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 A B S T R A C T

We present a methodology to personalize the stiffness response of a biomechanical model of the torso and the 
spine. In high contrast to previous work, the proposed methodology uses controlled force–deformation data 
that mimic the conditions of spinal bracing for scoliosis, which leads to personalized biomechanical models that 
are suitable for computational brace design. The novel methodology relies on several technical contributions. 
First, a prototype system that includes controlled force measurement and low-dose radiographs, with low-
encumbrance for its implementation in the clinical protocol. Second, a model of differentiable biomechanics 
of the torso and the spine, which becomes the key building block for robust parameter estimation. And third, an 
optimization procedure for parameter estimation from force–deformation data, which relies on differentiability 
of the biomechanics and the image generation process. We demonstrate the application of the methodology to 
a cohort of 7 subjects who underwent scoliosis check-ups, and we show quantitative validation of the estimated 
personalized parameters and the improvement over default parameters from the bibliography.
1. Introduction

1.1. Objective of the study

The development of personalized biomechanical models opens the 
door to advanced forms of computer-aided clinical design. One exam-
ple, and the target application of our work, is computational design 
of spinal braces for adolescent idiopathic scoliosis (AIS). Spinal braces 
produce a correction on moderate cases of spine curvature during the 
period that it has a risk of progression and patients mature  (Kaelin, 
2020; Kuroki, 2018). Personalization of the braces can maximize effec-
tiveness and satisfy comfort. While some works have explored the use 
of computer solutions for testing of brace designs  (Wei et al., 2022; Guy 
et al., 2021; Cobetto et al., 2017; Vergari et al., 2020; Courvoisier et al., 
2019), evaluation of bracing effectiveness as a function of biomechani-
cal properties (Clin et al., 2010), or even for fully automated design as 
an optimization problem (Kardash et al., 2022), brace design remains 
mostly a manual process of trial and error. A major limiting factor 
for the adoption of computational brace design is the personalized 
characterization of the mechanical response, i.e., the stiffness, of the 
spine and torso of AIS patients.

Our initial hypothesis is that average stiffness values from the 
bibliography do not correctly capture the person-specific response of 
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the torso under typical bracing forces. To test this hypothesis, we 
estimate personalized spine and torso stiffness response, and compare 
spine deformations simulated under brace-like forces vs. those obtained 
with default stiffness values.

Unfortunately, previous methods for personalized stiffness charac-
terization suffer important limitations, as we discuss below. There-
fore, the bulk of our work was to develop a novel inverse-modeling 
methodology for spine and torso stiffness characterization.

1.2. Background: Mechanical modeling of the torso

Biomechanical modeling of the spine and torso has received much 
attention, and we point the reader to existing literature reviews for 
a broad coverage of existing works (Alizadeh et al., 2020; Knapik 
et al., 2022). Most of these works follow one of these two modeling 
approaches: Finite Element Modeling (FEM) of continuum elasticity or 
multi-body modeling.

Several surveys provide extensive discussion of FEM approaches
(Wang et al., 2014; Wei et al., 2022; Naoum et al., 2021). The approach 
has been applied to both the cervical spine  (Lasswell et al., 2017) 
and the lumbar spine (Dong et al., 2020; Xu et al., 2017). While these 
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methods are potentially accurate, they require careful estimation of 
model parameters for personalized design applications. Nevertheless, 
various FEM models have been used in the computational design of 
scoliosis braces (Gignac et al., 2000; Nie et al., 2009).

Multi-body models offer a simpler and more efficient alternative.  de 
Zee et al. (2007) developed a generic rigid-body model of the lumbar 
spine.  Ignasiak et al. (2015), on the other hand, developed a multibody 
thoracolumbar spine model with an articulated rib cage.  Shayesteh-
pour et al. (2021) extended this work and presented an articulated 
spine and rib cage kinematic model, which attains scoliotic postures. 
Schmid et al. (2020) presented musculoskeletal full-body models, in-
cluding the thoracolumbar spine, for children and adolescents.  Bayoglu 
et al. (2019) developed a multibody muscoloskeletal model of the 
human spine to study spinal loads. Favier et al. (2021) presented an 
open-source musculoskeletal model of the lumbar spine and lower 
limbs.  Gould et al. (2021) and Jalalian et al. (2013) published two 
literature reviews of computational modeling of the spine, focusing on 
both the modeling approaches and the differences between healthy and 
scoliotic individuals.

There are also hybrid models, which try to combine the advantages 
of FEM and multi-body models. Dicko et al. (2015) developed a hybrid 
lumbar spine model which also supported contact mechanics.  Koutras 
et al. (2021) developed a comprehensive model of the torso, represent-
ing the spine and the rib cage as a multi-body model, and the soft tissue 
with FEM. In our work, we build on this hybrid model.

1.3. Background: Spine model estimation

In multi-body spine modeling, much effort has been devoted to 
designing estimation procedures for the mechanical parameters of the 
models. The procedures can be classified as in-vitro or in-vivo. Research 
on stiffness characterization of the spine started with in-vitro experi-
ments. Even though in-vivo methods are more suitable for model per-
sonalization, in-vitro methods still provide valuable insights, and their 
findings have significantly contributed to understanding the human 
spine. Furthermore, many existing models borrow their biomechanical 
parameters from in-vitro studies; in our case, we use them as default 
values and as starting point of our optimization.

Next, we discuss a selection of in-vitro parameter estimation proce-
dures.  Panjabi et al. (1976) estimated the rotational stiffness coeffi-
cients of the thoracic spine from experiments. They also estimated the 
translational stiffness coefficients of the thoracic spine through experi-
mental studies, and later (Bisschop et al., 2012) followed this same line 
of work. In a different study, Panjabi et al. (1994) analyzed the mechan-
ical behavior of the human lumbar and lumbosacral spine, as shown by 
three dimensional load–displacement curves performed in-vitro.  Mo-
roney et al. (1988) estimated the load displacement properties of the 
cervical spine; Liebsch et al. (2017, 2019) investigated the kinematic 
and stiffness properties of the thoracic spine and the rib cage; Wilke 
et al. (2017) examined the flexibility of every thoracic spinal segment; 
and Yamamoto et al. (2022) evaluated the biomechanical properties of 
the upper thoracic spine in anterior–posterior shear loading at various 
displacement rates. Zhang et al. (2020) completed a literature review 
about moment–rotation behavior of intervertebral joints on cadaveric 
tests. The review includes data from 1,648 intervertebral joints from 
518 human cadavers in total.

We turn now to in-vivo parameter estimation procedures. In vivo
procedures do not permit the application of localized deformations 
to the spine. Then, as spine stiffness is a heterogeneous property, its 
characterization is often reformulated as an inverse modeling problem, 
where the parameters of a spine and torso model are optimized to best 
fit full-torso deformation data.

Petit et al. (2004) developed a method to characterize the me-
chanical properties of the scoliotic spine using a flexible multi-body 
model and flexibility tests; Lafon et al. (2010) estimated the distri-
bution of spinal intervertebral stiffness based on clinical flexibility 
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tests; Jalalian et al. (2017) presented a new method to approximate 
load–displacement relationships of spinal motion segments for patient-
specifc multi-body models of scoliotic spine based on flexibility tests; 
and Wang et al. (2021) used a dynamic optimization approach for 
solving spine kinematics while calibrating subject-specific mechanical 
properties of 10 healthy subjects, based on skin-mounted markers.  Guy 
and Aubin (2023) estimate spine stiffness to match the spine defor-
mation produced by in-brace correction. None of the aforementioned 
studies (and more in the literature) use external force data as part of 
the estimation procedure; they depend solely on displacement data. 
Thus, as discussed also by other authors (Berger et al., 2015), they 
can only estimate relative stiffnesses up to a scale factor, they cannot 
estimate the absolute stiffness response. Correct calibration of stiffness 
is necessary, for instance, for the estimation of bracing forces and the 
evaluation of comfort in brace design.

Some works have addressed the estimation of spine stiffness from 
force–displacement relationships. Affolter et al. (2020) predicted the 
flexion-extension stiffness responses of a lumbar functional spine unit 
(FSU) modeled with subject-specific FEM from in-vivo 6-degree-of-
freedom (DoF) kinematics. Their method is based on dynamic stereo x-
ray imaging of a functional lifting task. While their estimation leverages 
a force–deformation relationship, it contains only flexion/extension 
experiments for one FSU; therefore, it does not support the parame-
terization of a full torso model for scoliosis brace design. Qiao and 
Rahmatalla (2020) identified the damping and stiffness parameters of 
cervical and lumbar spine of supine humans using modal analysis under 
vertical whole-body vibration. Unfortunately, due to the type of motion 
used in the experiments, the resulting parameters do not correctly rep-
resent the motions occurring under scoliosis bracing. Ghezelbash et al. 
(2016) developed a computational musculoskeletal trunk model that 
can be personalized using a scaling scheme, and Eskandari et al. (2017) 
proposed an image-based kinematics measurement approach to develop 
subject-specific musculoskeletal models. These models correspond to 
healthy individuals and do not account for scoliosis peculiarities. Berger 
et al. (2015) developed a method for preoperative stiffness charac-
terization based on a force–displacement relationship. However, their 
method requires a special platform (Büchler et al., 2014) and their 
boundary conditions are not similar to those in bracing. Park et al. 
(2018) used a robotic spine exoskeleton and characterized the three-
dimensional stiffness of the torso by a 6 × 6 stiffness matrix. Murray 
et al. (2020) extended their method to scoliosis patients. Despite their 
contributions, their methodology suffers several limitations: the robotic 
exoskeleton complicates implementation in the clinical protocol for AIS 
patients; the acquired data lacks imaging data that depicts the detailed 
deformation of the spine, it contains only deformations of the outer 
torso; and they estimate only a 6 × 6 stiffness matrix for the full torso, 
which does not correctly capture the deformation response to bracing.

1.4. Background: Adjoint method for mechanical model estimation

The adjoint method is a standard mathematical tool to efficiently 
compute gradients of optimization functions, by traversing the chain 
rule of derivatives in a convenient order (Lions, 1971). In inverse 
design problems, the design objective function depends on both design 
parameters and state DoFs. Differential changes to design parameters 
can be related to differential changes to state DoFs through a sensitivity 
matrix, but the adjoint method enables the efficient computation of 
the gradient of the design objective with respect to design parameters, 
without explicitly computing the sensitivity matrix.

The adjoint method has been used for various stiffness estima-
tion problems formulated from force–deformation data. Examples in-
clude the estimation of constitutive elastic parameters in solid mechan-
ics (Bickel et al., 2009), and the estimation of elasticity parameters in 
cloth (Miguel et al., 2012). Our work follows a similar methodology, 
and we show how to formulate a differentiable biomechanics model of 
the torso, for robust and efficient application of the adjoint method.
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Beyond inverse design, the adjoint method has been applied to 
many other computational design problems. Some examples include 
animation control (McNamara et al., 2004; Wojtan et al., 2006), 3D 
printing (Pérez et al., 2015, 2017), ergonomics design (Zhao et al., 
2022), or even scoliosis brace design (Kardash et al., 2022), which 
could leverage our model personalization methodology.

2. Methods: Acquisition of spine deformations and forces

The first central ingredient of our inverse-modeling methodology for 
stiffness characterization is a novel data acquisition procedure. The ac-
quisition of force and deformation data suitable for the characterization 
of spine and torso biomechanical models faces two major challenges. 
One is the acquisition of deformations under known forces that are 
representative of the conditions imposed by AIS bracing. Another one 
is the design of simple, low-radiation procedures, which can be easily 
adopted in the standard patient check-up procedures.

In this section, we describe our measurement setup, as well as 
the acquisition of deformation and force data for our estimation al-
gorithm. Our prototype measurement setup and procedure enables 
the acquisition of multiple low-dose radiographs while applying con-
trolled forces to the subject. This setup and procedure fulfills competing 
goals. On one hand, it produces controlled deformation and force 
data, suitable for stiffness characterization, and the deformation data 
mimics the correcting effect of scoliosis bracing. On the other hand, 
it is performed without discomfort for patients and induces minimal 
radiation (Wong et al., 2021), favoring its potential adoption in regular 
check-up procedures.

2.1. Description of the setup and procedure

To capture spine deformations while minimizing radiation, we ob-
tain a series of low-dose radiographs. Specifically, we used a DelftDI 
D2RS system with fluoroscopic exposure. This device emits around one-
eighth of the radiation of standard x-rays (Wong et al., 2021). The 
following acquisition parameters were assessed: tube potential (71 kVp, 
density set at 0), with grid, using automated mA selection exposure 
control and additional filtration (1 mm Al + 0,1 mm Cu). The pixel 
size was 0.139 mm with a maximum resolution of 3.6 lp/mm.

To produce spine deformations similar to the ones produced by scol-
iosis braces, we mimic the three-point pressure principle as applied by, 
e.g., Rigo Chêneau-type braces (Rigo and Jelačić, 2017). Specifically, 
we apply a force on the ribs on one side of the subject, while keeping 
the pelvis and the opposite shoulder fixed. The rib force is applied 
through a Sauter FH500 force gauge (which can accurately measure 
forces up to 500 N), thus providing a measurement of the applied force 
at every time. The pelvis and the shoulder are fixed by using a fixing 
belt and asking the subject to rest the shoulder on a rigid wall attached 
to the x-ray bed. The pelvis support acts as the main support point 
below the applied force to prevent bending of the torso, and for this 
reason the horizontal forces at the feet are minimal. The complete setup 
can be seen in Fig.  1. The back of the subject is in contact with the 
vertical wall of the x-ray bed to avoid torsion of the torso. At the same 
time, as the x-ray bed is smooth, friction forces against the back are 
minimal. Altogether, the setup produces three relevant forces on the 
user on the frontal plane: 𝐹1 on the shoulder, 𝐹2 on the pelvis, and 𝐹3 on 
the ribs, as shown in Fig.  1. These three forces resemble the three-point 
pressure system and produce the desired deformations.

The measurement procedure consisted of applying a growing rib 
force on each side of the subject’s torso, while recording a series of ra-
diographs. The recording of radiographs and force measurements were 
synchronized. For each side, we captured four to eight radiographs, 
up to a maximum force of 114 N, at a rate of four radiographs per 
second. Subjects were instructed to remain calm and breathe normally, 
and communicate if the force became uncomfortable; for this reason 
the procedure was stopped early in some cases.
3 
Fig. 1. Photographs and schematic depiction of the experimental force-and-deformation 
acquisition setup. We capture low-dose radiographs of the subject’s torso while 
simultaneously increasing a controlled force (𝐹3) on the ribs. This force is balanced 
by a force on the opposite shoulder (𝐹1) obtained by resting the shoulder against 
a wall attached to the x-ray bed (see top-left inset), and a force on the pelvis (𝐹2) 
produced by a fixing belt (see bottom-left inset). The three forces together resemble 
the three-point pressure principle of common scoliosis braces. Using force and torque 
equilibrium conditions, together with body measurements 𝑑21 and 𝑑31, we estimate the 
reaction forces on the shoulder and the pelvis.

Fig. 2. A sequence of three radiographs of a subject under increasing rib force (from 
left to right). The red dots depict the tracked vertebra features used in our estimation 
algorithm.

For the estimation process described later in Section 4, we decided 
to keep only three radiographs per subject (and their corresponding 
force measurements), two used for estimation and one for validation 
(see Fig.  2). We selected the measurements of highest quality, both in 
terms of image quality and no motion of the shoulder or the pelvis, 
with the force applied on the same side of the torso in all three images. 
For some subjects, the selected images correspond to a decreasing sco-
liosis curve, while for other subjects they correspond to an increasing 
curve. The described radiographs were complemented with rest-state 
frontal and lateral radiographs used for the personalization of the torso 
geometry, following the procedure described in Koutras et al. (2022).

Our experimental setup is only a research prototype for designing 
a complete measurement and biomechanical estimation procedure. In 
future work, it would be convenient to optimize the procedure and the 
acquisition setup to maximize biomechanical estimation accuracy while 
minimizing the number of required radiographs.

2.2. Tracking deformation features on radiographs

To estimate the parameters of the torso biomechanics model, it is 
necessary to correlate the deformation of the simulated torso (i.e., the 
positions and orientations of bones) to the deformation captured in the 
radiographs. For this purpose, on each radiograph (with subindex 𝑗), 
we define as deformation features the corners (with subindex 𝑘) of each 
vertebral bone {𝐜̂𝑗,𝑘}. These features characterize the 2D position and 
orientation of the vertebrae as explained later in Section 4.1.

Identifying the features of each vertebra in all radiographs is a 
challenging task. Manual annotation in all x-rays would require a 
considerable amount of manual work, and it would be subject to an-
notation accuracy errors. Instead, we manually annotated the features 
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in one radiograph for each subject, and then we used an optical flow 
algorithm to track the features in the rest of the images. Examples of 
tracked vertebra features can be seen in Fig.  2.

Our tracking algorithm works incrementally with pairs of images, 
starting from the initial annotated radiograph. Given two images, one 
already annotated and one not, we first match the histograms of both 
images (Bradski, 2000), and then use an optical flow algorithm (Brad-
ski, 2000) to transform the features to the new image. We do the same 
with the next image in the sequence until the complete sequence is 
annotated.

2.3. Force measurements

All three forces 𝐹1, 𝐹2 and 𝐹3 are used as input boundary conditions 
to our biomechanics model estimation. However, for simplicity of the 
measurement setup, only 𝐹3 is actively measured. Fortunately, we can 
leverage force and torque equilibrium conditions on the frontal plane 
to infer 𝐹1 and 𝐹2.

As illustrated in Fig.  1, we measure the vertical distances 𝑑21 be-
tween the shoulder and the pelvis, and 𝑑31 between the shoulder and 
the ribs. Then, we can formulate torque equilibrium with respect to the 
shoulder, as well as force equilibrium, to obtain the shoulder and pelvis 
forces 𝐹1 and 𝐹2:

𝑑21 𝐹2 − 𝑑31 𝐹3 = 0 ⇒ 𝐹2 =
𝑑31
𝑑21

𝐹3. (1)

𝐹1 + 𝐹2 − 𝐹3 = 0 ⇒ 𝐹1 =
𝑑21 − 𝑑31

𝑑21
𝐹3. (2)

3. Methods: Differentiable biomechanics of the Torso

The second central ingredient of our inverse-modeling methodology 
for stiffness characterization is a differentiable model of spine and 
torso biomechanics. We have developed a biomechanical model that 
predicts the deformation of the torso under external forces comparable 
to those of a scoliosis brace. Furthermore, thanks to a differentiable 
formulation of the biomechanics simulation, we can define an inverse 
mapping from torso deformation to model parameters, which will 
be key in our parameter estimation process. This section starts by 
describing the components of the biomechanics model, follows with the 
formulation of biomechanical simulation, and concludes by discussing 
the differentiability of the simulation.

3.1. Biomechanical model of the Torso

Biomechanical models of the torso may be designed with different 
granularity depending on the forces and deformations under study. 
Here, we are concerned with predicting the passive deformation of 
the torso skeleton under external forces similar to those applied by 
a scoliosis brace. To this end, we consider the multi-body system 
formed by the skeletal bones as rigid bodies connected by joints. The 
surrounding soft tissue (skin, muscles and organs) has an important 
effect in capturing the deformation stiffness of the torso (Koutras et al., 
2021), and in particular in preserving a smooth deformation of the rib 
cage (Koutras et al., 2022); therefore, it is also included in our model. 
However, for scoliosis brace design, we consider the torso passive, 
i.e., without active muscle forces, as this condition can be considered 
an approximate average of muscle activity. We build on the model 
proposed by Koutras et al. (2021), with an extension to the shoulders, 
the collarbone and the scapulae, to correctly map the shoulder force to 
the spine.

We model the torso skeleton with all lumbar and thoracic vertebrae, 
the rib cage, the sternum, the pelvis, the scapulae, the collarbone, 
and the proximal ends of the humeri as rigid bodies. We connect the 
bones through 6D compliant joints, which gather the complex effects 
that exist in reality. Following Koutras et al. (2021), each 6D joint 
contributes an energy 𝐸 = 1 𝛥𝐱𝑇 diag(𝐤 )𝛥𝐱 + 1 𝛥𝜃𝑇 diag(𝐤 )𝛥𝜃 , 
joint,i 2 𝑖 𝑥,𝑖 𝑖 2 𝑖 𝜃,𝑖 𝑖
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Table 1
Default stiffness values (in kN/m for translation, N/rad for rotation) for the various 6D 
joints in our model.
 Joint stiffnesses 𝑘̄𝑥 𝑘̄𝑦 𝑘̄𝑧 𝑘̄𝛼 𝑘̄𝛽 𝑘̄𝛾  
 Thoracic segment 262 1720 262 154 137 154  
 Lumbar segment 245 1720 245 143 498 149  
 Rib-vertebrae 53.9 123 123 9.7 6.87 6.87 
 Rib-sternum 51.85 8 8 9.7 2.29 2.29 
 Sternum-clavicle 104 104 104 104 1 1  
 Clavicle-scapula 104 104 104 1 1 1  
 Scapula-humerus 104 104 104 1 1 1  

where 𝛥𝐱𝑖 is the translation displacement of the joint, 𝛥𝜃𝑖 is the rotation 
displacement (expressed as an axis-angle product), and 𝐤𝑥,𝑖 and 𝐤𝜃,𝑖 are 
anisotropic translation and rotation stiffness values for each joint axis. 
All quantities are computed in each joint’s local frame. As discussed 
by Koutras et al. the 6D intervertebral joints represent the compound 
effect of intervertebral disks, ligaments, and facet joints; the 6D joints 
between ribs and vertebrae gather the effect of both the costo-vertebral 
and costo-transverse joints, which in turn consist of the capsules and 
the surrounding ligaments; and the 6D joints between ribs and ster-
num gather the effect of the costal cartilages and the costo-sternal 
joints. These simplifications are suitable for the analysis of bracing 
deformations of the spine (Ignasiak et al., 2015).

We consider the surface of the torso surrounding the skeleton, 
clipped between the neck and the waist, and we model the underlying 
soft tissue using an FEM discretization of a Neo-Hookean material with 
elastic energy density 𝛹 = 𝜇

2

(

𝐼1 − 3
)

−𝜇 log 𝐽+ 𝜆
2 (log 𝐽 )2 (Ogden, 1997; 

Sifakis and Barbic, 2012; Smith et al., 2018). To mesh the soft tissue, we 
input the torso surface along with spatially distributed sample points 
on the surfaces of the bones, and we create a conformal tetrahedral 
mesh (Hang, 2015). The points on the surfaces of the bones define the 
coupling between skeletal bones and soft tissue.

Let us define a vector of DoFs of the torso model, 𝐱, which con-
catenates the positions of soft-tissue mesh nodes and the translations 
and rotations of all bones (with rotations modeled using the incre-
mental rotation-vector representation (Taylor and Kriegman, 1994)). 
From these DoFs, the rest configuration of the torso, the mechanical 
parameters of the model 𝐤, and the applied external forces 𝐟ext, we 
define biomechanical energies that characterize the deformation of the 
torso. In particular, we consider three energy terms:

• The elastic energy of the joints between bones, 𝐸joints(𝐱,𝐤).
• The elastic energy of the soft tissue, 𝐸tissue(𝐱,𝐤).
• The mechanical work produced by external forces, 𝐸ext(𝐱, 𝐟ext) =
−𝐟𝑇ext 𝐱. The external forces include the shoulder force 𝐹1 applied 
on the proximal end of the humerus, the pelvis force 𝐹2, and the 
rib force 𝐹3 distributed on the two ribs closest to the location of 
the force.

As mentioned above, we build this model starting from the model 
proposed by  Koutras et al. (2021), and we refer the reader to their work 
for full details on the definition of the joints, their parameterization and 
energy model, as well as the soft-tissue model. We extend their model 
with key anatomical elements necessary for transferring the shoulder 
force to the spine. Specifically, they consist of the scapulae, the collar-
bone, and the heads of the humeri, as well as the joints connecting these 
elements. We add ball-and-socket joints between scapulae and humeri, 
scapulae and the collarbone, and the sternum and the collarbone. In 
the latter case, we also constrain the rotation along the mediolateral 
axis, following the model in Rasmussen (2019).

Our choice of model parameterization also follows the work of 
Koutras et al. (2021). We choose the default joint-stiffness and soft-
tissue parameters defined in their work, summarized for completeness 
in Table  1. We also include the default stiffness values for the new joints 
added in our model, which are set as very high stiffness for constrained 
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directions and very low stiffness for unconstrained directions. In the 
notation of stiffness parameters, for intervertebral joints the Y axis 
defines separation (𝑘𝑦) and axial rotation (𝑘𝛽), the X axis defines lateral 
translation (𝑘𝑥) in the frontal plane and flexion/extension in the sagittal 
plane (𝑘𝛼), and the Z axis defines sagittal translation (𝑘𝑧) and lateral 
bending (𝑘𝛾 ). For other joints, the X axis defines separation (𝑘𝑥) and 
axial rotation (𝑘𝛼), and the other two axes are chosen arbitrarily on 
the orthogonal plane, as they are isotropic.

However, since the parameters do not share a common scale, 
Koutras et al. propose a reparameterization based on parameter ratios 
for parameter analysis and/or estimation. Each parameter 𝑘𝑖 is defined 
as 𝑘𝑖 = 𝜉𝑖 𝑘̃𝑖, where 𝑘̃𝑖 is the default parameter value and 𝜉𝑖 is the 
parameter ratio. The vector of model parameters 𝐤 is defined by 
concatenating all parameter ratios under study. Later in Section 4.3 
we discuss what parameters exactly we estimate.

The purpose of our work is to personalize the biomechanical model 
for each subject, to correctly capture the mechanical response under 
external forces. However, prior to this, and relying on existing meth-
ods (Koutras et al., 2022), we personalize the geometry of the torso 
model. We start from a template geometry, and we optimize the match 
to rest-state frontal and lateral low-dose radiographs, together with a 
biomechanically inspired regularization.

3.2. Static equilibrium solver

According to the energy terms defined previously, the total energy 
of the biomechanical model of the torso is 
𝐸 = 𝐸joints(𝐱,𝐤) + 𝐸tissue(𝐱,𝐤) + 𝐸ext(𝐱, 𝐟ext). (3)

Given a set of mechanical parameters 𝐤, we want to predict the 
deformation of the torso produced by the external forces. We do this by 
solving a static equilibrium problem, which is equivalent to minimizing 
the total energy of the model: 
𝐱(𝐤, 𝐟ext) = argmin

𝐱
𝐸(𝐱,𝐤, 𝐟ext). (4)

It follows that the minimum-energy configuration can be expressed 
as a zero-net-force constraint on the DoFs: 
𝐟 (𝐱,𝐤, 𝐟ext) = 𝐟joints(𝐱,𝐤) + 𝐟tissue(𝐱,𝐤) + 𝐟ext = 0. (5)

To solve the minimization problem, we use Newton’s method with 
line search (Wright et al., 1999). On every Newton’s iteration, we 
compute the Jacobian of the forces, which corresponds to the negative 
Hessian of the energy, we solve a linear system for the change in the 
DoFs, and we take a step that minimizes energy. Our model is imple-
mented in C++, and we solve the linear systems with the conjugate 
gradient method using Eigen (Guennebaud et al., 2010).

3.3. Differentiable biomechanics

To estimate model parameters, we require a sensitivity matrix that 
provides a differential mapping from model parameters 𝐤 to model 
DoFs 𝐱. We obtain this sensitivity matrix 𝜕𝐱𝜕𝐤  efficiently thanks to our 
differentiable biomechanics formulation.

From the zero-net-force constraint (5), we apply the implicit func-
tion theorem to obtain: 
𝜕𝐟
𝜕𝐱

𝜕𝐱
𝜕𝐤

+ 𝜕𝐟
𝜕𝐤

= 0 →
𝜕𝐱
𝜕𝐤

= − 𝜕𝐟
𝜕𝐱

−1 𝜕𝐟
𝜕𝐤

. (6)

In practice, the sensitivity matrix is used to back-propagate gra-
dients on DoFs 𝐠 to gradients on parameters as 𝜕𝐱

𝜕𝐤
𝑇
𝐠. This is done 

efficiently using the adjoint method: 
𝜕𝐱
𝜕𝐤

𝑇
𝐠 = − 𝜕𝐟

𝜕𝐤
𝑇
𝐮, with 𝜕𝐟

𝜕𝐱
𝐮 = 𝐠. (7)

The only costly operation corresponds to solving a linear system 
𝜕𝐟
𝜕𝐱 𝐮 = 𝐠, but the force Jacobian 𝜕𝐟

𝜕𝐱  is readily available from the 
equilibrium solve described above in Section 3.2.
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We compute analytically the Jacobian of forces with respect to 
parameters, 𝜕𝐟

𝜕𝐤 , and to this end we extend the underlying biome-
chanics simulator. Specifically, we require Jacobians of joint forces 
𝐟joints with respect to joint stiffness ratios, and Jacobians of soft-tissue 
forces 𝐟tissue with respect to Lamé parameter ratios. Each joint force 
is computed as 𝐟joints,𝑖 = 𝜉𝑖 𝐟joints,𝑖, where 𝜉𝑖 is the joint stiffness ratio 
and 𝐟joints,𝑖 is the joint force with the default stiffness value. Then, 
the force Jacobian with respect to the stiffness ratio is trivially ob-
tained as 𝜕𝐟joints,𝑖𝜕𝜉𝑖

= 𝐟joints,𝑖. Soft-tissue forces due to the Neo-Hookean
material (see Section 3.1) can be seen as the superposition of two force 
terms linear with respect to each Lamé parameter. Accounting for the 
parameter ratios 𝜉𝜇 and 𝜉𝜆, the soft-tissue forces can then be expressed 
as 𝐟tissue = 𝜉𝜇 𝐟𝜇 + 𝜉𝜆 𝐟𝜆, with 𝐟𝜇 and 𝐟𝜆 the soft-tissue force terms with 
default Lamé parameters. Then, the force Jacobians with respect to the 
Lamé parameter ratios are trivially 𝜕𝐟tissue𝜕𝜉𝜇

= 𝐟𝜇 and 𝜕𝐟tissue𝜕𝜉𝜆
= 𝐟𝜆.

4. Methods: Optimization-based stiffness estimation

The third and final central ingredient of our inverse-modeling 
methodology for stiffness characterization is an optimization-based 
approach for the estimation of spine and torso stiffness parameters. In 
a nutshell, we search for the torso and spine stiffnesses that minimize 
image-space error of the spine deformation with respect to the input 
radiographs.

We start this section describing the exact formulation of the opti-
mization problem. Then we describe the solution of the optimization 
problem with robust gradient-based methods. To this end, we model 
the complete transformation from biomechanical parameters to image 
features as a differentiable process. This includes the differentiable 
biomechanics model, as well as differentiation of the transformation to 
image features. We follow with a discussion of the choice of stiffness pa-
rameters that we optimize. In choosing these parameters, we leverage 
problem-specific knowledge provided by the optimization gradients, 
which ensures robust parameter estimation. We conclude the section 
with a short note on performance.

4.1. Optimization problem

We formulate the estimation of stiffness parameters 𝐤 as the min-
imization of image-space error of spine deformation, subject to force-
equilibrium constraints in the biomechanics. We define an image-space 
error per target radiograph, (𝐱𝑗 , 𝐜̂𝑗 ), based on the torso and spine 
deformation 𝐱𝑗 and the image features 𝐜̂𝑗 for each particular radiograph 
(See Section 2.2). Similarly, we express force-equilibrium constraints 
as in (5) per target radiograph, based again on the torso and spine 
deformation, the stiffness parameters, and the external forces 𝐟ext,𝑗 for 
each radiograph. Formally, the complete optimization problem of the 
objective function 𝑓 (𝐤) can be expressed as the following constrained 
optimization:

𝐤 = argmin
𝐤

𝑓 (𝐤) → (8)

𝐤 = argmin
𝐤

∑

𝑗
(𝐱𝑗 , 𝐜̂𝑗 ), s.t. 𝐟 (𝐱𝑗 ,𝐤, 𝐟ext,𝑗 ) = 0,∀𝑗.

Next, we detail the definition of the objective function term for 
each radiograph. Given 𝑁 tracked vertebrae with their corresponding 
4 image features 𝐜̂𝑗,𝑘, 𝑘 ≤ 4𝑁 , we transform these to robust geometric 
features 𝐳̂𝑗,𝑘, and we compute their image-space error with respect 
to corresponding geometric features 𝐳𝑘(𝐱𝑗 ) computed from the torso 
deformation 𝐱𝑗 : 

(𝐱𝑗 , 𝐜̂𝑗 ) =
1
2

∑

𝑘≤4𝑁

|

|

|

𝐳̂𝑗,𝑘(𝐜̂𝑗 ) − 𝐳𝑘(𝐱𝑗 )
|

|

|

2
. (9)

The computation of image-space errors could be approached by 
defining correspondences between the image features ̂𝐜𝑗,𝑘 and 3D points 
on the vertebrae model, transforming these 3D points according to 
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Fig. 3. This pipeline depicts the computation of image-space deviation between image features tracked on radiographs (bottom) and spine simulation results (top). We use as 
error metric the distances between the corners of a reference 2D box representing each vertebra, due to the lack of accurate correspondences between the simulated vertebrae and 
the tracked image features. On top, the box is transformed using a 2D rigid transformation extracted from the projection of each simulated vertebra. At the bottom, the box is 
transformed using a 2D rigid transformation extracted from the tracked image features.
the spine deformation, projecting the 3D points to 2D image space, 
and finally measuring 2D errors. Unfortunately, it is not possible to 
define accurate 3D correspondences for the image features due to three 
major reasons. First, the 3D models of the vertebrae are obtained from 
a template model (see Koutras et al., 2022), and their geometry is 
not personalized. Second, the image features are initialized through 
a manual annotation process. And third, the image features track the 
corners of the projected silhouettes of the vertebrae, but not necessarily 
fixed points on the vertebrae. For these reasons, we transform the 
image features to more robust geometric features, and then we can 
define explicit correspondences with the 3D models of the vertebrae. 
Fig.  3 shows a schematic outline of the error computation procedure 
per vertebra, using as inputs the image features and the vertebra 
transformation, and mediated through the robust geometric features.

Our process for defining robust geometric features considers a ref-
erence 2D bounding box per vertebra, and the corners of this box are 
transformed using separately the image features (to yield 𝐳̂𝑗,𝑘(𝐜̂𝑗 )) and 
the spine deformation (to yield 𝐳𝑘(𝐱𝑗 )). We use the image features or 
the spine deformation to define the 2D transformations of the reference 
box, but not the geometric features directly, thus making the process 
robust. We initialize the reference 2D box by first computing the 3D 
oriented bounding box per vertebra (using the template model), and 
simply aligning the width and height of the 3D box with the 2D axes, 
i.e., we discard the depth and orientation of the vertebra. We define as 
𝐫𝑘, 𝑘 ≤ 4𝑁 , the corners of the reference boxes.

To compute target geometric features 𝐳̂𝑗,𝑘 per vertebra, we proceed 
as follows. First, we identify the center of mass 𝐯̂𝑗,𝑣 = 1

4
∑

𝑘∈𝑣 𝐜̂𝑗,𝑘 and 
the best-fit orientation 𝐑̂𝑗,𝑣 of the four image features of the vertebra. 
Here, 𝑣 denotes the vertebra. We compute 𝐑̂𝑗,𝑣(𝑘) by first obtaining the 
covariance matrix of the image features, 𝐂̂𝑗,𝑣 = 1

4
∑

𝑘∈𝑣
(

𝐜̂𝑗,𝑘 − 𝐯̂𝑗,𝑣
)

(

𝐜̂𝑗,𝑘 − 𝐯̂𝑗,𝑣
)𝑇 ; and then its singular value decomposition (SVD) 𝐂̂𝑗,𝑣 =

𝐑̂𝑗,𝑣 𝜮̂𝑗,𝑣 𝐑̂𝑇
𝑗,𝑣. Finally, we use the resulting rigid transformation to trans-

form the corners of the reference box, and we obtain the target geomet-
ric features, 𝐳̂𝑗,𝑘 = 𝐯̂𝑗,𝑣 + 𝐑̂𝑗,𝑣 𝐫𝑘.

To compute simulation geometric features 𝐳𝑘(𝐱𝑗 ), we follow a simi-
lar approach. We start from the corners 3𝐫𝑘 of the 3D oriented bounding 
box of a vertebra, we transform them according to the vertebra trans-
formation (with translation 3𝐯𝑗,𝑣 and rotation 3𝐑𝑗,𝑣), and then project 
them with the projection matrix 𝐏 of the x-ray system, to obtain 2D 
corners 𝐜𝑗,𝑘 = 𝐏

(

3𝐯𝑗,𝑣 +3 𝐑𝑗,𝑣 3𝐫𝑘
)

. Out of the eight 2D corners, we 
pick four that define the visible silhouettes of the top and bottom 
plates of the vertebra. We do this by selecting one corner from each 
corresponding pair of front and back corners of the vertebra box. We 
end with four image-space features {𝐜𝑗,𝑘} per vertebra, and the rest of 
the process is analogous to the computation of geometric features from 
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the image features. We compute the center of mass 𝐯𝑗,𝑣 = 1
4
∑

𝑘∈𝑣 𝐜𝑗,𝑘, 
the covariance matrix 𝐂𝑗,𝑣 = 1

4
∑

𝑘∈𝑣
(

𝐜𝑗,𝑘 − 𝐯𝑗,𝑣
) (

𝐜𝑗,𝑘 − 𝐯𝑗,𝑣
)𝑇 , and the 

best-fit orientation through the SVD 𝐂𝑗,𝑣 = 𝐑𝑗,𝑣 𝜮𝑗,𝑣 𝐑𝑇
𝑗,𝑣. Then we 

transform the corners of the reference box to obtain the simulation 
geometric features, 𝐳𝑗,𝑘 = 𝐯𝑗,𝑣 + 𝐑𝑗,𝑣 𝐫𝑘.

In the objective function (8), we measure error for all 𝑁 tracked ver-
tebrae on each radiograph, as denoted in (9). Ideally, we would pick all 
17 thoracic and lumbar vertebrae on all radiographs, as those possibly 
involved in scoliosis and affected by brace forces. However, because of 
the limited width and height of the low-dose x-ray machine, not all 17 
thoracic and lumbar vertebra are visible in the target radiographs for 
all subjects. As a result, in practice we pick 𝑁 to be the visible vertebra 
of each subject. 𝑁 ∈ [13, 17] in practice.

4.2. Gradient and solver

We have used the L-BFGS-B optimization algorithm (Nocedal and 
Wright, 2006), in its scipy implementation in Python (Virtanen et al., 
2020) to optimize the problem in (8). To this end, we have generated 
Python bindings of the C++ biomechanical simulation. L-BFGS-B eval-
uates the objective function on each iteration step, then uses gradient 
evaluations to approximate the Hessian in a Newton-like algorithm, and 
takes a step that reduces the objective. Every time a step is taken, it is 
necessary to solve the static equilibrium of the torso on all radiographs. 
Note that the differentiable biomechanics model can only be applied if 
the force-equilibrium constraint is satisfied.

The gradient of the objective function in (8) with respect to the 
model parameters 𝐤 can be expressed as: 
𝜕𝑓
𝜕𝐤

𝑇
=
∑

𝑗

𝜕𝐱𝑗
𝜕𝐤

𝑇 𝜕(𝐱𝑗 , 𝐜̂𝑗 )
𝜕𝐱𝑗

𝑇

. (10)

Following the differentiable biomechanics formulation from Sec-
tion 3.3, each product 𝜕𝐱𝑗𝜕𝐤

𝑇 𝜕(𝐱𝑗 ,𝐜̂𝑗 )
𝜕𝐱𝑗

𝑇
 can be computed by propagation 

through the simulation model as in (7), with 𝐠 = 𝜕(𝐱𝑗 ,𝐜̂𝑗 )
𝜕𝐱𝑗

𝑇
, the gradient 

of each error term with respect to the simulation DoFs.
Obtaining the gradients of the error terms requires differentiating 

the complete error computation process described above in Section 4.1, 
which can be summarized as: (3𝐯𝑗,𝑣,3 𝐑𝑗,𝑣) → 𝐜𝑘 → (𝐯𝑣,𝐂𝑣 → 𝐑𝑣) → 𝐳𝑘 →
. We apply the chain rule to this process, to obtain error gradients with 
respect to vertebra translation 3𝐯𝑗,𝑣 and vertebra rotation 3𝐑𝑗,𝑣. In the 
following expression, 𝐰 denotes either 3𝐯𝑗,𝑣 or 3𝐑𝑗,𝑣.

𝜕 =
∑

(

𝐳̂𝑗,𝑘(𝐜̂𝑗 ) − 𝐳𝑘(𝐱𝑗 )
)𝑇 𝜕𝐳𝑘 , (11)
𝜕𝐰 𝑘∈𝑣 𝜕𝐰
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Table 2
This table indicates the main characteristics of each participant (age, gender, height, Cobb angle of the spine, and scoliosis curve type), as well as summarized information about 
the captured measurements (maximum change of Cobb angle produced during data capture, and maximum applied force). A positive sign of Cobb angle indicates left curvature 
(which is the majority condition), and negative sign indicates right curvature. Similarly, a positive force indicates pushing toward left curvature, and negative force indicates 
pushing toward right curvature. Average Cobb angle and maximum force were computed using absolute values, regardless of curvature direction.
 Subject characteristics # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average (abs) 
 Age 11 15 10 12 15 10 14 12.4  
 Gender female female male female female male male –  
 Height (cm) 157 160 144 146 168 139 165 154  
 Init Cobb (deg) +11 +16 +15 −10 +16 +11 +7 12.3  
 Scoliosis Curve Thoracic Lumbar Thoracic Thoracic Lumbar Thoracolumbar Thoracic –  
 Change Cobb (deg) −19 +13 −46 +25 +8 −26 −20 22.4  
 Max force (N) −59 +114 −60 +79 +88 −45 −92 76.7  
𝜕𝐳𝑘
𝜕𝐰

=
∑

𝑙∈𝑣

(

𝜕𝐳𝑘
𝜕𝐯𝑣

𝜕𝐯𝑣
𝜕𝐜𝑙

+
𝜕𝐳𝑘
𝜕𝐑𝑣

𝜕𝐑𝑣
𝜕𝐂𝑣

𝜕𝐂𝑣
𝜕𝐜𝑙

)

𝜕𝐜𝑙
𝜕𝐰

. (12)

The majority of the derivatives are trivial to compute, as the process 
of computing the error involves mostly simple arithmetic. The only 
complex term is 𝜕𝐑𝑣

𝜕𝐂𝑣
, as it entails the derivative of the SVD. Fortunately, 

this derivative is published in Papadopoulo and Lourakis (2000).

4.3. Choice of parameters

The number of stiffness parameters of the torso model could be 
very large, with 6 different stiffness values per skeletal joint (the 
model has a total of 67 joints), and heterogeneous Lamé parameters 
in the soft tissue. While this may be appealing for reaching very 
high accuracy and personalization of the model, unfortunately the 
available measurement data does not provide sufficient information to 
estimate so many parameters, and the estimation could easily suffer 
from overfitting. We take a radically opposite approach, and minimize 
the number of estimated parameters necessary to obtain an accurate 
fit to the measurement data, while being robust to generalization to 
unseen deformations.

The study by Koutras et al. (2021) provides some insights to reduce 
the number of parameters while jointly maximizing accuracy and ro-
bustness. First, they suggest grouping the parameter ratios for some sets 
of vertebrae, e.g., all intervertebral joints share the same 6 parameter 
ratios for translation and rotation stiffness. It is important to highlight 
that, even though groups of joints share a common parameter ratio, 
the actual default parameters may be different as indicated in Table  1. 
Second, Koutras et al. (2021) also show that only 6 parameters affect 
notably the deformation of the spine under three-point-pressure forces 
similar to those applied by scoliosis braces. In order of decreasing 
sensitivity, the parameters are: shear modulus or Lamé parameter 
𝜇, intervertebral lateral bending stiffness 𝑘𝑣,𝛾 , intervertebral lateral 
translation stiffness 𝑘𝑣,𝑥, intervertebral axial rotation stiffness 𝑘𝑣,𝛽 , 
intervertebral flexion/extension stiffness 𝑘𝑣,𝛼 , and Lamé parameter 𝜆. 
In our work, we have selected these same 6 parameters as tentative 
parameters for estimation.

However, as we discuss later in Section 5.2, detailed sensitivity 
analysis of the objective gradient (10) under the measured data has 
shown that two terms of the gradient clearly dominate the rest, the 
terms corresponding to the shear modulus or Lamé parameter 𝜇, and 
the intervertebral lateral bending stiffness 𝑘𝑣,𝛾 . These were the main 
two parameters identified in Koutras et al. (2021) too. For robustness 
of the estimation, in practice we have limited the results to these two 
parameters, but we defer the reader to the full discussion in the next 
section.

4.4. Performance

One simulation (i.e., the computation of one static equilibrium 
deformation) can take up to 2 min, as it requires multiple iterations 
of a nonlinear Newton solver. One optimization process takes around 
1 h, which in turn requires multiple deformation solves.
7 
5. Results

We start this section by describing the subject data used in our ex-
periments and tests. Then, we discuss the rationale for the final choice 
of estimated parameters, to maximize the robustness of the optimiza-
tion. Next, we show the results of parameter estimation, validate them 
under test data, and compare the results to default stiffness parameters 
from the literature (Ignasiak et al., 2015; Koutras et al., 2021). Finally, 
we provide a sensitivity analysis of the estimation procedure against 
errors in the measured forces.

5.1. Subjects and data

For this study, we obtained oral and written consent according to 
national guidelines and the Helsinki Declaration, and with approval 
of the local ethics committee of Hvidovre Hospital (No H-17034237). 
Seven subjects participated in the study. These were patients who had 
to be screened for scoliosis based on previous diagnosis or examination. 
Subject #7 should not be considered a scolisios patient after all, and 
the other subjects would not undergo bracing in practice, based on the 
degree of their scoliosis. Nevertheless, this does not prevent the use of 
the stiffness estimation methodology.

Table  2 lists the characteristics of the participants and the measured 
data. Four participants were female and three were male, with ages 
ranging 10 to 15 years. The average Cobb angle of the participants was 
12.3 (±3.2) degrees. The Cobb angle (Safari et al., 2019) is a common 
metric of scoliosis severity, as it measures the largest attainable angle 
between the superior endplate of a vertebra and the inferior endplate 
of some other vertebra. The maximum applied force on the ribs was 
on average 76.7 N (±23 N). This produced an average change in Cobb 
angle of 22.4 (±12) degrees, which quantifies the amount of deformation 
produced on the spine during the measurement procedure.

5.2. Selection of estimation parameters

Since the gradient of the objective function, 𝜕𝑓𝜕𝐤  in (10), is expressed 
with respect to parameter ratios, the magnitude of each component of 
the gradient serves directly as a metric of sensitivity of each stiffness 
parameter. Therefore, to maximize the robustness of the parameter 
estimation, we have started by analyzing the gradient of the objec-
tive function with respect to tentative parameters. As announced in 
Section 4.3, we have tentatively picked the 6 parameters highlighted 
by Koutras et al. (2021), namely: intervertebral lateral translation stiff-
ness 𝑘𝑣,𝑥, intervertebral flexion/extension stiffness 𝑘𝑣,𝛼 , intervertebral 
axial rotation stiffness 𝑘𝑣,𝛽 , intervertebral lateral bending stiffness 𝑘𝑣,𝛾 , 
Lamé parameter 𝜇, and Lamé parameter 𝜆.

Table  3 shows the gradient of the objective function (10), for 
all 7 participants, with respect to these 6 parameters. Note that the 
actual values are not particularly relevant, but their ratios are. Two 
parameters clearly stand out: the Lamé parameter 𝜇 of the soft tissue, 
and the intervertebral lateral bending stiffness 𝑘𝑣,𝛾 . In our parameter 
estimation, following the formulation in Section 4, we consider only 
these two parameters. We have confirmed that adding the third most 
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Table 3
Gradient of the objective function (10), for all 7 participants, with respect to 6 tentative spine and torso stiffness parameters highlighted in previous work (Koutras et al., 2021). The 
translation and bending stiffness terms correspond all to the intervertebral joints, and the Lamé parameters correspond to the soft tissue. The comparison shows that 2 parameters 
clearly stand out: the shear modulus or Lamé parameter 𝜇 of the soft tissue, and the intervertebral lateral bending stiffness 𝑘𝑣,𝛾 . To maximize the robustness of the parameter 
estimation, we retain only these two parameters. 
 Parameter gradients # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average (abs) 
 Lateral translation 𝑘𝑣,𝑥 110.5 85.8 113.8 143.4 10.6 60.3 21.0 77.9  
 Flexion/extension 𝑘𝑣,𝛼 −4.8 −44.9 −4.0 −3.1 −1.8 0.1 −4.4 9.0  
 Axial rotation 𝑘𝑣,𝛽 66.0 207.6 114.8 185.6 10.4 41.1 14.9 91.5  
 Lateral bending 𝑘𝑣,𝛾 1155.5 447.4 594.5 795.2 56.8 468.1 142.5 522.8  
 Lamé parameter 𝜇 1821.1 688.4 695.3 1485.1 134.0 598.1 159.7 797.4  
 Lamé parameter 𝜆 342.9 −152.3 25.7 305.2 4.6 72.2 −8.9 130.3  
Table 4
Resulting values of the optimized parameter ratios, per patient. Note that these parameter ratios multiply the default stiffness parameters 
(obtained from the literature) listed in Table  1.
 Optimized parameters # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average 
 Intervertebral lateral bending 𝑘𝑣,𝛾 0.10 0.19 0.02 0.05 0.01 0.06 0.63 0.15  
 Lamé parameter 𝜇 0.01 0.02 0.02 0.09 0.11 0.02 0.15 0.06  
Table 5
RMSE (in mm) between measured image features and simulated results, across all patients. The RMSE is measured on the initial pose, the two training poses, and the validation 
pose. Note that our parameter estimation reduces the error, both in training and validation, to approximately 1/3, to a range comparable to the input skeleton geometry.
 Fitting error # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average 
 Initial pose 1.55 3.87 2.09 2.56 2.99 2.13 1.56 2.39  
 Training poses, default params 15.08 10.88 14.27 11.67 4.62 9.68 3.37 9.94  
 Training poses, optimized params 3.54 4.53 4.12 3.87 2.95 1.95 2.45 3.35  
 Validation pose, default params 15.05 10.87 14.36 11.72 4.39 8.98 3.37 9.82  
 Validation pose, optimized params 3.29 4.43 4.13 3.99 3.00 1.93 2.37 3.30  
Table 6
Comparison of Cobb angle (in deg), across patients: in the initial pose, in the validation pose (measured as a difference), simulated with default 
parameters, and simulation with estimated parameters. The average error in the validation pose is of 13.4 deg with default parameters, and 
just 2.9 deg with our estimated parameters.
 Cobb angle # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average (abs) 
 Initial pose +11 +16 +15 −10 +16 +11 +7 12.3  
 Diff in validation pose (measured) −16 +6 −43 +26 0 −27 −15 19.0  
 Diff in validation pose (default params) 0 −1 −8 +16 −1 −3 −14 6.1  
 Diff in validation pose (optimized params) −17 +4 −38 +30 +2 −25 −19 19.3  
sensitive parameter to the optimization was not a positive choice. In 
4 of the subjects, the optimization with 3 parameters led to extreme 
parameter values (and lack of simulation robustness), which is a clear 
indication of overfitting. In the other 3 subjects, the optimization error 
was reduced by only 3.6% with respect to the solution with just 2 
parameters.

5.3. Optimization results

Table  4 shows the personalized values of the parameter ratios 
obtained by our optimization algorithm. Note that these parameter 
ratios multiply the default stiffness values obtained from the literature 
and listed in Table  1.

As discussed in Section 2.1, we have used two radiographs (and 
their corresponding forces) for parameter optimization, and one ad-
ditional radiograph for validation. Table  5 lists the RMSE (in mm) 
between measured image features and the simulation results obtained 
by projecting the simulated vertebrae to the image plane (See Sec-
tion 4.1 for the description of the full error computation procedure). 
Table  5 compares the error using the default stiffness parameters and 
our optimized parameters, in both the training poses and the validation 
pose. Table  5 also lists the error in the initial pose (with no applied 
force), which corresponds to the error of the geometry fitting algo-
rithm (Koutras et al., 2022). Table  6 compares the change in Cobb 
angle between the initial rest pose and the validation pose in three 
cases: measured on the subjects, simulated with default parameters, and 
simulated with our estimated parameters. For reference, the table also 
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includes the Cobb angle of the subjects in the initial rest pose. Note 
that the actual Cobb angle may increase or decrease in the validation 
pose, depending on the direction in which the force was applied and 
the amount of force.

Figs.  4 and 5 provide qualitative visualization of the accuracy of 
the estimation. They illustrate the personalized models overlaid on the 
radiographs for the initial pose, the validation pose with default param-
eters, and the validation pose with optimized parameters. The figures 
also illustrate in all cases the target and simulated image features, 
which are used for error computation.

5.4. Sensitivity analysis

To conclude the experiments, we have analyzed the sensitivity of 
the estimated parameters with respect to potential errors produced 
e.g. by the measurement system prototype. To carry out this sensitivity 
analysis, we have varied the controlled force on the ribs 𝐹3 by ±10%, 
and we have re-estimated the stiffness parameters. Table  7 compiles 
the average change in the estimated parameters for each subject. 
The change is expressed as percentage with respect to our estimated 
parameter values.

6. Discussion

We start this final section with a discussion of the results. Then, 
we summarize the major conclusions resulting from our work. And we 
finish with a discussion of limitations and avenues for future work.
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Fig. 4. Models of subjects 1–4 overlaid semitransparent on their corresponding radiographs, along with plots comparing tracked and simulated image features (i.e., vertebrae 
corners). Left: initial pose showing the input geometry fit. Middle: validation pose with default stiffness parameters. Right: validation pose with our optimized stiffness parameters.
Table 7
Sensitivity of estimated parameters to a 10% error in the measured forces. Measured as percentage with respect to our estimated parameter 
values.
 Sensitivity of parameters # 1 # 2 # 3 # 4 # 5 # 6 # 7 Average 
 Intervertebral lateral bending 𝑘𝑣,𝛾 10.4% 7.9% 18.8% 0.0% 0.0% 13.8% 2.4% 7.6%  
 Lamé parameter 𝜇 25.0% 44.4% 14.7% 27.8% 18.2% 40.0% 30.0% 28.6%  
9 
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Fig. 5. Models of subjects 5–7 overlaid semitransparent on their corresponding radiographs, along with plots comparing tracked and simulated image features (i.e., vertebrae 
corners). Left: initial pose showing the input geometry fit. Middle: validation pose with default stiffness parameters. Right: validation pose with our optimized stiffness parameters.
6.1. Discussion of results

From the estimated parameters in Table  4, we observe that the de-
fault parameters are considerably stiffer (up to two orders of magnitude 
in some cases) than the personalized parameters for all participants.

From the image-fitting error data in Table  5, we can draw several 
significant observations:

1. On the training poses, our parameter optimization method
achieves a reduction of the error to 1/3 of the error with default 
stiffness parameters. Quantitatively, this means a reduction from 
an RMSE of approx. 10 mm to 3.35 mm.

2. Very similar error reduction is achieved on the validation pose, 
demonstrating that the results generalize to other applied forces.

3. The error achieved by the parameter optimization is very similar 
to the error present in the initial pose. Note that the initial pose 
sets an upper bound on the accuracy of the parameter estima-
tion; this can never achieve higher accuracy than that of the 
initial geometry. Adding more parameters to the optimization 
could decrease the error even below the initial error, but this 
would be a sign of overfitting.
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4. As hypothesized, there is an evident correspondence between the 
absolute RMSE (Table  5) and the spine and torso stiffness (Table 
4) across the participants. The models of stiffer participants 
(e.g., subject 7) show considerably lower error.

5. The results are robust to the diversity in the participants and 
the measured data (i.e., male and female, left and right scoliosis 
curvature, increased and decreased curvature during measure-
ments). Note that the error improvement with respect to default 
parameters shows a very similar trend across all participants.

From the Cobb angle data in Table  6, we draw similar observations:

• The average error in Cobb angle in the validation pose is 4.6×
higher with default parameters than with the estimated param-
eters. This average error is reduced from 13.4 degrees to just 
2.9 degrees. Note that the maximum error with our estimated 
parameters is of just 5 degrees, and this is on cases with large 
deformation with respect to the initial pose.

• Similar to the image-fitting error, there is a correspondence be-
tween the Cobb-angle error with default parameters and the 
actual spine stiffness of the subjects, with stiffer subjects showing 
less error.
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Last, the sensitivity data in Table  7 indicates that the estimated 
Lamé parameter 𝜇 is notably more sensitive to measurement error 
than the intervertebral lateral bending stiffness. While the latter is 
rather robust (sensitivity below 1), the former shows a high sensitivity 
(average of almost 3).

6.2. Conclusions

The results of our study allow us to draw several conclusions about 
modeling and characterization of spine and torso stiffness for scoliosis 
bracing design.

• The results confirm our initial hypothesis: personalized stiffness 
values are considerably lower than the default values in the 
bibliography. This is no surprise, as the default values are derived 
from in-vitro experiments on cadavers of mature subjects, while 
we performed in-vivo experiments on adolescent subjects.

• Based on the range of the optimized parameters, personalized 
biomechanical models are necessary for accurately capturing the 
spine’s mechanical response, specially for personalized computa-
tional brace design.

• Intervertebral lateral bending stiffness and shear modulus of the 
soft tissue explain the majority of the personalized response in 
lateral bending deformations relevant for scoliosis bracing.

• Modeling the soft tissue in the skeleton is key for a correct 
characterization. Furthermore, the high sensitivity of the Lamé 
parameter 𝜇 to force measurement errors indicates that correct 
characterization of the soft-tissue stiffness requires even more 
care than characterization of the spine stiffness.

We also draw conclusions about the proposed methodology for 
stiffness characterization.

• Given the low error in vertebrae positions (below 3.3 mm) under 
validation conditions not used for training, we can conclude 
that the resulting personalized biomechanical models succeed to 
reproduce the force–deformation response under conditions that 
mimic spinal bracing.

• Using force data for the parameter estimation, together with the 
inverse-modeling optimization approach, are key elements for the 
success of the proposed methodology.

• The low encumbrance of the proposed system for force-and-
deformation data acquisition makes the overall methodology suit-
able for implementation in the clinical protocol for computational 
design of spinal braces for AIS.

• The differentiable biomechanics model and the optimization-
based estimation algorithm succeed in reaching stiffness pa-
rameters that are accurate yet robust, i.e., they do not suffer 
overfitting.

6.3. Limitations and future work

Our methodology and results suggest multiple avenues of future 
work. Some could overcome the technical limitations of our current 
proposal, while others could explore its clinical impact.

The validation of the estimated parameters was executed using 
forces applied at the same locations as those used for estimation, 
and this limits the validation of the generalization capabilities of the 
resulting models. One possible improvement could be to use more 
general force–deformation data, both for estimation and for validation, 
with forces applied at different locations on the ribs. However, this is 
not free of challenges, as increasing the amount of data would increase 
the radiation exposure on the subjects. One way to increase the amount 
of data could be to combine some radiograph images with images of 
markers on the surface of the torso. Another possible improvement 
could be to use force–deformation data that is closer to the conditions 
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imposed by braces, leveraging expert knowledge of the clinicians to 
define force location and range differently for each subject. One such 
approach could be to fix the torso at the axilla and not at the shoulder, 
but this would require building a more complicated support system.

The measurement prototype lacks some robustness, and as a result 
we discarded data where the shoulder or the pelvis did not remain fully 
fixed in practice. A revision of the prototype should focus on building 
dedicated fixation elements to guarantee higher robustness. In addition 
to lack of measurement robustness, another possible source of error 
is undetected external forces, such as in the back or the feet. New 
iterations of the measurement prototype could include quantification 
and minimization of these forces.

In AIS, spinal curvature is correlated to axial rotation (Easwar et al., 
2011). For this reason, modern brace designs aim to correct both lateral 
bending and axial rotation. Our proposed methodology is focused on 
measurement and personalization of the lateral bending behavior, and 
it should be extended to include representative axial rotation data 
for larger generality. While our results only reveal sensitivity of the 
intervertebral lateral bending stiffness and the shear modulus of soft 
tissue, perhaps the inclusion of axial rotation data could point to the 
relevance of other stiffness parameters such as intervertebral axial 
rotation stiffness. Obtaining axial rotation data is however nontrivial, as 
it would require the acquisition of 3D deformations using, e.g., biplanar 
radiographs, but we have already mentioned the risk of increased 
radiation exposure.

All in all, while the current results of our methodology are very 
promising, its implementation on clinical settings requires more ex-
tended validation, covering a larger cohort and subjects with more 
severe scoliosis. It is also necessary to identify if the model person-
alization provided by the methods is sufficient for the application 
of computational brace design in practice, or if higher accuracy is 
needed. If higher accuracy is actually needed, this could come from 
improvements to the estimation methodology, but also to the underly-
ing parameterization of the biomechanical model. Possible extensions 
to the model include making the soft tissue heterogeneous, adding 
more complex models for joints, or adding muscle forces. However, in-
creasing the parameter space of the model makes parameter estimation 
ever more complex, and our experiments already emphasize the risk of 
parameter overfitting.

Beyond the application to computational brace design, the estima-
tion of personalized stiffness response of the torso and the spine could 
also be relevant for the clinical study of AIS. Estimating the stiffness 
parameters for a larger cohort would open the door to analyzing 
possible correlations to age, height, gender, and degree and progression 
of scoliosis. And, ultimately, this might allow novel investigation on the 
aetiology of scoliosis

To conclude, we remark that our measurement and estimation 
methodology target the personalization of the stiffness response of the 
torso and the spine for AIS-related applications. While the results are 
not general enough for comprehensive modeling of the torso and the 
spine, the methodology features several elements that could be applied 
in the context of comprehensive modeling, such as the acquisition of 
combined force–deformation data, the development of a differentiable 
biomechanical model, and the design of an optimization procedure 
built on differentiability of both biomechanics and the data acquisition 
process.
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