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A continuous-opinion model accounting for the social compromise propensity is theoretically
and numerically analysed. An agent’s opinion is represented by a real number that can be
changed through social interactions with her neighbours. The proposed dynamics depends on
two fundamental parameters, « € [—1,1] and # > 0. If an interaction takes place between
two agents, their relative opinions decreases an amount given by a. The probability of two
neighbours to interact is proportional to the p-power of their relative opinions. We unveil
the behaviour of the system for all physical relevant values of the parameters and several
representative interaction networks. When a« € (-1,1) and g > 0, the system always reaches
consensus, with all agents having the mean initial opinion, provided the interaction network is
connected. The approach to consensus can be characterized by means of the mean opinion and
the temperature (or opinion dispersion) of each agent. Three scenarios have been identified.
When the agents are well mixed, as with all-to-all interactions, a pre-consensus regime is seen,
with all agents having zero mean opinion and the same temperature, following the Haff’s
law of granular gases. A similar regime is observed with Erdos-Rényi and Barabasi-Albert
networks: mean opinions are zero but agents with different degrees have different temperatures,
though still following the Haff’s law. Finally, the case of a square 2D lattice has been carefully
analysed, by starting from the derivation of closed set of hydrodynamic-like equations using
the Chapman-Enskog method. For « larger than a critical value, that depends on the system
size, the system keeps spatially homogeneous, with zero mean opinions and equal temperatures,
as they approach consensus. Below this critical line, the system explores states with spatially
non-homogeneous configurations that evolve in time. Numerically, it is found that the main role
of § is to change the local structure of the spacial opinion dispersion: while for g small enough
the system keeps locally isotropic, as f increases, neighbouring agents with similar opinions
tend to form local lineal structures.

1. Introduction

An appropriate way to model social systems is to adopt a statistical physics perspective, assuming that the collective behaviour
of individuals can be inferred from microscopic laws involving one or a few of them [1,2]. However, since individual behaviours
may differ from one social context to another, models often assume different microscopic mechanisms. Two relevant examples are
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the Voter Model (VM) [3,4] and the Deffuant Model (DM) [5], devoted to the understanding of the dynamics of opinion formation
in social systems. Alongside, the Hegselmann-Krause model (HGM) [6] represents another key paradigm for continuous opinions
with bounded confidence.

In the VM, each individual can only adopt two possible states, while in the DM, the state is represented by a single continuous
variable. Moreover, while in the VM the dynamics is driven by an asymmetric imitation process, where only one individual changes
her opinion as a consequence of a dyadic social interaction, the DM describes social interactions as collision of two particles, with
certain conservation quantities.

An important aspect to be taken into account upon proposing a model from a statistical physics perspective is that the nature of
the social phenomena is inherently associated with non-equilibrium behaviour [7,8]. Therefore, while models can describe social
traits qualitatively, the concrete results may strongly depend on the details. That is to say, both the transient and steady-state
properties of the social systems may be very sensitive not only to the possible states and the dynamics of change between them
but also to the geometry of the social interactions, the so-called topology of the interaction network, among other factors. This
has been exhaustively shown for the VM where the approach to a consensus state with all agents sharing the same opinion, for
instance, depends critically on the dimensionality of the interaction network [9], on the presence or absence of some free will,
aging or other mechanisms upon changing opinion [10-14], on the existence of agents with specific features such as zealots and
contrarians [15-17], among others. Similar studies have been carried out within the DM and other continuous models, revealing
how consensus, polarization, and fragmentation depend on the underlying network structure [18-21].

In [22], a new model for continuous opinion dynamics inspired by the phenomenology of granular gases [23] was proposed and
analysed at the mean-field level where all agents interact with all others. Social interactions were described as inelastic collisions:
once opinion and velocity are identified, the compromise propensity, or tendency to reduce the opinion distance, of the social
interactions was modelled as a collision of two particles conserving linear momentum but reducing their relative velocities, hence
dissipating kinetic energy. Moreover, the collision frequency was taken as the power g > 0 of the difference of opinions. In this
way, the evolution of the social system is assumed to occur in two steps: first, an agent evaluates the possibility of interacting with
a neighbour based on the difference of opinions, and second, the change of opinions is effected if it has taken place. This two-stage
evolution is similar to that of other continuous-opinion models, such as the DM and HGM. However, while in both of those models
the interaction frequency is an abrupt function of the opinion difference (below a bound of confidence, the interaction is accepted,
and above it, it is rejected), in the new model it is a smooth function. Furthermore, the model in [22] assumes dyadic interactions,
in a way similar to that of the DM, and different from the HGM, which can involve more than two agents.

The model in [22] always shows an evolution towards global consensus, as the DM with sufficiently high bound of confidence.
More precisely, the so-called opinion temperature, a measure of the width of the distribution of opinions, was shown to be a
monotonously decreasing function of time, following the so-called Haff’s law of granular fluids [24]. However, the approach to
consensus can be very different in both models. Namely, for the model in [22] and for a given value of the dissipation and a
sufficiently high exponent g, two well-defined groups of agents with different mean opinions are formed before reaching consensus.
This is shown as the distribution of opinions having two maxima which becomes closer as time rises. This novel behaviour is absent
in the DM for a large bound of confidence, where the approach to global consensus is through a unimodal opinion distribution.
The importance of the shape of the distribution of opinion beyond the steady state has been recognized to be also relevant in other
voter and related models, see for instance [25-27].

The main objective of this work is to unveil what happens with the model in [22] beyond mean field, by considering non-trivial
structures in the topology of the social interactions. Taking an appropriate limit, the DM for large enough bound of confidence will
also be covered [18]. For regular networks, specifically for a lattice, our approach is, at some point similar to the approach in [28,29]
for granular gases. Namely, starting from a stochastic description of the system, a macroscopic hydrodynamic-like description in
terms of few quantities is derived at some limit. However, there are different ways to approach the hydrodynamics, with generally
different results. Here we derive a macroscopic description using the Chapman-Enskog expansion adapted to granular gases [30-32].

The rest of the work is organized as follows. In Section 2, the continuous opinion model to be studied is introduced. A
general description of the dynamics towards consensus, in terms of view macroscopic-like magnitudes, is given in Section 3. The
theoretical description is seen to be compatible to two different approaches to consensus: a homogeneous one where agents have
the same statistical properties (same macroscopic properties and probability density), and also a non-homogeneous one with agents
having some different properties. Section 4 analyses a set of agents interacting on a regular lattice. Starting from a simplified
mesoscopic kinetic-like description, a closed hydrodynamic description is derived using the Chapman-Enskog method. The details
of the derivation is in Appendix A. Spatially homogeneous solutions to the resulting description is identified and the study of
their linear stability addressed. The theoretical results are compared and complemented with Monte Carlo numerical simulations in
Section 5 and Appendix B. The final Section 6 includes a discussion of the results and some concluding remarks

2. Model

The social context we model has a fixed number of agents, each one having an opinion on a given topic, represented by a
real number. As usual, agents can change their opinions through social interactions that are assumed to take place through binary
encounters. Moreover, social interactions are restricted to neighbours forming a social interaction network. The latter can have many
different topological properties but is assumed to be connected, undirected, and static in time. Finally, the social interactions are
assumed to be symmetric and to reflect a compromise propensity: both interacting agents change their opinions after the discussion
with the same inertia and diminishing their differences.
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Mathematically, the proposed model is specified by: (a) fixing the number of agents N, (b) the state of the system at a given
time ¢+ € R with the vector S, = (s;,...,sy), where s5; € R is the opinion of the agent i, and (c) the dynamics or time evolution
of S,. The dynamics depends on the structure of the social interactions which is given by a symmetric and undirected network,
without loops or multilinks. A given node is always occupied by the same agent (there are no empty nodes). Using X = {1,..., N}
to denote the set of nodes/agents, the social interactions of i € X are restricted to her neighbouring nodes/agents, i.e. to the subset
V; :={j € X|jis a neighbour of i} C X.

The state of the system .S, can be seen as a stochastic process generated via the following Monte Carlo steps:

1. The initial state .S, and the network are constructed. The former is generated by assigning opinions with Gaussian
distributions, of zero means and unit variances, to each of the agents independently. Defining the network of interactions
requires the construction of the set of neighbours {V;},c> using a specific network model. Here we consider the following
ones: all-to-all, Erdos-Rényi, Barabési-Albert, and square 2D lattice.

2. For a given state S,, a couple of agents i and j, with opinions s; and s;, are randomly selected with uniform probability. If
they are not neighbours, no change is made. Otherwise, the agents i and j interact with probability

Is; —s;1°
min 1,% . (€D)
As,

where 4s, > 0 is chosen following different protocols, as specified below. If the interaction takes place, the agents change
their opinions to the primed values as
14+a

ijSi = Si +

r_
s;=b,

) (Sj_si)’ 2)
1+
S;’zbijsj=sj_ za(sj_si)s 3)

where the last equalities define the collision operator b;; as acting on the opinions s; and s;.

3. The time and the state are updated: t - ¢ +#,/N and S, - S, /n, Where ¢, fixes the unit of time.

4. If the new time is larger or equal to a final desired one, the simulations ends. Otherwise step 2 is run with the new state
S t+tg/N*

Once the interaction structure is fixed, the dynamics depends on two important parameters, « and . While the latter gives
the probability of a social encounter to take place, the former models how the opinions modify after a social interaction. More
precisely, the parameter « € [—1, 1] tunes the compromise propensity or tendency of the opinions to become more similar after the
interaction, is such a way that the “total opinion” is conserved, s} + s;, =5+ s;,, but the opinion difference is reduced for « € (-1, 1)
as |s] — S;| = la || s; —s;|. As a rises from a« = —1 (no change of opinions) up to « = 1 (exchange of opinions), the strength of the
social interaction increases. The specific case of a« = 0 will not be considered in this work (see below). The frequency of the social
interactions is given by the networks structure and the parameter # > 0. A value of f = 0 implies no dependence of the interaction
frequency on the opinion difference, while this dependence becomes more important as f increases. This way, for g > 0, the model
assume that agents with more dissimilar opinions are more prone to interact.

The factor 4s, can be chosen in different ways:

- For 4s, taken time independent, typically 4s, = 2v/2, and when |a| # 1 and § > 0, the quantity |s; — s; | /Asf) in Eq. (1) becomes
smaller and smaller as time rises.

- An alternative approach uses an estimation of the typical opinion differences at a given time. This can be done by running the
Monte Carlo algorithm with a constant 4s, once and taking the maximum opinion difference found at each time step to define
a new 4s, for future simulations. The resulting 4s, is time dependent so that the probability of accepting a social interaction
remains (almost) constant.

2.1. Similarities and differences of the social model with a granular gas

The proposed social model presents some analogies with a granular gas. A granular material is an ensemble of macroscopic
particles that undergo short-range dissipative collisions. Under some physical conditions the grains resemble a gas (a granular
gas), i.e. with particles moving freely between instantaneous (and dissipative) collisions. At a mesoscopic level, the evolution of
the velocities of the gas particles can be seen as a stochastic process. Its evolution is given by a probability of two particles to
collide, which is proportional to the number density of particles, a power of the diameters of the particles, and proportional to
the velocity difference. However, there are models where the collision frequency is approximated by another power of the velocity
difference [33]. When a collision takes place, the velocities change by conserving the linear momentum but dissipating energy,
the amount of dissipation given by the coefficient of normal restitution a € [0,1]. This way, by identifying grains with agents
and velocities with opinions, the proposed model incorporates a similar dynamics: the frequency of collisions of a given agent is
proportional to their number of links (number density) and a g-power of the opinions difference (the dependence on the diameters
of the grains is irrelevant since it is a global factor); and the effect of the social interactions is through a one-dimensional collision
conserving the “total opinion” (lineal momentum) and the compromise propensity (dissipation of energy).
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However, there are also important differences between the social and physical models. On the one hand, it is assumed that
agents interact with each other through networks, regardless of their opinions. Grains, on the contrary, are constantly moving, so
their environments change according to their velocities. This is related with another important difference: the opinion is assumed
to be a one-dimension variable, while the velocity is two or three dimensional vector for most realistic gas models. On the other
hand, the social model assumes that « and g take values in intervals larger than those expected for grains. For example, the limit
of weak social interactions, which occurs for « close to but greater than —1, is physically inaccessible for a granular gas.

Using Mary Hesse’s terminology [34], we can identify positive, negative, and neutral analogies between the proposed social
model and a granular gas. Namely, it seems clear that, in some social contexts, individuals’ opinions can be seen as grains with
velocities (positive analogy). However, most of the analogies are unclear or must be compared with experimental observations
(neutral analogies). Two important (neutral) analogies relate to the symmetry of the interaction (the conservation of the sum of
opinions or linear momentum in an interaction) and the uniformity of the collision frequency (f is the same for all agents). This is
evident from a physical perspective but less clear in a social context. Finally, the negative analogies are related to the aforementioned
differences between the social and physical models.

Despite the aforementioned analogies between the social model and granular gas, the differences are significant. In this paper,
we demonstrate under what conditions these analogies lead to similar behaviours and under what conditions the phenomenology
of the social model is novel.

2.2. Distribution of opinions
The social model can be described theoretically starting from a master equation. Following the procedure of [22], it is not difficult

to see that, in the continuum-time limit, the distribution of opinions of the agent i at time ¢, p;(s;,?), or the probability density of
finding the agent i with opinion s; at time z, obeys

1 Z1g—
(510 =~ [y ol 8] = Dlsy =l T, 105200, @

loAs; J€V;
where it is assumed that the integral runs over all s, € R, p;;(s,s,1) is the joint probability density of the agents i and j to have
opinions s; and s,, respectively, and b7, is the inverse of by,, acting on any function f(sy,s,) as by} f (s, s2) = f(b]} sy, b}, 55) with

_ 1+

blzlsl =5 +—2aa(s2—s1), 5)
_ l+a

blzl Sy =5y — 7(32 —57)- 6)

Since the operator bl’z1 is defined only when « # 0, the case a = 0 is not addressed in this work; the interested reader is referred to
Ref. [35].

Eq. (4) cannot be solved to obtain the opinion distribution p;(s;, f) without knowing the correlations between neighbouring agents,
pij(s1,5,,1), unless we consider additional equations or use some approximations. However, it constitutes our starting point for the
forthcoming analysis. Approximations are considered later.

2.3. Mean opinion and temperature
Beyond the distribution of opinions, it is useful to introduce new quantities that give information about the social behaviour

of agents, such as the mean opinion S; and the opinion temperature T; of a given agent i. They are defined through the first two
moments of the distribution of opinions:

() = /ds spi(s, 1), 7)
T,(t) = /ds(s - 8$)2pi(s,0) = / ds s%p;(s,1) = S*(1). (8)
Multiplying Eq. (4) by s; and (s, — ,)?, integrating over s, and after some computations, see Ref. [22], we obtain
d 14+
_Si(t) = ;“ﬂ .//dsldSZISI - S2|p(52 - Sl) 2 Pij(sl7527t)’ (9)
dt 2Nty As! f=3)
d d 14+ 14+
T +25,0 5510 = —= //dsldszlsl — 5,155 — 51) [sl LY sl)] 3 pij(sies2.0. 10)
t dt NiAs? 4 :
045, €V,

Global mean opinion and temperature provide information about the system as a whole. The former can be defined as the average
value of S; over all the agents:

N
1
SH=— ) S. 11
0= ; ; an
The definition of the global temperature is not unique. Instead of defining it as % Zfi , T;, we take

N
T() = % Y / ds (s — SVpi(s,1), (12)
i=1
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which is defined in terms of the global mean opinion .S. By means of Eq. (4), following [22], the equations for S and T read

d —

280 =0, a3
d = _

ET(I)_ {OT (1), a4

where
1-a?
(= ——" /dsldY2|51 = 512, (s1,50.1) (15)
4N21()AS T(@) i= 1j€v

is the so-called cooling rate. It measures how fast is the global approach to consensus at a given time.

In summary, the proposed opinion model assumes each agent can have an opinion represented by a real number that can
change through stochastic binary social interactions between neighbours. The evolution of the system depends importantly on two
parameters: while « tunes the effects of the interactions, f modulates their frequency. Beyond the microscopic evolution of the
system, a mesoscopic and macroscopic ones are also to be used. The latter takes the probability density p;(s,) of the agent i to have
an opinion s at time ¢ as the fundamental quantity, while the latter only considers the first two moments of p;: the mean opinion
S;(1) and temperature 7;(t), or even their global versions. In the subsequent sections, we provide valuable information of the system
by working on the new descriptions.

3. Approach to consensus: scaling and Haff’s law

A first important property of the proposed model is that it always describes an approach to consensus, provided the interaction
network is connected and « € (-1, 1), see Ref. [22]. Beyond this result, the main objective of the present work is to describe how is
the system evolution under different relevant social contexts.

That the system ends up in global consensus can be seen using Egs. (13) and (14). From Eq. (13) it follows that the global opinion
is conserved. This is the macroscopic manifestation of the microscopic conservation of opinions of the collision rule (2)—(3). Taking
into account that initially .S; = 0 by construction, we have

S(t) =0. (16)

However, the previous relation does not imply that .S;(r) = 0 for all 7, as seen in Section 4.

When |a| # 1 and for some initial opinion dispersion, T > 0, the cooling rate Eq. (15) is a positive function of time, {(r) > 0.
This implies, from Eq. (14), that the global temperature T is a decreasing function of time. This is a consequence of the microscopic
collision rule (2)—(3) being dissipative. Moreover, the only steady microscopic state corresponds to T' = 0, i.e. no opinion dispersion
5;=8=0:

T -0 = s5,—->S5=0. 17)

Any other state with 7' > 0 have ¢ > 0 and has a decreasing T.

Hence, for |a| # 1 the dynamics always drives the system towards the global consensus with § = 0. With a similar reasoning,
we can also infer that, if initially S(0) # 0, the system also reaches consensus with s; = .5(0). For |a| = 1 the dynamics conserves the
mean opinion and the temperature: for « = —1 there is no evolution at all (interactions do not change the opinions and all agents
keep their initial opinions) while for « = 1 interactions only interchange the opinions of the two interacting agents.

Next, we focus on the way the system approaches consensus. This is done by identifying different social conditions: homogeneous
and non-homogeneous (including weak and strong).

3.1. Homogeneous approach to consensus

The simplest scenario corresponds to a homogeneous evolution towards consensus. Here we mean that the statistical property of
any given agent is the same as any other, at any time. More precisely, we consider a (mesoscopic) state to be homogeneous when
pij(s1,80,0) = pji(sy,50,1), i€ Z, jEV,. (18)

If we now integrate the previous relation with respect to s, we have
pi(sy, ) =p;(s;,1), i€Z, jEV,. (19)

Taking into account that we are considering a connected network of neighbours, the previous relation implies that all agents share
the same distribution of opinions:

pi(s1,t) = p(sy, 1), i€ (20)

It is not easy to verify when condition (18) is verified. In general, it depends on the full dynamics: the interaction structure plus
the values of the parameters N, a, and . However, for a well-mixed population, as is the case with all-to-all interactions, the system
is expected to reach homogeneous states for all the parameters of the system (except maybe for « = —1). This is because, under
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well-mixed conditions, all agents see (almost) the same neighbourhood and interchanging them makes no important difference to
the state nor to the dynamics, at least for N large enough. Hence, homogeneous condition (18) seems natural in this case.

The homogeneous condition (18) strongly restricts the possible macroscopic behaviour of the system. Using Eq. (18) with
Egs. (9)-(10), it is readily seen that .S; and T; obeys the same equations as .S and T, respectively. Additionally, since global and
local quantities coincide at = 0, we infer that

S;=S=0, ieZX (21)
and
T.t)=T@), i€X (22)

for all + > 0. That is, the system stays homogeneous within the macroscopic description.

The relations (21) and (22) do not preclude any form of the opinion distribution p(s, ), beyond f dssp(s,t) = 0 imposed by
S; = 0. As a matter of fact, p(s,t) can have many different shapes, including unimodal and bimodal, as shown in Ref. [22] in the
all-to-all case. In the unimodal case the opinions distribute around a maximum of p(s,t) located at the zero opinion, while with
bimodal p(s, ) two sub-populations with opposite mean opinions can be identified. However, bimodality is not in contradiction with
homogeneity, since the two identified sub-populations are, on the one hand, uniformly distributed throughout the system and, on
the other hand, all agents, at a given time, belong to one of the two sub-populations with the same probability.

3.2. Scaling property

Under the (macroscopic) homogeneous conditions (21) and (22), and by analogy with other particle systems [22,36], it is natural
to identify the global temperature T as the only relevant magnitude for measuring the opinions. With the previous assumption, and
by means of a dimensional analysis, we find the following scaling property:

Py(s1.52.0) = 2TO] ' byy(ere). i) € 2, (23)

where ¢,;; is a scaling function and

N

c= 249
V2T
is a new opinion variable.
Integrating Eq. (23) over s,, a similar scaling property is found for the opinion distribution:
1

pi(s, ) =[2T(MO] 2¢;(c), i€ X (25)
where

¢,‘(C) = /dcz (]51]-(6, 52), i,je . (26)
Moreover, using Eq. (20), we have equality for all scaling functions ¢;(c) in (25):

di(c)=¢lc), i€ (27)

This property can also be seen from (26) noting that Eq. (18) and the scaling property (23) imply ¢;;(c;,¢,) = ¢;;(c;, ;). A similar
property does not hold for ¢;; in general. Namely, ¢;;(c;, ;) # ¢y(cy,¢;) for j # k, in general, even though ¢; = ¢,. The same is
also true in homogeneous liquid system [37].

Using the hypothesis (23) with the cooling rate Eq. (15) we obtain a more explicit equation for the global temperature, the
so-called Haff’s law:

- B
d & (2V2TO
ET(t)__E (A—Sr> T(), (28)
with
P 1-a? <
g [areie-ab? S T gien zo @

i=1 jey;

a time independent coefficient. The Haff’s law implies two important features of the time dependence of the global temperature.
On the one hand, if 4s, is a constant, the time evolution of T is given by

¢
T =Tye v', p=0, (30)
2
4 RN
—_ 2 rs
T(t)_(T0 +2t01> , p>0, (31)
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2
with Tj, the initial temperature. Interestingly, T(t) <t 7 for t > t, when g > 0, with the exponent being independent of «. On the
other hand, if we make the following change of the time variable

s
2

T, @
dr = ——dt (32)
45,1
even if 4s, is time dependent, then
_ ¢
T(0)=Tyexp| ——57 (33)
27

for all § > 0. The coefficient of the exponential decay of T is directly given by ¢, a function of both « and g.

An important fact that supports the relevance of the scaling relation (23) is its compatibility with Eq. (4) for the opinion
distribution p;. That is, the (mesoscopic) dynamics is compatible with the proposed scaling. Namely, when Egs. (23) and (25) are
used with Eq. (4), and the Haff’s law (28) are taken into account, a consistent equation for ¢, with no explicit time dependence, is
obtained:

27INGo, ey d(e)] = / dey (Jal by = Dley = e’ Y dyjler ), 34
jev,
where £ is a functional of ¢;; and bl’zl acts on ¢; and ¢, as with s, and s,, respectively.

Eq. (34) was approximately solved in Ref. [22] taking a mean-field-like limit, valid for all-to-all interaction and for large
populations. Under these conditions, it was numerically shown that the system always reaches a final state that fits the (macroscopic)
homogeneous conditions (21) and (22) with a velocity distribution having the scaling property (25). Moreover, for a given N, the
(a, B) space of parameters splits into two regions characterized by the scaling function ¢ being unimodal or bimodal, with a global
symmetry between a > 0 and « < 0. The analysis made so far in this subsection makes it possible to have similar results beyond the
all-to-all scenario, with eventual important contributions from the structure of the interactions.

In summary, the scaling property (23) makes all the time dependence of the distributions p;; and p; to take place only through
their dependence on the global temperature T, in such a way that if opinions are measured in units of \/ﬁ, then the scaled
distributions ¢;; and ¢; become time independent. The scaling is expected to occur only under restricted dynamical conditions
(topology of the interactions and parameters of the system) to be investigated, and only after a transient time, long enough so that
the system can forget the initial conditions. Homogeneity and scaling manifest macroscopically through relations (21) for the mean
opinions and (22) for the temperatures, together with the Haff’s law (28) for the global temperature that gives rise to explicit time
behaviours (30), (31), and (33). All the previous points are strong theoretical assumptions/predictions to be verified numerically,
see Section 5.

3.3. Weak non-homogeneous approach to consensus

The homogeneity condition is very restrictive and may not be verified beyond the all-to-all scenario (see however the analysis
of Section 4). Nevertheless, even through the structure of the interactions prevents condition (23) to be fulfilled, i.e. under non-
homogeneous conditions, the system may reach, after a transient, a state where the global temperature still serves as the fundamental
gauge. This is expected to occur at least for interaction structures “similar” to the all-to-all one. It has also been observed in granular
systems as well, see Refs. [38,39].

More specifically, under non-homogeneous, but “close” to homogeneous conditions (we refer to them as weak non-homogeneous)
we make the following hypothesis:

- the mean opinion of agents tend in the long time to zero,
S =8St=0, ieX, (35)

as for homogeneous conditions, but
- the local and global temperatures differ, in general, with

d (T; .
a\T =0, ie’Z. (36)

That is, T;/T can change from one agent to another, but the time dependence of the local opinions is given by the global one.
- Moreover, the scaling properties of the distributions (23) and (25) also hold.

With the new hypothesis, the Haff’s law (28) is still valid. Interestingly, the structure of the interactions only affects the value
of the scaling cooling rate in (29). Again, we have important theoretical predictions that have to be compared against numerical
simulations, see Section 5.

In the next section we analyse the case of a system with social interactions forming a lattice, an instance of a spatial network.
This is an appropriate case where the scaling hypothesis based on the homogeneity conditions may fail.
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4. Social interactions on a lattice: Spatial stability

The case when the interaction network forms a hypercubic regular lattice in 4 dimensions, with each agent having 2d neighbours,
is analysed. Under these conditions, to each agent i can be given a fixed position r; € R?. It is then convenient to slightly change
the notation by replacing the suffix indicating the agent by her respective position vector as:

pi(s, 1) = p(r;, s,1), 37)
S;(t) = S(r;, 1), (38)
T,(t) = T(r;,1). (39)

Without loss of generality, we measure distances in units of the lattice spacing.
Additionally, we take the following mathematical statements as true:

1. The domain of p(-,s,?) is extended to include all the space points in between the agents positions in such a way that the
resulting function is regular enough. As a result, the local mean opinion S(r,7) and temperature 7'(r,t) are also extended.
2. The distribution of opinions p(r, s,7) is a smooth function of the position such that

. 1 .
) 5.0) = p(ri 5,1 £ 8 - 0pp(ry, 5.0) + 2 (@ - 0.7 p(r;, s.1). (40)

when i and j are neighbours and r; —r; = +¢, where ¢, is the unit vector along the segment joining the two agents.
3. The statistical correlations among interacting neighbours are removed (molecular chaos):

Pij(spsz,f)zp(ri,sl,’)P(rjsszst)- (41)

A first important consequence of the previous assumptions is a simplification of the right-hand side of Eq. (4):

Z Pij(s1,50,0) = p(r;, sy, 1) Z P(r;, 55,1) 2 p(r;, 51, D[2dp(r;, 55.1) + V2p(r;, 53,01 (42)
jev; JEY;

Note that all previous results hold because the interaction rate, proportional to |s; — s,|?, does not depend on the agent space
position, but exclusively on the opinion difference. This is an important difference with respect to a collision model of, say, hard
grains, as discussed in [29]. Another important difference with physical (granular) systems has to be with the dimensionality: while
space has dimension d > 1, the opinion of an agent is always one dimensional.

With the approximation (42), the exact Eq. (4) for the distribution of opinions becomes a closed, though approximate equation
for p(r, s, 7). It can be written as

0,p(r;, 51, 1) = / dsy (la|™' b7} = Da(sy, s)p(r,, 51,0 [2dp(r;, 55.1) + V2p(r,, 53,0)] (43)
where the time variable 7 has been redefined to absorb the factor Nt,, t1/(Nt,) — t, and the rate function z(s|, s,) is
ls) =5,/
7(sy,58,) = % 44
4s,
Eq. (43) is a kinetic equation to be solved with an initial condition and the normalization condition
/dsp(r, s, t)=1. (45)
Moreover, the kinetic Eq. (43) is restricted to small gradients, in such a way that
2dp(r;, s5,1) + V2p(r;, 55,1) 2 0 (46)
for all r;, s,, and 1.
An alternative way of writing the kinetic equation (43), which better reflects its symmetries, is
0,p(r;, s1,1) = /dsz(lal_lbl’zl = Da(sy, 85) [2dp(r;, 55, Op(rs, 51,0 = Vp(ry, s1,1) - Vp(ry, 55, 1)]
+V ./dszqarlb;z‘ — Da(sy, s)p(r;, 1, )V P(r;, 55, 1). (47)

It will be analysed next, with most of the results being valid for generic rates z(s;, s,) that are even functions of the opinion difference
S| — 5.

4.1. Hydrodynamics
In order to analyse the spatial structure of the solutions, we focus on a macroscopic, hydrodynamic-like description, in terms of

the first moments of the opinion distributions. In the present context, the relevant hydrodynamic fields are the local mean opinion
S(r,1) and the opinion temperature 7'(r, ), defined in Egs. (9) and (10) and here written with the spatial notation. Using a standard
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methodology in Kinetic Theory, see the details in Appendix A.1, the equations for the two fields obtained from the kinetic Eq. (47)
read

1
;av : // dsydsy(sy = s1)m(sy, sp)p(r, 51,V p(r, 55, 1), (48)

a,T(r, 1)+ 25(r,00,5(r. 1)

9,8(r,1) =

1-— 2
= —(4—“) // dsidsy(sy — 5, 7(s), 57) [2dp(r, 51, Dp(r, 55,1) = Vp(r, 51,1) - Vp(r, 55,1)]

+(1+a)V - //dsldsz(sz —51) [Sl + ! Za(s2 - 51)] w(sy, $,)p(r, s1,)Vp(r, s,,1). (49)

As is apparent, the set of equations for S and T is not closed since new unknown quantities appear. An exception is when z(s;, s,)
is a constant function, independent of the opinions, as when g = 0. This case is analysed in Appendix A.2.

In a general situation, whether = depends on the opinions or not, we can use the Chapman-Enskog method to obtain closed
hydrodynamic equations. This is a perturbative method that provides both, solutions to the kinetic equation in terms of the
hydrodynamic equations and closed hydrodynamic equations at the desired order in the gradients. It has been long used with
molecular and similar systems, see Ref. [40], and also with granular gases, see Ref. [30]. The method is based on two main
assumptions. First, on a timescale of the order of a few interactions, the evolution of the system is completely determined by
hydrodynamic quantities. Second, when the spatial variation of the fields is smooth, a regular perturbative analysis in the gradients
is possible. Up to the second order in the gradients (and neglecting gradient contributions to the cooling rate), see the details in
Appendix A.3, the method provides the following hydrodynamic description

0,S(r,1) = V- [D(r,nVS(r, 1], (50)
OT(r,1) = —{L(r.OT(r,1) = ng(r, 0 [VSE, 0 = 5y, ) [VT(r, 01} + V - [k(r, )V (r,1)], (51)

where the transport coefficients D, ¢, g, #, and k depend on r and ¢ through T and, eventually, also on ¢ through 4s,. Approximate
explicit expressions of them are given in Egs. (A.36) and (A.44)—(A.46). They coincide with the exact ones when g = 0.

Two important observations are in order. First, all transport coefficients are positive for all values of the parameters except 7g
and « that can be negative for |a| # 1 and g big enough. The case of « is particularly surprising since it can be interpreted as a
thermal conductivity (the absence of a streaming term in the kinetic equation may be the reason for this result). Fora =1or =0
all coefficients are positive. Second, Egs. (50)—(51) are consistent with the results of Section 3: the global mean opinion is zero and
the global mean temperature is a decreasing function of time. This is evident for Eq. (50): after integrating over all r, using the
periodic or reflecting boundary conditions (i.e. assuming the system is isolated), and using the initial condition .§(0) = 0. Doing the
same with Eq. (51), we have

%T(t) =— / dr {Lr. 0T, 1) — ns(r, ) [VS(r, 01 = 5 (r,0) VT (r,0]*} <0, (52)

where the last inequality holds after taking into account that gradients must be small, or more precisely Eq. (46). When ng > 0,
recalling that ¢, n; > 0, the previous expression tells us that any spatial dependence of S or T' (nonzero gradients) effectively reduces
the cooling rate, which makes the approach to consensus slower.

Having a closed set of hydrodynamic equations, Egs. (50) and (51), we can proceed by analysing the existence of spatially
homogeneous solutions that could correspond to the homogeneous states identified in Section 3. Moreover, by studying the linear
stability of the solutions, we can identify possible new ways of approaching consensus.

4.2. Spatially homogeneous approach to consensus

The hydrodynamic equations admit spatially homogeneous solutions, S,(r) and T),(t). They correspond to the homogeneous
approach to consensus previously identified under more general conditions in Section 3. They can also be identified with the so-called
homogeneous cooling state of a granular gas (HCS) [36].

By seeking solutions to the hydrodynamic Egs. (50)-(51) of the form S(r,t) = S,,(t) and T(r,t) = T),(t), we have

9,5, =0, (53)
0,Ty =~ —((NT}, (54)

with
I3
2

(=

B+l 01 _ 2
241 -« )r(ﬁ+3> [T, ()] (55)

Ve =)

Using the initial value .5},(0) = 0, we obtain ), = 0, as expected. Moreover, the granular temperature T},(¢) obeys the Haff’s law (28)

with

- 1-a?

Fo d; “)r(ﬂ;3), 56)
27 Nz
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4.3. Stability of the HCS

We now seek solutions to the hydrodynamic equations of the form

S(r,0) = S, + /2T, () (r, 1), (57)
T(r,t) = T,(O[1 + 6(r, 1)], (58)

where ¢ and 0 are assumed to depend on space and time. Substituting the new expressions into the Navier—Stokes Egs. (50)—(51),
keeping terms up to linear order in ¢ and 6, using the equation for 7),(¢), and after some manipulations, we arrive at the equation
for o:

p — o2
o.0(rr) = 2400 1 (M

\/; 2

where 7 is the time variable given by Eq. (32) and

> [a(r, )+ k;z VZo(r, r)] R (59)

K:=d(1-a) (60)
defines a wave vector k,. As for the temperature, we have

B(1 — 42
Bl opys (ﬂ—+3> [6r. ) + k;2V20(r, 7)] . (61)

0.0 ~
2

\r
with a new wave vector k, given by
2o 4 -wp
O 2-(1+a)2+p)
Taking the Fourier transform of Egs. (59) and (61), it is readily seen that the homogeneous solution is stable provided all possible
wave vectors k fulfil the following conditions simultaneously:

(62)

K> k2, (63)

K<k, or k<. (64)
For the first one to be verified, it is enough to have 2z /L > k, where L is the “smallest” length of the system. If it is a hypercube
in d dimensions, then N = L? and the condition (63) reads

472

a>1-— (65)

dNd
As for the Eq. (64), it is enough to impose k,,, < ky or k; < 0. In the first case, taking k., = 27 as the maximum possible wave
vector, we have (1 —8xd)(1 — a) > 2(1 + a) which is impossible for a € [-1, 1] and g > 0. Hence, the condition (64) is equivalent to
k2 <0or
2(1 + a)
l—a

B < (66)

With the previous results we can compose a picture of the evolution of the agents towards consensus. Fixing the number N
of them, the conditions (65) and (66) define two critical lines, a, and f,(a) respectively, in the space of parameters (a, f). For
a, < a < 1and p < f.(a), the system keeps spatially homogeneous. In this region, the predictions of Section 3 regarding the
homogeneous approach to consensus, including the scaling of the distribution of opinions and Haff’s law, are expected to be valid.
For other values of the parameters, the system develops spatial non-homogeneities giving rise to potential novel approaches to
consensus (strong non-homogeneous), not accounted for in Section 3. This is investigated numerically in the next section.

5. Numerical simulations

In this section we compare the theoretical results of Sections 3 and 4 with Monte Carlo simulations. Other results, not addressed
theoretically, are reported as well. The simulations were carried out following three different strategies, depending on whether the
focus was on the entire temporal evolution of the system or on the final stage:

- Whole time evolution. The system is simulated using the algorithm described in Section 2 with:

+ As, taken as constant. The global temperature T and 7, defined by Eq. (32), as a function of time, are extracted from
measuring the energy of the system, Sl_z’ and averaging over different realizations.

+ 4s, taken as time dependent using a first realization, as explained at the in Section 2. The global temperature T is
measured as before.

10
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Fig. 1. Simulations results of an all-to-all network with N = 100 nodes. Top-left plot: the global temperature T as a function of the time 7. For
t/t, = 102, from top to bottom, the lines correspond to (a, #) = (9/10, 10),(7/10,10), (3/10, 10), (9/10,1),(7/10, 1), (3/10, 1). The segments related to
the decays 1!/ and +~2 are the theoretical prediction of Eq. (31) for = 10 and f = 1, respectively. Top-right plot: the global temperature T as
a function of the time r defined by Eq. (32). From top to bottom: (a, #) = (9/10,1),(7/10,1),(3/10, 1). Bottom-left plot: the scaled distribution ¢
for (a, f) =(9/10,1),(7/10,1),(3/10, 1). Bottom-right plot: the scaled distribution ¢ for (a, #) = (9/10,10),(7/10, 10), (3/10, 10).

- Final stage. The algorithm in Section 2 is slightly modified: 4s, is taken as constant but after every social interaction all
opinions are re-scaled to ensure that the total energy of the system keeps its initial value (as opposite of taken 4s, from a first
realization). In this way, the global temperature T remains always and exactly constant and the identification of a possible
final stage is easier. Here, two main quantities are measured: the excess kurtosis

1
o= Y st-3 (67)
iex
and the opinion distribution. The former is measured using only one realization and is used to visualize the eventual transients
and pre-asymptotic regimes, while the latter is averaged over all agents (or those of a given degree), all realizations, and over
times in a time window located at the end of the trajectories.

Four different social interaction networks are studied: all-to-all, Erd6s-Rényi, Barabasi-Albert, and square 2D lattice. In each
of the cases, the number of agents is fixed [N = 100 (all-to-all), 500 (Erdos-Rényi and Barabasi—-Albert), and 30 x 30 (square 2D
lattice)] and the parameters a € (—1,1) and g > 0 are changed to cover a wide region of the parametric space. We have restricted
the simulations to g € [0, 10] since for larger values of g the dynamics becomes very slow and the algorithm very inefficient.

5.1. All-to-all. Homogeneous approach to consensus

Here we present our results for a fully connected social interaction network. In this case, all agents interact with each other, and
a homogeneous approach to consensus, as described in Section 3, is observed.

The time evolution of the global temperature T is shown in the top plots of Fig. 1. In agreement with the Haff’s law, T'(r) tends to
a power law (left plot) with the exponent depending only on g, according to Egs. (30) and (31), while 7'(z) follows an exponential
(right plot), Eq. (33). Interestingly, the results depend only on |a| and g, the sign of a being irrelevant.

The bottom plots in Fig. 1 show the scaled opinion distribution ¢, defined by Eq. (23), for some values of « and f. As discussed
in Ref. [22], for a given value of |a|, below a critical value of (|a|), the scaled distribution ¢ is unimodal, and above it, bimodal.

11
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Fig. 2. Simulations results for an Erdos-Rényi network with N = 500 agents and mean degree 4. The top plots are analogous to Fig. 1, with
additional dashed lines that correspond to —a. The bottom plots show the scaled distribution function ¢ for the sub-group of agents with degree
2 (purple), degree 4 (green), and 6 (light blue) for « = 0.9 (left plots), « = —0.9 (right plots), and g = 1.

The symmetry between a and —« shown by the numerical simulations is due to the possibility of interpreting a social interaction
with a as one with —« followed by a permutation of the agents’ locations (nodes). Since in the all-to-all setting, locations are not
important, social interactions with « and —« are equivalent, as already analysed in Ref. [22]. This symmetry is lost in more structured
interactions, as we see next.

5.2. Erdés-Rényi and Barabdsi-Albert. Weak non-homogeneous approach to consensus

The results of the Erdos—Rényi and Barabési—Albert networks, with mean degree 4, are illustrated in Figs. 2 and 3, respectively.
In both cases, the results are compatible with a weak non-homogeneous approach to consensus characterized by Egs. (35) and (36).

In both networks, we observe a similar behaviour. After a transient period, which can be very long, the mean opinions become
zero and all local temperatures divided by the global one, as well as the scaled opinion distribution, become time-independent.
Furthermore, in the long run, each agent has a different distribution of opinions and therefore a different temperature, in general.
The results for « and —a are clearly different.

The upper plots in Figs. 2 and 3 show the global temperature 7" as a function of time ¢ (left plot) and time = (right plot) for
the same values of « and f as in Fig. 1. The long-lime behaviour of T(r) follows Haff’s law. However, for a given value of g, the
relaxation of the system for a < 0 is slower than for —a > 0. The latter is much more evident looking at T(z) for « < 0 which
experiences significant initial deviation from the exponential decay, a clear indication of a transient period.

The bottom plots in Figs. 2 and 3 provide the scaled opinion distribution for nodes of different degrees, and for different values of
a and p. It is apparent that different groups of nodes with different degrees have different distributions and temperatures. Moreover,
in the same network and for some values of the parameters, agents with higher degree have unimodal distributions while that with
lower degree have bimodal distributions.

Similar results are expected when running the model on a real network. See Fig. B.8 for the case of a network obtained by
analysing e-mail data.

5.3. Square 2D lattice. Phase diagram

The behaviour of the system on a 2D square lattice is richer than in previous cases, mainly because the system becomes spatially
inhomogeneous for some parameter values, as anticipated in Section 4. To get an overview of the different scenarios, we first show

12
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Fig. 3. Simulations results for a Barabasi—Albert network with N =500 agents and mean degree 4. The plots show the same data as in Fig. 2.

SnH?/

B SnH; H;

-1 a o 1

Fig. 4. Sketch of the phase diagram with the five configurations described in the main text; see also next Figures. The vertical line at «, is given
by the critical condition (65) of the linear stability analysis of Section 4. The thin line, meeting the previous one, is given by the other condition
(66). The dashed lines indicate smooth/continuous transitions from one configurations to the others.

in Fig. 4 a phase diagram with different spatial opinion configurations that the system reaches after a long simulation (of the order
of 7 = 10°) as the parameters a and f§ change.

For a given number of agents N, the space of parameters («, #) can be divided into five regions, as sketched in Fig. 4. The exact
sizes of the regions depend on the actual value of N. The behaviour of the system in the different regions are shown in Figs. 5-7
and Fig. B.9.
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Fig. 5. Simulation results of a system of N =900 agents on a square 2D lattice with a = 0.98. The left column shows the time evolution of the
kurtosis e, defined by Eq. (67), and the right column the final state of the system. Bottom: g =0, in Hy. Top: g =5, in H;.

In the H, region, the system states spatially homogeneous, as can be seen in the bottom-right plot of Fig. 5 for « = 0.98 and
p = 0. The evolution of the kurtosis (bottom-left plot) indicates a transient for = ~ 103: a first monotonic evolution followed by a
very noisy plateau. The scaled distribution function of the system is unimodal (see Fig. B.9).

From Hg, upon increasing f, the system keeps spatially homogeneous, but the local structure changes. For g big enough, we
identify the H; region: agents tend to arrange forming filaments of L form and similar opinions, homogeneously distributed, as
shown in the top-right plot of Fig. 5. The evolution of the kurtosis shows a longer transient after a plateau stating around 10°. In
H;, the scaled distribution function is bimodal (not shown).

The transition from Hg to H; is smooth and approximately given by the unimodal-bimodal line obtained in Ref. [22] (the dashed
line at the bottom-right of Fig. 4). As g increases from the Hg region, the presence of the L local structures becomes more evident.
Moreover, for larger # the population of agents is clearly polarized into two groups of opposite opinions. Only a small fraction of
the total agents have moderate opinions: this is quite apparent from the bimodal form of the scaled distribution function which is
similar to the ones in the bottom-right plot of Fig. 1. The L structures are not static, but are created, destroyed, and move with time.

Starting from H;, by further increasing g, we can reach the theoretical region SnH,, see Fig. 4. According to the theoretical
results of Section 4, SnH, corresponds to spatially inhomogeneous solutions of the hydrodynamic equations originating from the
linear instability of the temperature field, Eq. (66). However, for not too small values of N, the SnH, region is found at large values
of g that simulations cannot explore; the dynamics become too slow and everything observed seems to be part of a transient.

From the regions H, and Hj, as « decreases, the system becomes spatially unstable. In this way, we identify two new regions:
SnHg and SnH; . The transition from stable to unstable occurs for a specific critical value a = «,, expressed with great precision by
Eq. (65) and represented in Fig. 4 by a thick vertical line. However, the transition between SnHg and SnH;, is smooth. As a guide
for the eye, it has been represented in Fig. 4 by a horizontal dashed line.

In the SnHj region, the system reaches a spatially non-homogeneous state with the agents divided into two groups of different
well-defined opinions, and most of the cases, with circular symmetry. This can be seen in the bottom-right plots of Figs. 6 (for
a = 0.96) and Figs. 7 (for « = —0.9), both with g = 0. For these cases (N = 900), the critical value of a, given by Eq. (65), is
a, =~ 0.978. The evolution of both kurtosis values (bottom-left plots of Figs. 6 and 7) is similar: it increases up to 10?> and then
decreases towards a plateau at around 10°. The first evolution stage is interpreted as a transient involving local changes mostly,
while the decreasing evolution is associated to the formation of non-homogeneities. In the last stage, the clusters of agents with
similar opinions are destroyed, created, and move.
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Fig. 7. All plots as in Fig. 6 but with a = —0.9.
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Finally, in SnHj, the agents tend to distribute spatially non-homogeneously, but also to form filaments locally, with L-structures
(see the top right graphs of Figs. 5 and 6). Now, the temporal evolution of the corresponding kumulants is different. For « = 0.96
(relatively close to «,), the kumulant first decreases and then increases until reaching a final plateau. In the first stage, filaments
form, and subsequently they move and organize non-homogeneously. For a = —0.9, Fig. 6, the formation of inhomogeneities occurs
earlier and novel structures emerge. This makes the dynamics very slow and makes it difficult to observe a final relaxation to a
configuration similar to that in the top-right graph of Fig. 5.

6. Discussion and conclusions

In this work, we extended the study of a continuous opinion model proposed in Ref. [22] by considering more complex social
interactions. While in all of them the system reaches consensus, the way of approaching it depends critically on both the system
parameters and the topology of the interactions. We consider these results particularly relevant for understanding the dynamics of
other social systems driven by weak and/or infrequent social encounters; that is, when the outcome of a social interaction produces
small changes in the opinions and/or the probability of an interaction is small, such that relaxation towards an eventual final state
is difficult to achieve and only part of the relaxation is observable.

Three different ways of approaching consensus have been identified. When agents are well mixed, not only with the all-to-all
configuration (for any values of the dynamic parameters), but also within regular lattices (for restricted values of the parameters),
the system approaches consensus homogeneously, meaning that all agents keep having the same opinion distribution for all times,
hence the same mean opinion and opinion temperature (or opinion dispersion). Interestingly, the opinion distribution obeys a scaling
law in which all time dependence occurs through the opinion temperature, similar to the scaling law of the homogeneous cooling
state (HCS) of a granular gas [41,42]. Moreover, the scaled opinion distribution can either be unimodal or bimodal, depending on
the system parameters, extending the findings of Refs. [22,35,36] to other social conditions.

In a second scenario, agents may approach to consensus (weak) non-homogeneously. A weak non-homogeneous approach has
been observed when the interaction networks are of Erdos-Rényi and Barabési—-Albert: all agents have the same zero mean opinion
(the initial one) but the opinion dispersion (temperature) can differ. This means that all agents have the same opinion on average,
but some ones are more prone to change them that others, depending on the local structure of their interactions. It has been shown
that this behaviour is compatible with the exact dynamics identified in Section 4, provided the temperatures depend on time through
the same factor. This has been confirmed numerically by finding that agents with different degree have different temperatures, and
even different shapes (unimodal versus bimodal) opinion distribution. Interestingly, agents with more connections (neighbours) tend
to have less opinion dispersion (temperature), and hence a more robust state, than agents with fewer neighbours.

The approach to consensus can be seen as an equilibration process. In the homogeneous case, it is characterized by all agents
having the same mean opinion and the same temperature. In the weak non-homogeneous approach, all opinions have the same
mean but now what is common to all agents is the cooling rate (or rate of the change of the temperatures) rather than a common
temperature. This modification of the equilibration conditions, compared to the classical ones (same temperatures), is due to the
non-equilibrium nature of the dynamics and has been observed in granular gases as well [38,39]. Here, the interaction network
seems to play an important role to the new equilibration to be possible. An interesting open question is whether similar equilibration
processes can be observed in experimental setups of disordered dense grains where interactions takes place heterogeneously [43,44].

Still another way of approaching consensus has been observed numerically. If agents interact in a square 2D regular lattice, the
spatially homogeneous configuration become unstable when the coefficient «, that modulates the strength of the social interactions,
is smaller than a critical value (that depends on the system size). Clusters of agents of similar mean opinions form and move while
the overall dispersion of opinions decrease (i.e. while approaching consensus). The role played by the other parameters § (tuning
the interaction frequency) is mainly to modify the opinion local structures of the interacting agents. The parameter space (a, ) is
split into different regions in which the system exhibits different geometrical properties, see Fig. 4.

The instability of homogeneous solutions in the lattice configuration presents similarities with that of the homogeneous cooling
states of granular gases [45-47], especially for « > 0. Excluding high values of § (not analysed numerically in this work), in both
cases the appearance of spatially non-homogeneous solutions is due to the instability of the velocity mode, and depend on the
system size. For a close to —1, the dynamical evolution of the instabilities in our model becomes very slow and some transient
and metastable configurations, such as the one in Fig. 7, resemble the pattern formation of agent-based models with long-range
interactions [48,49]. However, the complete analogy is not yet clear.

Finally, it is worth mentioning that most results of the present work can be extrapolated to another models with additional
dynamical ingredients, like radicalization [50-52]. Namely, the main reason the current model described an approach to consensus
is that the social compromise propensity is the only included mechanism for the opinion evolution. However, if we take into account
that agents may also become intrinsically more radical, by increasing her absolute value of her opinion in absolute value as time rises,
then a non-equilibrium steady state can be reached which can be of no consensus, in general. We can guess the results by comparing
the present models with similar ones studied in the context of granular gases. Depending on precisely how the two mechanisms are
combined, the resulting model can be exactly mapped to the present one [53,54], or give rise to other phenomenology [32].
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Appendix A. Details on the derivation of the hydrodynamic description

A.1. Balance equations

The usual hydrodynamic fields in kinetic theory are the first three moments of p(r, s, 7). In this case, they are the number density
of agents n(r,7) and the already defined local mean opinion .S(r,t) and opinion temperature T'(r,t). They can be directly computed
from p(r,s,t) as

n(r,t) = /dsp(r,s,t), (A1)
n(r,n)S(r,t) = /ds sp(r, s, 1), (A.2)
n(r,OT(r,1) = / ds(s — S)*p(r,s,1). (A.3)

In the present model, agents do not move and keep homogeneously distributed. Hence, the field n(r,?) is irrelevant. Namely,
from the normalization of p(r, s,?) it follows that n(r,t) = 1. Consistency requires that the kinetic Eq. (43) preserve this constraint.
For checking that, the following property of the right-hand side of the kinetic Eq. (43) will be very useful:

/dslf(sl)/dsz(lal_lbl_zl — Da(sy, s)p(r, 51, V2 p(r, 55, 1)

= // dsydsyn(sy,sp)p(r, sy, I)Vzp(r, S5, 1) b1y — D f(s), (A.4)

valid for any function f(s;) and results after a change of opinion variable. A similar expression is also valid for the “traditional”
collision term, the first one on the right-hand side of Eq. (43). Now, integrating Eq. (43) over s, and using relation (A.4) with f =1
we have

o,n(r,t) =0. (A.5)
The solution to the previous equation for the initial condition n(r,0) = 1 is n(r,t) = 1 for all r and ¢ > 0, as desired.

As for the mean opinion, using relation (A.4) with f = s, and that (b, — 1)s; = 1+T”'(Sz —51), we have

9,8(r,1) = d(1 +a)//dsldsz(sz —spnr(sy, sp)pr, sy, D)p(r, s,,1)

+ ! -;a // dsids,(sy — s])n(sl,sz)p(r,sl,t)Vzp(r, Sy, 1)
1+a 2
== // ds dsy(sy — s1)m(sq, S2)p(r, s1, )V p(r, 5, 1), (A.6)
where we have used that
// dsidsy(sy — s))r(sy, $,)p(r, sy, 1)p(r, s,,1) =0, (A7)
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since (s, s,) = (s,, s) and, after the change of variables {s;,s,} — {s,,s,}, the previous integral changes its sign. Using now that

p(r, sl,t)Vzp(r, 55,0) =V - [p(r,s;,)Vp(r, s, )] = Vp(r,s;, 1) - Vp(r, s,, 1) (A.8)
and

// dsydsy(sy — s)x(sy,85)Vp(r, sy, 1) - Vp(r, sy, 1)

=- // ds;dsy(sy — s)n(sy, s,)Vp(r,s;, 1) - Vp(r,s,,1) =0, (A.9)
we have

0,S(r,t) = ! ;aV . // dsydsy(sy — s1)m(sy, s)p(r, 51, HVp(r, s,,1). (A.10)

This is not a diffusion equation except for very specific forms of z(s,, s,), see for instance the case g = 0 below.
Proceeding similarly with the opinion temperature, we have:

_ 2
o,T(r,t)+2S8(r,1)0,S(r,t) = —w // ds;dsy(sy — sl)zzzr(sl, 55)p(r, 51, )p(r, 59, 1)

+(1+ a)ﬂ ds ds,(sy — s)7(sy, 5,) [51 + ITTa(sz —s1) p(r,sl,t)Vzp(r, 55, 1). (A.11)

A.2. Case =0

For p =0 it is # = 1 and the integrals of the balance equations for .S and T can be explicitly done. After some computation, we
have
0,5(r.n = L2500, A12)

(14 a)?

2
(HT“) VT + SN VS, (A.13)

3,T(r,t) = —d(1 —a®)T +
Notably, the set of equations is closed and can be solved given an initial and boundary conditions.
The case g > 0 is more involved and cannot be addressed exactly. Approximate closed hydrodynamic equations will be obtain
next.

A.3. Chapman-Enskog method
In order to obtain closed hydrodynamic equations for any g > 0, we follow the Chapman-Enskog method. We seek a normal

solution p(r, s, 1), which is a special solution to the kinetic equation that depends on space and time through a functional dependence
of the hydrodynamic fields S(r,7) and T'(r, ). Moreover, the normal solution is found in a perturbative way, by assuming

p=py+ep +..., (A.14)
0, =0 +edV + ..., (A.15)
Ve, (A.16)

with e a nonuniformity parameter. The hydrodynamic fields are assumed to be of zeroth order in ¢. Using the expansions with the
kinetic equation, and equating the coefficients of the different powers of ¢, we get up to second order:

0¥py = Zd/dsz(|a|’1b1‘21 — (s> 52)po(Fir 51 DPo(Fis 5201, (A.17)
0"y +0"py=2d / dsy (|a| ™ by} = Da(sy. 5Py (i 51, 0P 52.0) + Po(ry. 51, Dy (. 53,1, (A.18)
00, Loy L@ —og [ 4 R _ .

) P2+ 0, pr+0,7 py = sy (la|™ by, = Dasy, sp)lpa(ry, 51, 0pg(ris 52, 1) + py(ry, 51, 0p1(ry, 52, 1)

+po(ris 51, Dpa(rps 52,01 + / dsy (o)™ by = Da(sy, 52)po(ri, 51,V po(ry 55, 1). (A19)

The first equation, for p, is essentially the local version of the kinetic Boltzman equation of mean field, analysed in [22]. Its
solution can be written as

po(r.s,0) = 55 (c), (A.20)
with

so = V2T (r. 1), (A.21)

R RDIGUN (A.22)
So
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and ¢ the solution to Eq. (57) in [22]. As a first approximation we take
1
de) = 7e, (A.23)

the so-called Gaussian approximation.
Once p, is known, we proceed with p,. From the scaling properties of p, it follows

0;1)170 = asl’oat(l)s + 0TP00;1)T, (A.24)
where

dspy = ds(sy (c)) = =552 (), (A.25)

drpg = =55 led()]', (A.26)

where the prime ’ indicates derivative, and af”s and a,(”T can be computed from the balance Egs. (48)-(49) of S and T to order e:
aWs =0, (A.27)

d(l —a?
ot = —% // ds;dsy(sy — 5,)27(s1, 5P, (P, 51, DPo(Fs S50 1) + po(rs 51.0p, (s 53, D]. (A.28)

Note that the last expression is a functional of p,. This way

d(1 —a?)

(0)
0, py — )

OrPo / dsydsy (53 — 5 7(s1, 5Py (F, 51, DPG(F, 52,1) + po (T, 51, Dy (', 55, 1))

= 2d/ds2(|a|‘1b1‘21 — Da(sp. s)p1(rin 51, Dpo(Fis 82.1) + po(ry, 51, Dpy (ris 52, D1, (A.29)
which is “linear” in p, and has
p =0 (A.30)

as a solution. We assume this solution is the relevant one at the hydrodynamic scales, which is reached very quickly (with respect
to the hydrodynamic time scales) from any initial condition. Hence, the first-order contribution to the opinion distribution can be
neglected.

Finally, if we want a system of hydrodynamic equations up to order ¢?, the so-called Navier-Stokes order, we should consider the
equation for p,. However, it is easily seen that the contribution of p, to the resulting equations is only through a correction to the
leading order of the cooling rate, Eq. (15) after approximating p;;, see below. By neglecting the contribution of p,, the Navier-Stokes
equations read

1+

0,8(r,1) ~ 5

2y. // dsydsy(sy — s1)m(s1, 59)po(r, 51, 1)V py(r, 55, 1), (A.31)
d(1 —a?) )
o,T(r,t)+2S8(r,1)0,S(r,t) ~ s dsdsy(sy — s1)°7(s1,52)po(r, 51, )py(r, s5,1)

+(1 + a)// dsydsy(sy — 1) [sl + 1TTO{(SZ - sl)] 7(51,$2)po(Fs 51, DV po(r, 52, 1), (A.32)

where p, is supposed to be known. Two remarks are in order. On the one hand, the previous set of equations corresponds to a
“local equilibrium” approximation of the “exact” balance Egs. (48)—(49); that is, the set (48)-(49) with the distribution of opinions
p replaced by p, (the local version of the distribution of opinions in a homogeneous approach to consensus). On the other hand, the
mathematical structure of the hydrodynamic equations is different from the case of granular gases, see for instance [31]. Namely,
here the contribution to the fluxes are purely collisional, due to the interactions between agents. The important contributions due
to the stream motion of grains are absent here: agents “keep at rest”.

We now compute the integrals in Eqgs. (A.31)-(A.32). Consider first the equation of S. Using the form of z(s|, s,), see Eq. (44),
and

Vpy = 0spgVS + 0rppVT = —sy2¢' VS — 53° (c¢) VT (A.33)
we have
14+a sh
0,S(r,1) ~ — 2 V- [A—Oﬂ//dcldc2|c2—cl|ﬂ(c2 —cl)¢(cl)¢’(cz)VS(r,t)]
SZ
1+ sy
o
- V. [ﬁ //dcldczlq —¢11(c, = epdle)lerd(ex)] VT (r, T)] . (A.34)
St

Since ¢(c) is an even function of ¢, the second integral in the previous expression vanishes. The equation for .S can then be written
as a diffusion equation, Eq. (50), with the diffusion coefficient D given by

B
2T (r,1)]2 ’ ’
o) = L2 BIEIE ] ey deyter = e = e 1o epen = e )
Si

4 A
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B
; /]
2 (1+a)r<ﬂ+3> [T(r,t)]z’ (A.35)

v )y

where the last equality uses the Gaussian approximation for ¢. We recall that As,, which may also depend on time, is a given quantity
of the model.

As for the equation for T, the first integral in Eq. (A.32) is related to the cooling rate ¢:

S, T)T(r,1)

13

d(l — a?
%//dsldsz(sz—51)27[(51,sz)po(r,sl,t)po(r,sz,t)

Pl g1 _ 2
L\/I;a) //d01d02|02—C1|ﬂ+2¢(61)¢(02)

f+1 _ 2 (]
L Prda a)r<ﬁ+3>[T(r,T)]2 ’ (A.36)
R T )
where the last approximate equality holds under the Gaussian approximation for ¢. Using that py(r,s,,H)V’py(r,sy,1) = V -
[po(r, 1, )V py(r, 5,01 — Vpo(r, s1,1) - Vpy(r, s,,1), the other integral in the equation for T' can be written as
l+a
1+ a)V- / dsydsy (s, — 1) [sl + T(sz - sl)] (81, 50)po(r, 51, )V py(r, s5,1)
1+a
—(+a) / dsyds, (sy — 51) [sl + (s, - sl)] 2(51.5)V (. 51.) - Vo (F 53,1) (A.37)
Ir —a? 1 1
= _lrag. [ pri (1 VS + —W)] Lo @ | (VS22 + Z2Lvs - v + ZLvry? | (A.38)
Asf 4418 So 5(2)
where use has been made of the scaling form of p,. The new quantities are the following integrals:
S(r N, l+a , 254 1p+3\ S
Iy = dejdeyle; — ‘-’2| (e —c)| e’ (c) = — r\—— s (A.39)
\/; 2 so(r, 1)
S(r,t 1
Iy = // deydeyle; — ¢l [Cl + % + = L, - Cl)] Pelerd(er))
0
p+3\ [0+)2+p) B
~ \/;F< ) > [ ) 2], (A.40)
254 p) (3
Iss = // deydeyley — ¢ |ﬂ+2¢/(01)¢/(52) = —Tf <T> > (A.41)
T
Isy = // deydesley = ¢ P72 {@/ (cpleadp(er)l + [e1dle)] @' (cp)} = 0, (A.42)
[
22 2+ +3
Iy = // deydesles — ey P2 Ley e [eydley)] = —%r </’T> , (A.43)
T

evaluated, again, using the Gaussian approximation. Rearranging the different terms and using the equation for S(r, ), the resulting
equation for the temperature can be written as Eq. (51) with the new transport coefficients given by

y] b
crpy~ 204D <ﬂ_+3> 1+02+p _ é] T (A.44)
\/; 2 4 2 Asf
5 _ b
”S(r’t):2(1+a)r<ﬂ+3>[2_(1 (x)(2+ﬂ)]T_2’ (A.45)
Nz 2 2 4s
20-4(1 - +3) 75!
mirn = 220D 50 4 gy (52 = (A46)
\/; 2 4s,
withing the Gaussian approximation. Note that not all transport coefficient have a definite sign for all values of the parameters «
and p. In particular, x, which can be thought as a thermal conductivity, changes its sign for « ~ %

An important observation is that the Navier-Stokes equations that result from the Chapman-Enskog method up to second order
in the gradients, using the Gaussian approximation, reproduce the “exact” result for g = 0, Egs. (A.12)-(A.13).
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Fig. B.8. Simulations results for an e-mail network with N = 985 agents and mean degree close to 33. The plots show the same data as in Fig.
2.

Appendix B. Further numerical results

B.1. E-mail network

The results of Fig. B.8 correspond to an e-mail network [55-57] of 985 nodes. It has been obtained from the analysis of the
e-mails sent between the members of a large European research institution. Auto-loops and isolated nodes have been removed.

B.2. 2D lattice

The results of Figs. 5-7 are complemented by Fig. B.9. The first row of plots show the evolution of the opinion temperature as
the time 7, defined by Eq. (32). The second row of plots give the time evolution of

) 2
&=/ T (B.1)

where ¢; ; are the coefficient of the Fourier series of the opinion field S(r,1):

Sy =Y epnexp [zm <? + %)] (B.2)
mn x y

with L, and L, the width and height of the system. The quantity g measures the formation of long-scale structure in the opinion
field. Finally, the last two plots of Fig. B.9 shows the scaled distribution of opinions for = € (10, 10).

In all of the cases shown in Fig. B.9, the opinion temperature decays exponentially with z, as predicted theoretically at the mean-
field level, Eq. (33). This result was expect only for homogeneous configurations (a = 0.98). When the system becomes spatially
inhomogeneous (¢ = —0.9 and 0.96), the numerical simulations still show an exponential decay, but with an exponent smaller to
that of a homogeneous configuration, as already commented on around the discussion of Eq. (52).
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Fig. B.9. Numerical results for the time evolution of the opinion temperature (top plots), the time evolution of the quantity g defined by Eq. (B.1)

(central plots), and the scaled distribution of opinions (bottom plots) at the final stage. The different lines correspond to « = —0.9 (light blue),
0.96 (green), 0.98 (purple), and g =0 (left column of plots) and b =5 (right column of plots).
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