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Abstract

The Cyclic Cutwidth Minimization Problem (CCMP) is a Graph Layout
Problem that consists of finding an embedding of the vertices of a candidate
graph in a host graph, in order to minimize the maximum cut of a host edge.
In this case, the host graph is restricted to be a cycle. In this paper, we identify
a new lower bound for the problem, and also a property which allows search
procedures to drastically reduce the neighborhood size during the search. Ad-
ditionally, we propose the use of an alternative objective function for min-max
optimization problems, never used before in the context of the CCMP. These
strategies have been combined within a multistart search procedure for this
problem. The obtained method is compared with the state of the art for the
CCMP using sets of problem instances previously published. Statistical tests
indicate the merit of our proposal.

Keywords: Cyclic Cutwidth, Graph Layout Problem, Circular Embedding,
Tabu Search, Multistart Search

1. Introduction

Some families of optimization problems can be represented as graph layout
problems where the objective consists of defining a mapping of a candidate
graph into a regular structure, called the host graph. In these problems, there
are two mapping functions. The first one assigns each vertex in the candidate
graph (candidate vertex) to a vertex in the host graph (host vertex). The
second function assigns to each edge in the candidate graph (candidate edge)
a path in the host graph (host path). The most common approaches found in
the literature for this family of problems are those where the host graph is a
line. These problems are commonly referred to as linear layout problems [1].
However, there exist mappings over more complex regular structures such as
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trees, grids, or cycles [2]. Regardless of the structure of the candidate and host
graphs, the optimization problem may be defined over several objective function
choices.

We tackle a minimization problem consisting of embedding a general candi-
date graph in a cycle host graph. Let C = (VC,EC) be a connected, unweighted,
and undirected candidate graph where VC and EC represent the sets of vertices
and edges, respectively. Analogously, let H = (VH,EH) be a host cycle graph
with the following properties:

• n = |VC| = |VH| = |EH|.

• The degree of each vertex v ∈ VH is 2.

• H is a Eulerian and Hamiltonian graph.

• The disposition of the vertices VH in the Euclidean space is such that all
adjacent vertices are placed at the same distance.

Considering these definitions, the host graph in our context is represented
as a cycle. A bijective function ϕ assigns each vertex in the candidate graph
to a single vertex in the host graph. This function is defined as ϕ : VC → VH,
where ∀ v ∈ VC ∃ w ∈ VH such that ϕ(v) = w. An injective function ψ assigns
candidate edges to host paths. A path is a sequence of edges that connects
two vertices without repeating any edges or vertices. Let PH be the set of all
possible host paths in H. Then, since H is a cycle, for every candidate edge
(u, v) ∈ EC there are two possible paths in PH, starting in ϕ(u) and ending
in ϕ(v). The ψ function is defined as the mapping of candidate edges to host
paths, i.e., ψ : EC → PH.

Figure 1 shows an example of a candidate graph (C), a host graph (H),
a possible embedding of the candidate graph in the host graph, and the two
possible host paths between a pair of adjacent vertices (A and D). In particular,
Figure 1(a) shows a candidate graph with VC = {A,B,C,D,E,F} and EC =
{(A,B), (A,D), (A,E), (A,F), (B,C), (B,D), (C,D), (D,E)}. Therefore, the
host graph must have the same number of vertices VH = {1, 2, 3, 4, 5, 6} and
a set of corresponding edges EH = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 1)}, as
presented in Figure 1(b). One possible mapping of the candidate graph into the
host graph is showed in Figure 1(c). Each vertex in VC is assigned to a vertex in
VH. For instance, vertex A in VC is assigned to vertex 1 in VH. The assignment
is denoted by ϕ(A) = 1. Similarly, vertex B is assigned to vertex 4 (ϕ(B) = 4),
and so forth for all other candidate vertices. Then, candidate edges are assigned
to host paths. For instance, edge (A,D) must be assigned to a host path with
ϕ(A) = 1 and ϕ(D) = 5 as terminal vertices. The possible paths are p(A,D)1 =
{ϕ(A), ϕ(E), ϕ(D)} = {1, 6, 5} and p(A,D)2 = {ϕ(A), ϕ(F), ϕ(C), ϕ(B), ϕ(D)} =
{1, 2, 3, 4, 5}. These paths are shown in Figure 1(d). Note that for any candidate
edge, there are only two possible host paths (clockwise and counterclockwise)
when the host graph is a cycle. We further define ψ as a function that selects
the shortest path. The length of the path is determined by the number of host
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edges traversed. In our example, the length of p(A,D)1 is 2 and the length of
p(A,D)2 is 4. Therefore, ψ(A,D) = p(A,D)1 = {1, 6, 5}. The function must be
applied to all candidate edges EC. When the length of both host paths is the
same, ψ selects the clockwise path.
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Figure 1: (a) A candidate graph, C. (b) A host graph, H. (c) A possible embedding of C in
H. (d) Two possible paths in H for (A,D) ∈ VC named as p(A,D)1 and p(A,D)2 respectively.

1.1. Problem description

We study the Cyclic Cutwidth Minimization Problem (CCMP) for general
candidate graphs and cycle host graphs. Our objective function for the CCMP
is based on the concept of a cut of an edge in the host graph (i.e., edges in EH).
Given the assignment functions ϕ and ψ, the cut of an edge e ∈ EH is defined
as the number of host paths assigned by ψ that traverse e. This calculation has
been referred to in the literature as congestion [3].

Formally, we define the cut of host edge (w, z) ∈ EH associated with ϕ and
ψ as:
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cut((w, z), ϕ, ψ)
(w,z)∈EH

= |{(u, v) ∈ EC : (w, z) ∈ ψ(u, v)}|, (1)

where the ψ(u, v) path is defined as:

ψ(u, v) =


{w, z} if ϕ(u) = w ∧ ϕ(v) = z
{w, z, . . . , ϕ(v)} if ϕ(u) = w
{ϕ(u), . . . , w, z} if ϕ(v) = z
{ϕ(u), . . . , w, z, . . . , ϕ(v)} otherwise.

(2)

The objective function (ccw) is denoted as the cyclic cutwidth and is calcu-
lated as follows:

ccw(C, ϕ, ψ) = max
(w,z)∈EH

cut((w, z), ϕ, ψ) . (3)

Since paths can be derived from the vertex assignments (see equation 2), a
solution is fully characterized by ϕ. Therefore, for the purpose of the optimiza-
tion problem, we can simplify the notation for ccw, by making it depend only
on C and ϕ. Our min-max optimization problem consists of finding, among all
possible candidate vertex assignments ϕ ∈ Φ, the assignment ϕ? that minimizes
the cycle cutwidth:

ϕ? ← arg min
ϕ∈Φ

ccw(C, ϕ). (4)

Figure 2 depicts the evaluation of the solution represented in Figure 1, i.e.,
the evaluation of the assignments ϕ and ψ. The host graph is shown in dashed
black lines and the candidate graph in gray solid lines. The host paths assigned
by ψ to each candidate edge in EC are shown outside the cycle. Then, the cut
associated with each edge of the host graph is indicated as the number of paths
that traverse the edge. For example, edge (1, 2) is traversed by paths p(A,F)

and p(A,B). Therefore, cut((1, 2), ϕ, ψ) = |{(A,F), (A,B)|}| = 2. Similarly, edge
(2, 3) is traversed by only path p(A,B). Therefore, cut((2, 3), ϕ, ψ) = |{(A,B)}| =
1, and so on. The value of the objective function for the vertex assignment ϕ
on graph C is ccw(C, ϕ) = max{2, 1, 3, 2, 2, 2} = 3.

1.2. Literature review

The CCMP is closely related to the Cutwidth Minimization Problem (CMP).
Both problems share the same objective function, however the host graph for
the CMP is a line, while the host graph for the CCMP is a cycle. The practical
applications of these problems are also common, and can be found in various
areas that include circuit design [4], engineering [5], and graph drawing [6].

The CMP was originally proposed in the 70s as a theoretical model in the
context of circuit design [4]. The problem belongs to the NP-hard class [7]. Due
to the problem complexity, several heuristic procedures have been proposed in
[4, 8, 9, 10, 11, 12]. The literature also includes exact procedures for the CMP
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Figure 2: Evaluation of a possible embedding of C in H.

on some special classes of graphs [13, 3, 14]. In addition, two Branch & Bound
procedures have been proposed for general graphs [15, 16] and mathematical
formulations have been proposed in [17, 18].

The bounds proposed in [19] establish a relationship of the objective function
values for the CMP and the CCMP. In particular, for a candidate graph C, if we
let lcw(C) and ccw(C) be the optimal objective function values corresponding
to the CMP and CCMP, then:

lcw(C)

2
≤ ccw(C) ≤ lcw(C). (5)

The CMP and the CCMP are equivalent when C is a tree [20].
There are several exact algorithms for the CCMP for particular types of

candidate graphs. The optimal value of the CCMP for complete graphs is
known by construction [21]. For mesh graphs, it is possible to determine the
optimum for grids with dimensions larger than 3 × 3 [22, 23, 24]. The optimal
solution is known for three-dimensional meshes, as long as one dimension is 2
and the other two are greater than or equal to 2 [25]. Similarly, the optimal
solution is known for cylindrical meshes for which one of the dimensions is
greater than or equal to 2 and the other dimension is greater than or equal to
3 [23]. Exhaustive search procedures can be used to find optimal solutions for
the CCMP on Q3 hypercubes [26]. This result has been extended to Q4 [27],
Q5 [28] and Q6 [29] hypercubes. The CCMP has also been studied on general
hypercubes [30]. Finally, exact algorithms exist for complete bipartite graphs
[19], complete tripartite graphs [31], and n-partite graphs [31].

No exact algorithms exist for the CCMP on general graphs. Recently, the
practical interest of the CCMP has motivated researchers in the optimization
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community to apply heuristic techniques to this problem. For instance, in [32]
the authors describe a Memetic Algorithm [33] for the CCMP. They propose
six constructive heuristics to generate an initial population of solutions for their
solution method. The method includes a local search procedure that attempts
to move vertices from positions where the maximum cut occurs. The Memetic
Algorithm was evaluated with six types of graph instances: complete splits, join
of hypercubes, cones, toroidal meshes, and two random types. The procedure
matched all known-optimal solutions and produced the best-known solutions for
all other instances, establishing itself as the state of the art for the CCMP.

1.3. New lower bound for the CCMP

Despite the fact that not many theoretical results have been derived for the
CCMP for general graphs, several authors have proposed lower bounds for the
linear version of the problem [15, 16]. In particular, we focus our attention on
the ideas introduced in [15]. In that paper the authors proposed four new lower
bounds for the linear cutwidth minimization problem. Based on these ideas, in
this section we propose a new lower bound for the CCMP.

Let d(v) be the degree of a candidate vertex v ∈ VC, the CCMP of the
candidate graph C, denoted as ccw(C), can be bounded by the ceiling of the
half of d(v). Let us illustrate this with the example in Figure 3. Let i be the
host vertex assigned to v (ϕ(v) = i) and let d(v) = 4, as we show in the figure.
Additionally, let j and k be the host vertices such that {(j, i), (i, k)} ∈ EH.
Therefore, j and k are adjacent vertices to i in the host graph. For each u,
such that (u, v) ∈ EC, assigned to any other host vertex distinct from i, there
exists a path in the host graph, determined by the ψ function, assigned to the
edge (u, v) that contains either the edge (j, i) or the edge (i, k). In Figure 3, we
illustrate the assignation of each edge of v to a different path in the host graph.
In this case, the adjacent vertices to v are denoted as u1, u2, u3, and u4 and its
associated paths are denoted as p(v,u1), p(v,u2), p(v,u3), and p(v,u4) respectively.
Therefore, each (u, v) contributes with one unit to the cut of either the host
edge (j, i) or the host edge (i, k). In this example, p(v,u1) and p(v,u2) contribute
to the cut of the host edge (j, i), while p(v,u3) and p(v,u4) contribute to the cut
of the host edge (i, k). Since we are facing a min-max optimization problem, in
the best scenario half of the vertices adjacent to v would contribute to the edge
(j, i) while the other half to the edge (i, k) with independence of the assignment
of rest of the vertices of the graph.

Among all the vertices in VC, the one with the largest d(v) will provide the
tightest bound. Mathematically, this lower bound, LB, can be expressed as
follows:

ccw(C) ≥ LB = max
v∈VC

⌈
d(v)

2

⌉
. (6)

This new lower bound has been calculated for each instance used in our
computational tests and the results per instance are shown in the Appendix
A, where it is possible to compare the LB with the results obtained by the
Multistart TS procedure proposed in this paper.
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Figure 3: Illustration of the lower bound derived from vertex v.

1.4. Our contributions

In addition to the new lower bound proposed for the CCMP (introduced
in Section, the main contribution of this work is the development of a meta-
heuristic procedure that includes sound fundamental as well as advanced search
strategies for the CCMP. We are able to show, through extensive computational
experimentation, that our proposal is competitive with the current state of the
art for solving the CCMP. The method consists of a multistart search, where
the starting points are generated in greedy fashion and the improvement phase
is based on neighborhoods and a tabu memory structure [34]. We perform sev-
eral preliminary tests to find the best configuration of our procedure, i.e., to
determine the best set of search parameter values. Through this process, we
are able to determine the contribution of the various elements embedded in the
proposed procedure.

After a set of tuning experiments to identify the best combination of param-
eter values, we employ the resulting procedure configuration for competitive
testing. The test set consists of problem instances from the literature. Those
instances are grouped into two main categories, graphs with known structure
and random graphs. The results of these tests indicate that, in many cases, our
proposed solution method is able to find solutions of better quality than the
state-of-the-art-procedures, and in less computational time. Furthermore, we
show that these differences are statistically significant.

The description of our work is organized as follows. Section 2 describes our
algorithmic proposals. Section 3 presents several advanced strategies. Section 4
introduces the test set, describes the computational experiments, and discusses
the results. Conclusions and final thoughts are in Section 5.

2. Algorithmic proposal

Our solution method has two main components, a procedure to construct
an initial solution and an improvement method based on tabu search (TS) [34].
We first provide details of a procedure to construct initial solutions (Section
2.1). Then, we discuss how a local search operates on these initial solutions (see
Section 2.2). This section continues with a description of the TS mechanisms
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that help the local search escape local optimal points (see Section 2.3). Finally,
the combination of the previous components is described in Section 2.4 where
we present our multistart procedure.

2.1. Constructive procedure

Constructing a solution for the CCMP consists of performing two tasks: 1)
assigning the vertices of the candidate graph to the vertices of the host graph
(i.e., defining the domain and range of the ϕ function); and 2) assigning the
edges of the candidate graph to a path in the host graph (i.e., defining the
domain and range of the ψ function).

We have tried different strategies to construct initial solutions for the CCMP.
These strategies were tested over a subset of instances and the best of them was
selected for the final configuration of our algorithm. We next describe in detail
the best strategy identified among the tested ones and, at the end of the section,
we enumerate and briefly describe the rest of the strategies tested.

The constructive algorithm used in the final configuration of our procedure
starts with all candidate vertices unassigned. We number the host vertices
starting from the top vertex (i.e., the vertex that in a graphical representation
would be at 12 o’clock) and continuing clockwise. At each step, we select a
candidate vertex and assign it to the next available host vertex. Since the host
graph is a cycle, without loss of generality, at each step of the procedure, we
move sequentially in the clockwise direction. That is, the first candidate vertex
is assigned to host vertex 1, the second candidate vertex is assigned to host
vertex 2, and so forth. The first assignment is random. That is, a candidate
vertex is randomly selected and it is assigned to host vertex 1. After the first
assignment, all unassigned vertices in the candidate graph are evaluated with
a greedy function to determine the most attractive vertex to assign next. The
greedy function to select the next unassigned vertex from the candidate graph
is inspired by previously published ideas [35]. The construction ends after all
candidate vertices have been assigned to a host vertex.

The greedy selection function to select the next vertex from the candidate
graph is defined as follows. Let A be the set of candidate vertices that have
already been assigned and let U be the set of unassigned candidate vertices.
Let d(v) be the degree of candidate vertex v. Also, let dA(v) be the number of
assigned candidate vertices that are adjacent to v and dU(v) be the number of
unassigned vertices adjacent to v. That is,

dA(v) = |{u ∈ A : (v, u) ∈ EC}|,

dU(v) = |{u ∈ U : (v, u) ∈ EC}|,

such that d(v) = dA(v) + dU(v). Then, we define the greedy value g for an
unassigned vertex v as:

g(v) = dA(v)− dU(v).

The g function measures the urgency of the candidate vertex under consider-
ation to the assigned candidate vertices versus to its proximity to the unassigned
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candidate vertices. We would like to select the unassigned candidate vertex
that, relative to other unassigned candidate vertices, is closest to the candidate
vertices that have already been assigned. Therefore, the unassigned candidate
vertex with the largest g value is chosen to be assigned next. The greedy func-
tion is such that it makes an unassigned candidate vertex very attractive if all
vertices adjacent to it have already been assigned. Conversely, an unassigned
candidate vertex is unattractive when none of its adjacent vertices have been
assigned.

Algorithm 1 summarizes the greedy constructive procedure. The candidate
graph C = (VC,EC) is the input to this procedure. Initially, all candidate vertices
are unassigned (step 2). Steps 3 to 4 make the assignment of a randomly selected
candidate vertex to host vertex 1. The assigned vertex is removed from the set
of unassigned candidate vertices (step 5). A for-loop is then executed (steps
6 to 10) to assign all remaining candidate vertices in U. Step 7 evaluates all
unassigned candidate vertices to identify the one with the largest greedy value
(with ties broken arbitrarily). The chosen candidate vertex nextC is assigned to
the next available host vertex nextH (step 8). The assigned candidate vertex,
nextC, is removed from U (step 9). Once all candidate vertices are assigned,
the procedure returns ϕ, which contains the mapping of candidate vertices to
host vertices (step 11).

Algorithm 1 Greedy construction

1: Procedure GreedyConstructive(C)
2: U← VC

3: nextC ← rand(U)
4: ϕ(nextC)← 1
5: U← U \ {nextC}
6: for all nextH > 1 do
7: nextC ← arg max

v∈U
g(v)

8: ϕ(nextC)← nextH
9: U← U \ {nextC}

10: end for
11: return ϕ

In order to implement an algorithm for the CCMP, it is also necessary to
define an efficient data structure to represent a solution ϕ. In this case, we
propose the use of an array data structure. An array is a one-dimension matrix
composed of an index that identifies each memory position within the array, and
the corresponding content of those positions in memory. Therefore, an array
can be seen as a set of tuples key-value. The key represents the vertices of
the host graph, while the value represents the vertices of the candidate graph.
Therefore, a correspondence key-value represents the assignment of a candidate
vertex to a host vertex. In this sense, there are n key-value pairs, being n the
number of vertices of either the host or the candidate graphs. In Figure 4, we
depict several representations of this array (one per subfigure). In this case, the
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header of the array corresponds to the keys of the array while the second row
of this graphical representation contains the values associated with each key.

Figure 4 shows an example of the steps followed by the constructive proce-
dure for the graph introduced in Figure 1(a). For this graph, the construction
is completed in six iterations (i.e., one for each vertex). As shown in Figure
4(a), the procedure starts with a random selection of candidate, say for in-
stance vertex C, which is assigned to host vertex 1. In each step, we indicate
which vertex is nextH and nextC. The first one follows the numerical (clock-
wise) order. The second one is selected by computing the value of the g function.
Figure 4(a) shows the g value for the vertices in U at this step (i.e., A, B, D,
E, and F). For instance, g(A) = dA(A) − dU(A) = 0 − 4 = −4. Similarly,
g(B) = dA(B) − dU(B) = 1 − 2 = −1, and so forth. Once all the unassigned
vertices have been evaluated, the greedy selection chooses the vertex with the
largest g value (with ties broken arbitrarily). The number of vertices evaluated
decreases by one at each step. In addition to the graphical representation of
the current partial solution, Figure 4 includes tables associated with the vertex
assignments, i.e, ϕ(C) = 1, ϕ(B) = 2, ϕ(D) = 3, ϕ(E) = 4, ϕ(A) = 5, and
ϕ(F) = 6.

The ψ function can be derived from the ϕ mapping (see Figure 4(f)). The
domain of ψ is given by the edges of the candidate graph, while the range is
given by the paths in the host graph. Of the possible paths, we choose the
shortest that connects the end candidate vertices. The topology of the host
graph restricts the range of ψ to two possible paths per candidate edge, one
clockwise and another one counterclockwise (see Figure 1(d)). If there is a
tie in the length of the two possible paths, the procedure selects the clockwise
path. Since ψ can be derived from the ϕ mapping, we consider that ϕ is a full
characterization of the solution to the problem.

From an implementation point of view, we need to define an additional data
structure to evaluate a solution. Particularly, this data structure is an array
which stores integer values that represent the different cuts of each edge in
the host graph. Therefore, the size of this array is equal to the number of
edges in the host graph. In this case, we use the same key-value representation
previously mentioned, the key identifies the edge in the host graph, while the
value represents the number of cuts of this edge. To calculate the number of
cuts of each host edge, we scan all the edges of the candidate graph and obtain
the associated paths in the host graph determined by the ψ function. Each time
that a host edge is included in a path, it implies to increment in one unit the
value of the number of cuts of that host edge. This procedure is in the order of
O(n2). Once all the cuts for a particular solution have been stored in the array,
we need to fully traverse it in order to find the largest cut value, which is the
value of the objective function for the CCMP.

In addition to the aforementioned constructive algorithm, we also tested
other constructive variants. Even though those strategies were not so successful
for this problem, it might be also interesting to enumerate them. First, we tried
a randomization of the greedy selection represented by g, following a GRASP
constructive approach [36, 37]. Secondly, we used a second greedy function
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Figure 4: Example of the steps followed to construct a solution.
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based on the quality of the objective function, instead of the function g, to
select the next candidate vertex. Again, we also implemented a randomized
variant of this constructive, based on the new greedy function. Unfortunately,
the performance of those methods was far from the best results obtained by
the one described in this section. Therefore, for the sake of brevity we do not
include the experiments related to these additional strategies in the preliminary
experiments section.

2.2. Local search

From a starting solution, a local search is an intensification strategy designed
to find the local optimum in a predefined neighborhood. Our Local Search (LS)
is defined in an insertion neighborhood. An insertion is a classical move in both
graph layout and permutation problems. It consists of removing a candidate
vertex from its current position in the host graph and inserting it in a different
position. For instance, Figure 5 depicts the move of vertex A from position 5
(i.e., ϕ(A) = 5) to position 2. We denote this operation as ϕ′ = Insert(ϕ,A, 2),
where ϕ′ is the solution after the move. Figure 5 shows the solution before the
insertion (ϕ) and the solution after the insertion (ϕ′). The figure highlights
the vertices from the candidate and host graphs that are affected by the move.
As customary in insertion moves, the displaced elements must be shifted. In
our context, the vertices can be shifted in the clockwise or counterclockwise
direction. Since the host graph is a cycle, shifting in one direction or the other
results in the same solution. In our example, when candidate vertex A is moved
to position 2, displaced vertices could have shifted in the clockwise direction
(i.e., B moves to 3, D to 4, and E to 5). Instead, our moves are such that we
always shift the displaced candidate vertices in the counterclockwise direction,
as shown in Figure 5.

Considering the aforementioned insertion move, the neighborhood associated
with candidate vertex v of solution ϕ is defined as the solutions that can be
reached by the insertions (embedding) of v in all positions (vertices) in the host
graph that are different from its current position:
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Nϕ(v) = {Insert(ϕ, v, u) : ∀ u ∈ VH, u 6= ϕ(v)}
For a candidate graph with n vertices, the size of the complete neighborhood

(i.e., considering all candidate vertices) is n · (n− 1).
Algorithm 2 summarizes the steps of the local search with insert moves. The

input to this procedure is the candidate graph (C = (VC,EC)) and the initial
solution (ϕ). The procedure combines first and best improving strategies. The
first improvement strategy is related to performing the insertion of the first
vertex which improves the current solution, while the best improvement strategy
is referred to only considering the best insertion of each vertex. Particularly,
all candidate vertices in VC are scanned at random using a shuffle function (see
step 4). Therefore, for each vertex v being considered, the procedure finds the
best possible insertion in Nϕ(v) (step 6), as in the best improvement strategy,
with an algorithmic complexity of O(n2). Then, if this insertion results in
an improvement (step 7), since we are following a first improvement strategy,
the current solution is updated (step 8), the improvement flag is switched to
True (step 9), and the scanning of the candidate vertices starts again from this
new solution (step 10). The do-while loop (steps 2 to 13) is repeated until no
insertion of a candidate vertex is able to improve the current solution.

Algorithm 2 Local search

1: Procedure LocalSearchBestImprovement (C, ϕ)
2: do
3: improve ← False
4: V ← shuffle(VC)
5: for v ∈ V do
6: ϕ′ ← arg min

ϕ′′∈Nϕ(v)
ccw(C, ϕ′′)

7: if ccw(ϕ′) < ccw(ϕ) then
8: ϕ← ϕ′

9: improve ← True
10: break

11: end if
12: end for
13: while improve
14: return ϕ

Notice that in addition to the local search defined in an insertion neighbor-
hood, we also tested the performance of another local search, in the interchange
neighborhood. The interchange is classical move in both graph layout and per-
mutation problems. In particular, the interchange move consists of selecting
two candidate vertices from the solution and exchanging their assigned vertices
in the host graph. Unfortunately, the performance of this strategy was far from
the best results obtained by the local search based on the insertion move. There-
fore, for the sake of brevity we do not include the experiments related to this
additional strategy in the preliminary experiments section.
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2.3. Tabu search

Tabu Search (TS) is a metaheuristic originally introduced in 1977 [38] and
later formalized in [39] as a general method for solving hard optimization prob-
lems. Many ideas and extensions are discussed in [40, 41, 34, 42]. A recent
review of the strategies associated with tabu search are compiled in [43]. TS
is a, so-called, single-solution neighborhood search metaheuristic methodology.
TS introduces the concept of memory with the goal of making the best possible
decisions based on the previous information collected throughout the search,
instead resorting to randomization.

We add a simple tabu search short-term memory to the local search summa-
rized in Algorithm 2. The TS memory consists of recording a number of recently
visited solutions. A move (i.e., an insertion) is classified tabu if it transforms
the current solution into a tabu solution (i.e., a solution that is currently in the
short-term memory). Unlike TS designs that use memory based on attributes,
in our design it is not necessary to include an aspiration criterion, since no tabu
move can reach a solution that the search has not already visited. The size
of the TS memory (i.e., the number of tabu solutions) is the search parameter
known as TabuTenure.

Instead of stopping at the first local optimum (i.e., the first time that a move
cannot be found to improve the current solution) as in Algorithm 2, the search
is allowed to continue by selecting the nonimproving move that deteriorates the
objective function the least. This move is the “best” nonimproving move. Be-
fore making a move, the current solution is added to the TS memory and the
“oldest” tabu solution is deleted. The oldest tabu solution is the one added
TabuTenure iterations ago. The search continues after a number of iterations
without improvement are executed. The number of nonimproving iterations
used to stop is a search parameter (NonImproving), computed with respect
to the number of vertices of the input graph (n). Preliminary testing revealed
TabuTenure = 0.2n as an effective value for this search parameter. These exper-
iments also showed that the best results can be expected when NonImproving
is set to 0.1n, with a minimum value of 6 and a maximum value of 15.

The short-term TS memory components are sufficient to produce very high-
quality solutions, however, any optimization algorithm should find the right
balance between intensification and diversification [43]. To that aim, tabu search
framework introduces the general idea of long-term memory in order to diversify
the search. However, other simpler approaches [42], as the one proposed in this
paper, propose the combination of tabu search with a multistart strategy to
diversify the search as we present in Section 2.4.

2.4. Multistart procedure

In this paper we propose a multistart optimization algorithm to tackle the
CCMP. Multistart strategies are used in this context to escape from local op-
tima where heuristic procedures get stuck. It based on the idea of applying
an intensification strategy to different starting points in the space search. The
pseudocode of our proposal is presented in Algorithm 3. In this case, at each
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iteration, the procedure starts from a different solution constructed with the
greedy constructive algorithm introduced in Section 2.1. Then, the intensifica-
tion strategy used is the TS presented in Section 2.3. When the TS stops, a new
solution is generated with Algorithm 1. This process continues until a maxi-
mum time limit (tmax) or a maximum number of iterations (rmax) is reached,
but guaranteeing that a minimum number of iterations (rmin) is performed for
each candidate graph (C). As we will see in the preliminary experiments sec-
tion, the minimum and maximum number of iterations have been set to 10 and
30 respectively.

Algorithm 3 General procedure

1: Procedure MultistartTabuSearch (C, tmax, rmin, rmax)
2: restarts← 0
3: best← ∅
4: do
5: ϕ← GreedyConstructive(C)
6: ϕ′ ← TabuSearch(C, ϕ)
7: if best == ∅ or ccw(ϕ′) < ccw(best) then
8: best← ϕ′

9: end if
10: restarts← restarts+ 1
11: while restarts < rmin or (time < tmax and restarts < rmax)
12: return ϕ

3. Advanced strategies

The procedures presented in Section 2 can be further improved with the use
of the three advanced strategies proposed in this section. Although these strate-
gies were designed within the CCMP context, the ideas behind them might be
applied to other heuristic searches. The first strategy deals with landscapes
where many solutions have the same objective function value. In this case, the
objective function value alone does not provide enough information to find effec-
tive search directions. A secondary evaluation is able to differentiate solutions
for which objective function values are the same. The second strategy explores
computationally efficient ways of calculating move values. This is particularly
important in large neighborhoods. The third one also tackles efficiency but from
the point of view of reducing the number of moves to evaluate.

3.1. Secondary solution evaluation

In heuristic search, a flat landscape condition occurs when large fractions of
the solution space have the same objective function value [37, 44]. This means
that structurally different solutions may be associated with the same value of the
objective function. Determining search directions becomes a very difficult task
when decisions are based only on the change of the objective function value
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produced by a move. Finding a meaningful way of differentiating solutions
with the same objective function value is important because the structure of
one solution may be more promising than the structure of another in terms of
improving the incumbent solution later in the search.

Flat landscapes are typically associated with min-max or max-min optimiza-
tion problems [8, 11], that is, those problems where the objective is to minimize
a maximum value or to maximize a minimum value. To overcome this dif-
ficulty, researchers have proposed the use of one or more secondary solution
evaluations. These evaluations are only activated when solutions have the same
objective function value and they are designed to indicate preferences regarding
the structure of the solutions being compared [10, 11].

The secondary evaluation that we employ is based on ideas presented in [10]
and [11]. As our problem formulation indicates, the CCMP is an optimization
problem that has the goal of finding a solution that minimizes the maximum cut
produced by the assignment of candidate vertices to a host graph. It is possible
for multiple solution configurations to have the same maximum cut. When
comparing two solutions with the same maximum cut (i.e., the same objective
function value), we are interested in knowing which one of the two has a better
“improvement potential” if a move (or series of moves) could reduce the current
maximum cut.

We use the improvement potential concept to differentiate solutions with
the same objective function value. In particular, if two solutions have the same
objective function value, we compare the number of times that the largest cut
occurs in each them. The solution with the smallest number of largest cut
is deemed better (i.e., the solution has the larger improvement potential of the
two solutions under consideration). If this calculation is not able to differentiate
between the solutions, then we compare the number of times that the second
largest cut occurs in any of them and so on. We do this until the result of the
calculation is able to distinguish between the two solutions.

3.2. Efficient move calculation

The exploration of a solution neighborhood usually is the most computa-
tional intensive element in search procedures. Neighborhood search methods
require the evaluation of moves to determine what to do next. Developing effi-
cient ways of calculating move values is critical in heuristic search. We propose
an efficient calculation of the value of the Insert move that we defined in Section
2.2. The main idea consists of isolating the effect of an Insert move. Specifically,
we only need to consider the edges of the candidate vertices that are reassigned
with the corresponding move.

We illustrate the move evaluation with the example depicted in Figure 6.
Figure 6(a) shows the solution before the move of vertex C to position 2, char-
acterized by Insert(ϕ,C, 2). Notice that, for the sake of clarity, in the figure
we have simplified the notation of the cut of each host edge, introduced in
equation 1, with a label ci (1 ≤ i ≤ 5). Figure 6(b) shows the solution after
Insert(ϕ,C, 2). The move evaluation consists of first deleting the paths associ-
ated with the edges adjacent to vertices B and C, which are the only vertices
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Figure 6: (a) Solution before the move Insert(ϕ,C, 2). (b) Solution after the move
Insert(ϕ,C, 2). (c) Efficient revaluation of the objective function.

that change positions (host vertices) after the move. We also delete the con-
tribution of these paths to the objective function calculation. Then, new paths
are assigned to these edges and the contribution of these paths is added to the
objective function. The table in Figure 6(c) shows these calculations. Step 0
shows the cuts in the current solution. Step 1 shows the contributions that are
removed and step 2 shows the contributions that are added. The cut values
associated with the new solution are shown in step 3. These values are obtained
by adding the corresponding values in the previous steps.

From a computational point of view, and taking into consideration the array
data structure used to evaluate a solution (introduced in Section 2.1), calculat-
ing the value of the objective function from the scratch is in the order of O(n2)
being n the number of vertices of the graph. On the other hand, if the array
data structure used to evaluate a solution is already calculated, performing a
move only implies to reconsider the contribution of the edges of the candidate
vertices being reassigned (instead of all of them). The complexity of this opera-
tion is also in the order of O(n2), since all the vertices might be affected by the
move. However, despite the fact that this proposal does not reduce the theoret-
ical complexity, from a practical point of view, and as we will illustrate in the
experimental section, the number of edges affected by a move is considerably
smaller than the total number of edges of the graph.
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3.3. Search regions of interest

Exhaustive neighborhood searches become increasingly impractical when the
size of the neighborhood grows either polynomially or exponentially with the size
of the problem. In our case, the entire neighborhood of a solution is n · (n− 1),
being n the number of vertices. To complement the quick move calculation
described in the previous subsection, we add a strategy to focus the search on
regions of interest. These regions are reached by a set of promising moves and
therefore the strategy consists of identifying such moves. This partial explo-
ration of the entire neighborhood is similar to the strategy of moving to the
first improving solution, which has been documented to work well in multi-start
settings [45]. Our neighborhood search combines the two strategies and in ad-
dition we embed the notion of a partial exploration that focuses on Regions Of
Interest (ROI).

The ROI of a candidate vertex v, denoted by ROI(v), is the subset of host
vertices such that if v was assigned to any of them, the current objective function
value might change. In other words, ROI(v) is the set of host vertices that could
cause a reassignment of paths associated with the edges of v. Clearly, the idea
here is to avoid changing the assignments of candidate vertices to positions (host
vertices) that will cause no changes in the path assignments (and therefore no
changes in the objective function value).

From an implementation point of view, the vertices that are included in the
set ROI(v) are derived from the assignments of the adjacent vertices to v. For
each u such that (u, v) ∈ EC (i.e., u is adjacent to v in the candidate graph), we
add to ROI(v) the following vertices of the host graph: ϕ(u), ϕ(u)− 1, ϕ(u) +
n/2, ϕ(u) + (n/2) + 1, and ϕ(u) + (n/2) − 1. Notice, that without loss of
generality, in order to properly identify the host vertices added to ROI(v) we
are supposing that host vertices are denoted by numbers from 1 . . . n and that
ϕ(u)− 1 < ϕ(u) < ϕ(u) + 1. Additionally, the set ROI(v) also includes the host
vertices derived from the following situation: when two adjacent vertices in the
candidate graph (let denote them as v1 and v2) are assigned to two vertices in
the host graph such that, the length of the two possible paths between them is
the same, then ϕ(v1), ϕ(v1) − 1, ϕ(v2), and ϕ(v2) − 1 are also included in the
set ROI(v).

The exploration of the regions of interests is then done in two steps, we first
identify ROI(v) for a v chosen at random, and then we evaluate all the moves
associated with inserting v in all the host vertices in ROI(v). The best move
is selected if it improves the current solution. We repeat this process for all v
until no improvement is performed.

It is worth mentioning that this strategy is independent of the considered
objective function. Therefore, it can be used as a single strategy in isolation or
in combination with the secondary objective function (See Section 3.1).

4. Experimental results

Before describing our computational experiments and discussion or results,
we introduce the instances of our test set (Section 4.1). Preliminary experi-
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ments are described in Section 4.2. These experiments are devoted to adjust
the parameters of our solution procedure and also to analyze the contribution
of the proposed search strategies. We compare the best configuration with the
state of the art in Section 4.3.

It is important to notice that all our algorithms have been implemented in
Java 8, and all the experiments have been run in an Intel Core i7-4702MQ CPU
2.20Ghz with 16 GB RAM.

4.1. Instances

We use the following set of instances (graphs) from the literature in our
computational tests [32]:

• Small: the number of vertices and edges in these random graphs varies
between 16 and 24, and between 18 and 49, respectively. There are 84
instances in this set.

• Harwell-Boeing: these graphs arise from a wide variety of problems in
scientific and engineering disciplines. The selected problems are a diverse
subset of the original Harwell-Boeing set [46]. Particularly, we have se-
lected the 38 graphs used in [32]. These graphs have sizes between 39 and
685 vertices and from 46 to 3720 edges.

• Regular: these subset includes four different types of graphs (Complete
Split Graph, Toroidal Mesh, Join of Hypercubes, and Cone Graph) with a
predefined and well-known structure, but with an unknown optima. This
set includes a total of 57 graphs with a number of vertices ranging from
12 to 1000 and a number of edges ranging from 46 to 6225.

Our experiments do not include the set of regular graphs with known op-
timal solutions included in [32]. These graphs are such that do not provide
insightful results in comparative testing, since modern heuristics can easily find
the optimal value.

4.2. Preliminary experiments

The preliminary experiments have the goal of identifying the best values
for the search parameters, as well as assess the merit of the proposed search
strategies. They have been performed over a reduced set of instances consisting
of 10% of all problem instances (i.e., 18 graphs). We will refer to this subset of
instances as the preliminary set.

The procedure to construct solutions described in Section 2.1 is not totally
deterministic. The first candidate vertex to be assigned is chosen at random.
Also, when the greedy value is the same for all unassigned candidate vertices,
ties are broken arbitrarily. Therefore, it is interesting to observe the perfor-
mance of the procedure when constructing more than one solution with the
aim of determining if the procedure is able to produce diverse solutions. Table
1 reports the average value for the considered instances of the objective func-
tion (Avg.), the deviation of the best solution with respect to the overall best
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within the experiment (Dev.(%)), the number of best solutions found in the ex-
periment (#Best) and the time in seconds (CPU Time (s)) when applying the
procedure to construct 1, 5, 10, 20, 30, 40, and 50 solutions. Note that we are
not comparing against the best known solutions but against the best solutions
found within this experiment. The results in Table 1 show that the best solu-
tions for the 18 instances in the preliminary set are found when the procedure
constructs 50 solutions. The improvement is significant from constructing one
solution to constructing 50 solutions. However, the difference in solution quality
is negligible after executing the procedure 20 times.

As we introduced in Section 2.4, our whole procedure performs a variable
number of iterations for each graph, depending on the available time. In this
sense, each iteration starts from a new solution constructed with our greedy
procedure. Considering the results presented in Table 1, the number of different
iterations used per instance in our final experiments has been set in the range
[10,30] which means that the procedure continues until a maximum time limit
is reached, as long as at least 10 but no more than 30 restarts are performed.

Iterations 1 5 10 20 30 40 50

Avg. 60.61 57.28 55.00 54.17 54.11 54.06 53.94
Dev. (%) 32.82 12.83 6.20 0.33 0.28 0.17 0.00
#Best 3 9 11 15 16 17 18
CPU Time (s) 0.004 0.010 0.015 0.024 0.032 0.041 0.048

Table 1: Performance of the constructive procedure based on the number of iterations.

We then compare the performance of our greedy construction (Greedy) and
a totally random construction (Random). In Table 2 we report the results
found when executing the algorithms with a time limit of one second for each
graph. Since this experiment do not include parameter adjustments, it has been
performed over both: the preliminary set and the whole set of instances. Partic-
ularly, in this table, in addition to the Avg., Dev.(%) and #Best we report the
average number of solutions constructed (Avg. #Cons.) in the aforementioned
time limit. As expected, the average number of constructions performed by the
random constructive is larger than the ones obtained by the greedy constructive.
This difference is due to the necessity of the greedy procedure of evaluating each
unassigned candidate vertex before selecting it. However, the solution quality
indicators favor the greedy constructions over a totally random approach. This
fact is observed either in the preliminary and the whole set of instances.

The second preliminary experiment is devoted to testing the influence of
the advanced strategies introduced in Section 3. We start by running the lo-
cal search of Section 2.2 and reporting the results in Table 3 (LS). The table
compares these results with the outcomes from running LS with the efficient
move evaluation of Section 3.2 (LS+E) and the results from focusing on regions
of interest of Section 3.3 (LS+E+ROI). Since the local search follows a strictly
descent pattern, the secondary evaluation of Section 3.1 does not play a role
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Preliminary set (18) Whole set (179)
Random Greedy Random Greedy

Avg. 87.22 53.06 98.81 75.92
Dev. (%) 113.00 9.46 84.61 7.15
#Best 4 14 39 146
Avg. #Cons. 151098.83 55025.72 193418.67 61339.90

Table 2: Comparison between random and greedy constructions.

Preliminary set (18) Whole set (179)
LS LS+E LS+E+ROI LS LS+E LS+E+ROI

Avg. 43.61 43.61 43.61 60.15 60.15 60.15
#Best 18 18 18 179 179 179
CPU Time (s) 591.98 35.93 0.53 1249.13 68.36 3.31
Avg. #Sol. 4312427.50 4312427.50 60463.78 4569844.91 4569844.91 86776.99

Table 3: Contribution of advanced strategies to the local search.

(it is included in the three compared strategies of this experiment). Recall that
the secondary evaluation is used to distinguish between moves that result in no
change of the objective function value.

Table 3 reveals that all variants are able to reach the same solution quality.
Moving from LS to LS+E, we observe the decrease of one order of magnitude
in computational time to explore the same average number of solutions (Avg.
#Sol.). The neighborhood reduction strategy associated with ROI is able to
further reduce the computational burden (by two additional orders of magni-
tude). We point out that all variants were run starting from the same initial
solution. Again, these findings have been observed either in the preliminary and
the whole set of instances.

To adjust the two parameters associated with the tabu search elements in
our procedure, we performed a full factorial design with values that we made
dependent on the graph size. In particular, for the tabu tenure we tested 0.05,
0.1, 0.2, 0.3, and 0.4 of n, where n is the number of vertices in the candidate
graph. We tested the same percentages for the maximum number of iterations
without improvement, and limited the value to be within a minimum (6 itera-
tions) and a maximum (15 iterations). For the sake of brevity, we do not include
the corresponding table of results. We only identify the best setting for tabu
tenure (0.2n) and number of iterations without improvement (0.1n).

Our final preliminary experiment explores the increase in solution quality
when going from simple greedy constructions (Greedy) to the local search with
advanced strategies (LS+E+ROI) and to the tuned procedure that includes TS
elements (TS). Table 4 reports the results. As expected, adding local search
results in a noticeable improvement in solution quality. The embedding of tabu
search elements results in additional quality improvement, although the dif-
ference between LS+E+ROI and TS is significantly smaller than the solution
quality difference between Greedy and LS+E+ROI.
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Greedy LS+E+ROI TS

Avg. 60.61 43.61 43.06
Dev. (%) 41.03 3.15 0.11
#Best 0 12 17
CPU Time (s) 0.01 0.51 2.14

Table 4: Performance differences between the procedure components and the full procedure.

4.3. Competitive Testing

In our competitive testing, we compare our tuned procedure with the one
proposed in [32], the Memetic Algorithm (MA) that we described in the litera-
ture review. Notice that we have directly used the original code implemented by
the authors in [32], who kindly provided us with the source code of their algo-
rithms for our comparisons. In order to execute the MA procedure we have used
the parameters indicated by the authors. Particularly, the maximum number of
generations of each run of the MA is set to 400 generations. Additionally, the
reported quality values are the best ones obtained after 30 runs of the algorithm
and the time reported corresponds only to the run where the best solution was
found. Table 5 shows the results of this test. The results are grouped by set
and graph type (i.e., random or structured). TS refers to our proposed method
and MA refers to the memetic algorithm in [32]. We use the same metric as
before, where average deviation from best (Dev.) is calculated considering the
collective-best solutions found with either TS or MA. The “Total” section at
the bottom of the table provides averages across all graph types.

The general observations from examining this table are that:

• The TS solutions are found in about one order of magnitude less time
than MA.

• The performance of TS is better on random graphs than on structured
graphs.

• For all problem types, TS solutions are on average closer to the best so-
lutions (maximum deviation of 2.40%) than the MA solutions (maximum
deviation of 12.09%).

We performed two statistical tests with the goal of identifying significant
performance differences, the Wilcoxon’s signed rank test and the t-test for paired
samples.

Specifically, we use Wilcoxon’s signed rank test [47] to identify differences
between the objective function values of the best solutions found by TS and
MA. We apply the one-tail version of this paired test to random graphs and
structured graphs separately. Our null hypothesis is that there is no difference
in the median of the objective function values, while the alternative hypothesis
is that the median of one set of values is smaller than the other. The first test

22



TS MA

Random
graphs

Small Instances (84)

Avg. 3.90 3.98
Dev. (%) 0.00 1.80
#Best 84 78
CPU Time (s) 0.32 16.67

Harwell-Boeing (38)

Avg. 67.26 70.71
Dev. (%) 2.40 12.09
#Best 31 10
CPU Time (s) 187.59 4081.87

Regular-
structured
graphs

Complete Split (21)

Avg. 217.76 217.34
Dev. (%) 0.18 0.00
#Best 13 21
CPU Time (s) 994.16 2522.81

Join of Hypercubes (9)

Avg. 80.89 80.34
Dev. (%) 0.27 0.00
#Best 7 9
CPU Time (s) 56.08 369.91

Toroidal Mesh (17)

Avg. 30.24 30.24
Dev. (%) 1.47 1.24
#Best 13 16
CPU Time (s) 142.31 1871.53

Cone (10)

Avg. 154.80 155.00
Dev. (%) 0.10 0.26
#Best 9 7
CPU Time (s) 80.32 1405.45

Total (179)

Avg. 57.24 57.94
Dev. (%) 0.69 3.54
#Best 157 141
CPU Time (s) 177.42 1434.01

Table 5: Comparison with the state of the art.

with all 122 random graphs results in a p-value of 0.0008. Therefore, we can
confidently reject the null hypothesis in favor of the alternative hypothesis that
the median of the TS objective function values is less than the median of the
MA values. This fact confirms the better performance of the TS over these
instances. The Wilcoxon test with all 57 structured graphs results in a p-value
of 0.0069. This also indicates a strong rejection of the null hypothesis in favor of
concluding that the median of the MA objective function values for structured
graphs is less than the median of the TS values.

We complement this experiment by conducting a t-test for paired samples.
The resulting p-values of 0.032 and 0.106 for random and structured graphs,
respectively, means that, in the case of random graphs, we could still reject the
null hypothesis at a reasonable level of significance, say 5%. However, we would
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have to accept a Type I error of over 10% if we would like to reject the null
hypothesis for the structured graphs in favor of concluding that the average MA
objective function values for structured graphs is less than the TS average.

We believe that the solid performance of MA on structured graphs is due to
the six different ways in which solutions are constructed to initialize the search.
This fact is also supported by the authors of the MA procedure, since they
tested in [32] the six constructive heuristics in isolation for the different kinds
of instances. The differences found in the performance of each constructive
procedure for each kind of graph, suggested them the inclusion of solutions
provided by all the constructives, in the initial population of their MA. At least
one of these constructives can be customized to exploit a particular regular
structure and give the search procedure the advantage of starting the search at
high-quality initial points. Customization of a solution-construction procedure
is not possible for graphs without a regular structure, such as random graphs.
Including various forms of constructing solutions within a single procedure is
indeed a reasonable idea as long as the application can afford the price to be
paid on the increased computational effort.

Given the previous assumptions, as a final experiment, we evaluate the influ-
ence of the constructive procedures in the overall performance of the compared
methods. In Table 6, we report the average quality (Avg.), the number of best
solutions found (#Best), and the average improvement, Imp.(%), achieved by
the TS or the MA with respect to its corresponding constructive procedure. No-
tice that, the overall method (TS or MA) also includes the constructive phase
and therefore, if we just report the total number of best solutions found by TS
or MA it would always match the total number of instances. However, since we
are interested in determining which part of the method is responsible of the best
solution found, in Table 6, we have separated the number of best solutions found
by the constructive procedure, from the total number of best solutions found
by the metaheuristic. The column Greedy in Table 6 reports the initial solution
provided to the TS in the best iteration. On the other hand, the MA runs 6 con-
structive procedures (6 cons. column in Table 6) for 30 iterations with an initial
population size of 60 or 90 individuals (depending on the size of the graph)
at each iteration. We have performed all the possible initial constructions for
the 30 iterations with the code provided by [32] and we have reported the best
solution found among all of them. As it can be seen in Table 6, considering all
the instances together (row Total) the TS was able to improve 166 initial solu-
tions out of 179, while 13 solutions generated by the Greedy constructive were
not improved. Furthermore, the TS improved the Avg. value of the objective
function in a 48.21% over the Greedy procedure. On the other hand, MA was
able to improve 112 initial solutions out of 179, and the average improvement
of the MA with respect to the constructive procedures resulted in a 16.85%. If
we take a closer look to the sets of instances separately, we observe a different
influence of the initial solution in the search, depending on the type of instance.
Particularly, in the sets of instances where the MA obtains a more competitive
performance (the graphs with a regular structure) there are a smaller improv-
ing difference with respect to its constructive procedure. This indicates that

24



Our approach P. Jain et al. [32]
Greedy TS Imp.(%) 6 cons. MA Imp.(%)

Small Instances
(84)

Avg. 5.90 3.90
51.62

4.57 3.98
15.81

#Best 5 79 37 47
Harwell-Boeing
(38)

Avg. 87.24 67.26
47.48

95.95 70.71
40.72

#Best 1 37 3 35
Complete Split
(21)

Avg. 360.38 217.76
72.55

217.95 217.33
0.18

#Best 0 21 14 7
Join of Hypercube
(9)

Avg. 98.78 80.89
31.54

84.11 80.33
6.83

#Best 0 9 0 9
Toroidal Mesh
(17)

Avg. 36.53 30.24
27.06

31.12 30.24
3.15

#Best 7 10 11 6
Cone
(10)

Avg. 184.70 154.80
22.25

157.00 155.00
2.29

#Best 0 10 2 8

Total
(179)

Avg. 82.31 57.24
48.21

64.04 57.94
16.85

#Best 13 166 67 112

Table 6: Study of the influence of the constructive procedures in the overall performance of
the compared methods.

the solution quality for those sets of instances is mainly due to the constructive
phase. In this sense, the differences in the Complete Split Graphs are the more
remarkable, since the TS was able to improve a 72.55% with respect to the initial
solution, while the MA was only able to improve a 0.18%, obtaining almost the
same final quality. We believe that this behavior is due to the fact that in [32]
the authors proposed six tailored-made constructive procedures able to perform
very well for the particular sets of instances used. We can conclude that, TS is
able to largely improve the initial solutions provided by a general constructive
procedure. On the other hand, the use of a set of tailored-made constructive
procedures when handling different sets of instances, might be useful to provide
high-quality starting points for improvement methods.

Appendix A includes the individual results of our competitive tests. This
could help researchers to perform future comparisons.

5. Conclusions

We studied the Cyclic Cutwidth Minimization Problem consisting of em-
bedding a candidate graph into a cycle (host) graph in order to minimize the
maximum cut. This problem has been previously studied for specific classes of
graphs with a regular structure. However, work on general candidate graphs is
sparse. We can point to only one recent heuristic approach for general graphs.
The approach in the literature is a population-based metaheuristic from the
family of memetic algorithms. We took a different approach and developed
a single-solution, neighborhood search. In the process of creating an effective
and efficient solution method, we adapted three strategies that have general
applicability:

1. Efficient move value calculation.
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2. Secondary move evaluation to distinguish moves that the primary evalu-
ation (based on the objective function) is not able to distinguish.

3. Neighborhood search space reduction via regions of interest.

Our work establishes some new benchmarks for the Cyclic Cutwidth Min-
imization Problem and provides validation for strategies that promise to ac-
celerate the execution of heuristic searches without sacrificing solution quality.
Finally, we have identified a general new lower bound for CCMP, valid for any
kind of graph and inspired in the linear version of the problem.

Acknowledgment

This work was partially supported by the Ministerio de Ciencia, Innovación
y Universidades under Grant Ref. PGC2018-095322-B-C22 and by Comu-
nidad de Madrid and European Regional Development Fund with Grant Ref.
P2018/TCS-4566. We would also like to thank P. Jain, K. Srivastava, and G.
Saran, authors of the previous most competitive method in the state of art [32]
for sharing their code with us.

References

[1] E. G. Pardo, R. Mart́ı, A. Duarte, Linear Layout Problems, Handbook
of Heuristics. Springer International Publishing. ISBN: 978-3-319-07153-4,
2016.

[2] J. Dı́az, J. Petit, M. Serna, A survey of graph layout problems, ACM
Comput. Surv. 34 (2002) 313–356.
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[17] M. C. López-Locés, N. Castillo-Garćıa, H. J. F. Huacuja, P. Bouvry, J. E.
Pecero, R. A. P. Rangel, J. J. G. Barbosa, F. Valdez, A new integer
linear programming model for the cutwidth minimization problem of a
connected undirected graph, in: Recent Advances on Hybrid Approaches
for Designing Intelligent Systems, Springer, 2014, pp. 509–517.

[18] J. Luttamaguzi, M. Pelsmajer, Z. Shen, B. Yang, Integer programming
solutions for several optimization problems in graph theory, Technical Re-
port, Center for Discrete Mathematics and Theoretical Computer Science,
DIMACS, 2005.

[19] M. Johnson, The linear and cyclic cutwidth of the complete bipartite graph,
REU Project, Cal State Univ., San Bernardino (2003).

[20] J. D. Chavez, R. Trapp, The cyclic cutwidth of trees, Discrete Applied
Mathematics 87 (1998) 25–32.

[21] F. Rios, Complete graphs as a first step toward finding the cyclic cutwidth
of the n-cube, Cal State Univ., San Bernardino McNair Scholar’s Program
Summer Research Journal (1996).

27

http://dx.doi.org/https://doi.org/10.1016/j.ejor.2019.07.013
http://dx.doi.org/https://doi.org/10.1016/j.ejor.2019.07.013


[22] D. W. Clarke, The cyclic cutwidth of mesh cubes, 2002.
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[24] H. Schröder, O. Sỳykoa, I. Vrt’o, Cyclic cutwidth of the mesh, in: Interna-
tional Conference on Current Trends in Theory and Practice of Computer
Science, Springer, 1999, pp. 449–458.

[25] V. Sciortino, J. D. Chavez, R. Trapp, The cyclic cutwidth of a p2× p2×
pn mesh, REU Project, Cal State Univ., San Bernardino (2002).

[26] H. L. Abbott, Hamiltonian circuits and paths on the n-cube, Canadian
Mathematical Bulletin 9 (1966) 557–562.

[27] B. James, The cyclical cutwidth of the three-dimensional and fourdimen-
sional cubes, Cal State Univ., San Bernardino McNair Scholar’s Program
Summer Research Journal (1996).

[28] R. Aschenbrenner, A proof for the cyclic cutwidth of q5, REU Project,
Cal State Univ., San Bernardino (2001).

[29] C. Castillo, A proof for the cyclic cutwidth of q6, REU Project, Cal State
Univ., San Bernardino (2003).

[30] J. Erbele, J. D. Chavez, R. Trapp, The cyclic cutwidth of qn, Manuscript,
California State University, San Bernardino USA (2003).

[31] H. Allmond, On the cyclic cutwidth of complete tripartite and n-partite
graphs, REU Project (2006).

[32] P. Jain, K. Srivastava, G. Saran, Minimizing cyclic cutwidth of graphs
using a memetic algorithm, Journal of Heuristics 22 (2016) 815–848.

[33] P. Moscato, On evolution, search, optimization, genetic algorithms and
martial arts: Towards memetic algorithms, Caltech concurrent computa-
tion program, C3P Report 826 (1989) 1989.

[34] F. Glover, Tabu search and adaptive memory programming—advances, ap-
plications and challenges, in: Interfaces in computer science and operations
research, Springer, 1997, pp. 1–75.

[35] A. J. Mcallister, A new heuristic algorithm for the linear arrangement
problem (1999).

[36] T. Feo, M. Resende, A Greedy Randomized Adaptive Search Procedure
for Maximum Independent Set, Operations Research 42 (1994) 860–878.

[37] M. G. C. Resende, R. Mart́ı, M. Gallego, A. Duarte, Grasp and path
relinking for the max–min diversity problem, Computers & Operations
Research 37 (2010) 498–508.

28



[38] F. Glover, Heuristics for integer programming using surrogate constraints,
Decision sciences 8 (1977) 156–166.

[39] F. Glover, Future paths for integer programming and links to artificial
intelligence, Computers & operations research 13 (1986) 533–549.

[40] F. Glover, Tabu search—part i, ORSA Journal on computing 1 (1989)
190–206.

[41] F. Glover, Tabu search—part ii, ORSA Journal on computing 2 (1990)
4–32.

[42] F. Glover, M. Laguna, Tabu Search, Kluwer Academic Publishers, USA,
1997.

[43] M. Laguna, Tabu Search, Springer International Publishing, Cham, 2017,
pp. 741–758.

[44] E. Pinana, I. Plana, V. Campos, R. Martı, Grasp and path relinking
for the matrix bandwidth minimization, European Journal of Operational
Research 153 (2004) 200–210.
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Appendix A. Individual results

These are the results of our competitive testing. These values were used to
calculate the summary presented in Table 5.

Small Instances

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

p17 16 24 4 5 0.27 0.00 5 16 0.00

p18 16 21 3 4 0.20 0.00 4 13 0.00

p19 16 19 3 3 0.26 0.00 3 11 0.00

p20 16 18 4 4 0.20 0.00 4 12 0.00

p21 17 20 3 3 0.12 0.00 3 12 0.00

p22 17 19 3 3 0.24 0.00 3 15 0.00

p23 17 23 3 4 0.39 0.00 4 16 0.00

p24 17 29 4 5 0.39 0.00 6 15 20.00

p25 17 20 3 3 0.20 0.00 3 13 0.00

p26 17 19 3 3 0.16 0.00 3 12 0.00

p27 17 19 3 3 0.30 0.00 3 12 0.00

p28 17 18 3 3 0.18 0.00 3 12 0.00

p29 17 18 3 3 0.16 0.00 3 13 0.00

p30 17 19 2 3 0.20 0.00 3 13 0.00

p31 18 21 3 3 0.22 0.00 3 13 0.00

p32 18 20 3 3 0.32 0.00 3 15 0.00

p33 18 21 3 3 0.17 0.00 3 15 0.00

p34 18 21 3 3 0.32 0.00 3 14 0.00

p35 18 19 3 3 0.09 0.00 3 14 0.00

p36 18 20 3 3 0.24 0.00 3 13 0.00

p37 18 20 4 4 0.14 0.00 4 13 0.00

p38 18 19 2 3 0.15 0.00 3 13 0.00

p39 18 19 3 3 0.26 0.00 3 12 0.00

p40 18 32 4 6 0.68 0.00 6 17 0.00

p41 19 20 3 3 0.16 0.00 3 11 0.00

p42 19 24 2 4 0.18 0.00 4 16 0.00

p43 19 22 3 3 0.22 0.00 3 13 0.00

p44 19 25 3 4 0.35 0.00 4 15 0.00

p45 19 25 4 4 0.23 0.00 4 15 0.00

p46 19 20 3 3 0.16 0.00 3 12 0.00

p47 19 21 2 3 0.19 0.00 3 14 0.00

p48 19 21 3 3 0.14 0.00 3 13 0.00

p49 19 22 3 3 0.21 0.00 3 14 0.00

p50 19 25 3 3 0.29 0.00 3 15 0.00

p51 20 28 3 4 0.56 0.00 4 24 0.00

p52 20 27 4 4 0.34 0.00 4 15 0.00

p53 20 22 3 3 0.27 0.00 3 14 0.00

p54 20 28 4 5 0.32 0.00 5 17 0.00

p55 20 24 3 3 0.14 0.00 3 15 0.00

p56 20 23 2 3 0.30 0.00 3 14 0.00
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(continuation) LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

p57 20 24 4 4 0.33 0.00 4 14 0.00

p58 20 21 3 3 0.07 0.00 3 14 0.00

p59 20 23 3 4 0.37 0.00 4 15 0.00

p60 20 22 3 3 0.63 0.00 3 19 0.00

p61 21 22 3 3 0.27 0.00 3 15 0.00

p62 21 30 3 5 0.34 0.00 5 17 0.00

p63 21 42 5 7 0.62 0.00 8 27 14.29

p64 21 22 3 3 0.17 0.00 3 14 0.00

p65 21 24 2 3 0.39 0.00 4 18 33.33

p66 21 28 4 5 0.42 0.00 5 19 0.00

p67 21 22 3 3 0.07 0.00 3 14 0.00

p68 21 27 4 4 0.26 0.00 4 18 0.00

p69 21 23 3 3 0.19 0.00 4 15 33.33

p70 21 25 3 4 0.26 0.00 4 16 0.00

p71 22 29 2 4 0.38 0.00 4 19 0.00

p72 22 49 4 9 1.26 0.00 9 28 0.00

p73 22 29 3 4 0.38 0.00 4 16 0.00

p74 22 30 4 5 0.51 0.00 5 18 0.00

p75 22 25 3 4 0.32 0.00 4 16 0.00

p76 22 30 4 4 0.84 0.00 5 19 25.00

p77 22 37 3 6 0.56 0.00 6 24 0.00

p78 22 31 3 5 0.37 0.00 5 22 0.00

p79 22 29 3 5 0.39 0.00 5 21 0.00

p80 22 30 3 5 0.38 0.00 5 20 0.00

p81 23 46 4 8 0.45 0.00 8 27 0.00

p82 23 24 4 4 0.25 0.00 4 20 0.00

p83 23 24 4 4 0.17 0.00 4 19 0.00

p84 23 26 3 4 0.27 0.00 4 21 0.00

p85 23 26 3 4 0.32 0.00 4 18 0.00

p86 23 24 3 3 0.22 0.00 3 17 0.00

p87 23 30 3 4 0.28 0.00 4 18 0.00

p88 23 26 3 4 0.16 0.00 4 16 0.00

p89 23 27 3 4 0.33 0.00 4 19 0.00

p90 23 35 3 5 0.41 0.00 5 21 0.00

p91 24 33 3 5 0.33 0.00 5 21 0.00

p92 24 26 2 4 0.40 0.00 4 18 0.00

p93 24 27 4 4 0.40 0.00 4 17 0.00

p94 24 31 3 4 0.49 0.00 4 23 0.00

p95 24 27 3 4 0.44 0.00 4 19 0.00

p96 24 27 3 3 0.38 0.00 3 17 0.00

p97 24 26 4 4 0.36 0.00 4 17 0.00

p98 24 29 3 4 0.66 0.00 4 27 0.00

p99 24 27 3 4 0.14 0.00 4 22 0.00

p100 24 34 4 5 0.41 0.00 5 24 0.00

Avg. 3.16 3.90 0.32 0.00 3.98 16.67 1.80
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Harwell-Boeing

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

494 bus 5 25 288.88 25.00 20 3427 0.00

662 bus 5 31 306.09 0.00 38 18132 22.58

685 bus 6 37 304.98 0.00 50 14894 35.14

arc130 62 122 302.89 0.00 143 2350 17.21

ash292 7 34 309.38 0.00 47 5102 38.24

ash85 5 14 13.37 0.00 16 232 14.29

bcspwr01 3 4 0.45 0.00 5 28 25.00

bcspwr02 3 5 1.46 0.00 5 44 0.00

bcspwr03 5 10 18.36 0.00 11 399 10.00

bcspwr04 8 36 306.27 2.86 35 5483 0.00

bcspwr05 5 25 82.35 0.00 26 3347 4.00

bcsstk01 6 25 12.03 0.00 27 89 8.00

bcsstk02 33 561 8.42 2.75 546 130 0.00

bcsstk04 22 302 410.32 0.00 311 1599 2.98

bcsstk05 12 113 165.78 0.00 114 2387 0.88

bcsstk06 14 254 2125.71 18.14 215 17319 0.00

bcsstk22 4 10 43.15 0.00 11 447 10.00

can 144 7 25 53.82 25.00 20 1177 0.00

can 161 8 45 84.09 0.00 48 517 6.67

can 292 17 67 309.42 0.00 105 10488 56.72

curtis54 8 11 6.20 0.00 12 65 9.09

dwt 209 8 47 147.80 0.00 55 6286 17.02

dwt 221 6 27 90.53 0.00 28 9233 3.70

dwt 234 5 12 8.40 0.00 14 969 16.67

dwt 245 6 32 140.78 0.00 38 3529 18.75

fs 183 1 52 113 303.52 0.00 136 6773 20.35

gent113 13 70 187.25 0.00 80 1721 14.29

gre 115 5 25 33.82 0.00 28 916 12.00

gre 185 4 6 46 79.24 9.52 42 2797 0.00

ibm32 6 15 3.40 0.00 15 55 0.00

impcol b 9 44 15.69 0.00 47 247 6.82

impcol c 7 33 34.09 0.00 41 1163 24.24

lns 131 6 24 18.29 0.00 25 738 4.17

lund a 10 107 221.78 8.08 99 3413 0.00

lund b 10 100 300.58 0.00 101 2399 1.00

saylr3 3 46 302.45 0.00 60 18000 30.43

west0132 11 48 84.28 0.00 62 104 29.17

will57 5 11 2.96 0.00 11 112 0.00

Avg. 10.84 67.26 187.59 2.40 70.71 4081.87 12.09
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Complete Split

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

K4∇K10 7 13 0.92 0.00 13 27 0.00

K4∇K15 9 17 0.48 0.00 17 49 0.00

K4∇K20 12 23 2.63 0.00 23 69 0.00

K4∇K30 17 33 5.27 0.00 33 123 0.00

K4∇K50 27 53 16.71 0.00 53 273 0.00

K4∇K100 52 103 98.15 0.00 103 101 0.00

K5∇K5 5 10 0.93 0.00 10 19 0.00

K5∇K10 7 16 1.20 0.00 16 34 0.00

K5∇K20 12 29 3.26 0.00 29 88 0.00

K5∇K50 27 68 15.71 0.00 68 303 0.00

K5∇K100 52 133 117.84 0.00 133 887 0.00

K6∇K15 10 27 1.81 0.00 27 81 0.00

K6∇K50 28 81 30.88 1.25 80 468 0.00

K6∇K100 53 156 145.45 0.65 155 1419 0.00

K10∇K15 12 50 5.09 0.00 50 149 0.00

K10∇K50 30 139 91.92 0.78 138 765 0.00

K10∇K100 55 264 310.32 0.38 263 2655 0.00

K20∇K50 35 302 310.33 0.33 301 2299 0.00

K20∇K100 60 552 925.71 0.18 551 7384 0.00

K50∇K50 50 940 2705.05 0.21 938 17726 0.00

K50∇K100 75 1564 16087.62 0.06 1563 18059 0.00

Avg. 30.24 217.76 994.16 0.18 217.34 2522.81 0.00

Cones

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

C10,10 6 26 1.58 0.00 26 64 0.00

C10,15 9 39 4.64 0.00 39 127 0.00

C10,20 11 51 3.67 0.00 51 194 0.00

C10,50 26 126 46.89 0.00 127 619 0.79

C15,15 9 58 17.40 0.00 58 184 0.00

C15,20 11 77 18.98 0.00 78 252 1.30

C15,50 26 190 162.52 0.00 191 1676 0.53

C20,20 11 102 9.65 0.99 101 432 0.00

C20,50 26 252 226.61 0.00 252 2003 0.00

C50,50 26 627 311.24 0.00 627 8504 0.00

Avg. 16.1 154.80 80.32 0.10 155.00 1405.45 0.26
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Join of Hypercubes

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

Q2 +Q3 5 12 1.02 0.00 12 26 0.00

Q2 +Q4 9 23 2.25 0.00 23 62 0.00

Q2 +Q5 17 46 10.77 0.00 46 200 0.00

Q3 +Q3 6 21 2.92 0.00 21 49 0.00

Q3 +Q4 10 40 7.11 0.00 40 118 0.00

Q3 +Q5 18 79 34.47 0.00 79 337 0.00

Q4 +Q4 10 76 11.67 0.00 76 257 0.00

Q4 +Q5 18 147 132.50 1.38 145 675 0.00

Q5 +Q5 19 284 302.05 1.07 281 1622 0.00

Avg. 12.45 80.89 56.08 0.27 80.34 369.91 0.00

Torodial Mesh

LB TS MA

Instance ccw ccw CPUt (s) Dev. (%) ccw CPUt (s) Dev. (%)

C3 × C3 × C3 3 14 0.52 0.00 14 57 0.00

C3 × C3 × C4 3 17 1.22 0.00 17 85 0.00

C3 × C3 × C5 3 17 1.73 0.00 17 112 0.00

C3 × C3 × C10 3 17 20.20 0.00 17 294 0.00

C3 × C4 × C4 3 20 2.43 0.00 20 107 0.00

C3 × C4 × C5 3 20 7.30 0.00 20 150 0.00

C3 × C4 × C10 3 22 56.54 10.00 20 530 0.00

C3 × C5 × C5 3 23 7.38 0.00 23 299 0.00

C3 × C5 × C10 3 23 89.24 0.00 23 1013 0.00

C3 × C10× C10 3 38 300.66 0.00 46 6214 21.05

C4 × C4 × C4 3 26 5.82 0.00 26 217 0.00

C4 × C4 × C5 3 26 18.04 0.00 26 421 0.00

C4 × C4 × C10 3 26 115.00 0.00 26 1114 0.00

C4 × C5 × C5 3 32 31.46 6.67 30 945 0.00

C4 × C5 × C10 3 32 260.36 6.67 30 1640 0.00

C5 × C5 × C5 3 37 50.13 0.00 37 670 0.00

C10 × C10 × C10 3 124 1451.31 1.64 122 17948 0.00

Avg. 3 30.24 142.31 1.47 30.24 1871.53 1.24
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