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» Examples of financial assets: equity securities, exchange-traded
funds, market indexes, commodities, exchange rates, fixed-income
securities, derivatives, etc.

» Simple Returns versus Log-returns
Let p; be the price of an asset at time index t

» Returns based on price and gross return

_Pt—Pt—1 _  profit or loss - _ _Pt
Ri= Pt—1  initial investment' Rt+1_Pt_1

= Gross return on the most recent k periods (multiplicative):

__DP __ P Pt—1 Pt—k4+1 _
1+Rt(k)_ptik_pti1><mx.‘.xﬁ_(l-&-Rt)xmx(l-ﬁ-Rt_k_'_l)

> Returns based on log-price

re=log(1+Ry)=log ;P =yr—y; 1

= Log-return on the most recent k periods (additive):
ri(k)=log(1+R¢ (k))=log[(1+R¢) X ... X 1+ Ry _ g4 1)]=

=log(1+R¢)+...+log(1+ Ry oy 1)=re+re—1+--+7r¢ g1
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» Simple Returns and Log-returns

Log-Returns Additivity Over Periods|

ey e

re = log gt HIOED Y

Models for Financial
Time Series

Simple Returns Additivity Over Assets

> Portfolio Optimizati
Ry = — R =3V
S 7 t = 2,‘:1 wiRiy

» Comparisons: Simple Returns versus Log-returns

= Simple returns have the advantage of additivity over assets.
Used in Portfolio Optimization.

= Log-returns have the advantage of additivity over assets
periods. Used in Models for Financial Time Series.

= The statistical properties of the log-returns are more tractable.
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» Simple Returns and Log-returns (GOOGL)

Simple returns R,
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> Statistical Propreties of Log-returns
At first sight, there is no reason why financial time series should behave in a particular
fashion. However, they do: we can identify several common facts known as stylized
features in daily/weekly/monthly returns.
P Fat tails(leptokurtosis)

—> The unconditional distribution has fatter tails than the normal distribution.
P Skewness.
—=> The unconditional distribution is (slightly) negatively skewed for stock

indexes, but close to zero or positive for individual stocks.

Kurtosis Skewness
CoppXopyd) o BEX=w)t g o= B X=p3) _ B3
Kurt[X] = B[(=5£)%] = BEX—IDZ ~ o4 A= Bl(=+)% = o3

Histogram Monthiy Log-returm \s Nomal Distrioution

350 Kurtosis = 14.46.

Leptokurtic

300 Skewness = 0.41

Normal

Platykurtic
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> Statistical Propreties of Log-returns

P Aggregated normality.
—> The distribution of long-horizon returns gets closer to the normal
distribution as the horizon increases.
P Correlation.
= Individual assets display weak negative or no correlation at all, but
portfolios and indices tend to exhibit significant positive correlation.
P Volatility clustering.
=> Periods of high (low) variability tend to be followed by periods of high
(low) variability. Returns are not independent.
P Low decaying correlations.
=> The correlations of |r;|*, for k = 1,2, tend to decay slowly, particularly at
the daily frequency. This feature is known as the long-memory property.
P Time-varying cross-correlations.
—> Correlations between assets increase during high-volatility periods,
particularly during crashes.

Hstoyram of sl eams
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Modeling the log-returns of N assets jointly at time ¢ based on the
previous historical data F,_; as r, € RY

» Model formula r; = p;, + w;

= Conditional mean and conditional covariance of wy
Hy = Elry|F_q] B = E[(r; — p)(re — p)" | Fia]

» General formula for conditional mean

@y € R™, Constant vector x; € R*, Exogenous variable
II;, € RY** Loading Matrix B, - € RVXN | Matrix parameters
ry—; , past log-returns -, temporally white noise

» General formula for conditional Covariance
_ i m T T s : RT
B = AcAy + YL AW iwi)AT + Yo BjEB;
AoAg , positive definite matrix A;, B; € RNXN, Matrix parameters

> LI1.D. Model
= Simplest Model: 'ry = p, + Wy , where p, = ¢y and 3y = AgAg
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In practice the market is only driven by a limited number of factors, K
factors with K < N

» Explicit Factor Model ry = ¢ + IIf; + wy

= f, € R¥, observable market variables
= II € RV*K factor loading matrix

= Conditional mean and conditional covariance
H=E[ri]|=¢;+TIn; Et:E[(rt_F't)(rt—/-"t)T|]:t71]:H2fHT+2w
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In practice the market is only driven by a limited number of factors, K
factors with K < N

» Explicit Factor Model ry = ¢ + IIf; + wy

= f, € R¥, observable market variables
= II € RV*K factor loading matrix
= Conditional mean and conditional covariance
H=E[ri]|=¢;+TIn; Si=E((rs—p,) (v —p,) T |Fooa]=TIZ;O7+3,
» Capital Asset Pricing Model (CAPM)
The i-th stock return at time tis: iy —7r¢ = Bi(rare — rf) + Wit

= Taking the expectation on both sides
C it
Elrii] = vy = Bi(Blrard] —rp), B = St
The risk premium The market premium Sensitivity

= Taking the variance on both sides
Var[r; ;] = 82 Var([ry 4] + Var|w; ;]

Systematic risk Nonsystematic risk
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» Hidden Factors (HF)
HF defined as affine transformations of ry: f; =d + Y r,

—> Start from explicit factors ry = ¢ + IIfy + wy

—> Apply affine transformations ry = ¢y + II(d + TTrt) + wy

= Simplify, where m = ¢, + Ild: ri =m+ Y v, + wy
Estimate parameters m € RV, IT € RV*X and Y € RV *Kysing
nonlinear least-square (LS) regression:
2

minimize E Hrt —m — HTTrtH
m,I1, YT 2

= Optimal solution using principal component analysis (PCA)
II=Y=Eg and m= (I - ExEL)E[r]
Ex € RNXK _ first K largest eig. of Cou[r;].
= Conditional mean and conditional covariance
pe=E[r|Fe1]=E[r¢] Z=E[(r;—p,)(ri—ps)" | Feo1]=Ex Ak EL+Zy

» Comparisons

—> The explicit factors models explain the log-returns with a smaller number of
macroeconomic variables. No systematic method to choose the right factors.

—> The hidden factor model locate a low-dimmensional subspace that captures most of
the variation in the log-returns. Do not have explicit econometric interpretations.
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» ARMA(p,q) processes
» Linear stochastic processes can be written in the form
Yt =+ d1ys—1+ .. + Ppyt—p + €t + 01641 + ... +0g€r g

» Infinite moving-average representation of an ARMA(1,1) process
Yt = ¢1yt—1 + € + 01601 Yt—n = P1Yt—n—1+ €—n + O164—n_1

=€+ 300 ¢7 (¢ + 01)e—s

=> Stationarity of ARMA(1,1) process — |¢1]| < 1

» ARMA(p,0) = AR(p) ARMA(0,q) = MA(q)
Yo = P1Ye—1+t ... + PpYt—p + €t ye =€+ 1€ 1+ ...+ 0464

= All finite moving-average are stationary

= The autoregressive processes may be stationary or
nonstationary depending on their parameters
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» Lag operator

= L(yt) = Lys = Y11

= L*(y:) = LIL(y:)] = Llye—1] = yi—2
» Examples

P Consider the AR(2) process y; = 0.75y;—1 — 0.125y;_2 + €
= The lag polynomial is: 1 — 0.75L 4+ 0.125L% = (1 — 0.5L)(1 — 0.25L)
= The roots are r; = 1/0.5 =2 and rp =1/0.25 =4
—> Both roots are greater than one — AR process is stationary
P Consider the AR(2) process y; = 1.25y;—1 — 0.25y¢—2 + €¢
= The lag polynomial is: 1 — 1.25L 4+ 0.25L% = (1 — L)(1 — 0.25L)
—> Therootsare ry =4 and rx =1

= Second root lies on the unit circle — integrated processes

» Random walks and other "unit-root" processes
Sy=ypa1+tea zu=8y=0-Lyi=y—y—1
= Applying d differences to y;: z; = Ay, = (1 — L)%y,
= ARIMA(p,d,q) — ¢(L)A%; = 0(L)e;

Autoreg g & ge process
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» General formula for conditional mean

» Vector autoregressive (VAR) model
> VAR(1) Vector autoregressive model of order 1
re = ¢y + Piri_1 + wy
= Conditional mean and conditional covariance
Hy = o+ Piri 1 3y =3y

> VAR(p) Vector autoregressive model of order p
re=¢g+y b Biri_i +wy
= Conditional mean and conditional covariance
By = o+ D5 Pire_; ¥ =3y

» Vector moving average (VMA) Model
»> VMA(q) Vector moving average model of order q
re=ptwe— 300 O;we
= Conditional mean and conditional covariance
Ky = H— 3 =3y
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» General formula for conditional mean

» VAR(p) and VMA(q) — VARMA(p.q) Model
e =g+ 2y Birei t W = 300 Ow

= Conditional mean and conditional covariance
By = bt D0 BT -

> Issues
> Two VARMA(p,q) models can be rewritten as the same VMA(co) model
=> The likelihood function of VARMA(p,q) may not be uniquely defined

—=> Two main approaches: Kronecker index and Scalar component model

P The conditional maximum likelihood (ML) estimation may not result in a causal
and invertible estimated VARMA model
= Soll: add more constraints in the conditional ML estimation
=> Sol2: switch to the unconditional ML estimation
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» General formula for conditional mean

» Modeling log-price series with a VAR(p) model
Vi=@g + Py 1+ .+ Py, W

> Assuming weakly stationarity — y; =y;—1 +1¢
ry=¢g+ Iy, 1 +Piry_ 1+ ...+ Pp_1ri_pp Wy
O=—-I-® —..—®,)=—-®(1)and &; =—37 . &, j=1,...,p—1

» Conditional mean and conditional covariance
po=¢o+ MMy 1 + D2 Pirpy X =3,
» Interesting cases of the error correction ITy;
= rank(IT) = 0 — y; is not cointegrated — VAR(p-1)
= rank(IT) = N — II is invertible — y; must be stationary
= 0 <rank(Il) =7 < N — II = aB8”, where a, 3 € RN*"

—=> y: has r linearly independent cointegrated components

—> Mean-reversion statistical arbitrage investment strategies, pairs trading strategies
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» Volatility clustering issue

Synthetic Normal White Noise
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» Univariate autoregressive conditional heteroskedasticity
(ARCH) Model

» Modeling the conditional volatility
Wt = Okt

» Conditional variance o7 modeled by
2 m 2
of =a+ Yy cwiy

= Coefficients «; must satisfy some regularity conditions

= The past information is incorporated into the model by using 377" | aiwt{l

» Disadvantages
= Same effects on volatility for positive and negative noise
= To restrictive to capture some patterns. e.g., excess kurtosis
= Does not provide any new insight for understanding the source of variations

=- Tendence to overpredict the volatility — slowly response to large isolated noise
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» Univariate generalized ARCH (GARCH) Model

» Modeling the conditional volatility
Wt = Okt

» Conditional variance o7 modeled by
2 _ m a2 s 2
or =a+ 3 awp i + 35 Bioi

= Condition 377" ; oy + 327, B; <1
= The volatility is more persistent

= The volatility clustering phenomenon can be modeled better

» Multivariate GARCH
» Modeling the conditional volatility
1/2
Wi = Et Zt

» The key part is to model X; conditional on the past information
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» The conditional volatility of GARCH is more persistent

Synthefic ARCH(1) Noise

ARCH(1) Nosse]
—— ARCH(1)g,

Synthetic ARCH(S) Noise

ARCH(@) Noise]
—— ARCH®) g,

GARCH(1,1) Noise
GARCH(1,1)5,
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» Vector (VEC) GARCH Model

= Flexible model

vech(E;) = ag + Y., Awech(w,_wl ;) + Py Bjvech(Z;_;)

= Does not guarantee a positive definite covariance matrix 3,
= The number of parameters is very large unless N is small

» Diagonal VEC Model

_ m T s
Et = A() + Zi:l Az © (Wt_th_i) + Z : B, o Et j
= Still may not guarantee a positive definite covariance matrix 3,

» Baba-Engle-Kraft-Kroner (BEKK) Model
B = AoAJ + 20 Ay(wiiw{_)AT + 370 B3, ;BT
= Flexible model

= BEKK model ensures a positive definite covariance matrix X
= A; and B; do not have direct interpretations
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» Constant conditional correlation (CCC) Model
» Descomposing the conditional covariance matrix X
3, =D:CD,
= D; = Diag([o1,t, ..., ON,¢]), time-varying conditional volatilities
= C is the CCC matrix of the standardized noise vector
n,=D;'w; = E[n,n!|Fi_1]=D;'=:D;'=C
» Dynamic conditional correlation (DCC) Model
» Descomposing the conditional covariance matrix X

3, =D:C:D,
= The ij-th element of DCC matrix is modeled as
dij,t

= Each g;;,; is modeled by a simple GARCH(1,1) model
Qije = (Mie—1m) ;1) + (1 — @)qij,e—1
= Compact matrix notation

Qi = 04("7t—1"7?-1) +(1-a)Qi-1
= Time-dependent conditional correlation matrix C;

C; = Diag_1/2(Q1)QtDia9_1/2(Qt)
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» Summary of different financial models

Model
Structure =gt we
General
Cond. =g +Ix + 30 By — ] Opwi
Mean
m
General 3= AﬂAg + Z Ai(we iW:T i)AL‘T
Jond. s =t
Volatility +3 B;= ;BT
j=1
JOND, MEAN | COND. VOLATILITY
MobELS
MobeL MobEL
LLD. const.: II = 0, p =
Model 4=0 const.: m=s=0
ﬁ::;‘; x;=f,p=q=0 const.: m=s=10
VAR Model | II=0, ¢=0 const.: m=s=0
l‘\]/II:)/[(ﬁ‘I II=0,p=0 const.: m=s=10
;\\]/I!t)l(::\l/[A II=0 const.: m=s5=0
VECM Xi =Yt 1 const.:m=s=10
ARCH const.: IT = 0, p = s—0
Model =0 i
TARCH const.: IT = 0, p = | General Cond.
Model q=0 Volatility Model
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» Heavy Tails Issue

= Financial distributions have heavy tails in practice and the
Gaussian assumption may totally fail because it predicts the large
price changes much less likely than the actual case.

» Lack of stationarity of Real Data

= Even if the models were accurate, the parameters defining them
would change over time at a pace faster than one can properly
estimate.

» Small sample regime
» Dimension of the history data of each stock
» Different trading days for each stocks

» Which price to use? (open price, close price, max. price or
min. price)
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