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1 | INTRODUCTION

The problem of realizing groups by automorphism groups is an old one in mathematics and has been thoroughly studied
for various categories. For instance, certain families of graphs (refer to the survey [3], and references therein), compact
Hausdorff spaces [9], algebraic number fields [10], or partially ordered sets (see [2, 6, 13]) have been considered for this
purpose, among others. It should be noted that recently, this problem for finite partially ordered sets or finite topological
spaces has been revisited with a focus on reducing the number of points needed [4, 5]. Additionally, some variants of the
original problem involving other groups related to finite topological spaces have been considered in [7, 8].

The aim of this paper is to study the following problem: given a finite group G, is there a finite subset V' of the Euclidean
space R™ for some m such that its group of isometries is isomorphic to G? This problem was first considered and solved
in [1], where Albertson and Boutin proved the existence of a finite set V ¢ RI°I= of n + ( ’2‘) points realizing G. However,
the proof provided is not constructive and relies on the implicit function theorem. The authors also explore what they
call isometry dimension 6(G) of a finite group G, which is the smallest dimension of the Euclidean space in which G can
be realized, and posed several interesting questions related to this concept. Most of these questions were answered by
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FIGURE 1 Schematic representation of C,.

Patnaik in [12] as a consequence of the main result proved there: the isometry dimension of a finite group G is equal to
the dimension of a minimal-dimensional faithful real representation of G.

In this paper, for every finite group G, we construct explicitly a finite set VV ¢ RIC! of |G|(|S| + 1) points, where S is a
generating system for G, that realizes G. From here, we deduce that V' can be constructed using at most |G|(log,(|G|) + 1)
points. The number |V'| provides a sharp upper bound on to the minimum number of points needed to realize G. Moreover,
the bound obtained addresses a possible answer to [1, Question 2]: Is there a relation between the order of a group and the
minimum number of points needed to realize it? Additionally, we analyze a slight variation of that question, which was
considered in [12, Question 3]: Is there a relation between the order of a finite group G and the minimum number of points
needed to realize it in R9(©)? This question seems to be similar to the previous one. However, we prefer to present them as
different questions since a finite set V with the minimal number of points a(G) needed it to realize G may not be found
in R9©, For example, Z satisfies that a(Z) = 8, 8(Z,) = 2, but it is not possible to find a finite set V of 8 points in R?
realizing Z¢. To conclude, we compute a(G) for various families of groups.

2 | REALIZING FINITE GROUPS AS ISOMETRY GROUPS OF FINITE SETS

Let G be a finite group and let S = {i,, ..., i;} be a generating system for G. Consider RI®! with the Euclidean distance,

denoted by d. Associate to each vector of the canonical basis of RI®! a different element g € G and call this vector eg. For

each g € G, set bgj = (j + Deg where j =1,...,s. Let Lg, be the line that passes through bgj and Cgi which is given by
Xg—(j+1)

{xgij =5 ;X = 0 where h # g, gi y }. Inside ng, define Agj to be the point that is at distance of 5 from bgj, that is,

Ag, =(0,0,...,0,(j + DA = 1),0,...,0, ¢} ,0,...,0),
—— e N——r
g 8ij

1 .

where ¢; = PN - e Cg- Itisclear that |V| = |G|(|S| + 1).
Refer to Figure 1 for a schematic representation of C,. We make the assumption that gi; = hand gi, = f.Itis important to
note that the points Agj (illustrated in blue) are proximate to bgj = (j + De; (marked with a circle), and they point toward
Cgi- The latter lies on the line Ly;, depicted in green, which connects bgj with €gi; Consequently, the subscripts of Ag;

85U80|7 SUOWLWIOD dAeaID 8|qedl|dde ayy Aq peusenob ae Sspie YO ‘@SN JO S8 1o A%iqi]8UIIUO /8|1 UO (SUORIPUOD-pUe-SW.I W00 A3 1M ARelq 1 BUl|UO//:SANY) SUORIPLOD Pue Swie | 8u 88S *[G202/20/90] uo ArlqiTauljuo Ae|im ‘(oul eAnge ) aqnopesy Aq 28200202 euew/Z00T 0T/I0p/wioo" A8 |im Areiq1jguluo//sdny woly papeojumoq ‘0 ‘9T9222ST



CHOCANO MATHEMATISCHE 3
NACHRICHTEN

indicate that the point is near the g-axis and points toward gi - Additionally, when j = 1, ..., s is fixed, Agj is located on a

sphere. The sphere has a center at the origin, that is, (0, ..., 0), and a radius \/ (G+12Q -t j)2 + tj2. forevery g € G.

Theorem 2.1. The isometry group of V is isomorphic to G.

Proof. Note that G naturally acts on V: for each element h € G, h - e; = epgo and h - Agj = A(hg)j. We fix h € G and prove
to that h : V — V is an isometry. It is clear that h is a bijection. We examine all possible cases to show that h preserves
distances:

1. Let us consider g # | in G. By construction d(eg, ¢;) = \/— = d(eng en)-
2. Consider j = 1,..., s, note that for every g, f € G, one has

dleg, Ag) = /[G + DA = £) = 112 +£2 = d(ey, Ay)

and consequently d(eg, Ag,) = d(eng, Apg))-
3. Suppose g # finGand j = 1,...,s. Let us prove that d(eg, Ay,) = d(epg, Aps,). There are only two options: if fi; = g,

then d(eg,Afj) =4j2+2j+2— 2% and if fi; # g, then d(eg,Afj) = \/[(j + DA -]+ tjz. + 1. Suppose that fi; =
g then hfi; = hg and d(eg,Afj) = d(ehg,Ahfj). Consider fi; # g, this gives d(eg,Afj) = d(ehg,Ahfj).

4. Suppose g, f € Gand j,k = 1,...,s, we now prove that d(Agj,A )= d(Ahgj,Ah 7,.)- We study the possible options for
d(Ag;, Ag ). 1f g # fand f # gi; # fi # g, then

d(Ag, Ap) = \JIG + DA = )R + 2 + (e + DA = () + 22,

If f # g and gi; = fiy, then

d(Ag;, Ag,) = \/[(j + DA -t + [k + DA = )] + (8 — 1)

If f #gandgi; = f, fix # g then

d(Ag, Az) = \JIG+ DA = )P + [+ 1)1 =) — £, + 7.

If f # gand gi; = f, fix = g, then

d(Ag, Ag) = (/10 + DA = 1) = (2 + [+ DA — 1) — ]2

If f =gand j # k, then

d(Ag,, Ap) = \JIG+ DA = 1) = (k + DA = 62 + £ + 27,

From this, it follows that d(Ag]_ JAf ) = d(Ahgj,Ah ,) since the action on the left by h does not change the hypothesis
on the cases studied. '

Thus, G is a subgroup of the isometry group of V. Let T : V' — V be an isometry. Suppose T(e,) # ¢ for every k € G.
Then, T(e,) = Afj for some f € G and j = 1,...,s. However, d(e,, ¢) = \/5 for every k € G and there is no pointv € V
satisfying d(e £ V) = \/5 Hence, T sends the points of the form e, to points of the form e, for g,k € G. Moreover, it is
easy to deduce thatif T(e,) = ey, then T(Agj) = Ay, forevery j = 1,...,s, thatis, T(Cy) = Cy. Assuming T(e,) = e; we will
prove that T is equal to the isometry given by the action of 7 € G on V. By the previous comments, 4 and T coincide in e,
and A, forevery j = 1,..., s, thatis, T(C,) = h(C,). We show that T(Al-j) = Apj; forevery j = 1,...,s. Suppose T(Al-j) = ey
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FIGURE 2 V c R!such that the isometry group of V is Z; for i = 2, 3.

for some k € G with k # hij, by the previous analysis on the distances between points of V, one has

VP2 42 - o = d(Age) = dT(A ) T(e,) = dCAn, 00 = (lG+ DA =P+ +1,

which entails a contradiction. From this, we get that 4 and T also coincide in C,-J_ for every j = 1,...,s. Following this
argument and taking into account that i; with j = 1,...,s is a generating set for G, we may conclude that T and h are

equal. O

Example 2.2. We consider the only two possible cases that can be drawn: Z, and Z;. For the first one,

= L Iy L, L 2 i = -
set V ={(1,0),(0,1),(2 7 2\/5),(2\/3,2 \/g)} C R<. While for the second case, V =(1,0,0),(0,1,0),(0,0,1),(2

! - %)} C R3. In Figure 2, we have represented V and the way to construct it for

1 11 1
> _,O ) 0’2_ = T =) _’0’2
5 e 02 mh G

both cases: the dotted lines correspond to the lines ng, while the points represented with a circle correspond to the points
by,
Remark 2.3. By [12, Lemma 3 and Remark 2.1], the isometries of V C RI®! extend in a unique way to isometries of RIC!.
This provides a representation of G, that is, G — Aut(RIC!). It is not difficult to deduce that this representation is indeed

the regular representation of G.

3 | ISOMETRY DIMENSION AND MINIMALITY OF V

We begin by providing a definition that places more emphasis on the number of points required to represent a group than
on the dimension of the ambient space.

Definition 3.1. Let G be a finite group. We define a(G) to be the smallest number for which there exists a finite set
V c R™ of a(G) points such that its isometry group is isomorphic to G for some m.

The construction proposed in Theorem 2.1 relies on the cardinality of the generating set S. However, for every
finite group G, the cardinality of a minimal generating set for it is at most log,(|G|). Therefore, a(G) < |G|(log,(|G|) +
1). Note that the equality does not hold in general since for example a(Z,) =2. On the other hand, consider-
ing a minimal generating set we may get the equality for some groups as we may deduce from the following
proposition:

Proposition 3.2. Let G be a finite cyclic group of prime order p # 2, then a(G) = 2p.
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FIGURE 3 Realization of Z, @ Z, with a set V of 8 points in R3.

Proof. Consider the vertices of a regular p-sided polygon {x, ..., x,_1}. For each vertex x; we add a point b; that lies at
distance € = % from x; in the line that connects x; with x;,. Consider V' = {x,, by, x, b1, ..., Xp_1,bp_1} C R2. The
isometry group of V is clearly G. We argue by contradiction to get that a(G) = 2p, suppose a(G) < 2p. The orbits of the
action can only have 1 point or p points. If there exists an orbit with just one point, then this point is fixed by the action
and removing it does not change the isometry group, which gives a contradiction with the definition of «(G). Assume that
we only have one orbit with p points {yy, ..., y,—1}. Then, d(y;,¥;) = d(¥i4n,yj+n) for every n € Z,,, where the subindices
are considered modulo p. Define f : V — V by f(y) = yo and f(y;) = y, Where i + k = 0 mod p. It is simple to check
that f is an isometry of order 2 and this gives a contradiction. O

Note that a(Z,) = 2 and it is simple to get a(S,) = n, where S,, denotes the symmetric group. Let H be a subgroup of a
finite group G. Then, a(H) < a(G) does not hold in general, for example, consider Z5 as a subgroup of Ss.

From now on, we may assume that every realization satisfies the following property: (x) V' C R™ realizes G and d(0,y) =
¢, forevery y € O(x) = {gx|g € G} and x € V, where o denotes the origin (0,0, ..., 0).

Proposition 3.3. Let G and H be finite groups. Then, a(G X H) < a(G) + a(H).

Proof. Suppose G may be realized in R" with V; and H in R™ with V}; satisfying (). We apply a homothety centered at
o of ratio k in R™, where k is bigger than the diameter of V. In this manner, V5 # V; (in case G = H). Consider R"**™,
realized G in the first n coordinates and H in the last m coordinates using V; and V. From this, the result follows. []

It is clear that the dihedral group D,, of 2n points can be realized with n points in R2. However, if n = 2m for some
odd number m, then a(D,) <2+ % (because D,, ~ Dn X Z,). Moreover, we may not expect to get an analogous result
2

of Proposition 3.2 for every finite cyclic group in general: consider Zq, it is clear that Z can be realized in R? with 12
points, but using Proposition 3.3, we get that a(Z¢) < 8 (see Figure 3). We now study some families of groups for which
the equality of Proposition 3.3 holds:

Proposition 3.4. Let p and q be prime numbers such that p < gq.

L Ifp=2thena(Z,® Zy) =2+2q.
2. Ifp#2 thena(Z, ® Zy) =2(p + q).
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Proof. By Proposition 3.3, a(Z, ® Z;) < a(Z,,) + a(Z,). Suppose V is a set of a(Z, @ Z,) points realizing Z, & Z,. By
the class equation and the fact that V, = {x € V|gx = x forevery g € Z, & Z,}is empty (otherwise we get a contradiction
with the definition of a(Z, @ Z,)), we get a(Z, ® Z;) = ap + bq + cpq, where a is the number of orbits of p points,
b is the number of orbits of g points and c is the number of orbits of pg points. We argue by contradiction, assume
ap +bq +cpq < a(Z,) + a(Z4). We discard some preliminary cases:

1. (a,0,0) is not possible. Suppose there exists a set with ap points realizing Z, @ Z,, this leads to the fact that Z, is
contained in the kernel of the action.

2. (0,b,0) is not possible for the same reason (with Z,) of the previous case.

3. (0,0,1) is not possible. Suppose V' is a set of pq points realizing Z, @ Z,. Then, V = {x,, ..., Xpq—1} such that ix; =
X4 j, where i € Z,, and the subindices are considered modulo pq. Hence, f : V' — V given by f(x;) = x;, where
i+ k =0mod pq is an isometry. By hypothesis, d(x;, x;) = d(Xj;, Xj;,) for every n € Z,,,. We have that d(x;, x;) =
d(f(x;), f(x;)) because if f(x;) = x; and f(x;) = xj, then d(xy, Xp,) = d(Xj1iqj> Xp4ivj) = d(X;j, x;). Itis also clear that
f? is the identity and this leads to a contradiction with the fact that Z pq 18 the isometry group of V' if p > 2. Suppose
p = 2. Define g : V = V by g(x;) = x; with k +i=1 mod 2q. It is clear that d(x;, x;) = d(g(x;), g(x;)) because if
g(x;) = xj, and g(x;) = xy,, then d(x;, x;) = d(Xj4p4k—15Xj4hsk—1) = A(Xx, Xp). Therefore, g is an isometry and g is
the identity. From this, we get that (f, g) is a subgroup of Z, @ Z,. On the other hand, f and g are distinct elements
of order 2, which gives that < f, g > is isomorphic to D,,, where n is the order of fg. This gives that n = g and we get
a contradiction.

4. (a,1,0) is not possible. Since b = 1, Z, fixes the points that do not belong to the orbit of g points. From this (after
removing the points outside the orbit of g points), we deduce that Z, is realized by a set of g points, which entails a
contradiction with Proposition 3.2.

5. Assume p > 2, then (1, b, 0) is not possible. We only need to repeat the same argument given in the previous case.

Suppose p = 2 and 2a + gb + 2qc = a(Z, ® Z,;) < 2 + 2q. We study cases: (i) a > 1 implies ¢ = 0 and b < 1, but this
is not possible by 4. (ii) a = 0 and b > 1 implies that ¢ = 0 and this gives a contradiction by 2. (iii) @ = 0 and b = 0 implies
¢ = 1, but this is not possible by 3. Thus, a(Z, & Z,) cannot be strictly smaller than 2 + 2gq.

Note that the inequality 2(p + q) < pq holdsif p > 2and q > 2—132. Suppose p > 2and pa + gb + pqc = a(Z, ® Z,) <
2(p + q). Again, we study cases: (i) p >3 orp=3andq>7 inlljply that ¢ = 0 and hence a <1 or b < 1, this leads to a
contradiction by 4 and 5. (ii) If p = 3 and q = 5, then there are two possible options: ¢ = 1, which gives thata = b = 0 and
we get a contradiction by 4, and ¢ = 0, a < 1 or b < 1, but this leads a contradiction by 4 and 5. O

Proposition 3.5. Let D,, be the dihedral group of 2n points.

L Ifn = pis a prime number, then a(D,) = p.
2. Ifn = 2p, where p is a prime number, then a(D,,) = p + 2.

Proof. 1t is clear that D, can be realized in R? using p points. Suppose a(Dp) < p. By the class equation we get that
a(Dp) = 2a + pb + 2pc, where a is the number of orbits with two points, b is the number of orbits with p points and c is
the number of orbits with 2p points. It is clear that b = ¢ = 0. However, if a > 1, then Z,, is contained in the kernel of the
action, which leads to a contradiction.

By Proposition 3.3, we get a(D,,) < a(D,) + a(Z,) = p + 2. Suppose that a(D,,) < p + 2. By the class equation,
a(D,,) = 2a + pb + 2pc. Studying cases and repeating similar arguments we obtain a contradiction. O

It is simple to get that a(Z ) < 2p" for each prime number p and r > 0 (just consider the same construction proposed
at the beginning of Proposition 3.2). From this and Proposition 3.3, we get an upper bound for every finite abelian group
G:

Theorem 3.6. Let m = pil p;", where p; is a primer number and r; > 0 foreveryi = 1, ..., n. Then, a(Z,,) < 2 Z?:l pl.ri.

We recall a definition introduced in [1] and a characterization of it given in [12, Theorem 1]. This definition makes more
emphasis on the ambient space R™ than the number of points.
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Definition 3.7. Let G be a finite group. The isometry dimension of G, denoted by §(G), is the smallest positive integer
number m for which G can be realized in R™.

Theorem 3.8 [12]. Let G be a finite group. Then, the isometry dimension 8(G) is equal to the dimension of a minimal-
dimensional faithful real representation of G.

Remark 3.9. Let G be a finite group. Then, it is simple to get that §(G) < a(G).

Proposition 3.10. The group Z, & Z, with a prime number p > 2 cannot be realized in ROZ297p) with q set of(Z, ® Zp)
points. Particularly, the least dimension of a Euclidean space for which Z, @ Z , can be realized in it with a(Z, @ Z ) points
is 3.

Proof. We already know that 6(Z, @ Z,,) = 2 and a(Z, @ Z,,) = 2 + 2p (see Figure 3 to see an example of a finite set
realizing Z, in R3). Suppose Z, @ Z p can be realized by a set V' C R? of 2 + 2p points. Using the class equation for the
action of the group we may deduce that there are two orbits with p points ({x;, x,, ..., xp} and {z,, z,, ..., zp}) and one orbit
with 2 points ({y;, y,}). It is clear that d(y;, xj) =cforeveryi=1,2and j = 1,2,..., p. Hence, for every j = 1,2,..., p, X;
lies in the circle of radius ¢ and center y;, which gives a contradiction since the intersection of two circles with different
center is of at most 2 points.

For the second part, we only need to use the idea of the proof of Proposition 3.3, that is illustrated in Figure 3 for
Z,® Z; O

Proposition 3.11. Let 2 < p < q be prime numbers and let n = 2t, where t is a prime number. Then, the least dimension of
a Euclidean space in which Z,, & Z, and D), can be realized with a(Z , @ Z ;) and a(D,,), respectively, is 4.

Proof. We only need to repeat the same arguments used in the proof of Proposition 3.10. O

Hence, for any finite group G, we may introduce two extra numbers: §,(G) is given by the minimal number of points
needed to realize G in R%© and a5(G) which is the least dimension of a Euclidean space in which G can be realized with
a(G) points. We can associate with a finite group G, 5 positive integer numbers (§(G), 8.,(G), a(G), as(G), |G|). Moreover,
we say that G is realized by a perfect set V if V ¢ R%©) and |V| = a(G), that is, §(G) = 5,(G) and as5(G) = a(G). By
Proposition 3.10, perfect sets may not exist for every finite group. However, it is simple to deduce that there exist perfect
sets for S, and Z,, where p is a prime number.

To conclude, we analyze the quaternion group. From Theorem 3.8, it can be easily deduced a positive answer to [1,
Question 1]: is the isometry dimension of the quaternion group 4? In the following proposition, we provide an upper bound
for the minimal number of points needed to realize the quaternion group in R*.

Proposition 3.12. Let Q = {+1, +i, +j, +k} be the quaternion group. Then 6,(Q), a(Q) < 16.

Proof. We construct a finite set in R* using the method described in [12, Remark 2.2]. Consider a faithful represen-
tation p : Q — GL4(R) and the standard basis of R*. It is simple to check that there exists just one orbit given by
v’ ={(1,0,0,0),(~1,0,0,0), (0,1,0,0), (0, 1,0, 0), (0,0,1,0), (0,0, —1,0), (0, 0,0, 1), (0, 0,0, —1)}. The isometry group of V'
is not isomorphic to Q, but Q is a subgroup of it (note that we are identifying Q with p(Q)). Consider an element h in the
isometry group of V' that does not agree with any g € Q on all V’. For instance, consider h to be the isometry that sends e;
toe; 41, wherei = 1,2, 3, and e,4 to e;. Set four distinct numbers a, b, ¢,d € R such that d((a, b, c,d),(0,0,0,0)) > 1. Let V'
denote the union of V’/ with the orbit of (a, b, ¢, d) under the action of Q. By the method described in [12], Q is a subgroup
of the isometry group of V. Let g : V — V be an isometry. Note that g;,» : V' — V' is an isometry and g is completely
determined by the image of e;, so the isometry group of V' is isomorphic to Q. O

We sum up in Table 1 some of the computations done thorough this section combined with results from [1, 11, 12], where
2 < p <qand py,..., p, are prime numbers, r, ..., ¥, > 0 and n is a positive integer number.
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S_I_ CHOCANO
TABLE 1 (6(G),6,(G),a(G),as(G),|G|) for some finite groups.
G 8(G) 3(G) «(G) a5(G) 1G]
Z, 1 2 2 1 2
Z, 2 2p 2p 2 p
Z,®7Z, 2 2p 2+4+2p 3 2p
Z,®7Z, 2 2pq 2p +2q 4 pPq
@2y 2 201, 2} <2%, P <2 I, o/
D, 2 p p 2 2p
D,, 2 <2p p+2 4 4p
S, n—1 n n n—1 n!
Q 4 <16 <16 4< 8
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