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Abstract

We present a novel two-player game in a chaotic dynamical system where players have opposing
objectives regarding the system’s behavior. The game is analyzed using a methodology from
the field of chaos control known as partial control. Our aim is to introduce the utility of this
methodology in the scope of game theory. These algorithms enable players to devise winning
strategies even when they lack complete information about their opponent’s actions. To illustrate
the approach, we apply it to a chaotic system, the logistic map. In this scenario, one player aims to
maintain the system’s trajectory within a transient chaotic region, while the opposing player seeks
to expel the trajectory from this region. The methodology identifies the set of initial conditions
that guarantee victory for each player, referred to as the winning sets, along with the corresponding

strategies required to achieve their respective objectives.



I. INTRODUCTION

Game theory provides powerful tools for analyzing strategic interactions across diverse
fields such as reinforcement learning [1, 2|, social sciences [3], economics [4], physics [5]
and even in the study of human memory [6]. While classical game theory typically focuses
on equilibrium states, many real-world situations involve chaotic systems, where extreme
sensitivity to initial conditions and inherent unpredictability create fundamental challenges
for strategic decision-making. The nonlinear nature of these systems makes traditional game-
theoretic approaches insufficient, as small perturbations can lead to dramatically different
outcomes. What’s more, the intrinsic characteristics of a game are susceptible to change in

real life, and these changes can result from the players’ decisions [7, §].

Game theory has also proven valuable in chaos control [9], where control problems natu-
rally emerge as competitive scenarios between opposing objectives. This framework reveals
how controllers must optimize their strategies while dealing with three key challenges: (1)
the unpredictable nature of chaotic dynamics, (2) the system constraints, and (3) the actions
of other controllers who must carefully choose their actions to achieve their own goal. This
interaction between different control agents adds a strategic dimension that goes beyond

traditional chaos control methods.

In this paper, we introduce a competitive control game in a scenario governed by chaotic
dynamics, where two players with limited control capabilities aim to steer trajectories toward
opposing objectives. One player seeks to confine the system within a target set ), while the
other attempts to drive it out. This framework builds on the approach introduced in [10],

where the authors propose a control game in a transient chaotic region.

Two crucial aspects that determine the victory are the initial state of the system and the
information that each player has about their opponent’s moves. In our game, the starting
point determines which player has a natural advantage due to the underlying dynamics.
On the other hand, with information about opponent moves, a player can better choose its
actions and adopt a control accordingly. In this regard, we explore three different scenarios:
(1) whether one player knows the actions of the opponent, e.g. by moving after it, (2) whether
the other player knows the actions, or (3) whether neither player has such knowledge, they

move simultaneously.

Dynamic noncooperative games have been studied in [11] under different levels of infor-
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mation available to the players. Information is also crucial in Stackelberg competitions [12],
where the leader plays first, but can foresee the actions of the rival. However, the second
player may have an advantage if the information is not complete or deception is possible
[13-15]

Our main contribution is to develop a method to solve the competitive control game.
This method determines, for any initial condition in phase space, when and where a player
can guarantee victory regardless of the opponent actions, based solely on the control bounds
and the system dynamics.

To this end, we develop a methodology involving the computation of winning sets corre-
sponding to the safe sets previously introduced in the context of controlling transient chaos
[16-19] In these papers, the partial control method is developed. However, only one player
was present, which attempted to survive in () as long as possible under the effect of random
noise. Here, we replaced the effect of noise with another player, that actively aims to expel
the trajectories away from Q).

To illustrate our approach, we use the logistic map in its chaotic regime as a paradigmatic
example. Our analysis reveals cases where only one player can guarantee the victory, cases
where both players can win depending on the initial conditions, and finally cases with regions
where neither player has a guaranteed victory, and the result depends on the particular
players” actions.

Although we have not analyzed real data here, we believe this methodology can be ap-
plied to diverse real life models like, for example, ecological models of control on species
populations. In [20], the authors apply the partial control to a dynamical system model
involving three species. Under the action of control and noise, the extinction of predators
is avoided. Further investigations can be made regarding whether two players control the
game, or the examination of real data.

In general, we believe that the methodologies presented here are applicable to a wide
range of game-theoretic problems involving dynamical systems, particularly in fields such as
economics and biology. Although our study has been restricted to one-dimensional discrete
maps, the methods could be naturally extended to higher-dimensional systems [21].

The structure of this manuscript is as follows. In Sec. II, we explore the specifics of the
game dynamics. In Sec. III, we explain how to resolve it by introducing the algorithm to

compute the winning sets. Next, in Sec. IV, we present a particular game in which one



player aims to stay in a chaotic transient region of the logistic map, and the other aims to
expel the trajectory from the region. We also discuss the main results. Finally, we present

our conclusions.

II. THE GAME

Imagine two players pulling an object. Player A wants to pull it to its side, while Player B
pulls toward its own. Without any other factors involved, the stronger player would simply
win by pulling harder.

However, the game becomes much more interesting when the object naturally moves
described by a rule given by a function f. Now, both players must not only worry about
each other’s pulling strength, but also need to consider how the object naturally moves. This
becomes especially tricky when the object’s movement described by f is chaotic, meaning
that even tiny changes in how they pull can lead to completely different and unpredictable
results as illustrated in Fig. 1.

Formally, we describe the game as follows. Consider a region () of the phase space where
a map f acts on the state space X. The initial state x of the game starts in ). Player
B’s objective is to keep the trajectory within ), while player A aims to drive the trajectory
outside of (). Each iteration of the game consists of players A and B choosing their respective
bounded controls u# and uZ. At each discrete time step n, the state x,, evolves according
to this dynamics

Ty = [(x) +upy 4wy, (1)

where u? and uZ represent the control actions of players A and B, respectively. These
controls are bounded by

upl < ug, Juy| < ug. (2)

In practice, player B needs to find a set that, with the help of the control action, remains
invariant to the map and the action of A.
A critical aspect to solve this game is the order of play. For this reason, we consider three

different scenarios:
In game A~ B*, player B has the advantage of knowing player A’s action before making

their move. This sequential play allows B to react optimally to A’s choice. In game AT B~,

4



Game Type |Order of Play Information Available

Game A~ BT B plays after A B knows A’s action

Game ATB~ A plays after B A knows B’s action

Game A~ B~ Simultaneous play Both ignore the opponent’s action

Table I. Three different scenarios analyzed in this paper based on the order of play, i.e., the
information is available to each player.

the roles are reversed, with A having complete information about B’s move before acting.
In this case, player B needs to guarantee that their winning set will remain invariant to the
worst possible action of player B. These kind of games are the ones where acting first reveals
information at the second player which they can exploit on their following turn. Finally,
in game A~ B~, both players must make their decisions simultaneously, where both players
ignore the action of their opponent. A game where both players ignore the actions of the

rival before making a move is, for example, the rock, paper, scissors game.

III. SOLVING THE GAME: THE WINNING SETS

For each of the above mentioned games the solution is dependent on the initial conditions.
Four winning sets will be calculated. Two for player A, informed or not and two for B. In
the game A~ BT, for example, the set for the player A~ and the set for player BT will be
the region where each player has victory guaranteed.

We obtained the sets through a method we call sculpting algorithm, since with each
iteration of the algorithm the sets are being diminished and getting smaller, like blocks of
stone being sculpted into a statue.

Given the opposing objectives where player A aims to drive trajectories outside ) while
player B seeks to keep them within (), we establish a region R containing () where the
winning sets W are defined for both players. These sets have binary values representing
whether that initial condition guarantees victory, 1, or does not, 0. For player B, initially
WB(z) = 1 for + € Q and 0 otherwise. For player A, initially W#(z) = 0 for z € @ and
1 otherwise. The computation procedure for each winning set is described next, which is
also summarized in Table II. Each set for an ignorant or informed player A or B can be

computed independently.

e Player A~ (ignorant player A): To compute the set of W4~ we have to evaluate
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Figure 1. Players A and B compete for controlling the trajectory on the chaotic and escaping
logistic map zp,4+1 = pa,(1—x,). Player B tries to maintain the trajectory on the region @ = [0, 1],
while fighting against the dynamics of the map, since for p > 4 all points except a zero measure
Cantor set eventually escape from the region. The red line shows an example of one orbit that
ends up escaping. Furthermore, player B also fights against the opponent, player A, who aims to
expel the trajectory from region () in a finite time. To achieve their goals the players can control
the trajectory with a given control bound. The yellow and blue rectangles are the winning sets
of players A and B, respectively. These are the initial conditions that guarantee victory for each
player.

for each z € Q the image f(x) + u? + u” for all possible controls u” € [—uf', uj] and
uP € [—ul, ub]. We select only those u* where all possible images f(z)+u’+[—uf ul]
fall within W4~ . Points x € Q satisfying this condition update W4~ (z) = 1. All these
initial conditions are able to be controlled to escape after one iteration of the map.
But there will be other points that, after more than one iterations of the map and

control, will be able to escape. To find these points we must repeat the algorithm,

thus updating W4~ until it converges.

This process is equivalent to iteratively performing the following morphological oper-
ations: first shrinking W4~ by uZ, then dilating by uj. For any 2 € Q whose f(x)
falls within the shrunk set, we set W4~ () = 1. The process is repeated with this new

WA™ until it converges.
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Figure 2. Winning sets and controlled trajectory for a game between an ignorant player A and
an informed player B. (a) Steps of the algorithm to compute the winning sets for the ignorant
player A, WA~ in yellow, and for the informed player B, WB+, in blue. The sets were computed
in the region R € [-0.3,1.3], with Q € [0, 1], u{' = 0.016, uf’ = 0.038. The algorithm converges in
3 iterations since the sets for the third iteration are identical to those of the forth. (b) Controlled
trajectory of the game when the initial condition belongs to player’s A winning set. Player A
acts first, without knowledge of player B’s move, so it chooses its control at each step to reach the
closest point belonging to the shrunk set (WA_ —ug ), accounting for the worst possible subsequent
action of player B. After 3 iterations the trajectory has left region @, so player A wins. (c) The
game now starts in a point that belongs to player’s B winning set. Player B acts second, with
the knowledge of player A’s move, so selects its control to reach the closest point belonging to
set WB". The trajectory stays indefinitely inside region @), so player B wins as long as control is
maintained.

e Player A" (informed player A): To compute the set of W4", we analyze f(z) +
uP + u? for all possible controls. For each z € Q, we evaluate f(z) + [—uf, uf] + ut

and determine if there exists some u? € [—u',uf!] capable of forcing escape for all
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(a) Game A B* (b) Game A"B~ (c) Game A B~

Figure 3. The logistic map and winning sets to control trajectories of the logistic map with u = 4.5
and control bounds uOA = 0.015 for player A, and uég = 0.040 for player B. Each winning set at
the bottom shows the initial conditions that guarantee victory to each player. Each player has
two winning sets whether they are informed (+4) or ignorant (—) to their opponent’s move. The
winning sets of player A are colored in green when it is informed and in yellow when it is ignorant.
On the other hand, those of player B are colored in blue when it is informed and purple when it is
ignorant. For simplicity, we only represent the winning sets in the interval @. (a) Ignorant player
A against informed player B (b) Now the informed player is A who plays against the ignorant
player B (c) Neither player knows each other’s actions. In this case, there are regions that do not
belong to any player’s winning set, meaning that both players could win when starting at those
initial conditions, but the victory is uncertain because players cannot guarantee victory against
any move from the opponent. These “no winning regions” represent the difference between the
respective informed winning sets and the ignorant winning sets.

possible images. If such u* exists, then wA* (x) = 1. This process is performed for

all z € Q, updating the set W4". The algorithm is repeated until W4* converges.

Morphologically, this process is equivalent to first dilating W4" with ui' and then
shrinking the resulting set with uf. For any z € Q whose f(z) falls within this shrunk

set, we set WA (z) = 1.

e Player B~ (ignorant player B): To compute the set of W5 we evaluate for

each z € @ the image f(z) + u® + v for all possible controls v? € [—uf, uf] and

u? € [—ud', uil]. We select only those u® where all possible images f(z)+uf+[—u, u!]
fall within W5 . Points x € @ not satisfying this condition update W (x) = 0. Since
player B wants to keep the orbit in @) forever, the algorithm must be repeated until

W™ converges.

The process is equivalent to iteratively performing the following morphological oper-

ations: first shrinking W2~ by u{, then dilating by uf. For any z € Q whose f(x)
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falls outside the shrunk set, we set W5 (z) = 0. The process is repeated with this

new W5 until it converges.

e Player B* (informed player B): To compute the set of W5", we analyze f(z) +
u?t+u® for all possible controls. For each z € Q, we evaluate f(z)+[—u, uj]+u®? and
determine if there exists some u? € [—uf,uf] capable of guaranteeing containment
for all possible images. If such u? does not exist, then W5" (x) = 0. This process is

performed for all z € Q, updating the set W5". The algorithm is repeated until W5"

converges.

Morphologically, this process is equivalent to first dilating W?" with uf and then
shrinking the resulting set with uj. For any # € @Q whose f(x) falls outside this

shrunk set, we set W5 (x) = 0.

Due to the complexity of the winning sets, we do not have a robust mathematical proof on
the convergence of the sets. However, since we work through computational simulations and
on a grid of discrete space, we have a finite number of points on the region (), and when the
application of the iterative algorithm does not alter further the set, we say it has converged.
We have observed that increasing the grid resolution leads to progressively smaller changes

in the resulting sets.

IV. APPLICATION OF THE GAME IN THE LOGISTIC MAP

To demonstrate our approach, we study a game based on the logistic map f(z) = pz,(1 — x,)
where 4 = 4.5 and @ = [0,1]. This map serves as an excellent test case since it exhibits
transient chaos in @): trajectories display chaotic behavior before naturally escaping the
region. This creates an asymmetric scenario where the player B, who wants to stay in the
region, must work against both the natural dynamics and their opponent’s actions, who
has an opposite objective, i.e., to expel the trajectory from the region. While this specific
example is used, our methodology can be applied to other scenarios in the logistic map,
e.g, on the period-3 window, where one player wants to focus the trajectory on the period-3
orbit and the other wants a chaotic trajectory. It could also be applied to any map f and

defined regions () in phase space.



Player Initial Set Morphological Operations
WA (2) = 0 z€q@ 1. Shrink W4~ by uf to obtain W4 _
e 1 otherwise | 2. Dilate W4 by ' to obtain Wi 4
3.Vz € Q, if f(z) falls in Wil 4, set WA (z) =1
Wa =wA 4. WA = WA . Go to step 1 and repeat the process
WA+(:1:) _ 0 z€e@ 1. Dilate WA" by ui' to obtain Wdﬂ;ted
A+ 1 otherwise | 2. Shrink Wdﬂated by uf to obtain I/Vmunk
3. Ve € Q, if f(x) falls in Wi . set WA (2) =1
Wﬁgv — WA 4. WA = W,;gv Go to step 1 and repeat the process
W () 1 z€@Q 1. Shrink W2~ by u' to obtain WZ_
B 0 otherwise | 2. Dilate WE_ = by uf to obtain WE_. .
3.Vz € Q, if f(z) falls in WE_. ., set WE (z) =1
WB_ = WwB 4. WB™ =W2E_Go to step 1 and repeat the process
W5 (1) = 1 z€eq@ 1. Dilate WBi by uf to obtain Wdﬂzted
Bt 0 otherwise | 2. Shrink W' . by uj to obtain T/Vshrunk
3.Vz € Q, if f(z) falls in WE' | set WE! (z) =1
Wnlgjv WwB* 4. WBT = WIZW Go to step 1 and repeat the process

Table II. Morphological operations for each player’s winning set computation.

In order to reach their goals, both players can apply control at each iteration to influence
the trajectory, but they are limited by their respective control bounds uf and uf. The state

of the system at each iteration is determined by
Lp+1 = f(Irl) + uA + uBa (3)

where f(z) = px(1 — ) is the logistic map, and u? and u” represent the control inputs

applied at each iteration according to each player’s strategy.

We compute an example for this game with specific control bounds uj = 0.016 and
uf = 0.038. In Fig. 2, we show how the winning sets are constructed. Each iteration of
the process brings the winning sets closer to their final version by cutting down player’s B

set and expanding that of player A. Additionally, we show two controlled trajectories with
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initial conditions belonging to the winning set of player A in Fig. 2(b), successfully expelling
the trajectory from region @); and of player B in Fig. 2(c), keeping the orbit in the region.

Figure 3 shows three games whether each player is informed or ignorant, showing the
winning sets of each player. In Fig. 3(a), we analyze the case where A plays first and B
second. In Fig. 3(b), the roles are reversed: B plays and A plays second. Finally, Fig. 3(c)
shows the scenario where both players are ignorant, which could represent a simultaneous
play situation.

Particularly interesting is the case shown in Fig. 3(c), where both players play simulta-
neously and therefore they are ignorant of each other’s actions. Here, we observe regions in
the state space that do not belong to any winning set. These regions emerge because neither
player can guarantee victory regardless of their strategy. The existence of such regions is
a direct consequence of both players being ignorant, no one knows the other player’s move
when making their decision. Therefore, players may or may not choose the best response to
the opponent’s move so the outcome depends on the specific combination of controls chosen
by both players

This uncertainty contrasts sharply with the scenarios where at least one player is in-
formed, as shown in Fig. 3(a-b), where the winning sets completely determine the game’s

outcome for all initial conditions.

A. Exploring possible games in the (ug,ué) space

The outcome of these games strongly depends on the control bounds available to each
player. Figure 4 presents a comprehensive analysis of possible game scenarios in the
(uf,ug') € [0,0.2] x [0,0.1] parameter space. It shows three different game types: A
ignorant vs B informed, A informed vs B ignorant, and both players ignorant.

In these diagrams, there are regions where one player wins for all initial conditions and
other regions in which the winner depends on the initial conditions. Among this last category,
in the case where both players are ignorant in Fig. 4(c), some are marked as NW (no
winning) where victory is uncertain for some initial conditions. Five different regions can
be seen in Fig. 4(c). This variety of outcomes illustrates the complexity that emerges when

both players must act without knowledge of their opponent’s moves.

The bottom Figs. 4(d-f) illustrate specific examples of winning sets for five different
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(a) Game A~ B™

(b) Game ATB~

(c) Game A B~
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P]_ | I
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Figure 4. Different solutions depending on the values of u{' and uf. Panels (a), (b), and (c)
show a diagram in which solid colored regions represent parameter combinations where the in-
formed/ignorant player A wins for all initial conditions at solid colors green/yellow and the in-
formed /ignorant player B at solid blue/purple. Striped regions indicate parameters where the
winner depends on the initial conditions. There are also regions with white strips marked as NW
(no winning), where the victory is uncertain at some initial conditions. Below each diagram, in
(d), (e), (f), we show the winning sets, i.e., the initial conditions that guarantee victory for each
players, for each kind of game at 5 different regions of control bound. These points, written as
(uOB,ug‘), are: P1 = (0.017,0.050), P2 = (0.021,0.026), P3 = (0.038,0.016), P4 = (0.070,0.016),
and P5 = (0.170,0.016).

parameter combinations, labeled as games P1 to P5. These examples demonstrate how the

winning sets change as we move through different regions in the parameter space.

Figure 5 quantifies these results by showing the percentage of region @) occupied by each

player’s winning set. Particularly interesting is Fig. 5(c), which shows the percentage of
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(a) Game A B 00 01 (b) Game A™B 00 01 (c) Game A" B
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82

55 41

0.1 11 0.05

Figure 5. The first two panels show the percentage of the region that occupies the winning set of
player B respect region () whether it is informed (+) or ignorant (-). The color is white when the
percentage is zero. The last panel represents the percentage of initial conditions that do not assure
a winner when both players are ignorant. Notice that the range of the color axis is different in
each figure indicating the maximum and minimum values that the percentages appear. All figures
show similar details at different scales, suggesting self similarity in the system dynamics.

initial conditions where no player can guarantee victory in the case where both players
are ignorant. The color gradients reveal a continuous transition between different game
outcomes as the control bounds change.

These results demonstrate how the relative strength of the players’ control bounds deter-
mines not just who wins, but whether victory can be guaranteed at all. When the bounds
are comparable, we often find situations where the outcome depends on initial conditions or

remains uncertain.

B. Minimal winning set for Player B

The dynamics of the game favors player A, who wants to leave region (), since this
occurs spontaneously due to the transient nature of the system. Nonetheless all is not lost
for player B. Given sufficient control this player can achieve its goal. For a given wu;.
Figs. 6, explore the limits of control when player B’s victories first appear. The boundary
in parameter space (uj,ul) is shown in Figs. 6(a) and 6(c). This boundary represents a
critical transition: for slightly larger values of u3 or smaller values of uZ, player B cannot

win under any circumstances. However, crossing this boundary leads to the emergence of
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(a) (b) Game A Bt
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Figure 6. Panels (a) and (c) show the game boundary for which there is a shift between player
A winning the game at all initial conditions (left of the line) and there is a mixed victory among
different initial conditions (right of the line). These lines are the boundaries of panels (a) and
(b) from the previous figure. Panels (b) and (d) show the winning sets within the control bounds
along the game boundary. In colors yellow and blue the points in the A ignorant and B informed
winning sets respectively and in green and purple, A informed and B ignorant. In panel (b) we
can clearly see increasing and almost self-similar details when the scales decreases.

initial conditions where B can achieve victory.

Of particular interest is the structure revealed in Figs. 6(b) and 6(d), which show the
winning sets along these boundaries for two different game scenarios. In the case of A
ignorant vs B informed, Fig. 6(b), we observe an intricate pattern of B’s victories appearing
as blue regions within A’s domain, showing increasing detail at smaller scales and suggesting
a self-similar structure. In contrast, when A is informed and B ignorant, Fig. 6(d), we see a
different pattern where B’s winning regions (purple) alternate with A’s (green) in a complex

but distinct arrangement.

C. Is it worth being informed?

It is clear that the second player has advantage in this game if it has the knowledge of
the opponent’s actions because it can counteract any action of the rival. Consequently, the
ignorant sets are a subset of the informed ones. But, surprisingly, by plotting the difference

between the proportion of each player informed and ignorant sets, Fig. 7, we can see that
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0.1

NW fraction for game A~ B~

l 0.82

10.41

0t : 0.00

0 UOB 0.2

Figure 7. The color on the heatmap indicates the no winning fraction (NW) for the game A~ B™.
This quantity is defined as NW = AT — A~ = BT — B, and it measures the advantage of playing
second, i.e., being informed. Regions with NW = 0 correspond to situations where the outcome
is the same regardless of who plays first, while regions with NW > 0 indicate a widening of the
winning set, meaning that playing second provides a strategic advantage.

there is a major area where the difference is null. This figure is the same as the percentage
in which no player guarantees its victory of Fig. 5. This is easily demonstrated with the

following equations:

AT+ B =1
A=+ Bt =1 = NW =A"—A"=B"-B". (4)
Am+B "+ NW =1

Here A*, for example, represents the proportion of the region () that is occupied by the
informed Player A’s winning set. NW (no winning) is the proportion of blank space when

both Player A and Player B are ignorant.

In the case that players could fight for turn order, it is reasonable to assume that there
would be a cost associated to being informed. If that is the case, then it may not be worth
paying that cost, because the result is the same for a large proportion of cases. However, if
one cares to minimize the average control made, being informed is surely beneficial in almost

all cases.
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V. CONCLUSIONS

This work has analyzed a novel game of survival in a chaotic region, where players have
opposing objectives: one aims to maintain the system within a region while the other at-
tempts to escape it. The game was solved in all situations with the help of the partial control
method. This method provides explicit solutions for determining winning conditions, allow-
ing us to construct winning sets for each player under different information scenarios. The
solutions are not unique, since the partial control method does not provide a unique trajec-

tory but a range of possible points that the trajectory must not leave, the winning sets.

By mapping the complete (uf,ui') parameter space, we identified regions where one
player has complete victory, other regions where victory depends on initial conditions, and
even regions with initial conditions that does not assure victory for neither player in the

cases of mutual ignorance.

The game reveals intricate, self-similar structures in the transition regions where B’s

victories first emerge, suggesting fractal-like properties in the system’s dynamics.

A particularly interesting finding is that, in some cases, identical winning sets are obtained
through the informed and the ignorant scenarios. Nonetheless, control with less average

control can be achieved by being informed, though the winning conditions do not vary.

Also interesting is the fact that the game is not solved entirely in the case where both
players are ignorant to each other’s actions. For some initial conditions, the victory is not

assured for neither player. Therefore, victory depends on both player’s actions.

These results not only advance our understanding of chaotic control in competitive sce-
narios, but also suggest practical implications for control strategy design when complete

information is not available.
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