Vibrational resonance in nonlinear maps
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Abstract

We investigate vibrational resonance in two different nonlinear maps driven by a biharmonic
force: the Bellows and the Rulkov map. These two maps possess dynamical features of particular
interest for the study of these phenomena. In both maps, the resonance occurs at the low-frequency
of the biharmonic signal as the amplitude of the high-frequency is varied. We also consider a
chain of unidirectionally coupled maps with the forcing signal applied to the first unit. In this
case, a signal propagation with several interesting features above a critical value of the coupling
strength is found, while the response amplitude of the ith unit is greater than the first one. This
response evolves in a sigmoidal fashion with the system number i, meaning that at some point
the amplitudes saturate. The unidirectional coupling acts as a low-pass filter for distant units.
Moreover, the analysis of the mean residence time of the trajectory in a given region of the phase
space unveils a multiresonance mechanism in the coupled map system. These results point at the
relevance of the discrete-time models for the study of resonance phenomena, since analyses and

simulations are much easier than for continuous-time models.
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I. INTRODUCTION

The presence of noise in dynamical systems is often considered as a nuisance source
that degrades the performance and perturbs their behavior. However, in certain nonlinear
systems driven by a low-amplitude periodic force, the response at the frequency of the driving
force can be enhanced by an optimal noise. This noise-induced phenomenon is termed as
stochastic resonance [1, 2]. In recent years, another type of resonance reported first by
Landa and McClintock [3], called vibrational resonance (VR) has received a considerable
attention. They have shown that in a bistable system driven by both a low and a high-
frequency force, the response amplitude at the low-frequency increases, reaches a maximum
and then decreases as the amplitude of the high-frequency force is varied. Later, Gitterman
[4] and Blekhman and Landa [5] developed the theoretical aspects of the VR. So far, this
phenomenon has been thoroughly studied in a large class of dynamical systems such as a
noise induced structure [6], the FitzHugh—-Nagumo equation [7], coupled oscillators [8], a
multistable system [9], a monostable system [10], small-world networks [11, 12], spatially
periodic potential system [13, 14], time-delayed systems [15, 16] and many more.

So far, VR has been studied in continuous-time dynamical systems described by nonlin-
ear ordinary differential equations. We want to show in this paper that this phenomenon
also appears in simple and flexible models as can be the discrete-time dynamical systems,
also termed as maps. There are several specific advantages of using a map as a reference
model system in the investigation of fundamental features of a phenomenon. For example,
solving numerically a large array of coupled dynamical systems is a time-consuming simu-
lation, while a system of m coupled maps requires relatively few computational resources.
Algorithms of statistical measures are often relatively much easier for maps than for the
systems described by ordinary differential equations. Furthermore, there are many simple
maps displaying monostable, bistable, multistable and excitable behaviours making them
paradigmatic models for the study of continuous-time dynamical systems with similar char-
acteristics. Despite its apparent simplicity, these maps can reproduce faithfully the dynamics
of some physical and biological systems from which they derive [17-19] and can be used for
an easier understanding of the phenomenon of VR in these systems.

This is precisely what motivates us to consider here the Bellows map with bistable states

and the Rulkov map capable of exhibiting excitable and bursting dynamics. We numerically



analyze the occurrence of VR in a single and a coupled version of these maps driven by a
biharmonic force with two frequencies w and 2, being €2 > w. Similarities and differences
arise in the mechanism of VR in these two different kinds of maps. While studying the
coupled maps, we only consider the excitation of the first map by the biharmonic signal,
while the coupling is linear and unidirectional. There is no coupling term in the first map.
In the two types of coupled arrays, that is coupled Bellows maps and coupled Rulkov maps,
above a critical value of the coupling strength, an undamped signal propagation takes place
with a few interesting features. We note that in coupled systems, particularly, in biological
network systems, an undamped signal propagation is essential for information transmission
as for example the signal propagation among neurons. Multiple VR occurs in all the coupled
subsystems, even though the first system shows only a single resonance. As we look at units
separated by ¢ links from the first unit, the response amplitude at the lower frequency w
increases and reaches a constant value as ¢ increases, while the amplitude at the frequency

) decreases with 1.

II. VIBRATIONAL RESONANCE IN SINGLE MAPS

First we consider the Bellows map [20-22] represented by the following equation:

Ty

Tnt1 = f(zn) = 150

(1)

This simple one-dimensional map has different behaviors depending on the parameter r.
This map models the evolution of the population density of an organism, where r is a
parameter related to an environmental factor. Equation (1) has only one fixed point x* = 0
for b =2 and for 0 < r < 1. For r > 1, it has three fixed points with z§ = 0 being unstable,
while 2%, = £+1/r — 1 being stable. That is, the Bellows map has a monostable state for
0 < r <1 and a bistable state for r > 1.

The other map in consideration is the Rulkov map [19, 23, 24] which equation is:

(8%
Tp+1 = f(xnayn> = 1 —|—372 +yn7 (2&)

Yn+1 = g(fL‘na yn) =Yn — an — 0. (2b)

The Rulkov map mimics the behavior of complex continuous time neuronal models [19, 23,

24]. These equations display a variety of dynamics depending on the control parameters



«a and o. The two tipical regimes are the spiking regime: a succession of sustained pulses
appears which reminds the spike train of a neuron; and the bursting regime: a brief train
of short pulses alternates with a silent phase. An interesting point is the chaoticity of the
trajectory in both regimes. The Rulkov map is not based on physiological observations on
neurons, it is an abstract mathematical model. However, we could consider the variable z
as the neuron membrane voltage and y as the concentration of a ion that interacts with the
membrane.

The map (2) possesses only one fixed point (z*,y*) = (—0o/8, —(a + 2)/2). We fix
B =0 = 0.001. The fixed point is stable for 0 < o < 2. The map exhibits sustained periodic
pulses, chaotic bursts of pulses, sustained chaotic pulsing and periodic sequences of pulses
for certain range of v values greater than 2 [19, 23, 24]. Since our goal is to analyze the VR

phenomenon in the two maps, we need to drive them by the following biharmonic signal:
F(n)= fcoswn+gcos On, Q>w, (3)

where F'(n) is added to the right-hand sides of Eqs. (1) and (2a).

A. Resonance in the Bellows Maps

First, we analyze the map (1) for a parameter choice where the system is in a bistable
regime. We fix b=2,r =2, f =0.1, w = 0.1 and 2 = 1 and treat the amplitude g of the
high-frequency signal as the control parameter. Since we are dealing with a discrete-time
system, the maximal frequency we can apply is 2 = w. There are two coexisting attractors,
one around the fixed point 27 and another one around z* when g = 0. Furthermore, there
is no cross-motion between the two attractors for this value of f. We iterate the map with
an initial value xy and leave the first 10* iterations as a transient. To identify the various
frequencies present in the solution, the power spectrum is computed using the fast Fourier
transform technique. Figure 1 shows the amplitude A of the various frequency components
which are present in the solution for three values of g. The dominant peaks occur only
at the two frequencies w = 0.1 and €2 = 1. That is, the solution essentially contains a
slow motion with the frequency w and a fast motion with the frequency 2. The amplitude
A corresponding to the frequency €) increases with g. The amplitude at the frequency w

increases and then decreases as ¢ is varied, which is an indication of the occurrence of VR:
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FIG. 1: Amplitude of the various frequency components of the solution of the Bellows map driven
by the biharmonic signal F'(n) = f cos wn + gcos On, Q> w, for three values of g. The rest of
the parameters fixed at b = 2, r = 2, f = 0.1, w = 0.1 and 2 = 1. The spectrum has dominant

peaks only at the frequencies w and ().

the low-frequency w is enhanced by the high-frequency signal.
We focus our analysis on the low-frequency component of the output signal which exhibits

resonance. We compute the response amplitude Q@ = A/f = /Q3F + Q%/f at the low-

frequency only where

5 NT.

Qs = NT Z Ty sin wn (4a)
n=1
5 NT

Qc = NT Z T, COS WN | (4b)
n=1

where T' = 27 /w and N is very large. The numerical values of Qs and Q¢ are related to
the Fourier spectrum of the time series x computed at the frequency w. In the numerical
calculation of Q, N is chosen as 10%. Figure 2(a) shows the variation of @ with ¢ for four
values of r. There is no resonance for » < 1 and in this case () decreases monotonically with
g. We note that for < 1 the map has only one fixed point at z* = 0. In Fig. 2(a), for

r = 1.5 and 2 as g increases () increases, reaches a maximum value at ¢ = g,,, = 0.4 and



FIG. 2: (a) Response amplitude @) versus the control parameter g for four values of r in the Bellows
map. The values of r for the curves 1, 2, 3 and 4 are 0.75, 1, 1.5 and 2 respectively. (b) x,, versus

g (represented by dots) and the variation of Lyapunov exponent (thick curve) for r = 2.

0.704 respectively and then decays to zero. The vibrational resonance phenomenon occurs
only for parameter values r > 1. Both g, and Quax (the value of Q) at g,,,,) increase with
growing values of r. It is worth to notice that in this case the system is bistable so that the
system switch from one state to another.

In Fig. 2(b) we plotted z,, and the Lyapunov exponent A of the trajectory versus g for

r = 2. The Lyapunov exponent is given by

1 NT
_ 1 - ’
A—Nhﬁn}x’]\,T;lnlf(wn)l- (5)

We can observe from this figure that the Lyapunov exponent A is negative for the entire
range of values of g implying that the time series of the map is periodic. For g < 0.623 the
iterated values of the map stay around the fixed point 27 = v/7 — 1. The attractor confined
around ¥ = —+/r — 1 can be obtained for certain initial values zy. At g = 0.623, the onset
of the jumping motion between the two fixed points 27 takes place. However, resonance

does not occur at this value of g, but it does at the slihgtly higher value g = 0.704.



In order to capture the mechanism of the resonance, we use the time series plot. Figure

3 illustrates the nature of z,, for four values of g and r = 2:

e For ¢ = 0.0 in Fig. 3(a) there are two coexisting oscillatory solutions: one in the

neighbourhood of 27 and another one near z*.

e When g # 0 and small, again two oscillatory solutions occur. However, these solutions
are modulated by the high-frequency signal gcosn. This type of solution exists for
values g < 0.623. For g = 0.627 in Fig. 3(b), z,, switches between the regions x < 0
and x > 0 around the two fixed points % and the residence times of the trajectories

in these two regions are different.

e At g = 0.704, in Fig. 3(c), we can clearly notice periodic switching between the

two fixed points and at this value of g the response amplitude ) becomes maximal.
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FIG. 3: x, versus n (continuous curve) for a few values of g for the Bellows map. The dashed

curve represents the periodic signal f cos wn. Resonance occurs at g = 0.704.



Whenever the periodic signal f coswn becomes maximal, z, crosses from the region
x < 0to x> 0. Crossing of x,, from z > 0 to x < 0 takes place when the input signal
f coswn becomes minimal. The mean residence times in x < 0 and x > 0 regions are

T/2 where T = 27 /w.

e When g is increased further from g = the mean residence times in x < 0 and

g\/'Ra
x > 0 regions decrease and a rapid switching between these regions occur. An example

is given in Fig. 3(d).

B. Resonance in the Rulkov Map

Experimental evidences in neurons has shown that an unwanted source of
noise can enhance the detection of a sub-threshold input signal [19]. This par-
asitic signal can be a fast varying sinusoidal pertubation which improves the
response of the neuron to the slow periodic input, which is the very mechanism
of the VR. Here we illustrate this phenomenon using the Rulkov map in Eq. (2).
We have chosen the values of the parameters as § = o = 0.001, @ = 1.99. When the system
is driven only by the low-frequency signal, the iterations remain near the fixed point for
sufficiently small values of the amplitude f. For amplitudes above a critical value f., pulse
solutions occur where the system spends a certain amount of time near the fixed point, and
then they exhibit a large excursion before returning to the neighbourhood of the fixed point
in a pulse-like form. The input signal is said to be subthreshold if f < f. [24] since it does
not triggers any excursion in the phase space. In the Rulkov map, the value of f. is found
to be 0.006 for w = 0.1.

We now proceed to study VR in the Rulkov map driven by both a low-frequency and
a high-frequency signal. We have chosen f = 0.005, a parameter value less than the sub-
threshold value f. with oscillatory motion and f = 0.06, a value higher than f. with a pulse
solution. Figure 4 presents ) versus g for f = 0.005 with €2 = 0.5 and f = 0.06 with Q = 1.
The resonance is observed for both values of f when g is varied. For f = 0.005 and 0.06
the response amplitude () is maximal at ¢ = ¢, = 0.23 and g = g,,, = 0.44 respectively.
The obtained bell-shaped curve is a clear indicator of an amplification of the

low frequency signal by the system, as the one obtained in biological neurons in
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FIG. 4: Variation of the response amplitude @ as a function of the control parameter g in the
Rulkov map driven by the biharmonic signal F'(n) for two sets of values of f and €. The values of

the other parameters are § = ¢ = 0.001 and w = 0.1.

the stochastic resonance phenomena.

Figure 5 displays x,, versus n for a few values of g and for f = 0.005. For almost any
value of g, x, oscillates around the fixed point without any pulse-like motion. The high-
frequency signal induces a resonance in the sense that the motion of x, is amplified. In
this connection, we wish to point out that such type of VR has been already reported in
a monostable quintic oscillator [10], an asymmetric Duffing oscillator [25] and a Duffing
oscillator with time-delayed feedback [16].

Following our exploration, we consider the choice f = 0.06 > f.. In Fig. 6 we have
plotted z,, versus n for four different values of g. By comparing the Fig. 6 with the Figs. 3
and 5, we can notice the differences and similarities between the resonance dynamics of
the Bellows map (bistable case) and the Rulkov map (excitable case and also the pulse
solution case) driven by the biharmonic signal. In the Rulkov map, as shown in Figs. 6(a)
for g = 0 and also for small values of g, z,, oscillates around the fixed point and occasionally
moves away from its neighbourhood. This means that the pulse-like profile of the solution
persists. In the Bellows map, for small values of g, two oscillatory solutions exist around
the two fixed points, as shown in Fig. 3(a). However, as g increases, the modulation of x,
by the high-frequency signal grows and the shape of the trajectory profile changes from a

rectangular pulse to a sinusoidal. At g = 0.44, where () becomes maximal, the trajectory
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FIG. 5: Plot of x,, versus n for the Rulkov map at three values of g and with f = 0.005, w = 0.1
and 2 = 0.5. The values of g for the dotted curve (inner most curve), continuous line curve (middle
curve) and the dashed curve (outer most curve) are 0.1, 0.23 and 0.4 respectively. The resonance

occurs at g = 0.23.

evolves into an amplitude modulated sinusoidal pattern. This is clearly seen in Fig. 6(c).
Furthermore, we notice a synchronization between z, and fcoswn. The time duration
between two consecutive returns to the neighbourhood of the fixed point is ~ T'(= 27 /w).
This time duration decreases with a further increase in g and for the values of ¢ far after
resonance, and a rapid oscillation occurs as shown in Fig. 6(d). Compared to the case of
f=0.005 (f < f.) for f =0.06 (f > f.), we can clearly notice a signature of resonance on

Ty

III. RESONANCE AND SIGNAL PROPAGATION IN m-COUPLED MAPS

Very recently, the possibility of signal propagation has been investigated in one-way
coupled [26], in globally coupled [27] and in multilayer feedforward network based on the
FitzHugh-Nagumo model [28]. In this section we explore the features of the propagation of
the low-frequency signal in m unidirectionally coupled Bellows maps and Rulkov maps with

the biharmonic signal applied to the first map only.

10
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FIG. 6: Plot of x, versus n for the Rulkov map at four values of g with f = 0.06, w = 0.1 and
Q = 1. The continuous and dashed curves represent x,, and the low-frequency signal f cos wn
respectively. Resonance occurs at g = 0.44. In the subplot (c) the amplitude and the phase of
the low-frequency signal is rescaled in order to show the synchronized motion between z,, and the

input signal f cos wn.
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A. Features of Undamped Signal Propagation in m-Coupled Bellows Maps

The mathematical expression of the m unidirectionally coupled Bellows maps is given by

(1) . T:L‘&Ll)

Tpiy = ———— + fcoswn+gcos OQn (6a)
L+ ()
; ral ,
o, = =l =23 m. (6b)

1+ (xﬁ?)

In our analysis, we have made the choice of parameters b = 2, r = 2, f = 0.1, w = 0.1,
Q2 =1 and m = 100. First, in the (4, g) parameter space we identify the regions where
an undamped propagation of the signal with a component at frequency w is possible. We
divide the (9, g) parameter space in the interval 6 € [0,1] and g € [0, 15] into a number of
grid points with Ag = 0.01 and Ad = 0.01. We denote @); as the response amplitude of the
ith system in Eq. (6) at the frequency w of the low-frequency signal. For each grid point,
we calculate @; for all the maps. Q100(g,w) > Q1(g,w) is used as a criterion for undamped
and enhanced signal propagation in the coupled systems.

In Fig. 7, the black regions correspond to an enhanced signal propagation and in the white
regions ; decays to zero as i (the number of the system) increases. For 6 < d. = 0.32, Q;
decays with 7 for all values of g, that is, the signal is damped out when it propagates through
the chain of oscillators. As § increases, the width of the intervals of ¢ where undamped signal
propagation takes place increases. Figure 7 has a very close resemblance with that reported
by Yao and Zhan [26] for the one-way coupled overdamped bistable oscillators. In the
undamped regions for fixed values of g and ¢, the value of @); increases with the number ¢
and becomes a constant with Q199 > @1 for i > 1. In the damped regions a decay to zero
happens for simillar parameters. The variation of (); with ¢ has a sigmoidal shape. This is
shown in Fig. 8 for few values of g for § = 0.55.

In Fig. 9 we plotted x,, versus n for i = 2, 3 and 8 for § = 0.55 and g = 0.73. This
figure presents another interesting result. For fixed values of the parameters, the amplitude
of the high-frequency component decreases when the number of the system 7 increases. This
is clearly evident in Fig. 9. For large i the amplitude modulation with the frequency {2
on the output signal due to the applied high-frequency signal in the first map in Egs. (6)
almost disappears. This is further verified by numerically computing @;(€2), which is found

12



to decay when 7 increases. Interestingly, for a large value of ¢ the output signal appears as a
rectangular pulse, consisting of the frequency w and their first harmonics. This characteristic
property of the coupled systems driven by a biharmonic signal in the VR setup can be used
for propagating a weak signal to distant systems. It is noteworthy to point out that in
the coupled system, the weak low-frequency and the high-frequency signals are applied to
the first map only. The coupling of the maps essentially weakens the propagation of high-

frequency components acting as a low-pass filter.

B. Multiple Resonances and their Characteristics

In Fig. 7 we notice several branches of black regions. One resonance peak (which can be
sharp or wide) occurs at least in a branch in each of the coupled maps, for a fixed value of §
when ¢ is varied. (The first map is uncoupled and shows only one resonance.) For example,
for 6 = 0.35 and 0.4, there are two and four intervals respectively of g where Q190 > Q1.
Figure 10 displays @) versus g and 7 for four values of the coupling constant . We can clearly
see two and four resonances in each coupled system for 6 = 0.35 and 0.4 respectively. For
d = 1, Fig. 7 has only one interval [0.63, 15], where an undamped propagation of the signal
occurs and in Fig. 10 we observe only one resonance. As ¢ increases from d. = 0.32, the

spacing between successive g, (at which resonance occurs) decreases.

FIG. 7: Undamped signal propagation regions represented by black colour in the (d,g) parameter

15

0
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5

space for the coupled Bellows maps. The values of the other parameters in Egs. (6) are b = 2,

r=2, f=0.1,w=0.1, Q=1 and m = 100.

13
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FIG. 8: Sigmoid function type variation of @); with ¢ for § = 0.55 and a few fixed values of g in the
coupled Bellows maps. For g = 0.6 a damped signal propagation takes place. For other values of

g, an undamped signal propagation is realized.
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FIG. 9: Evolution of the trajectory profile from an amplitude modulated pulse form into a rectan-
gular pulse form with an increase in the number of the system 7 in the coupled Bellows maps with

0 =0.55 and g = 0.73.
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FIG. 10: @ versus g and ¢ for the coupled Bellows maps for a few values of . The effect of the

coupling constant can be clearly seen. Initial resonance peaks are wide.

We notice four resonances when ¢ is varied in Fig. 10(b) for § = 0.4 . However, the value
of the response amplitude () at successives resonances is reduced considerably. To take this
fact into account, we have computed the mean residence time of the iterations in the regions
x < 0and x > 0. A residence time in the region x < 0 is the difference between the time
at which x,, enters the region x < 0 and leaves this region and enters into the region x > 0.

Similarly, we can define a residence time of x,, in the region x > 0. We denote 7, and 7_ as

15



mean residence times in the regions x > 0 and = < 0 respectively and 7 = 7, +7_. We have
numerically computed 10° residence times in x < 0 and z > 0 for the 25th (i = 25) system
of Egs. (6), for the parameter value § = 0.4 and for a range of values of g. After that, we
have computed 7,, 7 and 7.

Figure 11 presents the variation of () and 7 around the four resonances.

e In Fig. 11(a), @ is maximal with a plateau over a wide range of g. In this interval of

g, T+ and 7_ vary in such a way that T =7, + 7 =~ T = (27 /w).

e The second resonance region in Fig. 11(b) is similar in shape to Fig. 11(a). Quax has

almost the same value and 7 =~ T
e Next, in Fig. 11(c) at the resonance occurring at g = 3.85 7 = 186.64 ~ 37T".

e At the fourth resonance shown in Fig. 11(d), we have found that 7 ~ 375.86 ~ 67". It
is noteworthy to point out that in Fig. 11 7 is locally minimal at all the resonances.
When 7 = T, there is a periodic switching between the regions z < 0 and x > 0.
This is shown in Fig. 12 for ¢ = 0.7 and 1.6. When 7 = [T with [ > 1, there is
no periodic switching between the two regions (see Fig. 11(c) and (d)), however, a
resonance occurs. At this resonance the value of () is relatively much smaller than the

value of () at other resonances with 7 ~ T.

C. m-Coupled Rulkov Maps

We consider m-coupled unidirectionally Rulkov maps

x&)rl =f (xnl),yr(f)) + fcos wn+ gcos On | (7a)
xﬁﬁrl = f (2D, y) + 627D i=2,3,-,m (7b)
yotr = 9 (@y) . i=12m (7c)

(7d)

where f(.) and g¢(.) are given in Eq. (2). Very recently, Wang and Chen [29] investigated
delay-induced intermittent synchronization in coupled Rulkov maps. Here we fix parameters

to be f =0 =0.001, f =0.06, w=0.1, 2 =1 and m = 100.

16
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FIG. 11: Variation of 7 = 74 + 7_ near four resonances in the 25th system of the coupled Bellows
maps with 0 = 0.4. The variation of @ is also shown for identifying the connection between

resonance and 7. In the subplots (c¢) and (d), @ is rescaled by a factor for clarity.

Figure 13 shows the parametric values of ¢ and g for which an undamped signal propa-
gation takes place. For § < 0.18 a damped propagation occurs for any value of ¢g. Similar to
the coupled Bellows maps, in the regions of undamped signal propagation at a given g and
0, the response amplitude @); of the ith map increases when ¢ increases and then saturates to
a constant value. This is clearly seen in Fig. 14 for § = 0.3 and 0.5. For § = 0.5, a multiple
resonance with wide resonance interval of g and sharp peaks occurs for ¢ > 1. Figure 15

shows :cgfo) versus n at g = 0.5 and 6.8, where a resonance is found with Q.. = 29.8 and

17
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FIG. 12: Iteration plot at four resonances of the 25th system of the coupled Bellows maps with
0 =04.

20.5 respectively. In the vicinity of the fixed point, x,, varies linearly with a slow rate, while
in the excursion region it oscillates rapidly.

We have computed the mean residence times of 2$% in the vicinity of the fixed point (7_)
and in the oscillatory region (7,) and 7 = 7, + 7_ for a range of values of g with 6 = 0.5.
The result is presented in Fig. 16. In the first two resonances, where () is maximal for wide

intervals of g, the value of 7 &~ T = 62.83. At other resonance values of g also 7~ T.
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IV. CONCLUSION

In the present work, we report our investigation on the phenomenon of VR in two different
types of maps, the Bellows and the Rulkov map. In both maps, resonance at the low-
frequency w is induced by the high-frequency signal. Some common and different features
are observed in these two maps. At resonance, in the Bellows map, a periodic switching
between the two coexisting states occurs. In the Rulkov map we have two distinct cases.
For f < f., when g = 0 an oscillatory motion around the only fixed point takes place. When
g is varied resonance occurs, however, there is no switching between any two kinds of states
and the oscillatory motion persists. For f > f., when g = 0 a pulse solution occurs. In this
case, as ¢ is varied at the resonance, the pulse solution becomes an amplitude modulated
sinusoidal waveform.

In the coupled maps, for a range of coupling strength and the amplitude of the high-
frequency signal, an undamped propagation of signal appears, even though the first map
alone is driven by the biharmonic signal. We note that by maintaining the undamped signal
propagation, the response amplitude () can be controlled by suitably choosing the values of
0 and g. Another interesting result is the occurrence of multiple resonances in the coupled
maps ¢. Furthermore, each resonance occurs at the same value of g in the coupled maps

and the response amplitude profile reaches a stationary pattern as the system number ¢

FIG. 13: Regions of undamped signal propagation in the (4, g) parameter space represented by
black colour for the coupled Rulkov maps. The values of the other parameters in Egs. (7) are

B=0c=0.001, f=0.06, w=0.1,Q=1and m = 100.
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FIG. 14: Response amplitude ) versus g and ¢ for the coupled Rulkov maps for two values of the

coupling constant 9.

g=05 @]

0 100 200 _ 300

0 100 200 _ 300

FIG. 15: Plot mﬁf’O) versus n for the coupled Rulkov maps with § = 0.5 and for two values of g at

which resonance occurs.
increases. In the coupled Bellows maps at resonance, the sum of the mean residence times 7
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FIG. 16: Variation of the response amplitude @ and 7 = 7 + 7_ of 50th system of the coupled

Rulkov maps for a range of values of g with § = 0.5.

is a multiple of 7', where T is the period of the low-frequency force. In the coupled Rulkov
maps with f > f. at resonance, we get 7 ~ T

Simple discrete maps not only exhibit complex dynamics, but they are also useful for the
study of general nonlinear phenomena. We believe that the results reported on the two maps
will lead to a detailed analysis of others types of resonances such as stochastic, coherence
and auto-resonances in maps resulting in further understanding of these resonances and their
applications.
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