12]. These approaches allow char-
acterization of the system performance by spatially averaging
over all possible network realizations, but they cannot accu-
rately analyze the performance of a given cell, a metric of
particular importance to network designers that, provided a
planned set of BS locations along with traffic load conditions,
will be interested in calculating the performance obtained
within a specific region in the coverage area of the network.

1It is worth noting that time variations or limitations on the feedback
channels providing the CSI to the BSmay render this CSI inaccurate but still,
techniques are available to exploit this imperfect yet valuable information in
order to capitalize on the inherent multiuser diversity of the system [5]. The
incorporation of robustness to the proposed analytical framework, despite
constituting a very interesting topic for further research, is beyond the scope
of this work.

In order to characterize the performance of a specific
cell in the network, there are many studies in the litera-
ture specifically focusing on the optimization of the inner
radius, as well as the inner region bandwidth of the conven-
tional two-layer FFR-based layout [13]–[21]. In particular,
Jin et al. [13] studied a two-layer FFR-aided twin-tier
OFDMA network where stochastic geometry was used to
characterize the random distribution of femtocells, and the
macrocells were overlaid on top of the femtocells following a
regular tessellation. However, the analytical framework was
limited to resource allocation schemes based on the round
robin (RR) scheduling policy, thus neglecting the gains that
can be achieved by using channel-aware PF and MSINR
schedulers. Similar approaches, lacking the consideration of
scheduling policies and small scale fading, were also pro-
posed by Assaad [14] and Najjar et al. [15] to optimize
the two-layer FFR-based parameters in a single-tier network.
These limitations were overcome in part by Xu et al. in [16]
(see also [17]) and García-Morales et al. in [18], but only for
opportunistic MSINR schedulers. The impact the selection
of frequency reuse factor and distance thresholds has on
the performance of conventional two-layer FFR schemes in
OFDMA-based dense networks was analyzed in [19]–[21].
However, none of these afore mentioned studies considered
the use of multi-layer FFR-aided schemes.

In contrast to the above background work, [4], [22]–[24]
consider the use of multi-layer FFR schemes to con-
trol the ICI. Xie and Walke [22] proposed a three-layer
FFR scheme using reuse-1 and low transmit power for the
inner layer, reuse-3 and moderate transmit power for the mid-
dle layer, and reuse-9 and high transmit power for the outer
layer. A theoretical analysis of a series of reuse partitioning
approaches was carried out in this paper using mathemati-
cally tractable expressions, but only considering the pathloss
effect and thus precluding any attempt to analyze the sys-
tem performance with the use of channel-aware schedulers.
Ghaffar and Knopp [23], also proposed a three-layer scheme.
In particular, reuse-1 was used for the inner layer and
reuse-3/2 for the middle and outer layers. The use of this
approach provided a reduction of power consumption at
the BSs leading to an improvement of the average spectral
efficiency but at the cost of increasing the ICI. A multi-
layer soft frequency reuse (SFR) scheme was proposed by
Yang [24] where different power levels were allocated to each
layer. This approach can achieve a better interference pattern
than that obtained using a two-layer SFR, thus improving the
overall spectral efficiency. In [23] and [24], the average cell
and per-layer spectral efficiencies were formulated, but the
authors did not provide either closed-form solutions or math-
ematically tractable expressions to deal with these metrics.
Thus, only results obtained through Monte-Carlo simula-
tions were presented. Particularly interesting is the work of
Wang et al. [4], where a mathematically tractable multi-layer
FFR model was proposed. Moreover, optimal designs and
closed-form expressions of the average spatial capacities of
certain typical regions of a cell were derived. One of the
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main conclusions of this work was that multi-layer schemes
can provide better average spatial capacity and fairness than
the traditional two-layer scheme. The main limitation of this
work, however, was the use of rather unrealistic assump-
tions such as neglecting the small scale fading effects and,
consequently, limiting the proposed analytical framework to
resource allocation schemes based on the RR scheduling
policy.

C. CONTRIBUTIONS OF THE PAPER
In this paper, a novel analytical framework allowing
the analysis and optimization of multi-layer FFR-aided
OFDMA-based cellular networks is introduced. Compared to
previous studies, our main contributions in this paper can be
summarized as follows:

• In order to characterize the wireless channel effects,
closed-form analytical expressions for the statistical dis-
tribution of the SINR are first derived. These are then
used to obtain tractable mathematical expressions of the
average cell throughput for the benchmark two-layer
setup and the proposed four-layer FFR-based configu-
ration when relying on a channel-aware PF scheduling
strategy.

• Based on the statistical channel characterization and the
cell throughput expressions, an analytical framework is
provided to evaluate the impact any of the FFR layers
may produce on the average cell throughput, the average
throughput per layer or the average throughput experi-
enced by the worst MSs in each layer.

• In order to select the size of the FFR-related spatial and
spectral partitions, two multi-layer FFR-based optimal
designs, namely the area-proportional design (ApD) and
the free-design (FrD), are introduced. Furthermore, for
both ApD and FrD approaches, an optimization problem
is posed which can maximize the max-min throughput
fairness among users located in different layers. Note
that in the proposed setup user management is actu-
ally conducted through a two-level mechanism. On the
one hand, based on long-term QoS metrics, users are
assigned to FFR layers using a max-min strategy tar-
geting fairness among users located in different layers.
On the other hand, based on instantaneous CSI, fairness
among users in each layer is provided using a propor-
tional fair (PF) scheduling rule.

• Analytical results, which are corroborated by exten-
sive Monte-Carlo simulations, confirm that, when com-
pared to conventional two-layer designs, multi-layer
FFR-aided ODMA-based schemes can serve to improve
fairness among MSs without sacrificing overall spectral
efficiency.

D. PAPER ORGANIZATION
The rest of the paper is organized as follows. In Section II
the cellular network model is presented along with a sta-
tistical characterization of the channel under consideration.

FIGURE 1. Schematic representation of the two-layer FFR-aided
OFDMA-based cellular network.

FIGURE 2. Schematic representation of a four-layer FFR-aided
OFDMA-based cellular network.

Section III, assuming the use of a PF channel-aware sched-
uler, elaborates on the analytical framework used to derive the
average throughput performance provided by a given BS to
each of the layers. The special case of the RR scheduling rule
is also discussed. Optimization set-ups for different multi-
layer FFR designs are presented in Section IV. Focusing on
each FFR design, extensive analytical and simulation results
are provided in Section V. Finally, the main outcomes of this
paper are recapped in Section VI.

II. CELLULAR NETWORK MODEL
Let us consider the downlink of an OFDMA-based cellu-
lar system where a set of BSs are assumed to be regularly
arranged over the whole coverage area. This cellular environ-
ment can be modeled as a regular tessellation of hexagonally-
shaped coverage areas, as shown in Figs. 1 and 2, with the
BSs located at the centre of the hexagons. For the sake
of analytical tractability, the central cell, covering a spatial
region H and served by BS 0, which will be referred to as
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the tagged BS, will be approximated by a circle whose area
is the same as the hexagonal one. That is, assuming that the
side of the regular hexagon is Rh, the radius of the circular

cell is R = Rh
√
3
√
3/(2π ), and the total cell coverage area is

AHr = π (R2 − R20), where R0 is the minimum distance of a
MS from its serving BS.

The locations of the MSs at a given time instant
are assumed to form a stationary PPP of normalized
intensity λ (measured in MSs per unit area). A consequence
of this assumption is that the probability distribution of the
number ofMSsMS falling within any spatial region S of area
ASr follows a Poisson distribution, thus implying

Pr{MS = k} =
(λASr )

ke−λA
S
r

k!
. (1)

A. TWO-LAYER FFR NETWORK LAYOUT
In order to control the ICI, MSs in a two-layer FFR network
are classified according to the received average SINR as
either inner-cell MSs, when the received average SINR is
above a given threshold. Otherwise, they are classified as
outer-cell MSs. Moreover, non-overlapping resources (sub-
carriers) are allocated to inner-cell and outer-cell MSs, while
employing a frequency reuse factor equal to one (reuse-1) for
the inner-cell MSs and a higher frequency reuse factor for the
outer-cell MSs that is assumed to be 3 in this paper (reuse-3).
For the sake of analytical tractability, inner and outer regions
(or layers) will be separated by a circumference of radius Rth
(threshold distance).

The total system bandwidth is exploited by means of a set
FT of NT orthogonal subcarriers with a sufficiently small
bandwidth1f such that all subcarriers experience frequency
flat fading. The setFT is split into a setFI of subcarriers allo-
cated to the inner layer and a set FO = FT \FI of subcarriers
allocated to outer layers. The set FO is further split into three
equal parts, namelyFO1,FO2 andFO3, which are allocated to
outer-cell MSs in such a way that adjacent cells will operate
on three different sets of subcarriers, as shown in Fig. 1.
We define NI and NO as the number of subcarriers allocated
to the inner layer and each of the outer layers, respectively,
it thus holds that NT = NI + 3 NO.

B. FOUR-LAYER FFR NETWORK LAYOUT
In multi-layer FFR scheme deployments, a middle layer is
inserted in between the inner and the outer ones. The rationale
behind the use of this extra layer is to avoid excessively large
inner and outer layers that lead to an overall performance
degradation of the system. The reuse factor of inner layers
should be small (e.g., reuse-1) to keep a relatively high
spectrum utilization. In contrast, the reuse factor of outer
layers should be large (e.g., reuse-3) in order to avoid high
levels of ICI affecting the MSs located far from the BS.
Wang et al. [4] split the middle layer into two sublayers,
i.e., middle1 and middle2, both implementing a reuse fac-
tor 3/2, as shown in Fig. 2. This is a feasible and practical
choice for the design of a four-layer FFR scheme, and also

advantageous from a performance point of view [4]. The
inner and outer layers are designed in the same way as the
traditional FFR scheme. Again, for analytical tractability, the
inner (I ), middle1 (M1), middle2 (M2) and outer (O) layers
will be separated by circumferences of radiiRth,RM1 andRM2 .
Moreover, the set FT is split into sets FI , FM and FO of

subcarriers allocated to the centre, middle and outer layers,
respectively. SetsFM andFO are further split into three equal
parts, namely FM1, FM2 and FM3, which are allocated to
middle-cell MSs and FO1, FO2 and FO3 which are allocated
to outer-cell MSs, respectively (see Fig. 2). We have that
NT = NI + 3 NM + 3 NO, where NM is the number of
subcarriers allocated to each of the middle layers.

C. STATISTICAL CHARACTERIZATION OF THE SINR
For the sake of analytical simplicity and in line with most
previous studies on this topic (see, for instance, [11], [13],
[16], [18], [19]), only pathloss and small scale fading are
considered in this paper and hence, the channel characterizing
the link between the bth BS and the uth MS can be modeled
as

LdB
(
db,u

)
= K + 10α log10

(
db,u

)
, (2)

where K and α are, respectively, the path loss at a distance
of one meter from the BS and the path loss exponent, and
db,u is the distance (in meters) between the BS b and
the MS u.
Consider that MS u is located in cell layer A served by the

BS of interest, where A is a token used to represent any of the
cell layers (or regions) I , M1, M2, or O. The instantaneous
SINR experienced by thisMS on the nth subcarrier and during
the scheduling period t can be expressed as

γ Au,n(t) =
PsGTL(d0,u)|H0,u,n(t)|2

N0Fn1f + IAu,n(t)
, (3)

where Ps is the power allocated per subcarrier, GT is the
power gain of the BS antenna, Hb,u,n(t) ∼ CN (0, 1) is
the frequency response resulting from the small-scale fading
channel linking the bth BS to MS u on the nth subcarrier
during scheduling period t , N0 is the noise power spectral
density, Fn is receiver noise factor and IAu,n(t) denotes the
interference term that is given by

IAu,n(t) =
∑
b∈8A

n

PsGTL
(
db,u

)
|Hb,u,n(t)|2, (4)

with 8A
n representing the set of interfering BSs, which is

subcarrier-dependent according to which layer subcarrier
n belongs to. In fact, assuming the BS numbering used
in Figs. 1 and 2, we have that

8A
n =

{
{1, 2, . . . , 18}, n ∈ FI

{8, 10, 12, 14, 16, 18}, n ∈ FO,
(5)
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for the two-layer FFR scheme, and

8A
n =


{1, 2, . . . , 18}, n ∈ FI

{2, 4, 6, 7, 8, 10, 11, 12, 14, 15, 16, 18}, n ∈ FM1

{1, 3, 5, 8, 9, 10, 12, 13, 14, 16, 17, 18}, n ∈ FM2

{8, 10, 12, 14, 16, 18}, n ∈ FO.

(6)

when implementing the four-layer FFR strategy. Assuming
the use of uniform power allocation, the allocated power per-
subcarrier can be obtained as

Two-layer FFR: Ps =
PT

NI + NO
,

Four-layer FFR: Ps =
PT

NI + 2NM + NO
, (7)

where PT represents the available transmit power at the BS.
Note that L

(
db,u

)
can be expressed in terms of the polar

coordinates of MS u with respect to BS 0 as L(d0,u, θ0,u) and
thus, strictly speaking, γu,n(t) is a function of d0,u and θ0,u.
Furthermore, it is shown in [25] that the instantaneous SINR
in multicell networks barely depends on the polar angle and
thus, from this point onwards, the dependence of γu,n(t) on
θ0,u will be omitted. Moreover, since the channel is assumed
to be stationary, from this point onwards the time dependence
of all variables will be dropped unless otherwise stated.

Since hb , |Hb,u,n|2 conforms to an exponential
distribution with probability density function (PDF) given
by fhb (x) = e−xu(x), where u(x) represents the unit step
function, its corresponding cumulative distribution func-
tion (CDF) can be obtained as

Fhb (x) = Pr{hb ≤ x} = (1− e−x)u(x). (8)

Hence, the CDF of the instantaneous SINR γ Au,n conditioned
on the set of small-scale fading gains h , {hb}∀b 6=0 and on
the location of MS u, can be derived from (3) as

Fγ Au,n|d,h(x|d,h) , Pr{γ Au,n ≤ x|d,h}

= Pr

{
h0 ≤

(
N01f + IAu,n

)
γ̄0

x|d,h

}

= 1− e−
x(N01f+IAu,n)

γ̄0 , x ≥ 0, (9)

where γ̄0 = PnL(d) represents the average received signal.
Note that distances in the set d can be written in terms of the
distance d0,u = d from the serving BS to MS u.

Now, using (9) and averaging over the PDFs of the i.i.d.
random variables h, the conditional CDF of the instantaneous
SINR γ Au,n experienced by MS u located at distance d0,u = d
from the serving BS and in the region A, can be obtained as

Fγ Au,n|d0,u (x|d) , Pr{γ Au,n ≤ x|d}

=

∫
∞

0
· · ·

∫
∞

0

(
1− e−

x(N01f+IAu,n)
γ̄0

) ∏
i∈8A

n

fhi (hi)dhi

= 1− e−
xN01f
γ̄0

∫
∞

0
· · ·

∫
∞

0
e
−

x
(∑

i∈8An
hi γ̄i

)
γ̄0

∏
i∈8A

n

e−hidhi

= 1− e−
xN01f
γ̄0

∏
i∈8A

n

1

1+ xγ̄i
γ̄0

, x ≥ 0, (10)

where fhi (hi) is the PDF of the variable hi = |Hi,u,n|2, and
γ̄i = PnL

(
di,u

)
is the average interfering signal from each

interfering BS.

III. THROUGHPUT ANALYSIS
The average cell throughput for the downlink of the multi-
layer FFR-aided OFDMA-based cellular network can be
expressed as

η =
∑
∀A

ηA, (11)

where ηA is the average throughput of cell layer A.
Let us define MS0 as a positive integer random variable

representing the number of MSs in the cell served by the
tagged BS. As MSs are assumed to be uniformly distributed
in the entire cell region, the probability that an MS is located
in cell layer A is

PAr =
AAr
AHr
=
RAU

2
− RAL

2

R2 − R20
, (12)

where AAr is the area of cell region A, and RAL and RAU denote
the lower and upper radii of the circumferences defining
this layer. Using these definitions, the average throughput in
cell layer A can be expressed as shown in (13) and (14) on
top of the next page, for both the two-layer and the four-
layer FFR schemes, respectively, where ηAn (kA) is the average
throughput for the nth subcarrier when there are kA MSs in
cell region A.

Now, defining MA as a non-negative integer random vari-
able representing the number of MSs in cell region A,
the average throughput for the nth subcarrier allocated to cell
region A when MA = k , can be obtained as

ηAn (k) = 1f Eγ An |MA

{
log2

(
1+ γ An

)
|MA = k

}
= 1f log2 e

∫
∞

0

1− Fγ An |MA
(x|k)

1+ x
dx. (15)

In order to obtain tractable mathematical expressions
for ηAn (k), the conditional CDF Fγ An |MA

(x|k) has to be cal-
culated and this depends on the specific scheduling policy
applied by the resource allocation algorithm. In the follow-
ing subsections, this CDF will be obtained for the PF and
RR scheduling rules.

A. PF SCHEDULING
A PF scheduler, exploiting the knowledge of the instanta-
neous SINRs experienced by all MSs q ∈MA, allocates the
subcarrier n ∈ FA to MS u ∈MA satisfying

u = arg max
q∈MA

{wq(t)γ Aq,n(t)}, (16)
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Two-layer FFR scheme: ηA =
∞∑
k=1

Pr{MS0 = k}
k∑

kI=0

(
k

kI , k − kI

)(
PIr
)kI (

POr
)k−kI [

NAηAn (kA)
]
. (13)

Four-layer FFR scheme: ηA =
∞∑
k=1

Pr{MS0 = k}
k∑

kI=0

k−kI∑
kM1=0

k−kI−kM1∑
kM2=0

(
k

kI , kM1 , kM2 , k − kI − kM1 − kM2

)

×

(
PIr
)kI (

PM1
r

)kM1
(
PM2
r

)kM2
(
POr
)k−kI−kM1−kM2

[
NAηAn (kA)

]
. (14)

where MA is the set indexing all MSs in cell region A, and
wq(t) = 1/µq(t) is the weighting (prioritization) coefficient
for MS q that, in this case, depends on the short-term average
evolution of channel-state information. This can be obtained
using a moving average over a window of W scheduling
periods as

µq(t) =
(
1−

1
W

)
µq(t − 1)+

∑
n∈FA

ιq,n(t)
γ Aq,n(t)

W
, (17)

with ιq,n(t) denoting the indicator function of the event that
MS q is scheduled to transmit on the nth subcarrier during
scheduling period t , that is,

ιq,n(t) =

{
1, if MS q is scheduled on carrier n in t
0, otherwise.

(18)

From [26] we know that, for large values of W and once
the PF scheduler reaches stability, µq(t) varies very little
with t and thus, it can be safely approximated by its statistical
expectation, that is, µq(t) ' E{µq(t)} , µq. Hence, using
this approximation and according to the previous definition,
MS u ∈ MA will be scheduled on subcarrier n ∈ FA
whenever

ϕAu,n(t) > ϕAmax,u,n(t) , max
q∈MA
q 6=u

{
ϕAq,n(t)

}
, (19)

where ϕAq,n(t) , γ Aq,n(t)/µq. That is, MS u ∈MA is allocated
subcarrier n during time slot t if

γ Au,n(t) > µuϕ
A
max,u,n(t). (20)

Thus, taking into account the fact that the random variables
{ϕAq,n(t)}∀ q∈MA are independent, the conditional CDF of γ An ,
conditioned on the event that there areMA = k MSs in region
A and on the set of distances d = {d0,u}∀ u∈MA , can be readily
evaluated as

Fγ An |MA,d (γ |k, d)

= Pr
{
γ An ≤ γ |MA = k, d

}
=

∑
∀ u∈MA

Pr

{
γ Au,n(t) ≤ γ, ϕ

A
max,u,n(t) ≤

γ Au,n(t)

µu

∣∣∣ d}

=

∑
∀ u∈MA

∫ γ

0
fγ Au,n|d0,u (x|d0,u)FϕAmax,u,n|d

(
x
µu

∣∣∣ d) dx

=

∑
∀ u∈MA

∫ γ

0
fγ Au,n|d0,u (x|d0,u)

×

∏
q∈MA
q6=u

FϕAq,n|d0,q

(
x
µu

∣∣∣ d0,q) dx, (21)

where FϕAmax,q,n|d (
x|d) is the conditional CDF of ϕAmax,q,n(t)

conditioned on the set of distances d , and fγ Aq,n|d0,q (x|d0,q)
and FϕAq,n|d0,q (x|d0,q) are used to denote, respectively, the con-
ditional PDF of γ Aq,n(t) and the conditional CDF of ϕAq,n(t)
conditioned on d0,q.

In order to obtain further analytical simplifications, let us
assume that for each subcarrier n, the conditional random
variables {ϕAq,n|d0,q}∀ q∈MA are independent and identically
distributed (i.i.d.). That is, given the positions of MSs in
region A, it is assumed that on each subcarrier n in region A
the MSs are statistically equivalent in terms of the scheduling
metrics [19]. Using this general assumption and applying
integration by parts, the conditional CDF in (21) simplifies
to

Fγ An |MA,d (x|k, d) =
1
k

∑
u∈MA

Fk
γ Au,n|d0,u

(
x|d0,u

)
, (22)

where Fγ Au,n|d0,u (x|d) is the conditional CDF of the instan-

taneous SINR experienced by MS u on the nth subcarrier,
which was obtained in (10).

Now, taking into account the fact that on each subcar-
rier n in region A, and after averaging over the distance
to the BS, the MSs are statistically equivalent in terms of
SINR, the (unconditional) random variables {γ Aq,n(t)}∀ q∈MA

are i.i.d., and the conditional CDF in (15) can be obtained as

FPF
γ An |MA

(x|k) =
∫ RAU

RAL

Fk
γ Au,n|d0,u

(x|d) fd0,u (d)dd, (23)

where fd0,u (d) is the probability density function (PDF) of the
random variable d0,u that can be expressed as

fd0,u (d) =
2πd
AAr

, RAL ≤ d ≤ R
A
U . (24)
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Using (24), (23) and (15) in (13) or (14) and after
some algebraic manipulations, the average throughput in cell
layer A, for the PF scheduling rule, can be obtained as shown
in (25) on bottom of this page.

B. RR SCHEDULING
A RR scheduler allocates subcarriers to MSs in a fair time-
sharing approach. Since the SINRs experienced by MSs
in region A on each subcarrier n are statistically equiv-
alent, serving MA = k MSs using a RR scheduling
policy is equivalent to serving MA = 1 MS with PF
(even when the MSs are selected with non uniform prob-
ability). Therefore, the conditional CDF in (15) simplifies
to

FRR
γ An

(x) = FPF
γ An |MA

(x|1) =
∫ RAU

RAL

Fγ Au,n|d0,u (x|d) fd0,u (d)dd .

(26)

Finally, using (26), (24), and (15) in (13) or (14) and after
some algebraic manipulations, the average throughput in the
cell layer A, for the RR scheduling rule, can be obtained as
shown in (27) on bottom of this page.

C. WORST MSs’ THROUGHPUT: PF AND RR
Multi-layer designs and related optimization problems posed
in the next section aim to maximize the throughput perfor-
mance levels of the worst MSs in the network. Hence, it is
important that the characterization of what is considered to
be the throughput performance of one of the worst MSs in
the system is clearly stated. Let us define the edge of region
A as a thin annular region with inner radius RA,edgeL = RAU − δ
and outer radius RA,edgeU = RAU , where

δ , min
{
δ0,
(
RAU − R

A
L

)
/2
}
, (28)

with δ0 denoting the maximum width of the annular region
under consideration. The MSs located in this annular region
experience, on average, the lowest SINRs amongst those
experienced by MSs located in region A. Consequently,
the average throughput that can be measured in this annular
region represents the worst MSs’ throughput. By a slight
abuse of notation, we can substitute RAL by RA,edgeL in the
integration limits in (25) and (27) to obtain the average
throughput ηAedge characterizing the performance of the worst
MSs located in region A for both PF and RR scheduling rules,
respectively.

IV. MULTI-LAYER DESIGNS AND OPTIMIZATION
In this section, two fractional frequency reuse designs are
explored:

• Area-proportional Design (ApD): Under this criterion,
which enforces some degree of fairness among MSs,
the portions of spectrum allocated to the different cell-
layers are proportional to their areas.

• Free FFR Design (FrD): Under this approach, the spec-
trum allocation process is not tied to the spatial alloca-
tion of the different cell-layers and therefore, the design
has an additional degree of freedom with respect to
the ApD. This can be exploited to further increase
the throughput fairness among MSs without sacrificing,
and even sometimes by improving, the average cell
throughput.

Furthermore, for each of these designs, a max-min optimiza-
tion problem is defined for the spatial throughput experienced
by the worst MSs in the system.

In a conventional two-layer FFR-aided scenario, the param-
eters typically used to pose the aforementioned problems are
the distance threshold ratio ω , Rth/R and the spectrum
allocation factor ρ , NI/NT . Appropriate selection of these
parameters serves to improve the quality of experience of
the worst users in the system, as well as the overall cell
throughput. In an scenario using a four-layer FFR-aided
scheme, however, new parameters are required to establish
the connection between the distance thresholds used to shape
the four layers and the fractions of spectrum allocated to
users located in these layers. In particular, in addition to ω
and ρ, two new parameters can be defined as β , NM/NO
and ζ , AMr /A

O
r . Even though optimizing the four-layer

FFR-scheme with respect to parameters ω, ρ, β and ζ pro-
vides the best performance results, this is more complexwhen
compared to the two-layer approach. In order to avoid this
growth of complexity, as proposed by Wang et al. [4], both
β and ζ will be set to 1/5, which was shown to be a good
choice to reach a proper tradeoff between spectral efficiency
and fairness [27]. Accordingly, when using the four-layer
FFR scheme, it will be assumed that

NM
NO
=
AM1
r

AOr
=
AM2
r

AOr
=

1
5
. (29)

Note that, from (29), the radii of the middle1 andmiddle2 lay-
ers can be straightforwardly expressed in terms of the distance
threshold ratio ω.

Before delving into details, it is worth stressing that the
number of subcarriers allocated to the inner layer NI must

PF: ηA =
2πNA1f log2 e

AAr

∫
∞

0

∫ RAU

RAL

(
1− exp

[
−πλ(R2 − R20)P

A
r

(
1− Fγ Au,n|d0,u (x|d)

)]) d
1+ x

dd dx. (25)

RR: ηA =
2πNA1f log2 e

AAr

(
1− exp

[
−πλ(R2 − R20)P

A
r

]) ∫ ∞
0

∫ RAU

RAL

(
1− Fγ Au,n|d0,u (x|d)

) d
1+ x

dd dx. (27)
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be a non-negative integer less or equal than NT . Hence, the
spectrum allocation factor ρ can only take values in the set

Sρ =
{
Nb − 3bNb/3c

Nb
,
Nb − 3(bNb/3c − 1)

Nb
, . . . , 1

}
,

(30)

for the two-layer FFR scheme, where b·c denotes the floor
operator, and in the set

Sρ=
{
Nb−18bNb/18c

Nb
,
Nb−18(bNb/18c − 1)

Nb
, . . . , 1

}
,

(31)

for the four-layer FFR scheme.

A. AREA-PROPORTIONAL DESIGN
Under the ApD, the portion of spectrum allocated to each
of the cell layers is proportional to its corresponding
area [13], [19]. Consequently,

NI
AIr
=
NO
AOr

(32)

for the two-layer FFR scheme, and

NI
AIr
=

NM

AM1
r
=

NM

AM2
r
=
NO
AOr

(33)

for the four-layer FFR system. From either (32) or (33),
the spectrum allocation factor ρ can be written as a function
of the distance threshold ratio ω. Therefore, only the parame-
terω remains to be optimized. In order tomaximize the spatial
capacity that can be achieved by the worst MSs in the cell,
the proposed optimization problem can then be formulated
as

ω∗ = arg max
0≤ω≤1

(
min
∀A

(ηAedge(ω)/A
A
r )
)
. (34)

This optimization problem guarantees the max-min fairness
for cell-edge MSs under the ApD approach [4].

B. FREE FFR-BASED DESIGN
Under the FrD approach, both the distance threshold ratio ω
and the spectrum allocation factor ρ must be jointly opti-
mized. Hence, the proposed optimization problem can be
particularized to this approach as

(ω∗, ρ∗) = arg max
0≤ω≤1
ρ∈Sρ

(
min
∀A

ηAedge(ω, ρ)

AAr

)
. (35)

This problem can be easily solved in two steps. In the first
step, the FFR spectrum allocation factor is fixed to ρ = ρ0
and an optimization subproblem equivalent to (35) is posed
for each individual ρ0 value in the set Sρ . That is,

ω†(ρ0) = arg max
0≤ω≤1

(
min
∀A

ηAedge(ω, ρ0)

AAr

)
, (36)

where the superscript (·)† is used to indicate the optimal
solutions to these subproblems. Once we have obtained the

TABLE 1. Network parameters.

distance threshold ratios ω†(ρ0) for all ρ0 ∈ Sρ , the optimal
FFR-related parameters can be obtained asω∗ = ω†(ρ∗) with

ρ∗ = arg max
ρ0∈Sρ

(
min
∀A

ηAedge(ω
†(ρ0), ρ0)

AAr

)
. (37)

V. PERFORMANCE EVALUATION
The performance evaluation scenario under consideration is
a 19-cell network where the cell of interest is surrounded by
two rings of interfering BSs (see Figs. 1 and 2). As stated
in previous sections, MSs are distributed over the coverage
area using a PPP of normalized intensity λ (measured in
MSs per unit area) but, for the sake of presentation clarity,
results in this section will be shown as a function of the
average number of MSs per cell (M , πλ(R2 − R20)). The
main system parameters used to generate both the analytical
and simulation results are based on [28] and summarized
in Table 1.

In order to validate the proposed analytical framework,
results in Fig. 3 show the average cell throughput, the per-
layer average throughput and the average throughput allo-
cated to the worst MSs in each layer. Results are given for
the two-layer and the four-layer FFR schemes, and using
either PF or RR scheduling policies. These results have been
obtained for an average number ofMSs per cellM = 512 and
a fixed spectrum allocation factor ρ = 0.52. Note that lines
are used to represent the analytical results and markers corre-
spond to results obtained through Monte-Carlo simulations.
A very good agreement between the simulation and analytical
results can be observed, thus validating the novel theoretical
framework presented in Section III.

The two metrics under study exhibit a different qualitative
behaviour that is subsequently investigated. Focusing first on
the average throughput depicted in Figs. 3a and 3c, it can be
observed that the throughput of the middle and outer layers
in the four-layer scheme, and the outer layer in the two-layer
scheme, diminishes as the distance threshold increases. Also,
the average throughput of the inner layer increases with the
distance threshold up to a maximum (located around a dis-
tance threshold of 60 m) and then exhibits an steady decrease
with the value of ω. Note that these results suggest that,
if average cell throughput was the only target metric, the best
strategy would consist of setting the distance thresholds to a
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FIGURE 3. Average layers’ throughput and worst MSs’ throughput as functions of the distance threshold Rth (M = 512, NI = 624 and NM = 32).
(a) Average throughput (two-layer). (b) Worst MSs’ throughput (two-layer). (c) Average throughput (four-layer). (d) Worst MSs’ throughput (four-layer).

common low value of, approximately, 60 m. Optimizing only
the average cell throughput would lead to a loss in fairness
among the users located in different layers. For the average
throughput experienced by the worst users in each of the
layers (see Figs. 3b and 3d), it is worth pointing out that when
the distance threshold approaches 60 m, and whatever the
number of layers used in the FFR scheme, the worst users
of the inner layer enjoy a much higher average throughput
than the worst users in other layers.

In light of these first results, it is quite obvious that the
threshold distances that maximize the average cell through-
put should be avoided when the objective is to guarantee
a high degree of throughput fairness among users. Instead,
another optimizationmetric is required so as to ensure that the
throughput experienced by the different users in the system is
farmore uniform. In particular, the selected criterion inducing
the desired degree of fairness among users is a max-min
metric targeting the worst users in each layer. As can be seen
in Figs. 3b and 3d, the distance threshold that guarantees the
optimization of this max-min criterion has to be fixed around
400mwhen using anRR scheduler and to around 415mwhen
relying on a PF scheduler. A noteworthy fact to be appreciated

in Figs. 3b and 3d is that the worst users in the system can be
found in different layers depending on the distance threshold.
For small distance thresholds the worst users are located in
the outer layers, while for large distance thresholds they are
to be found in the inner layers.

In any case, note that from this fixed spectrum allocation
setup it is not possible to draw any conclusion regarding
the benefit of the four-layer scheme over the two-layer one.
As it will be shown next, some more elaborate designs are
necessary to determine which is the best resource allocation
strategy in each of the considered scenarios.

A. ApD FOR A FIXED VALUE OF M
As already mentioned, when relying on an ApD, frequency
resources are distributed among the different system lay-
ers proportionally to their areas, thus making the distance
threshold the only parameter to be optimized. Fig. 4 depicts
the average (overall) cell throughput and the throughput of
the worst users in each layer, as a function of the distance
threshold for the specific case of M = 512 and assuming
the use of PF scheduling (similar qualitative outcomes were
observed for the RR case). Again, a very good agreement can
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FIGURE 4. Average cell throughput and average spatial throughput versus the distance threshold ratio ω for ApD, PF scheduler and M = 512. (a) Average
cell throughput (two-layer). (b) Average cell throughput (four-layer). (c) Worst MSs’ throughput (two-layer). (d) Worst MSs’ throughput (four-layer).

be observed between analytical results (lines) and simulations
(markers), validating the theoretical framework in Section IV.

One of the peculiarities of the ApD scheme is that it
allocates a larger number of resources to the inner layer as
the distance threshold increases. Given that the inner layers
implement a reuse factor equal to 1 while the other layers
implement higher reuse factors, the distance threshold affects
the cell throughput. As shown in Figs. 4a and 4b, increasing
the distance threshold reduces the average throughput of the
outer layer in the two-layer setup and that of the middle
and outer layers in the four-layer setup, while the inner
layer achieves a large increase in average throughput. In fact,
if average overall throughput was the only target metric,
the inner layer would expand up to the cell limit conforming
to a conventional cellular system with universal frequency
reuse (i.e., FFR would not be used). Notice that this would
imply that users located near the cell edges would suffer from
much larger levels of ICI than those located near the cell
centers, thus exacerbating the unfairness of this design.

Figures 4c and 4d show the results corresponding to the
max-min criterion that, as previously mentioned, allows the
consideration of fairness among users when optimizing the

network. As can be observed in these figures, and focusing
first on the two-layer FFR scheme, the operational point guar-
anteeing max-min fairness is located at ω∗ = 0.486, which
is the intersection point between the curves corresponding
to the worst users of the inner and outer layers. At this
specific point, the max-min average spatial throughput is
seen to be 66.4 Mbps/km2 and the average cell throughput is
equal to 64.4 Mbps. When considering the four-layer design,
the optimum max-min fairness operational point is located at
ω∗ = 0.239, corresponding to the crossing spot of the worst
users in themiddle2 and outer layers, and attaining an average
spatial throughput of 67.3 Mbps/km2 and an average cell
throughput of 65.8 Mbps. When compared to the traditional
two-layer design, it can be concluded that the proposed four-
layer design is able to improve the max-min throughput fair-
ness without compromising (in fact, even slightly improving)
the average cell throughput.

B. FrD FOR A FIXED VALUE OF M
The FrD-based optimization is more involved than an
ApD-based one, but a superior performance is expected both
in terms of max-min average spatial throughput and average
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FIGURE 5. Average cell throughput and average spatial throughput versus the distance threshold ratio ω for FrD, a PF scheduler and M = 512,
assuming the use of ρ∗. (a) Average throughput (two-layer). (b) Average throughput (four-layer). (c) Worst MSs’ throughput (two-layer).
(d) Worst MSs’ throughput (four-layer).

cell throughput. This is because the optimization simultane-
ously tackles two parameters, namely, the spectrum allocation
factor ρ and the distance threshold ω. For the sake of clarity,
results are presented using bidimensional plots in Figs. 5
and 6 whereby results are shown as a function of ω and ρ,
respectively. It should be noted that results in Fig. 5 have been
obtained using ρ∗ and results in Fig. 6 have been obtained
using ω∗. In other words, the graphs shown in Fig. 5 cor-

respond to η(ω, ρ∗) and
ηAedge(ω,ρ

∗)

AAr
, while the graphs shown

in Fig. 6 correspond to η(ω∗, ρ) and
ηAedge(ω

∗,ρ)

AAr
. In particular,

results presented in these figures show the average overall cell
throughput and the average throughput for the worst users
in each layer for the case of M = 512 and when using
PF scheduling (as before, RR results do not provide any
further qualitative insight).

Due to the increased number of degrees of freedom this
design brings, FrD-based results are markedly different from
the ones obtained when using ApD. As it can be observed
in Figs 5a and 5b, assuming the use of ρ∗, the average
throughput of the outer layer in the two-layer design and

of the outer, middle1 and middel2 layers in the four-layer
design, diminish with an increasing distance threshold. How-
ever, the average cell throughput of the inner layer does
not steadily grow with an increasing value of ω as in the
ApD approach but instead, it reaches a maximum value
beyond which it begins to reduce. Summing the average
throughput for all layers, and irrespective of the design being
two- or four-layered, maximization of the average throughput
is achieved for ω ' 0.12. However, observe that when
assessing the average spatial throughput for ω ' 0.12 (see
Figs. 5c and 5d), the worst users of the inner layer clearly
outperform the worst users of the other layer in the FFR
scheme, thus compromising the throughput fairness among
users. Moreover, assuming the use of ω∗, it can be observed
in Figs. 6a and 6b that, as expected, increasing the value of
the spectrum allocation factor ρ results in a steady increase
(decrease) of the average throughput of the inner layer
(remaining layers). This is because it is (they are) allocated
a larger (lower) number of spectral resources. Again, the use
of ρ = 1 would result in the maximization of the aver-
age cell throughput but at the cost of sacrificing throughput
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FIGURE 6. Average cell throughput and average spatial throughput versus the spectrum allocation factor ρ for FrD, a PF scheduler and M = 512,
assuming the use of ω∗. (a) Average throughput (two-layer). (b) Average throughput (four-layer). (c) Worst MSs’ throughput (two-layer).
(d) Worst MSs’ throughput (four-layer).

fairness among users located at different distances from
the BS.

When assessing the max-min criterion among the worst
users in the different layers of the system, the optimal oper-
ating point for the two-layer FFR scheme (intersection of the
worst-user average throughput for the inner and outer layers)
can be seen to be located around ω∗ = 0.396 and ρ∗ =
0.05, which leads to a max-min average spatial throughput
of 63.2 Mbps/km2 and average cell throughput of 79.1 Mbps.
In the four-layer design, the max-min optimum operational
point is seen to be located at ω = 0.355 and ρ∗ = 0.04 and
results in an average spatial throughput of 67.0 Mbps/km2

and an average cell throughput of 80.8 Mbps. Notice the
improvement achieved by the four-layer design in terms of
max-min performance without compromising the average
cell throughput. As a final word on this design, note the very
significant improvements FrD brings along in comparison
to ApD.

C. EFFECTS OF THE NUMBER OF USERS PER CELL
Concluding this numerical results section, it is interesting to
study the impact network load (number of users per cell) has

on the performance. To this end, plots in Fig. 7 show the
optimal cell throughput and max-min fairness throughput as
a function of the average number of users per cell for both
ApD and FrD, and when considering two- and four-layer
designs. Results for both the PF and RR scheduling rules are
presented in this case. Regardless of the user density, it is very
noticeable the quantitative performance advantage PF gains
over RR. Another fact worth stressing is that FrD always
outperforms ApD, no matter how many users are active in
the system. Finally, observe how for a high user density
(beyond 50 users/cell) and irrespective of the FFR design in
use (either ApD or FrD), the four-layer scheme yields better
max-min fairness throughput in comparison to the two-layer
scheme without sacrificing the average cell throughput. It is
nonetheless interesting to note a fact that went undetected in
the seminal work ofWang et. al [4], namely, that for very low
user densities, a classical two-layer FFR scheme outperforms
multi-layer setups. This behavior is caused by the fact that at
low user densities, there exists a non-negligible probability
that some of the FFR layers are empty. This wastes the fre-
quency resources allocated to those layers in those particular
cells. This effect opens the door to the study of adaptive
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FIGURE 7. Optimal average cell throughput and max/min fairness average spatial throughput as a function of the average number of MSs per cell M.
(a) Optimal average cell throughput. (b) Max/min fairness spatial throughput.

FFR designs that, depending on the number of active users in
the system and according to the particular optimization func-
tion the network operators pursue, determine the optimum
number of FFR layers to be used.

VI. CONCLUSION
This paper has presented and validated a novel analytical
framework allowing the performance evaluation of multi-
layer FFR-aided OFDMA-based multi-cellular networks
using channel-aware schedulers. Using this theoretical frame-
work, two multi-layer FFR-based optimal designs, termed as
the area-proportional design (ApD) and the free FFR design
(FrD), have been proposed to determine the appropriate size
of the FFR-related spatial and spectral partitions. Moreover,
for both ApD and FrD approaches, a max-min optimization
problem has been defined for the worst users in the system.
Under high user loads and irrespective of the scheduling
rule in use (either PF or RR), the multi-layer FFR scheme
outperforms the conventional two-layer one in terms of max-
min throughput performance without compromising the aver-
age cell throughput. For very low user densities, however,
a classical two-layer FFR scheme can outperform the multi-
layer setups. This opens the door to adaptive multi-layer FFR
designs that determine the optimum number of FFR layers
to be deployed as the number of active users in the system
changes. Finally, the FrD scheme provides important perfor-
mance improvements when compared to the simpler ApD
strategy. Further work will focus on extending the proposed
analytical framework to more sophisticated ICIC techniques
including soft/adaptive frequency reuse schemes, the use of
higher order sectorization or the implementation of coopera-
tive network MIMO.
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