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result. In this way we also discover a new definition of matrix Schwarzian derivative.
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1. Introduction

It is a classical result [3] that solutions of the second Painlevé equation (Pry),

Upe — 2u° — zu — a0 = 0, (1.1)
for parameter value o = 1/2, can be obtained as u = —%=, where w is a solution of
1 3
Wye + i + Cw® = 0. (1.2)

This equation, when the constant C' # 0, corresponds to a rescaled version of Py for parameter value oo = 0.
In this way an auto-Bécklund transformation (auto-BT) is obtained from Pj; for a = 0 to Py for o = 1/2.
By Bécklund transformation (BT) we refer to a mapping between solutions of ordinary differential equations
(ODEs), called an auto-BT when the ODEs are the same. Our aim in this paper is to understand how the
above result may be derived. We show that this can be done using a remarkably simple integration-based
technique. This stems from the fact that P;; can be written using a certain differential operator, which then
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permits a process similar to the use of an integrating factor for linear ODEs to be used, but without any
resulting reduction of order. This then allows a mapping between ODEs of the same order to be established.
Our interest here is in Painlevé equations, but the simplicity of our new approach means that it will be
much more widely applicable.

In the case of Py, the differential operator mentioned above is (minus) the adjoint of the Fréchet derivative
of the Miura map relating the Korteweg-de Vries (KdV) equation and the modified KAV (mKdV) equation.
A similar observation holds for the other examples considered in this paper, and is a consequence of their
relationship to completely integrable partial differential equations admitting Hamiltonian Miura maps. For
such examples, this relationship may be understood as fundamental to our approach. However, in the general
case, the differential operator of which we make use need not have such a Miura map as its origin.

In Section 2 we show how the above auto-BT for P;; may be derived, along with the Schwarzian Pry
equation and a special integral. As a further example, we apply our technique in Section 3 to the fourth
Painlevé equation (Pry ), for which it yields a special case of a known auto-BT, as well as a Schwarzian
Pryv equation. In Section 4 we use our approach to derive an analogue of the mapping given above for
the case of a matrix P;; equation. This requires the introduction of a new matrix P;; equation, which we
show to be integrable by presenting a Lax pair. In Section 4 we also obtain the first known matrix version
of the Schwarzian Pr; equation. A summary and consideration of future perspectives is given in the final
Conclusions and Discussion section.

2. Our new approach: the second Painlevé equation

Let us begin by observing that P;; (1.1) can be written

1 1
(0 +2u)K + (5 — oz) =0, K=u, —u®— 2% (2.1)

A comparison with linear ODEs suggests that the use of an “integrating factor” e/ 2%4* might be useful.

The operator (9, + 2u) in (2.1) is minus the adjoint of the Fréchet derivative of the KdV-mKdV Miura
map w = u, — u?, and writing P;; using this operator can be traced back to the formulation in [8] of its
well-known derivation from these PDEs. The use of this integrating factor may alternatively be effected
using a function z defined by z,, = 2uz, (so z, = el 2u dc”): since Oy 2y = 22,0z + Zzx = 22(0x + 2u), we see
that the result of multiplying Pr; (2.1) by z, and integrating is

1
ZIK—l—(i—a)z:C, K:ux—uQ—ia:, (2.2)

for some arbitrary constant C'. Note that this process does not, of course, result in any reduction of order,
as that would be impossible for Pr;. In equation (2.2), i.e.,

1 1
— 2 _—— —_—— =
2 (ux U 2m> + (2 a) z=C, (2.3)

the change of variables u = —w, /w, and then taking, without loss of generality, z, = 1/w?, yields, for
a=1/2,

1 1 1

o <_w;)I = 5:5) =C, or wy+ S %W + Cw® = 0. (2.4)
For C # 0 we thus recover the mapping u = —w, /w, as discussed in the Introduction, from solutions of Pj;

for a = 0 to solutions of Py; for o = 1/2. Indeed, from the above equations we obtain the pair of relations

3]
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1
Wy + uw = 0, Uy — u® — 3% = Cw?, (2.5)

which provide an auto-BT between (1.1) for @ = 1/2 and (2.4).
We now make some further remarks. First we note that if in equation (2.3) we assume « # 1/2 then we
may set C' = 0. Substituting u = z,,/(2z,) then yields Schwarzian Pr; [15], valid in fact also for a = 1/2,

- B{z;z}] - %xzx + (% _ a) 2—0, (2.6)

where {2;2} = (240/%2)s — 3(%00/22)? is the Schwarzian derivative of 2. Secondly, we observe that for

a=1/2 and C = 0 equation (2.3) also gives the special integral u, —u? — %x = 0 of Pyy for this value of the

parameter «. If we take into account also the case o = 1/2 and C # 0 discussed above, which provides us
with the mapping from solutions of P;; for a = 0 to solutions of Py for o = 1/2, we see that equation (2.3)
encapsulates three well-known results for Pr: this particular auto-BT, a special integral, and Schwarzian
Py;. Whilst it is known that, making use of the relation z,./(22,) = u, Pys is a differential consequence of
Schwarzian Py (2.6) [9,15], as far as we are aware, the derivation of (2.3) — as written here in terms of u
and z — from Pj; through the use of the auxiliary variable z satisfying z,, = 2uz, and integration, is new.
These results are an example of:

Proposition 2.1. Consider an ODE of the form
(0p + M)K + kL =0, (2.7)

where K, L, M depend on x, u and its derivatives, and r is a constant parameter. Let the function z satisfy
the relation z,, = Mz,. Then solutions of (2.7) may be obtained from solutions of

2. K+ kp=C, where Po = 2z L and C is an arbitrary constant. (2.8)
Proof. Since 0,2z, = 2,05 + 22z = 2.(0; + M), multiplying (2.7) by z, and integrating gives (2.8). O
Remark 2.1. We may assume kC = 0 since, when x # 0, we may set C = 0 using a shift on p (where p = z
if L =1). For k = C = 0, we see that solutions of K = 0 give (trivially) solutions of (2.7) for parameter
Kk =0.
Remark 2.2. The above proposition may be applied to individual equations in a system of several equations.

3. A further example: the fourth Painlevé equation

The fourth Painlevé equation (Pry) can be written in the form

1 p ¢p+ p* + s el (O
(2 ¢+2p—8x><¢+2p+2x>+<f>_<0>’ (3.1)

where e and f are two arbitrary constants. This then yields the system of equations

Pa + 20p + 3p? +22p+e =0, (3.2)
¢r — 6¢p — 6p° — ¢* —22(¢ + 2p) +2 — [ =0, (3.3)

and elimination of ¢ gives
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Pe 300 4 dap? 42 1(zf 3¢ — 2) L (3.4)
Pax =5 "+ 5P xp’ a? e P53y :
which is just Pry,
3 152
- 4 22? —a)p— =— .
Yor = 57 +2y+xy+ (2* —a)p 5, (3.5)

with the identification a = 1(2f — 3e — 2) and B =e.

In (3.1), the left-most matrix is the adjoint of the Fréchet derivative of the dispersive water wave (DWW)
Miura map (u,v)T = (¢ + 2p, ép + p* + p)T [10]. The appearance of this operator here is due to writing
Pry as derived from a modified DWW system [4]. The system (3.1) can be simplified to read

Do+ 20p + 3p* +22p+e =0, (3.6)
(O — )P+ 2p+2x) + (2 — ) = 0. (3.7)

It is to equation (3.7), following Remark 2.2, that we now apply the technique developed in Section 2.
Let us write equation (3.7) as

(0r —P)K +(2e—f) =0, K=¢+2p+2z. (3.8)
According to Proposition 2.1, multiplying by z,, where z,, = —¢z,, and integrating, yields
2K+ (2¢ — f)z=C, K=¢+2p+ 2z, (3.9)
where we set Kk =2e — f,s0o L=1and p =z, i.e.,
2z(d+2p+2x)+ (26 — f)z = C. (3.10)

Setting ¢ = ¢,./q and solving without loss of generality for z, as z, = 1/q, we obtain, for the choice f = 2e,
1
= (qi+2p+2x) e (3.11)
qa\ q

This equation, together with (3.6), i.e

pm+2(q>p+3p +2xp+e=0, (3.12)

forms a system of equations in the variables p and ¢. Solving (3.11) for p and substituting in (3.12) then
gives

2

1q
LA R 02 8 —4Cxq® +2(2* + (e — 1))q. (3.13)
q

Qzz = BY

For C' # 0 we may always set C = —1, thus obtaining

1¢2 3
e +2¢° +4xg® +2(2* — (1 —e))q. (3.14)

sz:2q 2

This last equation is Pry (3.5) for parameter values « =1 — e and § = 0.
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Equation (3.11) then gives the auto-BT

p=—= . (3.15)

1 <qz +q%+ 2xq>
2

from (3.14) to (3.4) with f = 2e, i.e., mapping from Pry parameter values g = 1 —e and §;, = 0
to a, = %(e —2) and B, = e, where we use subscripts p and ¢ to denote the respective parameters o
and B corresponding to Pry in standard form (3.5) with y = p and y = ¢. We thus have the relations
ap = —%(aq +1) and 8, = 1 — ay. This mapping and changes in parameter values correspond to those of
the Pry auto-BT [11]

1 (g +q* + 2zq + B,
p=—3 q ) Qp

1
5 =——(2+2a4 —38,), Bp = %(2—204,17@1), (3.16)

4

in the particular case 3, = 0. Our technique has thus led to the recovery of a particular Pry auto-BT. Let
us also note that (3.11) with C'= —1 and (3.12) yield the inverse auto-BT

1 (ps—p>—2
(p P w+€>, (3.17)

=5 D
which provides a mapping from solutions p of the case f = 2e of (3.4) to solutions ¢ of (3.14). Again this is
a particular case of a result given in [11].

We now make two final remarks. Firstly, as noted in Remark 2.1, if in (3.10) we assume f # 2e then we

may set C' = 0. In the resulting equation we then set ¢ = —z,, /2, to obtain
1zp, 1 z
=—-———(2e— — )= 1
=y gee-n(2) - (315)

and substitution of ¢ and p in terms of z in (3.6) then yields the Schwarzian Py equation, valid also for
f=2e,

(z50) + e =1 (ff +43(2¢ — f) (f

xX

>+2x2+f2—0. (3.19)

x

For Pry in standard form (3.5) (with, as before, p =y, e = f and f = (2a+ 35 +2)/2), this equation reads

{z2} + 2(5—2&—2)2 (zi>2 t2f - 2a-2) (Zi

x

1
) + 227 + 5(20+38-2)=0. (3.20)
We have been unable to find the Schwarzian Pry equation (3.20) in the literature. It is readily shown,
making use of the relation

Zoz :2y+2m+%(,@—20¢—2) <i> (3.21)
(i.e., (3.18) with p replaced by y), that Pry (3.5) is a differential consequence of Schwarzian Pry (3.20).

Our second remark is that from equation (3.10) with f = 2e and C' = 0 we obtain ¢+ 2p+ 2z = 0, which,
substituting for ¢ from (3.6), then also gives the special integral p, — p? — 2xp + e = 0 of (3.4) for f = 2e.
This corresponds to the well-known special integral y, — y? — 22y + 2(a + 1) = 0 of Py in standard form,
i.e., (3.5), for parameter relation 8 = 2(« + 1). The above results for Pry are analogous to those for Py in
Section 2.
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4. A matrix second Painlevé equation

To obtain a matrix analogue of Proposition 2.1, we need to consider both left and right “integrating
factors™:

Proposition 4.1. Consider a matriv ODE of the form
(833 + Ly + RN)K + kL =0, (4.1)

where the square matrices K, L, M, N depend on x, the square matrix function u and its derivatives, K
is a constant scalar parameter, and the left and right multiplication operators Ly; and Ry are defined by
Ly (K)= MK and Ry(K) = KN. Let the square matriz functions z and y satisfy the relations zy, = z:M
and Yz = Ny,. Then solutions of (4.1) may be obtained from solutions of*

2eKyy + kp=C, where Po = 2o Ly, and C is an arbitrary constant square matrix.  (4.2)

Proof. Since 0,L.,R,, =L. R, 0.+ L. R, +L. R, =0L. R, (0,+ Ly + Ry), multiplying (4.1) on
the left by z,, on the right by y,, and integrating gives (4.2). O

Remark 4.1. For y, = I, so N = 0, (4.1) and (4.2) reduce to (0 + Ly)K + kL = 0 and z, K + kp = C
where p, = 2, L; and for z, =1, s0o M =0, to (0, + Rn)K + kL =0 and Ky, + xkp = C where p, = Ly,.

Remark 4.2. We may assume xC = 0 since, when x # 0, we may set C' = 0 using a matrix shift on p (where
p==zif Ly, =1,and p =y if 2,L = I). For Kk = 0 and C = 0, and z, and y, nonsingular, we get K = 0,
and so obtain that solutions of K = 0 give (trivially) solutions of (4.1) for parameter £ = 0.

Remark 4.3. Proposition 4.1 may be applied to individual equations in a system of several matrix equations.
Our interest in this section is in a matrix Pr; equation, with matrix coefficients, i.e.,
Upy — 2u® +uFE + Bu — 2u — al, (4.3)

as first derived in [7] (the case E = 0 was considered in [1,12]). Here u is a square matrix function of z, F is
an arbitrary constant square matrix and « is an arbitrary scalar parameter. In the scalar reduction we may
take E = 0, and thus recover Pry in standard form (1.1). Similarly to the scalar case, we may write (4.3) as

(8I+AU)K+<%—a)I:O, Kzul.—uQ—i—E—%xI, (4.4)
where A, = L, + R,,. The formulation (4.4) of matrix P;; may be obtained as a result of its derivation from
matrix KdV and mKdV equations [7], with the operator (9, + A,) being (minus) the adjoint of the Fréchet
derivative of the Miura map w = u, — u? between these matrix PDEs (see also [5,6]). From Proposition 4.1
we then see that, multiplying (4.4) on the left by z, and on the right by y,, where 2., = z,u and Y, = uy.,
and then integrating, we obtain

1 1
Zg (ux—u2+E—§xI)yx—|—(ﬁ—a)p:C, (4.5)

! For K =u, M = M(z), N = N(z), L = L(z), i.e., the linear matrix equation u, + Mu+uN + L = 0, the relationship between
its solutions and those of equations (equivalent to) s, = sM and t, = Nt is well-known (here we set z; = s, Yy, = t).
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where p, = 2,y,. We now set ©u = —w,w ™' and take, without loss of generality, z, = w™', which for
a = 1/2 then leads to w™t (—w;,[;:,cw_1 + FE — %xI) yz = C. The substitution y, = Aw™! then yields the
system

1
Wee — Fw + Eacw + wCwA tw =0, A, = Aw  w, — wew A, (4.6)

For C' # 0 this system represents a new parameter-free matrix Pr; equation. We have thus obtained the
result that solutions of this parameter-free matrix Pyy give solutions of matrix Pyy (4.3) for parameter value
a = 1/2 via the mapping v = —w,w~!. Under the scalar reduction, where we set E = 0, we may take
the now scalar function A = 1 and thus recover (with C' now a nonzero scalar constant) the result for
Py described in the Introduction and rederived in Section 2. Corresponding to (2.5) we obtain the matrix
system

1
wy +uw =0 and Uy —u’ + F — §xI =wCwA ™, A, = Avw 'w, — w,w A, (4.7)
these relations providing a BT between (4.3) for « = 1/2 and the system (4.6).
We note that for nonsingular C, we may simplify the above result as follows. For nonsingular constant
square matrices P and (), and constant square matrix F', we set

w=PWQ, w=PUP™!, E=PFpP1 A= PBQ. (4.8)

Choosing Q = P~1C !, the system (4.6) then becomes

1
Way = FW + SaW + W2B~'W =0, B, = BW W, - W,W™!B, (4.9)
and we find that solutions of this system are mapped via U = —W,W ! to solutions of
1
Upe —2U3 + UF + FU — 2U — 31=0 (4.10)

In addition, the relations (4.7) are transformed to
1
W,+UW =0 and U,-U?>+F— 5ol = W?B~!', B, =BW 'W,-W,W !B, (4.11)
which then provide a BT between (4.10) and the system (4.9). That is, we obtain the same results as before
(i.e., in variables u, w, A) but with C' = I. We may also choose the matrix F', which is similar to the given
matrix F, to be of a required form, e.g., to be in Jordan canonical form, or upper-triangular, or symmetric.
The system (4.6) can be obtained as the compatibility condition Fy — G, + [F, G] = 0 of the Lax pair

v, =F¥, ¥,=GU, (4.12)

where

T _ —1
F _ - )\ . ui,’/cw 7 G _ gll _912 (4.13>
Wz W M 921 —g11

and
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g11 = —4NT + 2(w,w™ 1) — 2F + 21, (4.14)
1

g1z = Pw,w ! = 2(w,w )2 + 2E — 2T — 2wCwA™" — ol (4.15)
1

go1 = Dww ! 4+ 2(w,w™1)? = 2E + 21 + 2wCwA~! — ol (4.16)

We thus conclude that the system (4.6) is integrable, and so does indeed represent a new parameter-free
matrix Pry equation. (This Lax pair may be obtained by suitable modification of that given in [1] for (4.3)
with £ =0.)

Let us now return to equation (4.5). For a = 1/2 we now take u = —o !

o, and, without loss of generality,
Yz = 0~ 1. Setting 2z, = 0! D, we are then led to the system

1
Opx —OFE + 5:1:0 +o0D toCo =0, D, =0,0 'D— Do 'o,. (4.17)

Solutions of this system thus give solutions of matrix Pyy (4.3) for parameter value a = 1/2 via the mapping
u=—0"to,. With 07 =w, CT = K, DT = A, wT = v and ET = F, this then implies that solutions of the
System

1
Wae — Fw + §xw +wKwA tw =0, A, = Aw  w, — wa,w A (4.18)
give rise to solutions of the matrix P;; equation

1
vmf2v3+vF+va:rvf§I:0 (4.19)

1

via the mapping v = —w,w~!. Making the alternative choice u = —o !0, in equation (4.5) with a = 1/2

thus leads to results equivalent to those already obtained by making the choice v = —w,w™!.

We return once again to equation (4.5) in order to make two final remarks. First of all, as noted in
Remark 4.2, if we assume « # 1/2 then we may set C' = 0. From the relations z;, = z,u, Ypz = uy, and
Pz = ZzY, we then obtain the following expressions for p,,:

Thus, for nonsingular z, and y,, we have three equivalent expressions for u:

U= =2, Praly = z;lzm = ymy;l. (4.21)

Defining

1 3
S(p) = (27 ' pacvn '), — 3 (25 pras )’ = 2 <pm —~ §pmp;1pm> v, (4.22)

we see that the result of substituting for w in (4.5) with C' = 0 by any of the expressions (4.21) is equivalent

to

1

1 1
2z iS(p) +FE— ixl} Yo + (5 - a> p=0, (4.23)

this being valid also for a = 1/2, or
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3 1 1
3% (pm - §pmp;1pm> v +E— Zel + (5 - a) 2 oyt =0. (4.24)

We claim that (4.24) constitutes a matrix extension of Schwarzian Pr; (2.6). Identifying 27 psay; ' =
u, matrix Pry is, by construction, a differential consequence of (4.24): we note in particular that (9, +
Ay)(z3 pyz 1) = I. In the scalar reduction, where we set E = 0, S(p) = {p;x} and we obtain 1{p;z} —
i+ (3 —a)p/ps =0, ie., (2.6) written in terms of p. Our second final remark is that for o = 1/2 and
C =0, (4.5) also gives the special integral u, —u? + E — 1oI = 0 of matrix Py (4.3) for this value of the
parameter [7] (see also [5,6]).

5. Conclusions and discussion

We have presented a new approach to deriving BTs and auto-BTs for ODEs. Whilst our interest here has
been focused on Painlevé equations, this technique is, in fact, much more widely applicable. In addition to
a consideration of the second and fourth Painlevé equations, we have also applied our approach to a matrix
second Painlevé equation. We have thus obtained a matrix analogue of the classical result relating solutions
of the second Painlevé equation for parameter values & = 0 and o = 1/2. In obtaining this result, we have
also derived a new matrix version of the second Painlevé equation, for which we have presented a Lax pair.
In addition, we have derived the first known matrix analogue of the Schwarzian second Painlevé equation.

A particularly interesting consequence of our matrix results is the introduction of a new definition of
matrix Schwarzian derivative, as follows. Given a square matrix function p of z such that p, is nonsingular,
we define its Schwarzian derivative S(p) as

(s_lpmt_l)Q, (5.1)

DN | =

S(p) = (s~ pust ™), -

where s and t are any two nonsingular square matrix functions of x such that st = p,, s,t = st,. (Here
s and t respectively replace z, and y, as used in Section 4.) We may also write S(p) = (s‘lpmpgls)z -
%(5_109290/);13)2 and s, = %pxxpg:lsa or S(p) = (tp;lpa:xt_l)m - % (tpg:lpa:xt_l)Q and t, = %fpg?lpm-
The formulation (5.1) is simpler than the Lagrange Schwarzian derivative discussed in [13], with fewer
assumptions being made on p, and provides an alternative also to that given in [2]. The properties of this
new matrix Schwarzian derivative are discussed in [14], where we also consider its use in defining matrix

Schwarzian ODE and PDE hierarchies.
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