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Abstract

In a recent paper we introduced an extended second Painlevé hierarchy and studied its properties.
The approach developed in order to derive these results is widely applicable. Here we use it to obtain
a second example of an extended Painlevé hierarchy. We also give results on Béacklund transformations,
auto-Backlund transformations and other properties of this and related hierarchies of ordinary differential
equations, as well as on the nesting of equations whereby we obtain relations between systems of different
orders but of the same form.
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1 Introduction

Painlevé’s original programme of classifiying ordinary differential equations (ODEs) with general solution free of
movable branched singularities, i.e., having what today is referred to as the Painlevé property, foresaw dealing
with classes of equations of increasing order. This classification process had as its underlying aim the discovery
of new transcendental functions defined via differential eqautions; at second order this then led, as is well-
known, to the discovery of the six Painlevé equations [1, 2, 3, 4]. However, since such a classification becomes
increasingly difficult as the order of the class of equations studied increases, this programme began to stall
somewhat, with only partial classifications of third and fourth order ODEs being carried out [5, 6, 7, 8, 9, 10].

The discovery of the connection between completely integrable partial differential equations (PDEs) and
ODEs having the Painlevé property [11] led, through consideration of the Korteweg-de Vries (KdV) and modified
KdV (mKdV) hierarchies, to the introduction of a hierarchy of ODEs having as first member the second Painlevé
(Prr) equation, i.e., to a Pyy hierarchy [11, 12]. This hierarchy, which we refer to as the standard Py; hierarchy
in contrast to the generalized P;; hierarchy where terms derived from lower order mKdV flows are also included
[13, 14], was shown in [12] to admit auto-Bécklund transformations (auto-BTs) analogous to those known for the
second Painlevé equation itself. This then meant that the way was open, at least in principle, to the derivation
of higher order analogues of the Painlevé equations along with their properties.

However, no further work in this direction seems to have been undertaken until, some twenty years later,
the standard Pr; hierarchy was rederived and a first Painlevé (Py) hierarchy also derived [15]. A wide variety
of techniques have since been developed to derive Painlevé hierarchies and study their properties, although this
is often more complicated than for the original P;; case. Examples include hierarchies of ODEs based on the
first, second and fourth Painlevé equations, with more than one such hierarchy having been found in each of
these cases; see, in addition to the papers cited previously, e.g., [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. Other
examples of Painlevé hierarchies have been found which have ODEs of order higher than two or matrix ODEs as
first members [27, 16, 28, 17, 18, 29, 25, 30, 31]. We note that the derivation of ODEs as members of Painlevé
hierarchies — these being related to hierarchies of completely integrable PDEs — has proved to be of relevance
in the Painlevé classification process; see, e.g., [32, 33, 34, 35].

The work of the current authors (and collaborators) on Painlevé hierarchies has exploited and extended the
connection with nonisospectral scattering problems as described in [36]. In the course of this work, hierarchies
of ODEs which included nonlocal terms were often presented (see, e.g., [16, 18, 19]). However, in the analyses of
(most of) the properties of such hierarchies, only the local cases were considered. We have recently returned to
the study of hierarchies of ODEs including such nonlocal terms, and in particular have obtained a new extended
Py hierarchy: in [37] we derived the hierarchy of ODEs

n p
Mv](chQk_l[v]vm—1—22th’“_2[7}}($1})$> + cov + 2h12v — o, = 0, n=12 ..., (1.1)
k=1 k=2
— where all ¢x, £ =0,1,...,n, and all hy, kK =1,2,...,p, are constant, «, is an arbitrary constant,
Y] = 0, — 400, v and Qv] = d,1p[v] = 0, (9, — 400, v) (1.2)

is the recursion operator of the mKdV hierarchy — and we defined the non-autonomous case where at least one of
hi,ha, ..., hyis nonzero to be an extended Prr hierarchy. We note that in the case where hy = hg = --- = h, =0
and h; # 0 we recover the generalized Pry hierarchy [13, 14], which then also includes of course as a further
special case the standard Py hierarchy [11, 12, 15]. In [37] we used a local form of the hierarchy (1.1) in order
to derive, amongst other results, Biacklund transformations (BTs) and auto-BTs for our extended Py; hierarchy.
We also stated that, since the nonisospectral approach used in [37] is quite general, we expected to be able to
derive extended versions of other continuous, discrete and differential-delay Painlevé hierarchies and equations.
It is here that we begin this task.



In the present paper we define, and derive properties of, extensions of hierarchies of ODEs to be found in
[27, 16, 28, 17, 29, 25, 30]. These new extensions include nonlocal terms and are related to completely inte-
grable nonisospectral Kaup-Kupershmidt (KK) and Sawada-Kotera (SK) hierarchies, and their nonisospectral
modified (mKK and mSK) hierarchies (these nonisospectral mKK and mSK hierarchies are equivalent, i.e., the
nonisospectral KK and SK hierarchies have a common nonisospectral modified hierarchy, a result well-known
in the isospectral case). We note that examples of hierarchies of ODEs related to nonisospectral versions of the
KK and SK hierarchies and in which such nonlocal terms appear can be found in [16]. In the present paper we
focus much of our interest on a new hierarchy of ODEs related to the afore-mentioned nonisospectral version
of the common modified hierarchy. This new hierarchy of ODEs can be written in two different ways in forms
which may be compared with (1.1). Similarly to (1.1) we have a set of constants hq, ha, ..., h,, and in the case
where least one of these constants hi, hs, ..., h, is nonzero we define this hierarchy to be an extended KK-SK
Painlevé hierarchy. The layout of the paper is as follows. In Section 2 we consider nonisospectral KK and SK
hierarchies along with their common nonisospectral modified hierarchy, giving also local forms for all of these
nonisospectral hierarchies. We then derive, also in Section 2, our extended KK-SK Painlevé hierarchy, which
we present in two different ways in forms analogous to (1.1), giving moreover in each case a corresponding local
form. In Section 3 we use these two alternative local forms to derive results on BTs and auto-BTs as well as
other aspects of our extended KK-SK Painlevé hierarchy, and also give results for other (again locally written)
related ODE hierarchies. In Section 4 we discuss the nesting of equations, thus obtaining relations between
systems of different orders but of the same form. Finally, in Section 5, we draw our conclusions.

2 Nonisospectral hierarchies and an extended Painlevé hierarchy

2.1 Nonisospectral hierarchies

In this section we consider nonisospectral KK and SK hierarchies along with their common nonisospectral

modified hierarchy. Basic facts in relation to recursion operators, Hamiltonian structures, Miura maps and

the equivalence of the modified hierarchies in the isospectral case, as well as non-isospectral extensions, can be

found in [38, 39, 40, 41, 42, 43, 44, 45, 16]; it is the ideas and results given in these papers that we use below.
Let us begin with the nonisospectral KK hierarchy

up = Z e TH [ulug, + Z ar T* [u]0[u] Hy [u] + Z hy T [u)0u], (2.1)
k=0 k=0 k=1
where
Hi[u] = gy + 4u?, (2.2)

and T [u] = 0[u] K [u] with
Olu] = 83 +udy + Oz u, (2.3)

Kl = 0;'Kuld;' =9;192 + 3 (0,ud? + 9%udy) + 2 (83u + ud?) + 8 (8,u* +u?9,) |8, (2.4)

is the recursion operator of the KK hierarchy, and where all coefficients ¢, = cx(¢), ax = ar(t) and hy = hy(t)
are functions of t. Denoting as usual

Hylu] =1, S0 Uy = O[u]Holul, (2.5)



we see that by introducing auxiliary variables w = (w1, wa,...,wp_1) and z = (21, 22, ..., 2p—1) We may write
this hierarchy locally as

n q p
Z e T [u)0[u] Holu] + Z ar T [u)0[u] Hy [u] + Z hifu]zp—1 + h16u]z (2.6)
k=0 k=0 k=2
w1y = Oulz
e = K[u]wl
way = Olulz
20, = Klulws (2.7)
Wp—12 = Oulzp_z
Zp-1e = Kluwy—
where we have used the identity 7*~[u)f[u]z = O[u]z,_1, k = 2,3,...,p. Recalling the recursive definition of

the sequence of variational derivatives of the Hamiltonian densities of the KK hierarchy,
Hyio[u] = Kulf[u]Hpy[u], n=20,1,2,..., (2.8)

we note that equation (2.6) can also be written

uy = O[u]L]u, 2] (2.9)
where
Z e Hop[u] + Z apHopy1[u] + Z hizg—1 + hix. (2.10)
k=0 k=2
Under the Miura map
1
ufM[v}fvz—ivz (2.11)

— l ! T
70 MBI ), .12)
u=M/v]
where
M =08, —v (2.13)
is the Fréchet derivative of M[v],
(M')l = -0, —v (2.14)
is the adjoint of this Fréchet derivative, and
B=-0, (2.15)

is the Hamiltonian operator of the mKK hierarchy. The modified version of the nonisospectral hierarchy (2.1)
is then written

veo= Y aTFPlos + > axT*]B(M'[o]) Hy [M +thTk "w]B(M'[v])
k=0

k=0 k=1

n p
= Y aT v, + Z ar THIBH[v] + > hT* o] (20)s (2.16)
k=0

k=1



where the recursion operator of the mKK hierarchy is given by

Tl = BM'W)' K[M[p]]M'[0]
= 0, (0p +0v) 0, (0r — 20) (0r — V) Oy (O + ) (05 +20) 0,1 (0, — V), (2.17)
and where we have set
Hi[v] = (M'[v))THi[M[v]] = = (Vazzz + 50pVse — 50204y — Hvv2 4 0°). (2.18)
This modified nonisospectral hierarchy can also be written locally as the system
v, = B(M'[v]))TL[M[v], 2] (2.19)
wy, = O[M)z
2 = K[Mv]Jw
w2 = O[Mv]]z
220 = K[M[v]Jws (2.20)
wp1x = O[M[v]]z,2
Zp-1e = K[M]lwp—

As is well-known in the isospectral case, this modified nonisospectral hierarchy can also be derived from a
nonisospectral SK hierarchy. We thus begin with the nonisospectral SK hierarchy

U, = Zn: ek RF[U0[U)Go[U] + zq: arRF[U0[UGL[U] + zp: hi, RF=HUI0[U ), (2.21)
k=0 k=0 k=1
where R[U] = 0[U]J[U] with
o[U) = 92+Ud, +0,U, (2.22)
JU = o7tJua;t = ot [ag + % (20 +Ud3) + é (0.U% + U?0,) } ot (2.23)

is the recursion operator of the SK hierarchy,
1
GolUl =1, so OUIGU]=U,, and Gi[U] = U + ZUQ, (2.24)

and the coeflicients ¢, = cx(t), ap = ar(t) and hy = hi(t) are the same functions of ¢ as appear in (2.1).
Recalling the recursive definition of the sequence of variational derivatives of the Hamiltonian densities of the
SK hierarchy,

Gn2[U] = JIU)OIUIGL[U], n=0,1,2,..., (2.25)
we see that by introducing auxiliary variables W = (Wy,Wa, ..., W,_1) and Z = (Z1,Z2,...,Z,—1) we may
write this nonisospectral SK hierarchy locally as

U, = 0[UINU, Z)] (2.26)
Wl,z = 9[U].’IJ

Zi. = JUW

Waoo = 0[U)Z

Zye = JUIW; (2.27)
Wy1e = 0[U1Z,
Zp1ae = JUWp



where ,
Z Cngk -l- Z angkH ] + Z hpZi_1 + hyz, (2.28)
k=0 k=2

and where we have made use of the identity R¥~1[U]0[U]z = 0[U]Z_1, k = 2,3,...,p. Under the same Miura
map as in the KK case but with dependent variables U and V/,

1
U=M[V]=V, - 51/2, (2.29)
which then leads to the same factorization,

— / / T

o[U] M'VIB(M'[V])T, (2.30)
U=M[V]
we obtain the modified version of the nonisospectral hierarchy (2.21) as
n q

Vi=Y aR\ VIV + > axRFVIBGL[V] + Z hREA V) (2V) (2.31)

k=0 k=0
where the recursion operator of the mSK hierarchy is given by
RlV] = BM'[V])IIM [VHM'[V]
= 0, (0p + V)0, (0p = V/2) (0 +V/2) 0y (0 — V/2) (0, +V/2) 0,1 (0, — V), (2.32)
and where we have set

Gi[V] = (M'[V])TGL [M[V]] = — (me — ngvm - ZVQV - VV2 + 6V5> (2.33)

This modified nonisospectral hierarchy (2.31) can also be written locally as the system

Vi = B(M'[V])'N[M[V],Z] (2.34)
Wi 4 oM V]
Zvy = JM[V]]W,
Wao = O[M[V]]Z
Zow = JM[V]]W; (2.35)
Wy1a = O0[M[V]]Z,
Zp1a = [M[Vﬂ p—1
As in the isospectral case, the modified hierachies (2.16) and (2.31) are related via V' = —2v. In order to see
this we note that )
—563‘1[—21)] = H,[v], (2.36)
and also that the identity
(0p + Bv) 0,1 0y + ) = (0p +y0) 0,1 (9, + Bv), (2.37)

which holds for any two constants § and -, implies that

R[-2v] = Tv]. (2.38)



2.2 A new extended Painlevé hierarchy

The new extended Painlevé hierarchy which will form the focus of the current paper is a hierarchy of ODEs,
subject to a condition given in Definition 2.1 below, which may be obtained — following the ideas in [36] and,
applied to nonlocal examples, in [16] — as the (integrated) stationary flow of (2.16). Defining

olv] = By +0) 971 (9 — 20) (B — v) By (D +v) (D + 20) DT (B — ), (2.39)

so that ~
Tv] = Opp[v], (2.40)

we see that the integrated stationary flow of (2.16) yields the hierarchy of ODEs
no a } P } 1
[v] (; e TF 1 [v]vw—i—; ar T [v)BH, [U]+kz_2 hka_Q[v](ajv)w> +cov—agH1[v]+hizv+ 30 = 0, (2.41)

where all coefficients ¢, ar and hg are now constant, and %a is an arbitrary constant of integration. We may
alternatively obtain this hierarchy of ODEs as the integrated stationary flow of (2.31). Defining

BV] = (0x + V)0, (00 = V/2) (00 +V/2) 0r (0, — V/2) (0 + V/2) 0, (0, — V), (2.42)
so that ~
RIV] = 8,6V, (2.43)
we see that the hierarchy (2.41), with the identification V = —2v, can also be written as
14 (ickﬁk_l[V]Vx +§q:ak7i’“ YVIBG: [V +th7zk 2V )(xV), ) + oV — agGh[V]+ hizV —a = 0.
= (2.44)

In the next section we will present results on BTs and auto-BTs for the members of this hierarchy. First of
all, however, we note the two local formulations of this hierarchy, derived when written in the form (2.41) from
(2.19), (2.20) with L[u,z] given by (2.10), and when written in the form (2.44) from (2.34), (2.35) with N[U, Z]
given by (2.28). These formulations are respectively as the system

1
(0p +v) L[M[v],z] + Slal hi1 =0 (2.45)
w1, = O[Mv)z
210, = K[M[p]]u
way = M)z
z20 = K[M[v]]ws (2.46)
Wp-1,a = QA[]W[UHZP—2
1z = K[Mv]Jwp
where
Z crHoplu] + Z arHop41[u] + Z hize—1 + i, (2.47)
k=0 k=2
and as the system
(0 + V)N[M|V],Z] —a—hy =0 (2.48)



Wiz oM V]
Z1e = JM[V]]W,
Wae = GA[M[V]}Zl
Zyw = JIM[V]]Wy (2.49)
Wp12 = QA[M[VHZP—Z
Zpora = JIMIVIW,
where
n q p
N[U, Z] = Z Cngk[U] + Z akGQk_._l[U] + Z hpZi_1 + hiz. (2.50)
k=0 k=0 k=2
Definition 2.1 In the non-autonomous case where at least one of hi,ha,...,h, is nonzero we define the

hierarchy (2.41), its equivalent formulation (2.44), and also the respective local versions of these hierarchies
as given by the systems (2.45)—(2.47) and (2.48)—(2.50), as an extended KK-SK Painlevé hierarchy.

Remark 2.2 The above definition is analogous to that of the extended second Painlevé hierarchy given in
[87]. The reason for focusing our discussion on this KK-SK Painlevé hierarchy instead of on the stationary
(constant-coefficient) reduction of the nonisospectral KK hierarchy (2.7), (2.9), (2.10), or on the station-
ary (constant-coefficient) reduction of the nonisospectral SK hierarchy (2.26), (2.27), (2.28), is that these
stationary reductions are in fact equivalent to (2.45)—(2.47) and (2.48)—(2.50) respectively (see Theorems

3.1 and 3.3). In the autonomous case where hy = hy = --- = h, = 0, the equivalent hierarchies (2.41)
and (2.44) are just the integrated stationary flows of the standard (isospectral) common modification of the
KK and SK hierarchies. In the case where ho = hg = --- = hy, = 0 and hy # 0 the equivalent hierarchies

(2.41) and (2.44) reduce to a hierarchy of ODEs the standard case of which is given in [27, 17, 28, 29, 30]
and the generalised case, which includes terms derived from lower order flows of the corresponding common
modification of the KK and SK hierarchies, in [25] (in its mKK formulation,).

3 Backlund transformations

In this section we will use in tandem the local formulations (2.45)—(2.47) and (2.48)—(2.50) of our extended
KK-SK Painlevé hierarchy in order to present results on BTs, auto-BT's and other aspects of this new hierarchy.
We also give results for other (again locally-formulated) related ODE hierarchies. The Theorems, Remarks
and Definitions 3.1-—3.7 and 3.12—3.16 generalize results, for individual equations or hierarchies, given in (or
immediately deducible from) [27, 16, 17, 28, 29, 25, 30]. In these papers, except for [16, 25], the standard case
was studied. Thus the great majority of the results given here are new not only for our new extended case but
also for the generalized case. Furthermore, except for [25] (for which an SK/mSK version of the results therein
can easily be given), the possibility that results may hold independently of the forms of L{u,z] and N[U, Z] was
not remarked upon: below we note when this is the case. The Theorems and Remarks 3.8—3.11, in contrast,
are particular to our new extended KK-SK Painlevé hierarchy since to be nontrivial we need at least one of
ha,ha, ..., hy to be nonzero. Finally we remark that whereas some of the results given in this section become
trivial in the autonomous case hy = hy = --- = hy, = 0, this is not true of all the results given here.

Theorem 3.1 The BT )
(0z +v)L[u,z] + 20~ hi=0 (3.1)



w1y = Oulz
e = K[u]wl
Wy = Olulz
Zop = Klujws (3.2)
Wp—12 = Oulzp_2
Zp—1e = KluJwy—y
1
u—M[v]:u—vw—Fin:O (3.3)

provides a mapping between the system (2.45), (2.46) in v, w and z and the system

2
L{u,z](L[u,z]) sz — %[(L[u,z])m]Q +uL[u,z]* + % <h1 - ;a> =0 (3.4)
Wiy = GA[u]x
210 = Klulwy
Way = GA[u]zl
Zop = Klujws (3.5)
Wp—1,z = HA[U]Zp—2
Zp1e = KluJwp g

inu, w and z. Moreover, the system (3.4), (3.5) provides a first integral for the stationary flow of the system
(2.7), (2.9), i.e.,
O[u]L[u,z] = 0 (3.6)

coupled with (3.5). We note that this result holds independently of the form of L[u,z], and not just for the
special case (2.47).

Proof. The proof consists of straightforward calculations, which we leave to the reader. O

Remark 3.2 We see from the above that solutions u, w, z of

Llu,z] =0 (3.7
w1y = Oulz
e = K[u]wl
way = Olulz
200 = Kuws (3.8)
Wp—12 = Olujzp_2
Zp—1e = Klulwy_1

are also solutions of (3.4), (3.5) for a = 2hy. In addition, it is clear that solutions u, w, z of (3.7), (3.8)
are also solutions of (3.5), (3.6). Again, these results hold independently of the form of Llu, z], and not just
as given by (2.47).



Theorem 3.3 The BT

(0, + V)N[U,Z —a—h1 =0 (3.9)
Wl,w = H[U]JZ
Zi, = JUw,
Wa, = 0[UIZ
Wpo1z = GA[U] Zp—2
Zp1x = JUW,_1
1
U=MV]=U=V,+5V?=0 (3.11)
provides a mapping between the system (2.48), (2.49) in V., W and Z and the system
1 1
N Z(N[U, Z)as — 5 [(VIU 2 + UNUZJ? 4 1 (1 + 0)* = 0 (3.12)
Wl,ac = G[U]x
Zie = JUW;
Wy, = 0[UIZ,
T4 J[UIW, (3.13)
Wyt 0[UZy—2
Zpix = JUWp_a

in U, W and Z. Moreover, the system (3.12), (3.13) provides a first integral for the stationary flow of the

system (2.26), (2.27), i.e.,

OIUIN[U,Z] =0
coupled with (3.13). We note that this result holds independently of the form of N[U,Z], and not just for the

special case (2.50).

Proof. The proof consists of straightforward calculations, which we leave to the reader. O

Remark 3.4 We see from the above that solutions U, W, Z of

N[U, Z] =0
Wl,m G[U]x
Ly = J[U]W1
Wae = 0[U|Z
Lo J[U]W2
Wyt 0[UZy—2
Zp—l-,fr: J[U]Wp—l

(3.14)

(3.15)

(3.16)

are also solutions of (3.12), (3.13) for a« = —hy. In addition, it is clear that solutions U, W, Z of (3.15),
(3.16) are also solutions of (3.13), (3.14). Again, these results hold independently of the form of N[U,Zl],

and not just for (2.50).

10



Remark 3.5 By considering the Miura map u = Mv] in the stationary case, we easily see that solutions
v, W, z of the system (2.45), (2.46) give solutions u = v, — %vz, w, z of the system (3.5), (3.6). Similarly,
consideration of the Miura map U = M[V] in the stationary case tells us that solutions V., W, Z of the
system (2.48), (2.49) yield solutions U = V, — 1V2 W, Z of the system (3.13), (3.14). This is true
independently of the forms of Ll|u,z] and N[U,Z], and not just for the special choices (2.47) and (2.50).

Definition 3.6 (Basic special integrals) We define

L[M][v], z] = (3.17)
Wiy = QA[M[’U”I
2, = K[Mv]jw
Woy = QA[M[’U”Zl
220 = K[M[v]Jwy (3.18)
Wpore = O[M[pllzps
p-1e = K[Mv]Jwp

as a basic special integral of the system (2.45), (2.46) for parameter value o = 2hy. We also define

N[M[V],Z] =0 (3.19)
Wie = 6[M[V)e
Zve = JM[V]]W,
Wae = O[M[V]|Zy
Zoa = JM[V]]W; (3.20)
Wpta = OMV]Zys
Zp-1a = j[M[V”Wp—l

as a basic special integral of the system (2.48), (2.49) for parameter value o = —hy. These definitions make
sense independently of the form of L[M[v],z] and N[M[V],Z], and not just for the special cases corresponding
to (2.47) and (2.50), i.e.

n q p
LIM[v],2) = cxHor[M[v]] + > arHopsr [M]] + > hizp-1 + by (3.21)
k=0 k=0 k=2
and . ,
NMV],Z] =Y cxGar[MV]| + > arGopr [MVI| + > hiZr—1 + b (3.22)
k=0 k=0 k=2
respectively.

Remark 3.7 The basic special integral (3.17), (3.18) can be written as the system (3.7), (3.8) coupled to
the Miura map uw = M[v] = v, — %vz, this last being linearizable via v = =2V, /U onto U, + %u\Il =0. The
basic special integral (8.19), (3.20) can be written as the system (3.15), (3.16) coupled to the Miura map
U=M[V]=V, — %VQ, this last clearly also being linearizable via V.= —2®,/® onto @, + %U@ =0. We
recall that basic special integrals may provide a starting point for iteration using auto-BTs.

11



Theorem 3.8 Consider the system iny, r = (r1,72,...,7p—1) and s = (s1, 2, ...,8p—1) given by

~ 1
(0z +y) L[M[y]s] + 56 = I =0 (3.23)
e = Ml
s1o = K[M[yllr
2o = QA[M[yHSl
s20 = K[M[ylry (3.24)
Tp—la = HA[M[Z/HSP—Q
Sp—l,x = K[M[y] Tp—1
where
- P k—1 k—1
Llu,s] = Z e Hop[u] + ZakH2k+1[ [+ hk(Z 2d; Hy—jy—1[ul + Y €jHo(—jy—o[u ])
k=0 k=2 j=1 j=1
+ Z hiskp_1 + hix
k=2
= Z ek Hok[u] + Z arHapqa[u] + Z o Hap[u] + Z PrHopq1[u] + Z hiskp—1 + hix
k=0 k=0 k=2
(3.25)
and (in addition to all coefficients cx, ar and hy) & and all d; and e; are constant, and
p—1—k p—1—k
S hjrksaes =2 Y hjjrnd;. (3.26)
— =
Then solutions y, r, s of this system are mapped by the BT
vo= vy, (3.27)
k—1 k—1
wy = Tk+ ZdeEz(kfj)q[M + ZegEz k—j)—2[M[y]] + di Ho[M[y]], k=1,...,p—1,
j=1 j=1
(3.28)
k k
g = Sp+ Z 2d;j Hak—j)+1[M[y]] + Z ejHok—j) [M1y]], k=1,....,p—1, (3.29)
j=1 j=1
a = a, (3.30)

onto solutions v, w, z of the system (2.45)—(2.47). We note that in (3.28) we have made use of the fact
that the equations of the standard (isospectral) KK hierarchy are conservative in order to introduce Ej[u],
k=0,1,2,..., defined via

(Erlu)), = 0[u|Hy[ul, k=0,1,2,... (3.31)

(so Eo[u] = u, Ei[u] = tggas + 10Ut + 2u2 + 203, etc.). We also note that

(Ho[u]), =0, (Hilu)), = %K[U}Ho[u}, (Hiq2[u)]), = Ku]Eg[u], k=0,1,2,... (3.32)
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(for the third of these identities see (2.8)).
Proof. Substitution of (3.27), (3.28) and (3.29) in (2.46), and using the relations

(Ho[M[y]])z =0, (Hi[M[y]])s = %R[M[y]]Ho[M[y]], (Hi2[My])o = KMy E[M[y)]  (3.33)

yields (3.24), whilst substitution of (3.27), (3.29) and (3.30) in (2.45) with L[u,z] given by (2.47) gives (3.23)
with L[u, s] given by (3.25). It then follows that the BT (3.27)—(3.30) maps solutions y, r, s of (3.23)—(3.25)
onto solutions v, w, z of (2.45)—(2.47). O

Theorem 3.9 Consider the system in Y, R = (R1,Ra,...,Rp—1) and S = (S1,52,...,5,-1) given by

(0p +Y)N[M[Y],S] —& —hy =0 (3.34)
Rl)gj = H[M[YH:IJ
Sl’z == J[M[Y]]Rl
Ry, = GA[M[Y]]Sl
S22 = JM[Y]]R; (3.35)
Rpro = GA[M[YHSPJ
Spora = JIMY)IRys
where
) =1y k—1
N[U,S] = Z crGak[U Z arGog+1[U Z hy, ( > 3 fiGage—y 11U+ Zngz(kj)ﬂU})
k=2 j=1 j=1
+ Z hiSk—1 + hiz
k=2
p—2 P
= Z ckGar[U] + Z arGap+1[U] + Z veGarlU1+ Y pkGora [U]+ Y hiSe1 + b
k=0 k=0 k=2
(3.36)
and (in addition to all coefficients cx, ay and hy) & and all f; and g; are constant, and
p—1—k p 1—k
= Y hjrkng) Z hjtki1f;- (3.37)
j=1
Then solutions Y, R, S of this system are mapped by the BT
vV =Y, (3.38)
k=1 k—1
Wi, = Ri+ Z [iFoe—jy—1[M[Y]] + ZQJFQ(I@ N2 MY+ frGo[M[yl], k=1,...,p—1,
j=1 j=1
(3.39)
Foq k
Zy = Sp+ Z §ij2(k7j)+l[M[Y]] + Zng2(kfj)[M[Y]]7 k=1,....p—1, (3.40)
j=1 j=1
a = a, (3.41)
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onto solutions V., W, Z of the system (2.48)—(2.50). We note that in (3.39) we have made use of the fact
that the equations of the standard (isospectral) SK hierarchy are conservative in order to introduce Fy[U],
k=0,1,2,..., defined via

(FxlU)), = 0[UIGi|U], k=0,1,2,... (3.42)
(so By[Ul =U, F1[U] = Upgws + %UUM + %U3, etc.). We also note that

(Go[U]), =0, (G1[U)), = 2J[U)Go[U], (GrsolU)), = JUIFL[U],  k=0,1,2,...  (3.43)
(for the third of these identities see (2.25).
Proof. Substitution of (3.38), (3.39) and (3.40) in (2.49), and using the relations
(Go[M[Y))e =0, (Gi[M[Y]]))y = 2J[M[Y]|Go[M[Y]}, (Grro[MY)), = JIM[Y]JFL[M[Y]]  (3.44)

yields (3.35), whilst substitution of (3.38), (3.40) and (3.41) in (2.48) with N[U, Z] given by (2.50) glveb (3.34)
with N[U, S] given by (3.36). It then follows that the BT (3.38)—(3.41) maps solutions Y, R, S of (3.34)—(3.36)
onto solutions V', W, Z of (2.48)—(2.50). O

Remark 3.10 The BTs (3.27)—(3.30) and (3.38)—(3.41) are consequences of the structure of the systems
(2.45)—(2.47) and (2.48)—(2.50) respectively. The inverses of these BTs are respectively

y = v, (3.45)
k—1
re = wp— Y 2d;Eygjy_1[M Ze]EQ(k 7—2[M[v]] — diHo[M[v]], k=1,....,p—1,
j=1
(3.46)
k
sk = 2z — Y 2d;Hogjy[M Ze]HQ(k HIM )], k=1,...,p—1, (3.47)
Jj=1
a = a (3.48)
and
Yy =V, (3.49)
—1
1
Ry = Wi-)_ 3oy [MV]] = > 5Py o[ M[V]] = frGo[M[V]],  k=1,...,p—1,
— —
(3.50)
k
S = Zk_z fiGoe—j)+1[M Zgngk HIMV]], k=1,....p—1, (3.51)
i = a (3.52)

The special cases of the BTs (3.27)—(5.30) and (3.38)—(3.41) where all d; and e; are zero, or where all f;
and g; are zero, give the identity transformations of the systems (2.45)—(2.47) and (2.48)—(2.50).

Remark 3.11 We define the conditions:
Al: p—2<n and p-—-2<gq;

A2a : p—2>mn, in which case we assume e; =0, j=1,2,...,p—n—2;

A2b . p—2>gq, in which case we assume d; =0, 7j=1,2,...,p—q— 2.
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We note that condition A2a implies that o, =0, k=n+1,n+2,...,p—2, and that condition A2b implies
that p, =0, k =q+1,q+2,...,p — 2. It then follows that the BT (3.27)—(3.30), in either of the two
special cases where (i) condition A1 holds, or (ii) at least one of the conditions A2a or A2b holds, becomes
an auto-BT, since we then have

y4

n q
Llu,s) =Y ywHok[u] + > BeHopa[u] + Y hisi +mw, e =ck+ok, Pr=ar+pe  (3.53)
k=0 k=0 k=2
(where if p—2 <mn we take o, =0, k=p—1,....n, and if p—2 < qwe take pp =0, k=p—1,...,q).
This auto-BT involves the changes in parameters ¢, =y, — ok, k=0,...,n and ay = Bx —pr, k=0,....,q.
Similarly we may define the conditions:

B1: p—2<n and p-—2<gq;
B2a : p—2>mn, in which case we assume g¢; =0, j=1,2,...,p—n—2;

B2b : p—2>gq, in which case we assume f; =0, j=1,2,...,p—q—2.

We note that condition B2a implies that vy, =0, k=n+1,n+2,...,p — 2, and that condition B2b implies
that up, =0, k =q+1,q+2,...,p— 2. It then follows that the BT (8.38)—(3.41), in either of the two
special cases where (i) condition B1 holds, or (i) at least one of the conditions B2a or B2b holds, becomes
an auto-BT, since we then have

n q p
N[U, S] = ZékG%[U] + Z €kG2k+1[U] + Z hpSk—1+ hix, 0 =ci +vk, € =ar+ ux (3.54)
k=0 k=0 k=2

(where if p—2 < n we take vy, =0, k=p—1,...,n, and if p—2 < q we take p, =0, k =p—1,...,q).

This auto-BT involves the changes in parameters ¢, = 0 — vk, k=0,...,n and ap, = € — ug, k=0,...,q.
The inverses of these auto-BTs derived as special cases of (3.27)—(8.30) and (3.38)—(3.41) are as given

in Remark 3.10 along with the changes in parameters vy = cx+op, k=0,...,n and By = ax+pr, K =0,...,q

in the first case, and 0, = ¢ + vk, k=0,...,n and €, = ax + pr, k =0,...,q in the second case.

Theorem 3.12 Solutions y, r, s of the system

(92 +y) LIM[y),s] + 56— h1 =0 (3.55)
re = 60[Myllx
s1. = K[Myllr
roa = O[Mly]]s:
2.0 = K[M[yllrs (3.56)
rp—l,z : GA[M[yHSP—2
sp—1,0 = K[Myllrp—1

are mapped onto solutions v, W, z of the system (2.45), (2.46) by the auto-BT

oa—Q

S Tk (357
wp = Tk, k=1,....,p—1, (3.58)
2y = Sg, =1,...,p—1, (3.59)
o = —a+4h. (3.60)
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Proof. First of all we note that M[v] = M[y]

1 1 a—a 1
M — .2 — .2 R LIM _ = =~
[U] Vg 21] Yz 2y + 2L[M[y],s]2 ((81 + y) [ [y],S} 4(a Oé))
1, oa—a ~
= Yp— = ————(4hy —a —

be = Y el T Y
L

Yo = 5Y [v]

It then follows that solutions of (3.55) and (3.56) are mapped onto solutions of (2.46). Also,

oa—Q

@+ LM al + ja -t = (04y- o

) L0l +

= (@ y)LIM) 8] + 5d— .
and so it then follows that solutions of equation (3.55) are mapped onto solutions of (2.45). O
Theorem 3.13 Solutions Y, R, S of the system
(9y + Y)N[M[Y],S] — & — hy =0

Rl,z = 0 M[Y”l’
Sl,m
R2,z
S2,m = j[M[Y]]RZ

Il
> <,
=
=
=

Bp10 = HA[M[YHSp—Q
Spota = JIMY] Ry
are mapped onto solutions V., W, Z of the system (2.48), (2.49) by the auto-BT

a—
N[M[Y],8]’
W, = Ry, k=1,....p—1,
Zk = Sk, Ile,...,p—l,
a = —a—2h.

Proof. First of all we note that M[V] = M[Y]:

Vo= Y+

3 v (O VNS Y- a)
1 oa—a ~
5 NI sp 2 et a)

= Y, - =Y?=MY].

1
MIV] :Vx—§V2 = Y, -

It then follows that solutions of (3.63) and (3.64) are mapped onto solutions of (2.49). Also,

9y + VIN[M[V],Z] —a—hy = <a$+Y+JM) N[M[Y],S] - a - hy
= (0x +Y)N[M[Y],S] — & — hy,

and so it then follows that solutions of equation (3.63) are mapped onto solutions of (2.48). O

16

)

(3.61)

(3.62)

(3.63)

(3.64)

(3.69)

(3.70)



Remark 3.14 We note that the auto-BTs given in Theorems 3.12 and 3.183 hold independently of the forms
of Llu,z] and N[U,Z], and not just for the special cases (2.47) and (2.50).

Remark 3.15 Since for the auto-BT (3.57)— (3.60) we have M[v] = M[y], w =r and z = s, its inverse
18

a—«

y = v-— SLIMT.2 (3.71)
rE = Wk, k=1,...,p—1, (3.72)
Sp = 2, k=1,...,p—1, (3.73)
& = —a+4h. (3.74)

Thus we see that the auto-BT (3.57)— (3.60) is an involution. Similarly, the inverse of the auto-BT (3.65)—
(3.68) is

!
S VIR (370)
Rk = Wk, k= 1,...,p—1, (376)
Sk = Zk, k= 1,...,])—1, (377)
& = —a-—2h, (3.78)

and so we see that the auto-BT (3.65)— (3.68) is also an involution.

Remark 3.16 Let us take Llu,z] as in (2.47) and N|U,Z] as in (2.50), so that (2.45)—(2.47) and (2.48)—
(2.50) correspond under V.= —2v to local forms of the same hierarchy, and consider iterating the auto-
BTs given in Theorems 3.12 and 3.13. Beginning with initial parameter value &, combining the shifts in
parameter values (3.60) and (3.68) of these auto-BTs yields all parameter values of the form & —6myhy and
—2h1 — & — 6mohy where my and mo are integers. In the two special cases where either & = —hy — 6hyny for
some integer ny, or & = 2h1 —6hins for some integer no, the set of iterated parameter values is evenly spaced
(being either all parameter values of the form —hy — 6My1hy where My is integer, or all parameter values of
the form 2hy; — 6Myhy where My is integer, respectively). We note that the particular cases & = —hy and
& = 2hy are the parameter values for which the basic special integrals in Definition 3.6 are defined.

4 Nested equations

In this section we give results on the nesting of equations analogous to those presented in [37] for the extended
Pr; and related hierarchies. We thus obtain relations between systems of different orders but of the same
form. We note (see Remark 4.11) that it is impossible to obtain lower order nested systems of the standard or
generalized cases of our hierarchies, and in this sense, in the non-autonomous case, our results are particular to

our extended hierarchies.

Theorem 4.1 Let u, W = (wi,ws, ..., Wp—2), Z = (21,22, ..., 2p—2) be a solution of the system
B n q P
Liu,2) =Y cxHop—o[u] + Y apHop1[u] + Y hazp—a + hox =0 (4.1)
k=1 k=1 k=3
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W1,z

>
21,z
W2 g

s

22,z

Wp—2,2
Zp—2,x

GA[u] x
Klu|wy
Olu]z

Ku]w,

HA[U] Zp—3
Klu]wp—2

If we introduce functions wy—1 and zp,—1 which satisfy the additional equations

Wp—1,0 = Oulzp—2,

then we may choose ¢y and ag such that u, w = (w1, ws, ...,

(3.8) with L[u,z] given by (2.47) in the case where hy = 0, i.e.,

and z satisfy the system

Zp—l,x = K[u}wp—lv (4.3)

wp—1) and z = (21,22, ..., 2p—1) satisfy (3.7),
we may choose ¢y and ag such that u, w

P
Z ek Hok[u] + Z arpHopir[u] + Y hizi—1 =0 (4.4)
k=0 =
W1 g Olu]x
2 = Kuw
Way = Oulz
22 Klu]ws (4.5)
Wp—12 = Blulzp—s
Zp-12 = Kulwp—
Proof. That u, w and z satisfy (4.5) is immediate. We define
n 1 p
W] = Z cpFon— 2 —|— Z arpFop_ 1 + 5@0 + Z hrwi—1 + howy, (46)
k=1 k=3

where Eylu], k = 0,1,2,..., are as defined in (3.31), and where we recall that (3.32) also holds. Then, since

(4.5) holds, we have

(Lo[u,z] — o),

(Z cx Hop[u

]+ ZakHQk-',-l

= Ky (Z ckBag—olu

k=1
Ku]T[u, w]

and also

N
3
S
Z

|
N
)
=)
N———
8
|
&
(]
3

= O[u] ( cxHop—o[u

= G[U]E[uj_].

ckFak—su

k=0

u] + Z hkzk—1>

1 p
u] + Z apBop—1[u] + 500 + Z hkwk1>

k=2
(4.7)
u] + Z axEo_1[u] + Z hrwy—1 + h2w1>
k=3
p
]+ Z arHop—1[u] + Z hizip—o + h230>
k=1 k=3
(4.8)
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From (4.8) we see that if L[u,z] = 0, i.e., if (4.1) holds, then we may choose ag such that I'[u,w] = 0. For this
choice of ag, we see from (4.7) that we may then choose ¢y such that Lglu,z] = 0, i.e., such that (4.4) holds. O

Definition 4.2 We refer to (4.1), (4.2) as a lower order nested system of (3.7), (3.8) with Llu,z] given by
(2.47). We note that we are assuming that co, ag and hy are parameters whose values we are free to set.

Theorem 4.3 Let 0, W = (w1, Wa, ..., Wp—2), Z = (21,22, ...,2p—2) be a solution of the system
- 1
(0y +)L[M][v],2z] + 507 —hy=0 (4.9)

wyy = O[M[v]]x
Zl,;c = K[M[@]]wl
w2z = QA[M[’I_)HZl
220 = K[M[v]Jws (4.10)

Wp—2.0 = HA[M[TJ ]Zp,3

22 = K[M[v]Jw,_o

where & is an arbitrary constant and, as in Theorem 4.1,
- n q P
Llu,z] = Z e Hop—o[u] + Z apHop—1[u] + Z hizi_a + hox. (4.11)
k=1 k=1 k=3
If we introduce functions wy,—1 and zp,—1 which satisfy the additional equations
Wp—1,0 = O[M[0]]2p—2, Zp—lax = K[M[@pr—lv (4.12)

and choose v such that M[v] = M[v], then we may choose ¢y and ag such that v, w = (w1, wa, ..., Wy_1)
and z = (21,22, ..., 2p—1) satisfy, for parameter value o = 0, the system (2.45)—(2.47) in the case where
hy = 0. That is, we may choose ¢y and ag such that v, w and z satisfy, for parameter value o = 0, the

system
1
(0 + v) Lo[M[v], 2] + Z0= 0 (4.13)
wy, = O[Mv)z
21 = K[Mv]jw
way = O[MP])z
220 = K[M[v]Jws (4.14)
Wp—1,2 = QA[]M[UHZP—2
ot = KM[e]w, s
where, as in Theorem 4.1,
n q p
Lo[u, Z] = Z Ck;HQk[U] + Z akHQJ.H_l[u] + Z hpzp—1- (4.15)
k=0 k=0 k=2
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Proof. Setting u = M[v], we obtain immediately that (4.5) holds and also, with I'[u, w] as defined in (4.6),
that (4.7) and (4.8) hold. Since equation (4.8) gives

(F[u,w] — ;a0> = (0, — 0)0y {(81. +9)L[M[v],Z] + %64 — hg (4.16)

for any arbitrary constant @, it then follows, similarly to the proof of Theorem 4.1, that since (4.9) holds then
we may choose ¢y and ag such that Lo[u,z] = 0, i.e., such that (4.4) is satisfied. Thus equations (4.4) and (4.5)
are satisfied: with uw = M|[v] these equations then define a basic special integral, for parameter value o = 0, of
the system (4.13)—(4.15) (see Definition 3.6). This basic special integral consists of the equation

Lo[M[v],2] = 0 (4.17)

along with (4.14). Solutions v, w and z of this basic special integral then give, for parameter value a = 0,
solutions of the system (4.13)—(4.15). (We note that solutions of this basic special integral can be obtained
from solutions u, w, z of (4.4), (4.5) by taking v = —2¥, /¥ where ¥ , + zu¥ = 0; see Remark 3.7). O

Definition 4.4 We refer to (4.9)—(4.11) as a lower order nested system of (2.45)—(2.47). Again we note
that we are assuming that co, ag and hy are parameters whose values we are free to set.

We now turn to the SK/mSK version of the above results, and then make some remarks common to both
the KK/mKK and SK/mSK versions of our results on nested equations.

Theorem 4.5 Let U, W = (W1, Wa, ..., W,_2), Z = (Z1,Za,...,Zy_2) be a solution of the system

n q p
N[U, Z} = Z CkGQk_Q[U} + Z akGQk_l[U] + Z hpZp_o + hax =0 (4.18)
k=1 k=1 k=3

Wl,z = Q[U].’E
Zi. = JUIW,
Woe = Q[U]Zl
Zow = JUIW: (4.19)

Wpo2z = Q[U] Zp-3

Lp—2a = J[U]Wp_g

If we introduce functions Wy_1 and Z,_1 which satisfy the additional equations
Wy12=0[UZp—2,  Zp1.=JUWp_1, (4.20)
then we may choose ¢y and ag such that U, W = (W1, Wa,...,.Wy_1) and Z = (Z1,Zs, ..., Z,_1) satisfy

(3.15), (3.16) with N[U,Z] given by (2.50) in the case where hy = 0, i.e., we may choose ¢y and ag such
that U, W and Z satisfy the system

n q P
No[U, Z] = Z CkGQk[U] + Z @kG2k+1[U] + Z hpZp_1 =0 (4.21)
k=0 k=0 k=2
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Wl,z = 0[U].’E
Zi. = JUW
Wa, = 0[UIZ
Zoy = JUIW: (4.22)
Wpra = 0U1Zy—s
Zyre = JUWys
Proof. That U, W and Z satisty (4.22) is immediate. We define
n q P
W] =Y aFor[Ul+ Y axFoa[U] +2a0 + ) mWior + ha W, (4.23)
k=3

where Filu], k = 0,1,2,..., are as defined in (3.42), and where we recall that (3.43) also holds. Then, since
(4.22) holds, we have

p
(No[U,Z] — o), (Z cxGap U] + Z arGop1[U] + Z thk—1>
k=2

k=0

q p
U] (Z xFor—a[U) + > arFae1[U] + 2a0 + > thk1>
k=1 k=1

k=2
= JU)A[U, W] (4.24)

and also

n P
(A[U, W] —2a9), = 0, <Z cxFok—o|U] + ZGkFQk 1[U] + thWk—l + h2W1>

=1 k=3
n P
= 0[U] (Z ckGap—2[U] + Z axGop—1[U] + Z hiZe_o + h2x>
k=1 k=3
= O[UIN[U.Z] (4.25)

From (4.25) we see that if N[U,Z] = 0, i.e., if (4.18) holds, then we may choose ag such that A[U, W] = 0. For
this choice of ag, we see from (4.24) that we may then choose ¢ such that Ny[U,Z] = 0, i.e., such that (4.21)
holds. O

Definition 4.6 We refer to (4.18), (4.19) as a lower order nested system of (3.15), (3.16) with N|[U,Z|
given by (2.50). We note that we are assuming that co, ag and hy are parameters whose values we are free

to set.
Theorem 4.7 Let V, W = (Wi, Wa,... . W,_2), Z = (Z1,Zs,...,Zy_2) be a solution of the system
(0x +V)NIM[V],Z] —a—hy =0 (4.26)
Wi, = O[M[V]x
Zie = JM[V]]W,
Wy, = 9A[M[1{]]Zl
Zrw = JIM[V]]Wy (4.27)
Wyze = OMV]Z, s
Zpow = JMIVIW, 2




where @ is an arbitrary constant and, as in Theorem 4.5,
o n q P
]\T[U7 Z] = Z Cszkfz[U] + Z angk,l[U] + Z hpZk_o + hoz. (4.28)
k=1 k=1 k=3
If we introduce functions Wy_1 and Z,_1 which satisfy the additional equations
Wptz= G[M[V]]pr% Zp-1a = j[M[V]]Wpfla (4.29)

and choose V' such that M[V] = M[V], then we may choose co and ag such that V, W = (Wy, Wa, ..., W,_1)
and Z = (Z1, 2, ..., Zp—1) satisfy, for parameter value a = 0, the system (2.48)—(2.50) in the case where
hy = 0. That is, we may choose ¢y and ag such that V., W and Z satisfy, for parameter value o = 0, the

system
(0 + V)N M[V],Z] —a =0 (4.30)
Wie = 9A[M[V]}a:
Zvy = J[M[V]]W
Wae = 0A[M[V]}Zl
Zyw = JIM[V]]W (4.31)
Wpre = OMV]Zys
Zyra = JMVIW,,
where, as in Theorem 4.5,
n q P
No[U,Z] = erGoul[U) + > anGoua [Ul+ Y hZy_. (4.32)
k=0 k=0 k=2

Proof. Setting U = M[V], we obtain immediately that (4.22) holds and also, with A[U, W] as defined in (4.23),
that (4.24) and (4.25) hold. Since equation (4.25) gives

(A[U, W] - 2a0), = (9, — V)3, {(agc +VINIM[V],Z] - a — hg} (4.33)

for any arbitrary constant @, it then follows, similarly to the proof of Theorem 4.5, that since (4.26) holds then
we may choose ¢y and ag such that No[U,Z] = 0, i.e., such that (4.21) is satisfied. Thus equations (4.21) and
(4.22) are satisfied: with U = M[V] these equations then define a basic special integral, for parameter value
a = 0, of the system (4.30)—(4.32) (see Definition 3.6). This basic special integral consists of the equation

No[M[V],Z] =0 (4.34)

along with (4.31). Solutions V, W and Z of this basic special integral then give, for parameter value o = 0,
solutions of the system (4.30)—(4.32). (We note that solutions of this basic special integral can be obtained
from solutions U, W, Z of (4.21), (4.22) by taking V = —2®,/® where ®,, + sU® = 0; see Remark 3.7). O

Definition 4.8 We refer to (4.26)—(4.28) as a lower order nested system of (2.48)—(2.50). Again we note
that we are assuming that cy, ag and hy are parameters whose values we are free to set.

Remark 4.9 We note that in Theorem 4.3, the solutions v and v need not coincide (we only require M[v] =
MTv]). Similarly for the solutions V and V in Theorem 4.7.

22



Remark 4.10 FEach of the Theorems 4.1, 4.3, 4.5 and 4.7 may be applied repeatedly, in order to obtain
successive lower order nested systems. (Second lower order nested systems, for example, would be for ha =0
and a choice of ¢1 and a;.)

Remark 4.11 The results of this section are analogous to our results on the nesting of equations presented
in [87], except that here we require that hy = 0. This requirement that then means that we cannot obtain
lower order nested systems of the standard or generalized cases of the hierarchies (2.45)—(2.47) and (2.48)—
(2.50), or of the equations which govern their basic special integrals, i.e., (3.7), (3.8), (2.47) and (3.15),
(8.16), (2.50) respectively, since in these cases we have hy = 0, k = 2,3,...,hy, and hy # 0. However,
the standard and generalized cases of these hierarchies, and of the equations which govern their basic special
integrals, can be nested systems of higher order (and necessarily extended) systems.

5 Conclusions

In a recent paper [37] we introduced a new extended second Painlevé hierarchy and studied its propeties. The
approach used in [37], based on the use of nonisospectral scattering problems, is widely applicable, and we
therefore expected to be able to derive extended versions of other continuous, discrete and differential-delay
Painlevé hierarchies and equations. Here we have given a second example of an extended Painlevé hierarchy,
namely our extended KK-SK Painlevé hierarchy, and have given results on BTs, auto-BTs and other properties
of this and related ODE hierarchies. We have also discussed the nesting of equations, thus obtaining relations
between systems of different orders but of the same form. In subsequent papers we will use our approach in
order to derive and study further extended Painlevé hierarchies, continuous, discrete and differential-delay.
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