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Abstract
We present a general framework for aviation safety occurrence forecasting. This
is a major component of a methodology for aviation safety risk management
at national level. It covers novel models as well as novel combinations of ear-
lier models. Having good quality occurrence and severity forecasting models is
paramount to properly manage risks, maintain the confidence of its users and
preserve the status of aviation as a safe transportation mode. The problem is
involved due to the presence of complex effects like seasonality, trends, or stress
that impact the rates of various occurrences and the uncertainty about future
number of operations.
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1 INTRODUCTION

Despite the high safety levels of the aviation industry, aviation safety (AS) occurrences continue to take place.1 These may
entail undesirable consequences like deaths, injured people, delays, aircraft destruction or reputation loss, among others.
Countries develop national AS plans, implemented through regulations and/or resource allocation, to try to make safety
occurrences in their airspace less frequent and/or less severe should they happen. As air freight and passenger traffic is
expected to increase in the forthcoming years,2 notwithstanding the current pandemic, the implementation of effective
safety plans in air transportation is of major importance for governments, not only for the safety of its citizens, but also
because economic prosperity and employment critically depends on a robust flow of goods and people.

In earlier work,3 a framework to support AS risk management at country level was presented. Such framework, which
has been successfully applied in Spain,4 supports a government in deciding how to allocate resources to improve AS
levels. It is based on Bayesian decision analysis5 and includes as ingredients models to: (a) forecast the numbers of safety
occurrences; (b) forecast occurrence severities; (c) forecast the consequences of safety occurrences; and (d) assess such
consequences through a multi-attribute utility function. Such models are integrated to monitor safety, screen occurrences
and, more importantly, allocate AS resources. In Rios Insua et al.6 we detailed ingredients (c) and (d). Here we introduce
a novel and comprehensive forecasting methodology to support parts (a) and (b).

Most of the literature concerning AS occurrence forecasting has focused on predicting the circumstances that cause
them, for example, aircraft icing7 or turbulence.8 While this can be useful for short horizon and operational planning, AS
strategic planning at country or airline level requires focusing more on medium to long-term forecasts of occurrences.
Moreover, due to the many different types of AS occurrences, there is a need for flexible models capable of forecasting
occurrences of very different nature, instead of models that focus on one particular occurrence, as for example, those for
runway excursions,9 flight delays,10 or go-around/missed approaches.11 Thus, our aim is at providing a comprehensive
modeling approach that can accurately forecast diverse AS occurrences with long or short horizons, that is, the interest
lies in modeling time series of nonnegative counts, taking into account the particularities of our application domain.
This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
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546 FLORES et al.

Using the terminology in Cox,12 time series models for count data can be divided between observation-driven models,
with examples in Alzaid and Al-osh,13 Benjamin et al.,14 Ferland et al.15 and Heinen;16 and parameter-driven models,
with recent works in West,17 Aktekin et al.,18 Chen et al.,19 Aktekin and Soyer,20 and Gamerman et al.21 As discussed
in Snyder et al.22 and Yelland,23 parameter-driven state-space approaches tend to be more flexible and provide a closer
match to the empirical properties of the series than observation-driven ones. The general approach adopted here is based
on dynamic Bayesian analysis of nonhomogeneous Poisson models. Several models are proposed given the effects present
in the AS time series to forecast, starting with a standard Poisson-Gamma model, we morph it into novel models (or
novel combinations of standard models) to cover the identified issues including stress, trends, seasonal, clustering, and
dependence effects, with novel computational algorithms in Data S2.

Section 2 introduces the problem and provides exploratory analysis illustrating key effects in the proposed forecasting
domain. They are incorporated gradually in Section 3, stemming from a basic model to which we add one feature in turn
to deal with such effects. These models are then expanded to account for the uncertainty in the number of operations, an
especially important theme when interested in long-horizon AS forecasts. Then, Section 5 covers models that allow us to
predict occurrence severity, and deal with the possible under-reporting in some of those severity groups. The models are
illustrated with three cases in Section 6. We use probabilistic influence diagrams throughout24 to graphically support the
presentation of models. An appendix in Data S2 compiles various algorithms introduced for the novel models.

2 EXPLORATORY DATA ANALYSIS OF AVIATION SAFETY OCCURRENCES

In our motivating scenario, airlines and national AS agencies periodically register occurrences along with the num-
ber of operations with the aim of monitoring and improving their occurrence rate as well as reducing their severity.
As an example, in our case, referring to AS risk management at country level, 86 occurrence types are considered,
ranging from runway incursions to ground handling events going through low altitude operations or ground collisions.
Each of the occurrences is classified into one of five severity groups as proposed by International Civil Aviation
Organization (ICAO25): (1) Accident (entailing fatalities and/or aircraft destruction); (2) Serious Incident; (3) Major
Incident; (4) Significant Incident; and (5) Occurrence with no safety effect. Thus, we may talk, for example, about a
severity 2 ground handling occurrence. For our analysis, we use daily recorded occurrences from 2010 to 2018. For
each occurrence, the following information is available: date and airport code; its type and severity; the correspond-
ing number of fatalities, and serious and minor injuries, if any; and, finally, information concerning the aircraft such
as its model, and maximum certificated take-off mass. Furthermore, for each airport, the recorded data include infor-
mation such as its ICAO code, latitude and longitude, and number of daily flight operations. In this paper, as well
as in the strategic risk management aspects of our project, we focus on monthly forecasts aggregating the data as
required.

For a given occurrence type, for example, runway incursions, the data available at the beginning of the kth forecasting
period is denoted with Dk and consist of the operations-occurrences pairs {(n1, x1), … , (nk−1, xk−1)}, where ni represents
the number of operations and xi the number of occurrences during the ith period. Hereafter, we introduce the typical
effects that can be observed in AS occurrence data, with the aid of exploratory tools based on the primary data {(ni, ̂𝜆i)}k−1

i=1 ,
with ̂

𝜆i = xi∕ni designating the observed occurrence rate at month ith period.
Figure 1A represents occurrence rate versus number of operations for the Communication, navigation, and surveillance

failures type, suggesting a relatively stable occurrence rate. However, several effects may appear altering such stability.
The first one is showcased in Figure 1B referring to the TCAS warning occurrence. In it, we observe that higher numbers
of operations induce higher occurrence rates, perhaps due to the increasing pressure over the involved agents (pilots,
controllers). We refer to this as a stress effect.

Some occurrences can show a seasonal effect, typically when affected by regional weather patterns. This is the case
of the bird strike occurrence, Figure 2A, whose time series of rates shows a pronounced seasonal behavior produced by
natural causes related to the migratory movements of birds and their passage near airports. The auto-correlation function
(ACF) of occurrence rates can be used to explore and showcase the presence of this effect, Figure 2B.

Sometimes, we can discern a, possibly piecewise, linear variation in the rate, expressed through a trend, evolving
from one period to another, as Figure 3 displaying the annual wind shear occurrence rate shows. Other times certain
grouping effect is appreciated over an occurrence rate, as shown by the two clusters of airports in Figure 4, referring to
the bird strike occurrence. As a possible explanation, airports with akin location face analogous weather patterns that,
in turn, may induce similarities in the corresponding occurrence rates. It could also be the case that a group of airports
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FLORES et al. 547

T A B L E 1 Models suggested for the 86 different types of occurrences

Model Types of occurrences

No effect 25

Stress 1

Seasonal 1

Linear 44

Stress+Seasonal 3

Seasonal+Linear 12

is operated by a same company with specific operational procedures which, consequently, induces specificities in their
rates.

Finally, several occurrences show relevant correlation due to common causes, for technical or physical reasons, or
because one of them is a precursor of another. Figure 5 portrays correlations between eleven of them. Note, for example,
the high correlation between the wind and wind shear occurrence rates, most likely due to a common cause.

Several cases shall include more than one effect, as illustrated in Section 6. Indeed, Table 1 summarizes the effects
detected for the 86 types of occurrences relevant in our case. As an example, twelve of the occurrence types suggested
incorporating both seasonal and linear effects.

3 FORECASTING AS OCCURRENCES WITH DYNAMIC POISSON MODELS

Let us describe the class of models used to predict the monthly number of occurrences for the 86 relevant types. Our
emphasis is on monthly forecasts, although other time granularity forecasts will be required (mainly, annual, for strate-
gic planning, and weekly, for monitoring purposes). We start with a standard Poisson-Gamma model (Section 3.1) and
gradually adapt it producing novel models to incorporate procedures to deal with the effects described in Section 2 (stress,
seasonal, trend, clustering, dependence). The corresponding algorithms are presented in Data S2.

3.1 Basic model

Let us begin with the basic version of our model. In it (as in Figure 1A) the occurrence rate remains relatively stable
throughout the year (and over the years), not appreciating the effects suggested in Section 2. We deal with it with a
standard Poisson-Gamma model, taking into account the approximation of the Poisson distribution to the binomial, for
example, Rios Insua et al.,26 and that the Gamma is conjugate for the Poisson. Thus, our basic model is

xk|𝜆,nk ∼ Po (𝜆nk) , 𝜆 ∼ Ga(a, p),

where xk is the number of occurrences during the kth period; nk is the number of operations during such period; and,
finally, 𝜆 is the occurrence rate. It is well known that the posterior distribution for the occurrence rate at the kth period,
having observed Dk, is 𝜆|Dk ∼ Ga (ak, pk), with ak = ak−1 + xk−1 and pk = pk−1 + nk−1; moreover, the posterior predic-
tive distribution for the number of occurrences is xk|Dk ∼ Neg − Bin (ak, pk∕(nk + pk)), from which the predictive mean,
variance and intervals follow easily.27

3.2 Variants over the basic model

Several nontrivial variants of the basic model need to be considered to take into account the effects in Section 2 leading
to novel models. They are dealt with one at a time. Section 6.1 provides an example with an effect combination (linear
trend, seasonal and group), by aggregating the proposed modeling ideas.
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548 FLORES et al.

F I G U R E 1 Stable relation (A) and stress effect (B) in occurrence rates

F I G U R E 2 Seasonal effect of the bird strike occurrence

F I G U R E 3 Trend in wind shear occurrence

F I G U R E 4 Group effect of bird strike occurrence
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FLORES et al. 549

F I G U R E 5 Correlation matrix for 11 occurrence types

F I G U R E 6 Influence diagram for stress effect (kth period)

3.2.1 Stress effect

Figure 6 reflects how we deal with stress effects (Figure 1B). Its simplest expression would be based on a linear relationship
between the rate and the number of operations as follows:

xk|𝜆,nk ∼ Po (𝜆nk)
𝜆 = ank + b + 𝜀k, 𝜀k ∼ N

(
0, 𝜎2)

,

a ∼ N(𝜇a, 𝜎
2
a), b ∼ N(𝜇b, 𝜎

2
b), 𝜎

2 ∼ Inv − Gamma(𝛼, 𝛽). (1)

Given data Dk, the posterior p(𝜆, a, b, 𝜎2|Dk) is easily seen to be proportional to

𝜆

∑k−1
i=1 xi

𝜎

−3−2𝛼 exp

(

−𝜆
k−1∑

i=1
ni −

(𝜆 − ank − b)2

2𝜎2 − (a − 𝜇a)2

2𝜎2
a

− (b − 𝜇b)2

2𝜎2
b

− 𝛽

𝜎
2

)

.

The conditional posterior distributions are then

p(a|𝜆, b, 𝜎2
,Dk) ∼N

(

a |
|
|

𝜎

2
𝜇a + nk𝜎

2
a(𝜆 − b)

𝜎
2 + n2

k𝜎
2
a

,

𝜎

2

n2
k + 𝜎

2∕𝜎2
a

)

,

p(b|𝜆, a, 𝜎2
,Dk) ∼N

(

b |
|
|

𝜎

2
𝜇b + 𝜎2

b(𝜆 − ank)

𝜎
2 + 𝜎2

b

,

1
1∕𝜎2

b + 1∕𝜎2

)

,
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550 FLORES et al.

p(𝜎2|𝜆, a, b,Dk) ∼Inv − Gamma
(

𝜎

2 ||
|
𝛼 + 1

2
, 𝛽 + 1

2
(b + ank − 𝜆)2

)

,

p(𝜆|a, b, 𝜎2
,Dk) ∝𝜆

∑
xi exp

(

− 1
2𝜎2

(

𝜆

2 − 2𝜆
(

ank + b − 𝜎2
∑

ni

)))

.

Based on these, Algorithm 1 in Data S2 provides a hybrid scheme to sample from the posterior, using Gibbs steps to sample
from the conditional posteriors of a, b, and 𝜎2 and a Metropolis–Hastings step to sample from the conditional posterior of
𝜆. In particular, note that we may check whether the posterior distribution of a concentrates around 0 to eventually discard
the presence of a stress effect. We do this by computing the posterior probability of an interval around 0, as illustrated in
Section 6.2. Note that the nonnegativity of 𝜆 is controlled through the support of the proposal distribution of our MCMC
sampler (Algorithm 1).

Regarding the predictive distribution for the number of occurrences, we use

Pr(xk = z|Dk) = ∫ ∫ ∫ ∫ Pr(xk = z|𝜆,nk) p(𝜆|a, b, 𝜎2
,Dk) p(a, b, 𝜎2|Dk) d𝜆 da db d𝜎2

≈ 1
N

N∑

j=1
Pr(xk = z|𝜆j,nk) =

nz
k

Nz!

N∑

j=1
exp(−𝜆jnk)

(
𝜆j
)z
,

based on the sample {𝜆j}N
j=1 from Algorithm 1. From it, predictive means, variances and intervals follow easily.

3.2.2 Effects dealt with through dynamic linear models

In many cases, one cannot consider the occurrence rate as constant, recall Figures 2 and 3. Trend and seasonal effects
are modeled with Dynamic Linear Models (DLM).28 As observations are considered to come from a Poisson distribution,
they cannot be directly dealt with a DLM. Then, the model is described through

xk|𝜆k,nk ∼ Po (𝜆knk) , 𝜆k = exp(uk),
uk = Fk𝜽k + vk, vk ∼ N (0,Vk) ,
𝜽k = Gk𝜽k−1 +wk, wk ∼ N (0,Wk) ,
𝜽0 ∼ N (m0,C0) , (2)

where Fk and Gk are known matrices; and vk and wk are independent sequences of normal variables with zero mean
and variances Vk and Wk, respectively. The exponential transformation in the second equation guarantees positivity of
the occurrence rate. The model is represented in Figure 7, in which we obviate the deterministic relationship between 𝜆
and u.

Note that another option would be to use a Dynamic Generalized Linear Model (DGLM28) by eliminating the noise vk
above, and not assuming any particular distribution for wk, just its mean and variance. However, we prefer to use (2) in
our AS context since the dual source of error offers additional flexibility and adapts better to the motivating case. Models
making use of DGLMs and its sequential updating might be beneficial in applications dealing with very large number of
time series and/or time series with frequent zeros, which is not our case.

Let us briefly discuss modeling possibilities that are convenient in our AS domain. The DLMs considered can be used
as building blocks combined through the superposition principle29 to form a model when both effects are deemed relevant.

Trend effect. The basic models to deal with a dynamic occurrence rate are the first order polynomial model,
characterized by F = G = 1, and the second order polynomial model, or linear growth, based on

F1 =
(

1 0
)

, G1 =

(
1 1
0 1

)

.

We choose the later as it is more general and allows us to deal more adequately with our datasets, both for modeling and
forecasting purposes.
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FLORES et al. 551

F I G U R E 7 Influence diagram with log-rate as dynamic linear models (DLM). Poisson component, solid; DLM, dash

Seasonal effect. With monthly data, when considering the presence of a seasonal effect of period 12, as in Figure 2,
we use a DLM with F2 = (1 0 0 0 0 0 0 0 0 0 0),

G2 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

− 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Inference and prediction procedures are common in both cases (and their combination) through this scheme: Step 0.
Forecast at period k. At the beginning of the kth period, before observing xk, we have the distributions𝜋(xk|𝜆k,nk),𝜋(𝜆k|uk),
𝜋(uk|𝜽k) and 𝜋(𝜽k), (typically, this last one will be characterized by a sample {𝜽i

k}
N
i=1, with weights𝜋i

k ≥ 0, and
∑N

i=1𝜋
i
k = 1).

To make predictions about the number of occurrences xk, the distribution is

𝜋(xk|nk) = ∫ ∫ ∫ 𝜋(xk|𝜆k,nk) 𝜋(𝜆k|uk) 𝜋(uk|𝜽k) 𝜋(𝜽k) d𝜆k duk d𝜽k

= ∫ ∫ 𝜋(xk| exp(uk),nk) 𝜋(uk|𝜽k) 𝜋(𝜽k) duk d𝜽k,

estimated by simulation through

Sample {𝜽i
k}

N
i=1 ∼ 𝜋(𝜽k) (possibly already available);

Do 𝜆i
k = exp(Fk𝜽

i
k), for i = 1, … ,N;

Approximate the predictive 𝜋(xk|nk) with 𝜋(xk|nk) ≈
nxk

k
Nxk!

∑N
i=1 exp(−𝜆i

knk)(𝜆i
k)

xk
.
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552 FLORES et al.

The predictive mean and second moment are approximated through

E(Xk|nk) =
∑

xk𝜋(xk|nk) ≈
nk

N

N∑

i=1
exp

(
1 − 2Fk𝜽

i
k

2Vk

)

=∶ 𝜂k,

E(X2
k |nk) =

∑
x2

k 𝜋(xk|nk) ≈ 𝜂k +
n2

k

N

N∑

i=1
exp

(
2 − 2Fk𝜽

i
k

Vk

)

=∶ 𝜂k.

Therefore, the predictive variance is approximated through V(Xk|nk) ≈ 𝜂k − 𝜂2
k =∶ 𝜅

2
k .

Step 1. Observation of xk and update. Once xk is observed, it is propagated to obtain 𝜋(𝜃k|xk). From step 0, preserve
samples {𝜽i

k}
N
i=1 and {𝜆i

k}
N
i=1; for each 𝜽i

k, draw {uih
k }

N
h=1 ∼ N

(
Fk𝜽

i
k,Vk

)
, do 𝜆ih

k = exp(uih
k ), h = 1, … ,N, and approximate

𝜋(xk|𝜽
i
k) = ∫ ∫ 𝜋(xk|𝜆k,nk)𝜋(𝜆k|uk)𝜋(uk|𝜽

i
k) d𝜆k duk ≈

nxk
k

Nxk!

N∑

h=1
exp(−𝜆ih

k nk)(𝜆ih
k )

xk
.

Suppressing dependence on uk, which is fixed, we get

𝜋(𝜽i
k|xk) =

𝜋(xk|𝜽
i
k)𝜋(𝜽

i
k)

𝜋(xk)
≈

(
1
N

∑N
h=1𝜋(xk|𝜆

ih
k )
)

𝜋(𝜽i
k)

1
N

∑N
i=1𝜋(xk|𝜆

i
k)

∝ 𝜋(𝜽i
k)

N∑

h=1
exp(−𝜆ih

k nk)(𝜆ih
k )

xk
. (3)

Step 2. Propagation to period (k + 1). We have 𝜋(𝜽k+1|Dk) = ∫ 𝜋(𝜽k+1|𝜽k)𝜋(𝜽k|xk)d𝜽k. Thus, the distribution for the
d-dimensional state vector 𝜽k is approximated by

𝜋(𝜽k+1|Dk) ≈
1
N

N∑

i=1
𝜋(𝜽k+1|𝜽

i
k)

= 1
N

N∑

i=1

1
√
(2𝜋)d|Wk|

exp
(

−1
2
(𝜽k+1 − Gk𝜽

i
k)
′W−1

k (𝜽k+1 − Gk𝜽
i
k)
)

,

with {𝜽i
k}

N
i=1 a sample of 𝜽k|xk, from step 1.

After this, we would be again at step 0 and re-initiate the process. Algorithm 2 in Data S2 summarizes the above. An
MCMC approach could also be adopted for this model but, as pointed out by Storvik30 and Aktekin et al.,18 this presents
disadvantages over the particle filter approach.

3.2.3 Group effect

A simple approach to dealing with group effects (Figure 4) would be to model each cluster of observations separately. A
more elaborate version uses hierarchical modeling relating the cluster components through parameters coming from a
same hyperdistribution. For L groups, using the basic model in Section 3.1, we have

xi
k|𝜆

i
,ni

k ∼ Po
(
𝜆

ini
k

)
, 𝜆

i ∼ Ga
(

ai
, pi) i = 1, … ,L

ai ∼ Ga(𝛼, 𝛽) pi ∼ Ga(𝛾, 𝛿).

The posterior distribution is

𝜋(𝜆1
, … , 𝜆

L
, a1

, … , aL
, p1

, … , pL|Dk) ∝
L∏

i=1

([k−1∏

j=1
𝜋(xi

j|𝜆
i
,ni

j)

]

𝜋(𝜆i|ai
, pi)𝜋(ai|𝛼, 𝛽)𝜋(pi|𝛾, 𝛿)

)

∝
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L∏

i=1

[

exp
(

−pi
𝜆

i − ai
𝛽 − pi

𝛿 − 𝜆i
∑

ni
j

)

(𝜆i)a
i−1+

∑xi
j (pi)ai+𝛾−1 𝛽

𝛼

𝛿

𝛾

Γ(ai)Γ(𝛼)Γ(𝛾)
(ai)𝛼−1

]

.

The conditional posterior distributions for each parameter i = 1, … ,L are:

𝜋(𝜆i|ai
, pi
,Dk) ∝ exp

(

−𝜆i
(

pi +
∑

ni
j

))

(𝜆i)a
i+
∑xi

j−1 ∼ Ga
(

ai +
∑

xi
j , p

i +
∑

ni
j

)

,

𝜋(pi|𝜆i
, ai
,Dk) ∝ exp(−pi(𝜆i + 𝛿))pi(ai+𝛾−1) ∼ Ga

(
ai + 𝛾, 𝜆i + 𝛿

)
,

𝜋(ai|𝜆i
, pi
,Dk) ∝

(𝜆ipi exp(−𝛽))ai−1(ai)𝛼−1

Γ(ai)
.

The last ones lack a standard form, but can be treated through a Metropolis–Hastings step as shown in Algorithm 3
in Data S2.

3.2.4 Dependence of AS occurrence types

So far, we have assumed that occurrence types were independent. However, as discussed in Section 2, it is reasonable to
assume that some of them might be related (Figure 5). Although there are other variants, a relevant representation for
dependent occurrences would be as in Figure 8.

If the relation between 𝜆1 and 𝜆2 is assumed to be linear, a relevant model would be

x1,k|𝜆1,nk ∼ Po (𝜆1nk) , x2,k|𝜆2,nk ∼ Po (𝜆2nk) ,
𝜆1 ∼ Ga(r, p), 𝜆2 = a𝜆1 + b + 𝜀, 𝜀 ∼ N

(
0, 𝜎2)

,

a ∼ N(𝜇a, 𝜎
2
a), b ∼ N(𝜇b, 𝜎

2
b), 𝜎

2 ∼ Inv − Gamma(𝛼, 𝛽).

Given data Dk = {(x1,i, x2,i,ni)}k−1
i=1 , the joint posterior would be

𝜋(𝜆1, 𝜆2, a, b, 𝜎2|Dk) ∝

𝜆

r−1+
∑k−1

i=1 x1,i
1 𝜆

∑k−1
i=1 x2,i

2 𝜎

−2𝛼−3 exp

(

−(𝜆1 + 𝜆2)
k−1∑

i=1
ni −

(𝜆2 − a𝜆1 − b)2

2𝜎2 − p𝜆1 −
(a − 𝜇a)2

2𝜎2
a

− (b − 𝜇b)2

2𝜎2
b

− 𝛽

𝛼
2

)

.

The conditional posterior distributions are

𝜋(𝜆1|𝜆2, a, b, 𝜎2
,Dk) ∝ 𝜆

r−1+
∑

x1,i
1 exp

(

−𝜆1

(

p +
∑

ni +
(𝜆2 − a𝜆1 − b)2

2𝜎2

))

,

𝜋(𝜆2|𝜆1, a, b, 𝜎2
,Dk) ∝ 𝜆

∑
x2,i

2 exp
(

−𝜆2

(
∑

ni +
(𝜆2 − a𝜆1 − b)2

2𝜎2

))

,

𝜋(a|𝜆1, 𝜆2, b, 𝜎2
,Dk) ∼ N

(

a |
|
|

𝜎

2
𝜇a + 𝜆1𝜎

2
a(𝜆2 − b)

𝜎
2 + 𝜆2

1𝜎
2
a

,

𝜎

2

𝜆

2
1 + 𝜎2∕𝜎2

a

)

,

𝜋(b|𝜆1, 𝜆2, a, 𝜎2
,Dk) ∼ N

(

b |
|
|

𝜎

2
𝜇b + 𝜎2

b(𝜆2 − a𝜆1)

𝜎
2 + 𝜎2

b

,

1
1∕𝜎2 + 1∕𝜎2

b

)

,

𝜋(𝜎2|𝜆1, 𝜆2, a, b,Dk) ∼ Inv − Gamma
(

𝜎

2 ||
|
𝛼 + 1

2
, 𝛽 + (𝜆2 − a𝜆1 − b)2

2

)

.

Based on them, we build a hybrid MCMC sampler to generate from the posterior as in Algorithm 4 in Data S2. As in
3.2.1, nonnegativity of 𝜆2 is guaranteed by using the recommended jumping distribution in Data S2.
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554 FLORES et al.

F I G U R E 8 Influence diagram for the dependence effect between occurrences

As a final comment, note that should the rate of one of the occurrences be higher than that of the other, which does
not hold in our case, we could alternatively consider the use of McKay’s bivariate gamma model.31

4 FORECASTING AS OCCURRENCES WITH AN UNCERTAIN NUMBER
OF OPERATIONS

The number nk of aviation operations in the k-th period was assumed known in previous models. This may be realistic
for short-term forecasts in which there is little uncertainty about the number of operations to be held; on the other hand,
for long horizons, for example, in annual operational planning, there is uncertainty about such quantities, which should
be taken into account to improve occurrence forecasting. Consider thus the case in which the number of operations is
uncertain and both the occurrence rate and such number evolve according to DLMs. The corresponding influence diagram
is reflected in Figure 9.

F I G U R E 9 Predicting occurrences with uncertain number of operations. Occurrence rate dynamic linear models (DLM), dashed;
operations DLM, dotted; Poisson, solid
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FLORES et al. 555

The resulting model would be

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

⎧
⎪
⎨
⎪
⎩

{
nk = Hk𝝑k + zk, zk ∼ N(0,Σk)
𝝑k = Jk𝝑i−1 + 𝝃k, 𝝃k ∼ N(0,Sk)

𝝑0 ∼ N
(
𝜼0,S0

)

xk|𝜆k,nk ∼ Po (𝜆knk) , 𝜆k = exp(uk)
⎧
⎪
⎨
⎪
⎩

{
uk = Fk𝜽k + vk, vk ∼ N (0,Vk)

𝜽k = Gk𝜽k−1 +wk,wk ∼ N (0,Wk)
𝜽0 ∼ N (m0,C0) ,

where, in addition to the features in model (2), 𝝑k are the state variables for the number of operations; Hk and Jk are
the regression vector and evolution matrix of the operations DLM; and, finally, zk, 𝜉kwould be independent sequences
of normal variables (independent of vk and wk) with zero mean and variances Σk and Sk, respectively. Contrary to 𝜆k,
the number of occurrences nk is modeled directly with a DLM, and therefore some probability is assigned to nonpositive
values; however, since the minimum aggregation level we are interested in is the number of operations in an airport
during a month, which is consistently in the tens of thousands, this is not significant and allows to use the straightforward
sequential updating of DLMs for the number of operations. The prediction procedure at the kth step would thus be:

Step 0. Prediction of xk and nk at period k. We have distributions 𝜋(𝜽k), 𝜋(uk|𝜽k), 𝜋(xk|uk,nk), 𝜋(nk|𝝑k), 𝜋(𝝑k), and
the relation 𝜆k = exp(uk) (again, it could be the case that some of these distributions are expressed through samples; in
particular, that of 𝜋(𝜽k) would be given by a sample {𝜽i

k}
N
i=1, with weights 𝜋i

k ≥ 0,
∑
𝜋

i
k = 1). To predict nk, use the pre-

dictive distribution 𝜋(nk) = ∫ 𝜋(nk|𝝑k)𝜋(𝝑k) d𝝑k, based on the DLM predictive formulae, Appendix A, having a normal
distribution nk ∼ N (fk,Qk). To predict xk, use

𝜋(xk) = ∫ ∫ ∫ 𝜋(xk| exp(uk),nk)𝜋(nk)𝜋(uk|𝜽k)𝜋(𝜽k) dnk duk d𝜽k.

We simulate it as follows:

Sample {𝜽i
k}

N
i=1 ∼ 𝜋(𝜽k) (possibly already available);

Do 𝜆i
k = exp(Fk𝜽

i
k), for i = 1, … ,N;

Sample {ni
k}

N
i=1 ∼ N (fk,Qk);

Approximate 𝜋(xk) ≈ 1
Nxk!

∑N
i=1 exp(−𝜆i

kni
k)(𝜆

i
kni

k)
xk
.

The approximate predictive mean and second moment are

E(Xk) ≈
fk

N

N∑

i=1
exp

(
1 − 2Fk𝜽

i
k

2Vk

)

=∶ 𝜂k,

E(X2
k ) ≈ 𝜂k +

f 2
k + Q2

k

N

N∑

i=1
exp

(
2 − 2Fk𝜽

i
k

Vk

)

=∶ 𝜂k.

Then, the predictive variance would be approximated by 𝜂k − 𝜂2
k .

Step 1. Observation of (xk, nk) and update. At the end of the kth period, observe xk, nk and propagate this informa-
tion to obtain 𝜋(𝜽k|xk,nk) and 𝜋(𝝑k|nk). First, invert the relation x → 𝜆. The new distribution at node x is 𝜋(xk|nk,𝜽k) =
∫ 𝜋(xk|nk, 𝜆k)𝜋(𝜆k|𝜽k) d𝜆k. The posterior for 𝜆k is

𝜋(𝜆k|xk,nk,𝜽k) =
𝜋(𝜆k|𝜽k)𝜋(xk|𝜆k,nk)

𝜋(xk|nk,𝜽k)
∝ 𝜋(𝜆k|𝜽k)𝜋(xk|𝜆k,nk).
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556 FLORES et al.

Propagate now the evidence of xk and nk resulting in

𝜋(𝜽k|xk,nk) = ∫ 𝜋(𝜆k|xk,nk,𝜽k)𝜋(𝜽k) d𝜆k.

It can be approximated by

𝜋(𝜽k|xk,nk) ≈
1
N

N∑

i=1
𝜋(𝜆k|xk,nk,𝜽

i
k) =

1
N

N∑

i=1

𝜋(𝜆k|𝜽
i
k)𝜋(xk|𝜆k,nk)

∫ 𝜋(xk|nk, 𝜆k)𝜋(𝜆k|𝜽
i
k) d𝜆

.

The propagation of evidence nk to 𝝑k is done through

𝜋(𝝑k|nk) =
𝜋(nk|𝝑k)𝜋(𝝑k)

𝜋(nk)
,

with 𝜋(nk) = ∫ 𝜋(nk|𝝑k)𝜋(𝝑k) d𝝑k. Thereupon, the DLM equations for sequential updating in Appendix A are used.
Step 2. Propagation to period k + 1. It is 𝜋(𝜽k+1|Dk) = ∫ 𝜋(𝜽k+1|𝜽k)𝜋(𝜽k|xk,nk) d𝜽k. Thus, the distribution of the

d-dimensional state vector 𝜽k gets approximated through

𝜋(𝜽k+1|Dk) ≈
1
N

N∑

i=1
𝜋(𝜽k+1|𝜽

i
k) =

1
N

N∑

i=1

exp
(

− 1
2
(𝜽k+1 − Gk𝜽

i
k)
′W−1

k (𝜽k+1 − G𝜽i
k)
)

√
(2𝜋)d|Wk|

,

where {𝜽i
k}

N
i=1 is a sample of 𝜽k|xk,nk from step 1. The one step ahead predictive distribution for state 𝝑k is obtained with

the DLM equations in Appendix A.
After that, we would be back at step 0, restarting the process. The above can be grouped into a scheme similar to

Algorithm 2 in Data S2.

5 FORECASTING SEVERITIES

We also need to predict how many of the xk occurrences in the kth period correspond to the five severity classes. Let
p = (p1, p2, p3, p4, p5) be a vector representing their proportions, with pi ≥ 0,

∑5
i=1pi = 1; s = (s1, s2, s3, s4, s5) be the vector

with the number of occurrences of each severity, with si ≥ 0 and
∑5

i=1si = xk; and Dk = {(sj
1, s

j
2, s

j
3, s

j
4, s

j
5)}

k−1
j=1 the data at

the beginning of the kth period, where sj
i is the number of occurrences of severity i in period j.

In our problem, the number xk of occurrences in the kth period is unknown, and predicted as in Sections 3 and 4. For
example, if we consider the initial basic model for xk and a Multinomial-Dirichlet model for the severity, Figure 10, we
have

xk ∼ Po (𝜆nk) , 𝜆 ∼ Ga(a, b),
s|p, xk ∼(xk; p1, p2, p3, p4, p5),

p ∼ ir(𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5).

The predictions would be

Pr(si|Dk) =
∞∑

r=si

(
r
si

) B(si + 𝛼′i ,A + r − si − 𝛼′i )
B(𝛼′i ,A − 𝛼

′
i )

bak
k

(bk + 1)ak+r
Γ(ak + r)
r! Γ(ak)

≈
h∑

r=si

(
r
si

) B(si + 𝛼′i ,A + r − si − 𝛼′i )
B(𝛼′i ,A − 𝛼

′
i )

bak
k

(bk + 1)ak+r
Γ(ak + r)
r! Γ(ak)

,

for big enough h, with 𝛼

′
i = 𝛼i +

∑k−1
j=1 sj

i, A =
∑5

i=1𝛼
′
i , ak = a +

∑k−1
j=1 xj, and bk = b +

∑k−1
j=1 nj. The predictive expected

number of occurrences is E(si|Dk) = E(xk)E(pi).
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FLORES et al. 557

F I G U R E 10 Influence diagram to forecast aviation occurrences severity

As an example, with the basic model, Section 3.1, E(si|Dk) = (xkak𝛼
′
i )∕(bkA), and the predictive variance is E(pi(1 −

pi))E(x2
k) + (E(pi))2Var(xk). Notice that although shown here in combination with the most basic model, extensions to

other cases follow the same path, for example, as illustrated in Section 6.1.

5.1 The problem of underreporting

A major obstacle to forecast occurrences, and AS management in general, would be the unavailability of accurate data,
which could hide latent conditions that end up causing more severe ones. Indeed, in the absence of a strong reporting
culture among the agents involved (pilots, air controllers,...) it would be common not to report low severity occurrences.32

In a case with suspected underreporting, we can apply the logic of the influence diagram in Figure 11, based on
our basic model in Section 3.1. Again, extensions to the other models can be developed. Introduce vector of reported
occurrences for each severity class, z = (z1, z2, z3, z4, z5), and vector with the proportion of reported occurrences 𝝔 =
(𝜚1, 𝜚2, 𝜚3, 𝜚4, 𝜚5). Partial information about 𝜚i is typically available, in particular, 𝜚1 = 1, 𝜚2 ≈ 1 and 𝜚2 > 𝜚3 > 𝜚4 > 𝜚5,
that is, as occurrences get less severe they are less likely to be reported. Thus, additional features to model in Figure 10,
are 𝝔, with 𝜚i ∼ Be (𝛾i, 𝛽i), i = 1, … , 5; and z, with zi|si, 𝜚i ∼ Bin (si, 𝜚i), i = 1, … , 5.

F I G U R E 11 Model for the underreporting problem
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558 FLORES et al.

At the beginning of each period, our goal is to predict s, x and z; then, after observing z, to propagate that information
to the different levels of the graph in Figure 11. To simplify the problem, assume p known1. Due to the Poisson process
partition property, si|𝜆 ∼ Po(pi𝜆).26 Furthermore,

Pr(Zi = zi|𝜆, 𝜚i) =
∞∑

si=zi

Pr(Zi = zi|si, 𝜚i)Pr(Si = si|𝜆) =
(pi𝜆𝜚i)zi

zi!
exp(−pi𝜆𝜚i).

Hence, zi|𝜆, 𝜚i ∼ Po(pi𝜆𝜚i), and the likelihood of the observed data z is

𝜋(z|𝜆,𝝔) ∝ 𝜆
∑

zi exp

(

−𝜆
5∑

i=1
pi𝜚i

) 5∏

i=1
𝜚

zi
i .

Assuming all parameters independent, and under the noninformative prior 𝜋(𝜆) ∝ 𝜆−1, the posterior distribution would
be

𝜋(𝜆,𝝔|z) ∝ 𝜆
∑

zi−1 exp

(

−𝜆
5∑

i=1
pi𝜚i

) 5∏

i=1
𝜚

zi+𝛾i−1
i (1 − 𝜚i)𝛽i−1

,

and the posterior conditionals are

𝜋(𝜆|𝝔, z) ∝ 𝜆
∑

zi−1 exp

(

−𝜆
5∑

i=1
pi𝜚i

)

∼ Ga

( 5∑

i=1
pi𝜚i,

5∑

i=1
zi

)

𝜋(𝜚i|𝜆, z) ∝ 𝜚
zi+𝛾i−1
i (1 − 𝜚i)𝛽i−1 exp(−𝜆pi𝜚i), i = 1, … , 5.

The last distributions are not standard, but are unimodal and log-concave, so it is easy to sample from them as in
Algorithm 5 in Data S2, obtaining samples {(𝜆j

, 𝜚

j
1, … , 𝜚

j
5)}

N
j=1. Our interest lies in sampling from the distributions si|z.

Observe that

Pr(si|z) = ∫ ∫ Pr(si|𝜆,𝝔, z)𝜋(𝜆,𝝔|z) d𝜆 d𝝔.

Then si|𝜆,𝝔, z ∼ zi + Po(pi𝜆(1 − 𝜚i)), and sj
i ∼ zi + Po(pi𝜆

j(1 − 𝜚j
i)) constitutes a sample from si|z. We summarize it with

1
N

∑N
j=1sj

i which approximates E(si|z).

6 CASES

As application examples, we present the models used for the wind shear and TCAS warning occurrences, and to a simu-
lated occurrence type showing dependence. For space reasons, more emphasis is placed on the wind shear model, because
it is the most versatile and used in our domain. Core ideas are given for the other two.

6.1 Wind Shear

Wind shear consists of a change in wind speed and/or direction over a short distance.33 It can occur either horizon-
tally or vertically, at high or low altitude, most often associated with strong temperature inversions or density gradients.
It may significantly affect the airspeed and trajectory of a plane, being more dangerous the closer to the ground and
the slower the aircraft is. Therefore, AS occurrences reported in relation to wind shear usually happen during take-off
or landing.

1Extensions to unknown pi’s follow in a straightforward manner.
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FLORES et al. 559

6.1.1 Exploratory analysis

Table 2 displays the evolution of the number of occurrences from 2010 to 2018, the number of operations (in blocks
of 100,000), the occurrence rate (number of occurrences per 100,000 operations) as well as the evolution for the five
severities. As we see, the occurrence rate has been growing annually, especially during the first 5 years, then stabilizing.
Note that in 2011 there were 23% less occurrences compared to the previous year, while the number of operations increased
slightly.

Regarding occurrence severity, Figure 12, observe that every year, severity 4 occurrences were the most reported,
followed by those of severity 5. Finally, note that there has been only two severity 2 occurrences, and one severity 1 during
the considered period, suggesting that this event is not very severe.

6.1.2 Effects

Graphical and numerical analyses used to identify the relevant effects follow.
Stress effect. Figure 13A shows the scatter plot for the number of operations versus occurrence rates, as

well as the regression line relating both variables. The correlation coefficient is -0.23 and no stress effect
is included.

Seasonal effect. The monthly ACF is in Figure 13B suggests a seasonal effect, through the relevance of the autocor-
relation of lag 12, due to weather relevance over this phenomenon. In addition, the first ones, although not strong, are
relevant, suggesting a relationship between rates at consecutive months.

T A B L E 2 Number of occurrences and operations for wind shear, 2010–2018

Sev. 1 Sev. 2 Sev. 3 Sev. 4 Sev. 5 Total occ. Ops. Occ. rate

2010 0 0 5 113 9 127 21.20 5.99

2011 1 0 0 91 5 97 21.40 4.53

2012 0 0 4 160 23 187 19.25 9.71

2013 0 1 2 265 7 275 17.91 15.35

2014 0 1 5 357 46 409 18.33 22.31

2015 0 0 1 385 24 410 19.03 21.55

2016 0 0 2 474 13 489 20.45 23.91

2017 0 0 2 511 10 523 21.74 24.05

2018 0 0 2 518 8 528 23.00 22.95

F I G U R E 12 Wind shear occurrences, period 2010–2018, by severity
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560 FLORES et al.

F I G U R E 13 Effect analysis for wind shear. (A) Stress effect; (B) Seasonal effect; (C) Linear effect; (D) Group effect

Linear effect. Figure 13C represents the annual evolution of occurrence rates. The annual time series suggests a linear
increase of wind shear occurrence rates during the first 5 years. The effect is considerable because, except for year 2011,
in which it was slightly less than the previous one, the rate has grown annually.

Group effect. A cluster analysis allows us to identify two airport groups with similar wind shear occurrence rate,
Figure 13D. The first one (triangles) includes the 10 airports in temperate coastal areas. The second group (circles) would
be formed by the remaining airports. Because of the climate differences, we deal with both groups hierarchically and
aggregate the forecasts. Note that this would also allow for a certain lag between the seasonalities in groups, which for
example would be relevant when dealing with occurrences related to migratory birds that arrive at airports at different
times of the year.

6.1.3 Model

We thus have detected a seasonal effect of period 12, a (possible) linear growth effect and two groups of airports. Hence,
we consider a hierarchical model for the occurrences xi

k at group i of airports based on the Poisson DLM of Section 3.2.2,
with a linear growth component, a seasonal component of period 12, and a common prior,

xi
k|𝜆

i
k,n

i
k ∼ Po(𝜆i

kni
k), 𝜆

i
k = exp(ui

k), i = 1, 2
ui

k = F𝜽i
k + vi

, vi ∼ N
(
0,V i)

,

𝜽
i
k = G𝜽i

k−1 +wi
, wi ∼ N

(
0,Wi)

, y
𝜽

i
0 ∼ N (m0,C0) , (4)

where F = (F1 F2) and G = blockdiag (G1 G2). Matrices Wi and V i are initialized based on the observations, using
maximum likelihood.34 To complete model specification, we need the prior moments m0 and C0. These priors aim to
be flexible enough and somewhat informative. The prior mean vector, m0, is initialized2using the the first year of data

2mLj
0 and mSj

0 indicate the jth parameters of the linear growth and seasonal blocks, respectively.
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(12 observations). Parameter mL2
0 describes the expected growth and it is initialized with mL2

0 = (y12 − y1)∕11, where yk =
log(

∑
xi

k∕
∑

ni
k); mL1

0 describes the expected level and is initialised with mL1
0 = (

∑12
k=1yk − 78 mL2

0 )∕12; mSj
0 describes the

jth seasonal component and, to assess it, we use mSj
0 = y13−j −mL1

0 + (j − 13) mL2
0 . Hence, for both groups of airports, we

have

m0 = (

mL1
0

⏞⏞⏞

1.6 ,

mL2
0

⏞⏞⏞

0.0 ,

mS1
0

⏞⏞⏞

−0.3 ,

mS2
0

⏞⏞⏞

−0.7 ,

mS3
0

⏞⏞⏞

0.0 ,

mS4
0

⏞⏞⏞

−0.9 ,

mS5
0

⏞⏞⏞

0.6 ,

mS6
0

⏞⏞⏞

0.8 ,

mS7
0

⏞⏞⏞

0.1 ,

mS8
0

⏞⏞⏞

−0.6 ,

mS9
0

⏞⏞⏞

−0.4 ,

mS10
0

⏞⏞⏞

0.6 ,

mS11
0

⏞⏞⏞

1.1 )′

For more accuracy, we could repeat the calculations as many times as years of data are available, and take the average
value for each parameter. Since we are confident about the suitability of our m0, we use a relatively small prior variance
C0 = I13∕10. Also, for both groups of airports, we include the prior parameters 𝛼j (j = 1, … , 5) for the different severities
and, based on expert judgement, set at 1, 2, 3, 7, and 5, respectively, not very high to facilitate learning.

We then adjust the previous models using the approximations described in Section 3.2.2 (implemented via a hierarchi-
cal version of Algorithm 2 in Data S2) and obtain two samples, one for the predictive distribution of each group of airports.
The aggregation of both samples facilitates a predictive sample for the total number of wind shear occurrences. Figure 14
shows 1-month ahead predictions for 2010–2018 observations (black dots), the predictive mean (solid line) and the 90%
probability band (dashed lines). We also show the 12-step ahead forecast for year 2019 (without actual observations, since
they were not available), for which the uncertainty in the future number of operations is modeled as in Section 4.

Routine forecasting and monitoring will be responsible for checking the stability of the model and suggesting anoma-
lies, sudden instabilities, and deterioration in forecast performance that have not been anticipated through expert
intervention. We would therefore raise alarms whenever observed values lay outside predictive intervals, like the observa-
tions marked with a circumference in Figure 14. As Figure 15 shows, the credible intervals for one-step ahead predictions
(solid blue) adequately capture the observations, showing only slight under-coverage for credible intervals between 50%
and 95%.

Compared to other popular models used with non-negative integer time series, like generalized linear ARMA
(GLARMA14), and integer-valued GARCH (INGARCH15), Table 3 shows that our proposed model (4) offers significantly
better point forecasts than any of them, using either a Poisson or Negative Binomial distribution for the observations, or
a standard DLM. Additionally, as seen in Figure 15, the credible intervals (solid blue line) of our model closely match the
nominal coverage probability (45 degree dashed line) and perform nicely when compared with the analyzed competitors.

The analysis is completed with the prediction of the number of occurrences of each severity class. Table 4 shows a
summary of the predictions, with 𝜇

′ and 𝜎′designating the predictive mean and standard deviation of the number of
occurrences for the next period to forecast (in this case, the next month January 2019), and 𝛼′j , the parameter of the
posterior distribution of the jth severity class of such event. Thus, the expected number of occurrences for each severity
would be 𝜇′𝛼′j ∕

∑5
h=1𝛼

′
h, for example, 33.27 severity 4 occurrences.

F I G U R E 14 Prediction of number of occurrences
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562 FLORES et al.

F I G U R E 15 Empirical (solid) versus nominal (dashed) coverage of credible intervals for wind shear. Besides our proposed model in
blue, also shows coverage for Poisson generalized linear ARMA (GLARMA) (brown), NB GLARMA (yellow), Poisson integer-valued GARCH
(INGARCH) (black), NB INGARCH (green) and dynamic linear models (purple)

T A B L E 3 Error metrics for the predictive median of various models as point forecast for wind shear

Our model GLARMA (Poi) GLARMA (NB) INGARCH (Poi) INGARCH (NB) DLM

MSE 296.74 350.33 392.35 425.51 471.22 379.7

MAE 11.96 13.35 14.03 14.81 15.37 14.53

MAPE 0.53 0.63 0.65 0.61 0.59 0.8

Theil’s U 0.91 0.94 0.99 1.03 1.09 1.03

Abbreviations: GLARMA, generalized linear ARMA; INGARCH, integer-valued GARCH.

T A B L E 4 Prediction summary

𝝁
′

𝝈
′

𝜶
′
1 𝜶

′
2 𝜶

′
3 𝜶

′
4 𝜶

′
5

35.38 26.55 2 4 26 2881 150

Regarding sensitivity to the hyper-parameters m0, C0 for the prior of the initial state; the election of a different m0,
for example, the usual vector of zeros which does not use prior information, has little effect on forecast performance
beyond the first observations (algorithm particles still arrive relatively quickly to a zone with high probability) unless we
deviate a lot from these values for the states (with prior values for all states outside the interval [−2, 2]). Moving from the
proposed variance C0 = I13∕10 up to I13 results in too much dispersion and very high predictive intervals during the first
observations, more resamples and overall worse forecasting performance; using lower values for the diagonal down to
I13∕100 also worsens the point forecast metrics and coverage of the predictive distributions, although less dramatically.

6.2 TCAS warnings

Traffic Collision Avoidance Systems (TCAS) warn pilots of the presence of other aircraft which may present a threat of
mid-air collisions. This type of occurrences, unlike wind shear, presents a stress effect, Figure 1B. Since it does not show
any other of the effects mentioned in Section 2, we model it through stress effect model in Section 3.2.1.

Using Algorithm 1 we obtain the one-month ahead forecasts in Figure 16, with predictive mean (solid line) and 99%
probability band (dashed lines), and we can check that it adequately predicts time series with this AS specific effect.
Figure 17 shows that the predictive distributions adequately cover the observations at different credible intervals (blue
line) and that there is an improvement in coverage over the basic model (yellow) from Section 3.1; this is also the case for
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FLORES et al. 563

F I G U R E 16 Forecast of Traffic Collision Avoidance Systems warnings

F I G U R E 17 Covplot of Traffic Collision Avoidance Systems occurrence

the error metrics of the point forecasts (Table 5). Furthermore, as Figure 18 shows, the posterior distribution of parameter
a in the model concentrates around 12, away from 0, which is consistent with the relevance of a stress effect.

A sensitivity analysis concerning the hyper-parameters of the priors over a, b, and 𝜎2 suggests that, as long as plausible
values are chosen, the performance of the stress effect model (1) is robust. For example, for TCAS warnings, even if we
would to select negative values for the means of a and b(𝜇a = 𝜇b = −5), indicating a negative stress effect, with variances
𝜎

2
a = 𝜎2

b = 10 we arrive to similar posterior distributions. Hence we recommend the election of means consistent with the
available data and relatively high variances.

6.3 Dependence of occurrence types

The relevance of the dependence model in Section 3.2.4 can be readily exemplified with simulated data of a new occurrence
type (Figure 19) that shows dependence with TCAS warnings. The use of the dependence model and Algorithm 4 to sample
from it, improves the forecast performance over the basic model from Section 3.1 that assumes independence as shown
in Table 6. Similarly to Algorithm 1, the proposed MCMC sampler is quite robust for reasonable choices of the values in
the hyper-parameters of the priors.
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564 FLORES et al.

T A B L E 5 Error metrics traffic collision avoidance systems occurrence

Stress model Basic model

MSE 36.57 45.67

MAE 4.78 5.28

MAPE 0.2 0.22

Theil’s U 0.77 0.82

F I G U R E 18 Posterior distribution of a

F I G U R E 19 Forecast of dependent occurrence

T A B L E 6 Error metrics dependent occurrence

Dependence model Basic model

MSE 159.54 245.25

MAE 9.89 11.51

MAPE 0.21 0.22

Theil’s U 0.78 0.94
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FLORES et al. 565

7 DISCUSSION

We have provided a methodology to forecast aviation safety occurrences and their severities, based on an initial standard
model, suitable for situations in which the occurrence rate remains relatively stable over the period of interest. In most
cases, various effects impact the rate evolution. Thus, we adapted that model by adding specific components (stress effect,
seasonal and trend effect, group effect and dependence) and proposed algorithms to forecast with these new models.
Several of them need to be combined for certain occurrences, as shown with the case in Section 6.1. In addition, we have
described a model to predict the severity of AS occurrences according to the classification proposed by the ICAO. The
above models are suitable when all the information about different types of occurrence is available. However, in some
cases underreporting needs to be addressed, possibly as suggested.

The proposed models are fundamental in our risk management methodology3 feeding our AS resource allocation
models. They are also important in predicting and monitoring events that allow identifying anomalies related to an unex-
pected increase (or decrease) in the number of occurrences. In particular, the methodology emphasizes a management
by exception principle28 with our models used for routine inference, prediction (and decision support) under standard
circumstances until exceptional ones arise in which case an intervention is requested.

The forecasting performance of our model was compared to other popular ones like DLM, generalized linear ARMA
(GLARMA), and integer-valued GARCH (INGARCH) models, showing better forecasting performance with the AS time
series studied. However, some of these models assuming negative binomially distributed observations might be more
relevant when exploring approaches at smaller time (weeks) and spatial (airport) frames, which might present more
over-dispersion. Also, given the high safety levels in the aviation system we should expect numerous zero counts and, in
particular, models such as those in Berry and West35 would be relevant. Future work includes exploring these and other
approaches needed for modeling time series with frequent zeros and different levels of dispersion in the observations.

Finally, although we have applied these models to forecast aviation safety occurrences, they can also be used to predict
safety and reliability occurrences in other areas, like maritime transport, industry, or supply chain networks.
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APPENDIX A . DYNAMIC LINEAR MODELS

A normal dynamic linear model (DLM) for univariate observations Xt, specified by the quadruple {Ft,Gt,Vt,Wt}, is
defined through

xt = Ft𝜽t + vt, vt ∼ N(0,Vt),
𝜽t = Gt𝜽t−1 +wt, wt ∼ N (0,Wt) ,
𝜽0 ∼ N (m0,C0) ,
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with vt and wt internally and mutually independent.28

For the univariate DLM, if we denote the available information at the beginning of period t as Dt = {Dt−1, xt−1}, the
sequential update and forecast procedure is given by the recursion:

• One-step ahead predictive distribution of 𝜽t, given Dt. It is N (at,Rt), with at = Gtmt−1 and Rt = GtCt−1G′
t +Wt.

• One-step ahead predictive distribution of xt, given Dt. It is N (ft,Qt), with ft = Ftat and Qt = FtRtF′t + Vt.
• Filtering or posterior distribution of 𝜽t, given Dt and xt. It is N (mt,Ct), with mt = at + RtF′tQ−1

t (xt − ft) and Ct = Rt −
RtF′tQ−1

t FtRt.
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