S
o
©)
—

Ay
—
o

-~

+—
=
<

[ [&] [

20

21

22

The Visual Computer
https://doi.org/10.1007/s00371-020-01793-w

ORIGINAL ARTICLE

®

Check for
updates

Feature selection based on star coordinates plots associated with
eigenvalue problems

Alberto Sanchez Campos'2(® - Laura Raya> - Miguel A. Mohedano-Munoz' - Manuel Rubio-Séanchez’

© Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract

Feature selection consists of choosing a smaller number of variables to work with when analyzing high-dimensional data
sets. Recently, several visualization tools, techniques, and feature relevance measures have been developed in order to help
users carry out the feature selection. Some of these approaches are based on radial axes methods, where analysts perform
backward feature elimination by discarding features that have a low impact on the visualizations. Similarly, in this paper, we
propose a new feature relevance measure for star coordinates plots associated with the class of linear dimensionality reduction
mappings defined through the solutions of eigenvalue problems, such as linear discriminant analysis or principal component
analysis. We show that the approach leads to enhanced feature subsets for class separation or variance maximization in the
plots for numerous data sets of the UCI repository. Lastly, in practice, the tool allows analysts to decide which features to

discard by examining their relevance and by taking into account previous domain knowledge.

Keywords Feature selection - Eigenvalue problems - Linear projections - Multidimensional visualization - Star coordinates -

Principal component analysis - Linear discriminant analysis

1 Introduction

Data preprocessing is an important operation in the fields
of statistics, data mining, or machine learning. Nowadays,
many data sets contain hundreds or thousands of features,
many of which can be redundant or irrelevant [25]. Thus,
an initial data set is typically simplified in order to work
with an alternative one that contains a smaller number of
features. There are two main approaches for reducing the
dimensionality of the data: feature transformation [29] and
feature selection [28]. Feature transformation (in the context
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of dimensionality reduction) consists of mapping the orig-
inal data features to a new space of lower dimensionality.
In contrast, feature selection is concerned with choosing a
subset of original features to work with. This preprocessing
step can be beneficial since using the resulting smaller sub-
set of features can reduce overfitting, enhance performance,
shorten computational runtimes, or lead to simpler and more
interpretable models [38].

Finding an optimal subset of features generally requires
examining an exponential number of subsets. Thus, most
feature selection approaches rely on efficient greedy algo-
rithms [13,28] that select or discard features progressively.
In this paper, we focus on combining automatic procedures
with interactive visualization approaches, where analysts
can make decisions regarding which features to discard by
considering both the output of an automatic method and
their previous domain knowledge. Specifically, we study
feature selection aided by star coordinates (SC) [22,23],
which is a multivariate visualization method based on radial
axes [10,11,37]. SC not only generates linear projections of
the data onto a two-dimensional plane, but also displays a
set of axis vectors associated with the features. This provides
additional information about the features’ relation to the data
samples and to themselves. In practice, users can select and
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place the axis vectors arbitrarily in the plot in order to gener-
ate any linear mapping. In this work, we focus on a different
alternative that consists of computing the axis vectors through
automatic procedures related to linear dimensionality reduc-
tion algorithms [35], such as principal component analysis
(PCA) [21] or linear discriminant analysis (LDA) [31].

Recently, several works have proposed feature reduction
procedures that take into account the length of the axis vectors
to determine the importance of a data variable in SC plots [35,
43]. In addition, the work in [38] measures the influence of
a variable in a visualization by computing a measure of the
displacement of the plotted points when a feature (i.e., an axis
vector) is eliminated from the data set. In short, it measures
how much a plot would change when discarding features.

While the previous approaches are valid for arbitrary SC
plots, we present a feature relevance measure for enhancing
the feature elimination process for several commonly used
SC visualizations. Specifically, we propose a strategy for
determining the influence of features in SC plots associated
with linear dimensionality reduction transformations that are
the result of solving eigenvalue problems. The approach not
only takes into account the magnitude and the orientation
of the axis vectors, but it also considers the eigenvalues
associated with the eigenvectors that solve the problem and
constitute the linear mapping. The results show that the pro-
posed measure outperforms related approaches based on SC
plots described in the literature.

Lastly, we describe a simple graphical interface that ranks
the features according to their relevance and allows users
to visualize the SC plots and to discard variables interac-
tively. Our proposal offers the analyst a better estimate of
the importance of each feature in the linear mapping. This
allows domain experts to acquire insight into the data and
guides them toward obtaining a reliable set of features.

The rest of the paper is organized as follows. Section 2
describes the most relevant methods related to our proposal,
while Sect. 3 includes basic background. In Sect. 4, we
describe our measure for determining the importance of a
feature in a SC plot for eigenvalue problems, while Sect. 5
presents the results. Finally, Sect. 6 presents the conclusions.

2 Related work

The previous work on feature selection has mainly focused
on automatic techniques [4,5,13]. However, recently, the data
visualization community has developed methods that involve
interactive visualizations and graphical interfaces, in order
to integrate users and their expertise into the data analy-
sis process. There are different ways to categorize visual
methods for feature selection. Firstly, their goal can be to
choose smaller sets of variables for: classification [26,32],
clustering [2,12,18,20,40,41,47], outlier detection [20], gain-
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ing insight regarding features or relations among them [8,18,
20,26,30], or simply to rank variables [30,39,45]. In addi-
tion, some methods rank the features in order to carry out
the attribute selection [18,20,26,32,39], but others are aimed
at searching for subsets of variables without relying exclu-
sively on a particular ranking [2,6,12,41,45,47]. A more
complete state-of-the-art review of these techniques can be
found in [38].

Many of these techniques rely on different quality metrics
and heuristics (including estimations of feature similarity,
goodness of a clustering, uniformity, interestingness, number
of outliers, entropy, and many others) and are, therefore, very
diverse (see [3] for an overview of some of these approaches).
Some of them can also be regarded as feature ranking meth-
ods, since they sort the data attributes according to some
measure, and either select or discard them progressively.

In this paper, we present an approach that falls within this
category of feature selection methods. Thus, we focus here
on feature ranking methods that use measures of feature rel-
evance, which are not just based on quality metrics on the
visualizations [19,40]. Yang et al. present interactive hier-
archical displays [46,47] to visualize large multivariate data
sets. Users can group similar features to display data with a
lower set of dimensions in parallel coordinates, star glyphs,
scatterplot matrices, and dimensional stacking. Another pro-
posal for ranking features [39] relies on different heuristics,
such as uniformity or number of outliers. Specifically, it is
based on ordering histograms and scatter plots. The work
in [20] proposes a tool based on parallel coordinates where
the order and number of axes can be interactively manipu-
lated according to aranking algorithm. The method combines
user-defined and weighted quality metrics like measures of
correlation, or outlier and cluster detection. The method pro-
posed in [1] sorts features in Rad Viz by comparing the results
of a cluster density metric on visualizations obtained by
adding a single new feature to an existing plot. INFUSE [26]
helps users to understand how features are ranked. The tool
displays a circular glyph for each feature, showing informa-
tion related to various measures commonly used for feature
selection such as the Fisher score or the information gain.

Finally, it is important to note that the feature ranking mea-
sures used in the literature are usually specific for certain data
analysis tasks (classification, clustering, etc.). In contrast, the
measure that we propose in the paper is general in the sense
that it applies to SC visualizations, which can be used for a
wide variety of analysis tasks.

3 Background
Dimensionality reduction mappings can be categorized as

linear or nonlinear. In general, although nonlinear mappings
may be able to represent data more faithfully, it is usually dif-
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Feature selection based on star coordinates plots associated with eigenvalue problems

ficult to understand the influence of the original features in
the mapping. Thus, in this paper, we employ SC plots, which
generate linear projections of the data and also show infor-
mation about the features, which allows users to understand
how they affect the linear mappings.

In particular, SC is an exploratory data analysis technique
that has been used to inspect correlations, cluster structure,
class separation, or searching for outliers or data with desired
characteristics. Specifically, it is a projection method that
maps high n-dimensional data points (i.e., individual sam-
ples) linearly onto a plane. In particular, the linear mapping
is defined through a set of n 2-dimensional axis vectors vj,
fori = 1,...,n, where v; is associated with the ith data
variable. The representation p € R? of a data point x € R”
is a linear combination of the vectors v;. Formally:

P=x1Vi +x2V2 + -+ + x,V, = V'K, )

where V is the n x 2 matrix whose rows are the vectors v;,
and x;, fori = 1,...,n, are the attribute values of x. It
is important to note that the linear mapping is completely
specified by the matrix V. Lastly, the mapping of an entire
data set of cardinality N can also be expressed in matrix form
as:

P = XV, 2)

where X is the N x n data matrix and P is the corresponding
N x 2 matrix of projected points.

There are two ways to choose the axis vectors (i.e., the
matrix V) when working with SC. On the one hand, they
can be specified manually and interactively by analysts,
for instance, through some graphical user interface. In this
regard, it would be possible to generate any linear mapping
of the data onto a plane, since users can choose arbitrary
axis vectors that define matrix V. On the other hand, we
can also obtain a 2 x n transformation matrix A that maps n-
dimensional data points onto a plane through some automatic
procedure (e.g., PCA). In that case, we can build a SC plot
that produces the same mapping by setting V = AT, where
the axis vectors would simply be the columns of A, due to (1).
Thus, given any linear projection, possibly obtained through
some sophisticated computational procedure, we can always
build an analogous SC plot. The resulting visualization will
not only show the projected points, but will also depict infor-
mation regarding the n original features in the form of axis
vectors.

There are numerous linear techniques that can be useful
for data analysis, data mining, and machine learning tasks,
such as projection pursuit [16] or independent component
analysis (ICA) [17]. In this paper, our focus will be on linear
mappings that are the result of solving eigenvalue problems.

Here, we detail the methods used to better understand their
objective functions, which we maximize.

One of the most common methods is PCA, which can be
interpreted in several ways from an optimization point of
view (see [33]). PCA is appealing for data analysis since the
projected points will represent the best rank-2 approxima-
tion of the high-dimensional data. In particular, PCA finds
the orthogonal n x 2 matrix V that solves the following opti-
mization problem:

maximize 1
V c Rnxz Tr I:mVTXTXV]

subjectto VIV =1

3

where Tr denotes trace, I is the (2 x 2) identity matrix, and
Xis the N x n data matrix that has been previously centered
(i.e., the mean of the original data has been subtracted from
each data point). The solution to (3) is the matrix whose
columns are the two eigenvectors associated with the two
largest eigenvalues A1 and A5 of the sample covariance matrix
of the data X"X /(N — 1) (see [24]). These eigenvalues repre-
sent the maximum variances of the data along the orthogonal
directions specified by the eigenvectors in the data space.
They also represent the variances along the canonical axes
of the SC plot. Lastly, the optimum value of the objective
function in (3) will be the sum of the eigenvalues: 1| + A;.
Another popular linear approach that can be used when
the data is categorized (i.e., labeled) into C different classes
is LDA. The technique projects the data onto a subspace
of lower dimensionality in an effort to achieve good class
separability. Specifically, LDA tries to maximize a ratio of a
measure of the between-class scatter over a measure of the
within-class scatter. For visualization purposes on a plane
(which requires C > 2), LDA finds an orthogonal projection
matrix V that solves the following optimization problem:

maximize VTS,V
V e R"™*?2 VTS,V
subject to VIV =1

“

where S, and S, are between-class and within-class scatter
matrices, respectively. If S, is nonsingular, then the columns
of the matrix V that optimizes (4) will be the two eigenvec-
tors associated with the two largest eigenvalues A; and A, of
S;l Sp (see [24]). For LDA, the eigenvalues indicate a mea-
sure of the class separability along the directions specified by
their corresponding eigenvectors. Thus, the classes will tend
to be more separated along the direction of the first eigen-
vector. Lastly, as in PCA, the optimum value of the objective
function (4) is A1 + Ap.

Finally, if analysts are interested in obtaining a reduced
set of m features that approximate the data as well as possi-
ble in PCA, or that better separate the classes in LDA, they
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can progressively discard the variables that contribute less to
forming these plots. In other words, they can discard the fea-
tures that reduce A1 + A, the least when they are eliminated.
Naturally, this greedy approach does not guarantee finding
the optimal subset of exactly m features (note that finding an
optimal subset of features is usually NP-hard [7]).

4 Weighted displacement feature relevance
measure

The interpretation of how SC maps high-dimensional data
onto a plane is fairly straightforward. Firstly, the orientation
of an axis vector indicates in which direction a plotted point
would move when increasing the value of the associated fea-
ture. In addition, the relative magnitude of an axis vector,
in comparison with the rest, provides intuition regarding the
amount of contribution of a particular variable in the result-
ing visualization, given that all variables are scaled similarly.
Note that in SC the features should share a similar scaling,
since otherwise the ones with larger ranges would have a
greater impact on the resulting plots. In this paper, we work
with standardized data (i.e., the features have zero mean and
unit variance). Other possibilities include transforming each
feature to lie in the [0,1] interval, or centering and normaliz-
ing them to have unit range [36].

The possibility to visualize the feature axis vectors in
SC, and to determine their relative contributions to a plot,
allows us to perform a visual feature selection. For instance,
we can progressively discard the most irrelevant variables,
while also maintaining others according to domain knowl-
edge. Recently, several works in the literature have proposed
measures for establishing this contribution or importance of
a variable in a SC plot, and therefore, on the analysis task
for which the visualization is intended. In [35,43], the fea-
ture selection process is guided exclusively by the length of
the axis vectors, where the shortest ones constitute the candi-
dates to be discarded. Sanchez et al. [38] propose the average
displacement of the low-dimensional points when a feature
is discarded as a measure to determine the influence of that
variable in the plot. Specifically, this measure is defined as:

N
1 , .
Fon =521 =4l 5)
j=1
where p'/) is the projection of the jth sample and q‘(,{ ) is

the corresponding low-dimensional point when removing the
feature associated with the axis vector v;. Note that it is also
possible to use the median point displacement, which is more
robust. However, in the remainder of the paper, we will use
the definition in (5), since it is the one described in [38].
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Instead, we propose a new measure to guide the process of
visual feature selection. The following result shows how on
any SC plot the average point displacement when a feature is
discarded depends not only on the axis vector length, but also
on the mean of the absolute values of the associated feature
components of all of the data samples.

Proposition 1 In SC, the average displacement of the low-
dimensional points when a feature is discarded is f(v;) =
a;||vill, where v; is the SC axis associated with the feature
and «; is the mean of the absolute values of the ith component
of all the data samples.

Proof Let x\/) = (x{j), o x,(,j)), for j = 1,..., N, be

the samples in our data set, then:

0 = Y u=pY —x"v, ©)
k=1, ki

is the low-dimensional location of x/) when discarding the
ith feature from the SC model. In that case, the average point
displacement can be expressed as:

f(vi)

1Y :
< 2 — |

j=1

1 & :

- > — (pm _ xf’)v,-)ll
j=1

1 & 1 &
) )
= — E I, vill = — E ;v |l
N & N &

N
1 .
Ivill Dl = aillvill. (7)
Jj=1

]

Note that even if each feature is standardized to have mean
0 (and standard deviation 1), «; is generally different for each
feature as it is the mean of the absolute values of the ith
component.

When the SC projection is given by a linear dimensionality
reduction algorithm like LDA or PCA (based on eigenvalue
problems), the horizontal and vertical axes of the SC plot
represent the optimal directions (defined by the eigenvectors)
associated with the optimization problem. Therefore, A; and
Ap represent the variance (for PCA) or a measure of class
separability (for LDA) in the X and Y axes of the SC plot,
respectively. Our approach is based on the key insight that
if A1 > X, then a larger point displacement on the X axis
(after removing a feature) is likely to have a stronger impact
on the problem’s objective function. Therefore, our proposed
novel measure will take into account the relative importance
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of each of the canonical axes when determining the influence
of each original feature.

To compute this measure, we first break down the average
displacement when a feature is discarded into horizontal and
vertical components. These displacements will depend not
only on the length of the axis vector to discard, but also on
its direction, and on the associated feature’s values (i.e., its
probability distribution). The following proposition provides
simplified expressions of the displacements.

Proposition2 In SC, the average horizontal and vertical
displacements of the low-dimensional points when the ith
feature is discarded are fi1(vi) = f(vi)|cos(6;)| and
f(vi) = f(v;)|sin(6;)|, respectively, where 0; is the angle
between v; and the (1,0) vector (i.e., the positive horizontal
axis).

Proof Let x\/) = (xf*i), , x,ﬁ*”), for j = 1,..., N, be
the samples in our data set. According to (7), the average
horizontal and vertical displacements of the low-dimensional
points when a feature is discarded can be computed as:

N

N
1 : . 1 :
hon =+ Yip = a1 = v > vl
j=1 =1

1 1M
= |Ui,]|ﬁ Z |xl_(])| = ”Vl” |COS(9i)|N Z |xi(j)|
—1 —

= |Ivill | cos(6i)| a; = f(vi)|cos(¥;)]. (3)
Similarly,
1 N . .
A =53 1pY = alhl = Fonlsin@)l. ©)
=1

where p,(cj ), qi‘[i )k, and v;  are the kth components of p(j ),

qs,{ ), and v;, respectively. O

Having decomposed the total displacement into horizontal
and vertical components, we propose using a weighted sum
of each displacement. Specifically, the weights correspond to
the eigenvalues associated with the plot’s axes, which encode
the importance of these canonical directions. Formally:

gi) = A1 f1 (Vi) + A2 f2(vi)
= f(vi) (1| cos(0;)] + A2 sin(6;)])
= |lvill ai (A1]cos(0;)| + 22| sin(6;)]) . (10)
Since A1 > Ap, the horizontal displacement will usually
have more relevance than the vertical one for the algorithm’s
objective. Thus, although the length of an axis vector plays
arole in determining the importance of a feature (and there-
fore has been used in [35,36,44]), its orientation should be

considered as well. For example, if A1 is substantially greater
than A, then a feature with a long axis vector that is nearly
perpendicular to the horizontal axis may not be particularly
relevant for the algorithm’s objective (e.g., to separate classes
when using LDA). Note that in that case cos(#;) =~ 0 while
| sin(6;)| ~ 1, and therefore g(vj) =~ ||v;|la;A2. Similarly, if
the feature’s axis vector v; is nearly horizontal (i.e., perpen-
dicular to the Y axis) then g(vj) & ||v;|lai A1,

Figure 1a shows the LDA projection of a four feature sub-
sets (10, DA, DR, P) from the breast tissue data set of the UCI
repository [9], which contains 106 samples categorized into
six classes. We automatically scale the figure to make the
data (colored dots according to their class label) and the axis
vectors (red line segments) occupy all of the available space.
Our tool also includes a unit circle that can be useful in other
SC plots (e.g., the length of the axis vectors in orthographic
star coordinates [27] must be at most 1). The eigenvalues are
A1 = 13.46 and Ay = 0.90, which represent 92% and 6%,
respectively, of the sum of the four eigenvalues. This means
that the horizontal axis is an order of magnitude more impor-
tant than the Y axis for separating the classes, according to the
objective function of LDA. This is also noticeable in Fig. 1a,
where if the points are projected onto the horizontal axis it is
still possible to separate the “adi” (blue) and “con” (green)
classes from the rest. Instead, it would be difficult to separate
any of the classes where the points had been projected onto
the vertical axis.

In this example, not only the lengths of the axis vectors
related to features I0 and P are very similar, but the total
average displacement after eliminating each one is also sim-
ilar. Nevertheless, P has a smaller impact on the visualization
since A1 is considerably greater than A, and because its asso-
ciated axis vector is almost perpendicular to the horizontal
axis. Concretely, our proposed measure g (v) for I0 is 4 times
that P, as is shown in Table 1. We can observe this graphi-
cally in Fig. 1b, c. In (b), we have ignored P and created a
new LDA plot. In this case, the classes are separated nearly
as well as in (a). However, in (c¢), the classes are not as well
separated when removing feature 10: the “con” class (green),
which was fairly well separated in (a) and (b), now overlaps
with several other classes. Lastly, for this data set, our met-
ric recommends removing DR, which is associated with the
smallest value of g(v) (see Table 1).

Finally, in practice, it is typical to discard various features
atthe same time. If that is the case, the total relevance of a sub-
set of features can also be characterized by the displacement
of the low-dimensional points when discarding that subset
of features. A naive approach for selecting k variables to
remove consists of computing the displacements when dis-
carding the entire subsets of features. However, this would be
time-consuming since it would require computing n choose
k linear mappings, where in this case n is the number of
variables that remain (i.e., that have not yet been discarded)
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Fig.1 SC plots related to LDA of subsets of the breast tissue data set.
In a, the plot uses features 10, DA, DR, P. In b, the feature P is discarded
while in ¢ 10 is eliminated. The classes are separated better in b than in
c as suggested by our proposed metric, since g(v) is smaller for P
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Table 1 Feature relevance measures for the SC plot in Fig. 1a, which
is an LDA projection of a subset of four features (10, DA, DR, P) of the
breast tissue data set

Feature (v) vl VAL gv)

10 12.84 11.12 66.52
P 12.03 10.10 14.73
DA 3.19 242 14.00
DR 3.27 2.45 4.23

at a certain stage of the feature selection process. Instead, a
faster approach that only requires computing n new plots con-
sists of using sums of our proposed measure when applied to
individual features. The theoretical foundation for this faster
strategy relies on the fact that the weighted displacement
measure g applied to some set of features is bounded above
by the sum of g applied on the individual features of the set,
as we show in the following result.

Proposition3 Let S = {v;,, ...,V } represent a set of k
axis vectors in a SC plot, where I = {iy,...,i;} simply con-
tains the feature indices. When the features related to S
are discarded simultaneously, the measure g(S) is bounded
above by the sum of the g(v) measures for each feature, i.e.,
g(8) < g(vi)) +---+g(vy).

Proof Firstly, let:

(]) Z x Vk _ Zx(])vl_k (11)

k=1, k¢l ivel

denote the low-dimensional point when discarding the fea-
tures included in S. In that case, the average horizontal
displacement of the low-dimensional points can be expressed
as:

N
1
19 =53 1py =g
j=1
| X
_NZ| (])Ut],l+ X (])Uik,]|
j=1
X
< N;' vl eyl
= fivi) + -+ filvi), 12)
where g ) | is the horizontal component of qgj ), Analogously,

the vertlcal displacement is bounded as follows:

£ < Vi) + -+ folvi). (13)
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Finally, the total relevance of the group of features associated
with S is bounded by the sum of the relevance of each feature:

g(8) = A1 f1(8) + A2 f2(5)
S Afi(vi) + -+ A fi(vi)
+ A2 fa(vi) + -+ Ao fa(viy)

= g(vi) + -+ g(vi). (14)

O

Therefore, although it is possible to find a set of k fea-
tures to discard that minimizes g, an approximate but more
efficient strategy consists of minimizing upper bounds on g.

5 Results

We have developed a tool using plotly, dash, scikit-learn,
and pandas that shows SC plots and enables users to observe
the influence of features in the SC projection by using an
additional bar chart. The tool includes point-and-click and
selection mechanisms to interact with the bar chart, which
allow analysts to make decisions easily regarding which fea-
tures to remove.

The bar chart shows, for every feature at a particular stage
of the feature selection process, the value of the proposed
measure g(v). In addition, for the purpose of this paper, the
bar chart can include the average displacement measure f (v)
(see 5), and the length of the axis vectors ||v||, which allow
us to compare the different feature relevance measures. The
tool allows us to sort the features according to one of the
three measures. Furthermore, in order to compare the met-
rics effectively, we normalize each one by dividing it by
its maximum value. Thus, the values of the metrics will be
between 0 and 1, where 1 represents the greatest contribution
to the SC plot for a particular metric. Lastly, each time the
analyst removes features, the linear dimensionality reduction
algorithm is applied again to the remaining features and the
measures are recalculated. Figure 2 illustrates the bar chart
through an example based on a PCA plot of the well-known
Iris data set from the UCI repository [9].

Figure 3 shows the effect of discarding features according
to the different measures, and how this affects the max-
imization of the variance (i.e., the objective function of
PCA). Removing the least important variable modifies the
projection, and therefore, the variance obtained in the low-
dimensional space. The variance, as established by the sum
of the two eigenvalues, is initially 3.86 when considering the
four data variables. For this data set, the proposed approach
recommends removing “sepal-width,” in which case the vari-
ance decreases to 2.99. However, point displacement and axis
length recommend removing “petal-width” (it is the small-

3F
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X g sepal-width \sepal-lg_ngth
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of® : . petal-width
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Fig. 2 SC plot related to PCA of the Iris data set (setosa in purple,
versicolor brown, virginica yellow). The corresponding bar chart shows
the three different studied measures (the proposed approach g(vi) in
blue, the average point displacement f (v;) in orange, and the axis length
|lvi]| in green), which guide the feature selection process. In this case,
the features arranged according to g(v;) in decreasing order

est bar of the bar chart for both measures), which causes the
variance to drop to 2.95.

Figure 4 shows a more complex scenario which uses the
Olives data set [48], composed of information (8 features)
about 572 olive oils. It presents a flow chart showing the
greedy procedures that reduce the number of features from
eight to four, depending on each of the three metrics. At the
top, we show the initial PCA plot, its related variance, and
the bar chart with the three metrics for the whole feature
set. The ovals in the graphic indicate the least important fea-
ture regarding each metric (i.e., the shortest bar). The arrows
indicate the greedy decisions when the analyst follows the
recommendation to remove a selected feature. Subsequently,
a new SC plot related to PCA is computed with the remain-
ing features. For simplicity, we only show the resulting bar
chart together with the obtained variance. Note that in some
cases the least important feature is the same. For example, the
first feature to be discarded is “stearic” for the three metrics.
In practice, the decisions taken and the stopping criterion
depend on the metrics and on the user’s domain knowledge.
For illustration purposes, we have only shown all possible
decisions that lead to a subset of four features. Finally, the
PCA plots obtained for each metric are shown at the bot-
tom. Note that in this example g (v;) allows analysts to obtain
larger variance values.

Although the differences in the resulting variances may
seem small, they are relevant if we consider the largest vari-
ance that could be obtained at every stage by making an

@ Springer
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(b) Remove petal-width according to f(v) and ||v||

Fig.3 Effect of discarding features from the plot in Fig. 2 according to
different measures. The plot in a is obtained after removing the variable
“sepal-width,” as suggested by the proposed approach, for which it is the
feature with the least influence. Instead, when using point displacement
or axis length, the feature to remove is “petal-width,” which leads to
the plot in b. The sum of variances along the X and Y axes of the plot
when using the proposed measure (2.99) is greater than the one for the
other two approaches (2.95)

optimal choice when discarding a variable. Note that, given
aset of n features, it could be possible to compute 7 new plots
where each feature is discarded, and subsequently select the
feature for which A1 + A, is maximized. However, this strat-
egy is clearly inefficient. Figure 5 illustrates a comparison
of the three feature relevance measures and also shows how
close they are to the optimal choice, for the standardized
Auto MPG data set from [9] that contains eight features. The
graphic shows variances associated with PCA plots as vari-
ables are discarded from the initial feature subset (one by one,
following a greedy approach, as explained in Fig. 4), accord-

@ Springer

ing to the three measures and the optimal choice strategy. In
the example, our metric g(vj) provides feature subsets that
lead to larger variances in general, which are very close to
the ones obtained by discarding the optimal variables. Nat-
urally, since the variance of each variable is one (because
the data is standardized), the three curves take the value 2
when reducing the selected set to two single features in a
two-dimensional plot.

We also tested the performance of the feature relevance
measures on a broader experiment involving PCA and LDA
plots for randomly selected feature subsets of numerous
data sets. For PCA, we used: “Iris,” “Auto MPG,” “Breast
Cancer Wisconsin,” “Ecoli,” “Glass Identification,” “Mice
Protein Expression,” “Parkinsons,” “Spambase,” “SPECTF
Heart,” “Statlog,” “Wine,” “Forest Types,” “Wall-Following
Robot Navigation,” “Letter Recognition,” and “Weight Lift-
ing Exercises” available at repository [9]. For LDA, we used:
“Glass Identification,” “Iris,” “Mice Protein Expression,”
“Wine,” “Letter Recognition,” “Weight Lifting Exercises,”
“Optical Recognition of Handwritten Digits,” and “Olives,”
which include class labels.

The experiments involved 200 trials where in each one we
selected a data set at random, and a subset of features, also
randomly (with n > 2). Subsequently, we applied the three
metrics in order to discard a single feature and evaluated the
resulting subset. This allows us to compare the performance
of each metric on the same subset of features. For both PCA
and LDA, we considered that a feature subset is superior to
another if the value of its objective function (i.e., A1 + A2)
is larger (for PCA it is the variance, while for LDA it is a
measure of class separation).

Since this experiment involves repeated measures, we per-
formed nonparametric Friedman tests to determine whether
there were statistically significant differences between the
feature relevance measures. These tests were followed up
by a multiple comparison analysis to test for individual
differences between the metrics. We found statistically sig-
nificant differences between our approach and the other two
described in the literature. Figure 6 shows summary diagrams
of comparison intervals of the mean ranks, where there are
statistically significant differences (we have used a default
significance level of « = 0.05) if the intervals do not over-
lap.

Finally, we present an example in which we discard sev-
eral features at the same time. Figure 7 shows the initial
LDA mapping for the (larger) Weight Lifting Exercises data
set [42]. This data set contains 4024 samples of exercises
monitored through 53 numerical features and categorized
into five classes that indicate the way of executing the exer-
cise. At the top of the plot, we have indicated the value of
the objective function for LDA. In addition, we have also
included the average silhouette coefficient score [34] of the
projected points, which is a popular measure of cluster (or
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Fig. 4 Visual feature selection process of a PCA plot with the Olives (variance 4.25). In the last step, both would discard “palmitoleic,” which
data set (variance 5.50) according to ||v;||, f(vi), and g(vj). During yields a reduced model of 4 variables. Instead, in the second step, the

the first step, the three metrics recommend to discard the same feature: recommended feature to discard by ||v;|| is “palmitic,” leading to a
“stearic.” In the second step, f(vi) and g(vj) recommend to discard variance of 4.68. Subsequently, “eicosen” and “palmitoleic” would be
“arachidic” (variance 5.01). Then, “linolenic” would be eliminated by discarded due to their length. Finally, by comparison, g(v;) is able to
g(vj) (variance 4.44) while point displacement would discard “palmitic” obtain a plot with a larger variance (3.64) using a subset of 4 features
@ Springer
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Fig. 5 Variance reduction obtained by applying feature selection on
PCA plots of the standardized Auto MPG data set. In general, our
approach is able to obtain feature subsets for which the correspond-
ing variance is greater than the one for the other metrics and is very
close to the variance for optimal subsets. Specifically, we computed
the sequence of optimal subsets (of seven down to two variables) by
discarding the feature that leads to the plot with the largest variance at
each step

PCA
Iv.Il F —e— B
I
f(vi) 8 —o— R
o) | — |
1.7 1.8 1.9 2 2.1 2.2 2.3
Mean ranks
LDA
Iv.Il F —
I
f(v) - - ]
a(v) — p
1.7 1.8 1.9 2 2.1 2.2
Mean ranks

Fig.6 Multiple comparison post-hoc analysis of the mean rank differ-
ences between the three relevance measures for feature selection on SC
plots, where a smaller rank indicates a better performance. Our pro-
posed measure generally leads to PCA plots with greater variance and
LDA plots with a higher class separation

class) separation quality. A higher average silhouette coef-
ficient score is associated with denser and more separated
clusters. For this particular LDA plot that uses all of the fea-
ture in the data set, its value is 0.56. The LDA plot shows
the projected data points colored according to their class,
together with the axis vectors. We have only included the
names of seven features for clarity. Lastly, the figure includes
the bar chart with the values of the three analyzed metrics,
sorted according to g(v). Note that for certain features (e.g.,
the seventh, from left to right) the metrics can be quite dif-
ferent.

@ Springer

LDA Projection. Obj. function: 65.49. Silhouette: 0.56
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Fig. 7 SC plot related to LDA of the Weight Lifting Exercises data
set, which has 53 features and five different classes. Most axis vectors
are clumped in the center of the plot (we have omitted most names of
the features for visual clarity). The bar chart shows the importance of
all of the features according to the three approaches (the features are
ordered according to g(v)). Lastly, the LDA objective is 65.49, while
the silhouette score is 0.56

LDA Projection. Obj. function: 35.12. Silhouette: 0.35

Fig.8 SC plot related to LDA of the Weight Lifting Exercises data set,
for seven features selected by considering the lengths of the axis vectors
|[v||. Instead of discarding variables one by one, we have eliminated the
46 features with the shortest axis vectors in a few steps. Specifically,
we discarded groups of features that shared a similar importance score.
The LDA objective is 35.12, while the silhouette score is 0.35. The bar
chart shows the influence of the seven remaining features sorted by the
length of the axis vectors. We have included the values of the proposed
metric (blue bars) for comparison
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LDA Projection. Obj. function: 33.42. Silhouette: 0.34
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Fig.9 SC plot related to LDA of the Weight Lifting Exercises data set,
for seven features selected by considering the average point displace-
ment metric f(v). The sorted orange bars in the bar chart show the
values of the metric for the seven variables, while the blue bars indi-
cate the value of our proposed measure g(v). In this example, the LDA
objective is 33.42, while the silhouette score is 0.34

Figures 8, 9, and 10 show the feature selection pro-
cesses that results from analyzing the bar charts for the LDA
plots regarding ||v;||, f(vi), and g(vj), respectively. Subse-
quently, we have discarded groups of features with similar
low measure values, in a few iterations, until obtaining a
final selection of seven features. The figures also show the
corresponding bar chart of each subset of the seven selected
variables. Note that some, but not all, of the variables appear
in each of the selected subsets. The values of the LDA objec-
tive function (A; + Ap) are 35.12, 33.42, and 39.33, while
the silhouette scores are 0.35, 0.34, and 0.38, respectively.
Thus, we obtained greater values when using proposed mea-
sure g(vj). This example shows that it is possible to use the
metric to remove groups of several features simultaneously.

6 Discussion and conclusions

In this paper, we have presented a feature relevance measure
for visual feature selection based on SC plots associated with
linear projections related to eigenvalue problems like PCA
or LDA. In contrast to other approaches in the literature,
the measure uses information about the eigenvalues, which
are related to the problems’ objective function, to determine
the most important features for a particular plot. The fea-
ture selection is carried out by discarding the least important

LDA Projection. Obj. function: 39.33. Silhouette: 0.38
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Fig. 10 SC plot related to LDA of the Weight Lifting Exercises data
set, for seven features selected by considering the proposed weighted
displacement metric g(v). The sorted bars show the values of the metric
for the seven variables. In this case, the LDA objective is 39.33, while
the silhouette score is 0.38. These values that measure the quality of
class separation are greater than when using ||v|| or f(v)

features, either one by one, or by considering groups of vari-
ables. Results show that the proposed measure outperforms
other methods based on SC plots described in the literature.
The goal of the approach is to involve the user in order to
benefit from its domain knowledge when making decisions
regarding which variables to discard. If the number of vari-
ables is very large, it can be extremely difficult for users to
consider all or most of them simultaneously. In those cases,
users could rely on the proposed metric, but would essentially
apply it without taking advantage of their expertise. Thus,
in those scenarios, it is preferable to first employ an auto-
matic feature selection procedure (e.g., based on entropy) in
order to reduce the number of variables to a more manage-
able amount (around 50 or less if possible), and only then
use our visualization approach on the remaining features.
In addition, in principle, g(v), as well as ||v|]| and f(v),
could be applied in an automatic manner. However, it is meant
to provide suggestions to expert users, within a visualization
framework, where they can intuitively decide whether to dis-
card the proposed variable, or to retain it according to their
domain knowledge, and to the information shown in the plots.
It is important to note that g(v) not only ranks the features (as
do many other methods), but the approach is coupled with a
plot where users can obtain additional information from the
visualizations (e.g., which variables are related and could
therefore be redundant, the distribution of data points and
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their attribute values, which variables are related to outliers,
etc.).

Although nonlinear mappings are generally be able to rep-
resent data more faithfully, it is difficult to understand how
the original variables affect the mappings. Instead, when
working with linear mappings, we can represent the orig-
inal features as (axis) vectors in SC plots. Although their
lengths and orientations provide information and possibly
new insight, we have shown that it is beneficial to consider
additional aspects as well, such as the point displacement
together with the problem’s eigenvalues, when performing
feature selection. Specifically, we have shown that the pro-
posed feature relevance measure leads to PCA plots with
greater variance, and LDA plots that separate classes better,
after removing the least important features for the linear map-
pings. Nevertheless, the approach can be applied to many
other linear methods for dimensionality reduction that are
based on eigenvalue problems (e.g., variants of LDA and
PCA, locality preserving projections (LPP) [15], neighbor-
hood preserving embedding (NPE) [14], etc.).

The effectiveness of the method depends on how well
the linear mappings represent the data. In practice, analysts
should examine the relative values of the obtained eigenval-
ues (e.g., through a typical scree plot) and verify that the
values of the first two (1] and X,) are relatively greater than
the rest. If 13 was also relatively large, users could also exam-
ine additional SC plots involving the third eigenvector. For
example, they could form projection matrices whose columns
correspond to eigenvectors 1 and 3, or 2 and 3. Another option
consists of creating a three-dimensional SC plot. In that case,
the formula for g(v) in (10) can be easily extended in order to
involve a third eigenvalue and the average point displacement
on the Z axis.

The invariance of our approach with respect to rotations
and scalings depends exclusively on the invariance of the
linear methods. For example, PCA and LDA are invariant to
rotations, but not to scalings. Users must therefore be aware
that the data normalization will affect the feature selection.
We recommend standardizing the data, since in SC plots the
scales of the features should be similar.

We have developed a prototype tool in dash and plotly
using scikit-learn and pandas, to compare our measure with
previous alternatives. The visual interface can run several
linear dimensionality reduction methods and provides a bar
chart where analysts can analyze and compare the different
feature relevance measures. This combination of an automat-
ically calculated measure, together with an interactive visual
tool, allows users to discard features based on the automatic
recommendations and on their own expertise about the fea-
tures. The code of the tool is freely available (http://monkey.
etsii.urjc.es/visc/ VFSC).

We have also tested the tool with experts from the fields of
medicine and monitoring of distributed systems, who com-
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pared the feature relevance measures analyzed in the paper.
They obtained similar results with the measures, since they
relied on their domain knowledge to select the features. How-
ever, they indicated that the proposed measure provided more
reasonable feature candidates to discard. Thus, they were able
to select the final feature subsets considerably faster.
Finally, the proposed feature relevance measure allows
users to carry out feature selection through a backward elim-
ination approach. We have not defined a stopping criterion
for this iterative process, since it depends on the particular
analysis task and on domain knowledge. For example, when
using LDA, users could discard variables until the classes
begin to overlap, or while the performance of a classifier
trained on the selected features is above a certain threshold.
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