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Abstract

The bachelor’s thesis objective consists of developing a quintic spline numerical al-
gorithm and study its potential for solving some different bioengineering problems. The
numerical algorithm will use collocation methods for finding the approximation of the
mathematical analysis problem. This approximation will be estimated with a quintic spli-
ne.

In general terms, mathematical analysis problems are found in different areas, where
it could be highlighted physical sciences and engineering, moreover it also can be found
in social sciences, business, medicine, biology, etc. This method can be used for any of
these areas if they fulfil the specific requirements given by the design constraints and by
the numerical dynamics.

Although the algorithm will be prepared for solving a great amount of numerical
problems, along this work, it will be more focused on the applications related to bioengi-
neering and medicine. The algorithm is designed to solve problems either formulated as
an initial value problem or formulated as boundary value problems. It can be adapted to
solve differential equations and non-linear differential equations. It is possible to scale the
algorithm for solving multivariate functions and multidimensional function.

The work will have two parts. The first part is oriented to evaluate the algorithm in
the different conditions where it is projected to work, this part also will illustrate the way
that collocation methods work. It is useful as it will aid to design the hyper-parameters
of the rest of the parts. At this part it will be carried some simple synthetic experiments
with known solution but with poor applicability in areas of interest.

In this work, a final applied synthetic experiments will be carried out. This experi-
ment will approximate the Gompertz model to estimate the evolution of the population
of tumour cells along the time from an initial population of time and with some experi-
mented parameters. As this equation is analytically solved, this experiment is also useful
to validate the algorithm as the previous one.

During this part of the work, synthetic experiments had been carried out. In the work,
we define a synthetic experiment as an approximation of a function that can be fully
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expressed as a differential equation. Then, it is defined a practical equation as an experi-
ment where an acquired value vary along the time. In this two experiments, acquisition
and experimental parameters are needed but do change along the independent variable.

Finally, at the second part of this work, two practical experiments are carried out. One
application, in the field of motion monitoring applied to the rehabilitation field and, the
second application in the field of image processing applied to laparoscopic liver resection.

In rehabilitation, the estimation of the position and it could be done using the angular
velocity and the acceleration given by an IMU. It can also be given by an optical posi-
tion system that in the case of this experiment allow to estimate the performance of an
algorithm.

In different surgical procedure, pre-operative models are essential to incorporate infor-
mation from other imaging process to the procedure. The objective of the last application
is to represent a tumour preoperative model as a derivable spline.
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Resumen en Castellano

El objetivo del trabajo consiste en desarrollar algoritmos numéricos basados principal-
mente en splines quínticos y estudiar su potencial para resolver diferentes problemas en
bioingeniería. Se usarán métodos de colocación para aproximar los problemas de análisis
matemáticos. Las aproximaciones se desarrollaran con spline quínticos.

En términos generales, estos problemas de análisis matemático se encuentran diferen-
tes áreas, donde destacan las ciencias físicas y las ingenierías, aunque además se puede
encontrar en las ciencias sociales, negocios, medicina, biología, etc. El método puede ser
usado en cualquiera de estas áreas si cumplen los requisitos específicos dados por las
restricciones de diseño y por la dinámica numérica.

Aunque el algoritmo estará preparado para resolver una gran cantidad de problemas
numéricos problemas, a lo largo de este trabajo, se centrará más en las aplicaciones re-
lacionadas con la bioingeniería y la medicina. El algoritmo está diseñado para resolver
problemas formulados como un problema de valor inicial o formulado como problemas de
contorno. Se puede adaptar para resolver ecuaciones diferenciales lineales y ecuaciones di-
ferenciales no lineales. Es posible escalar el algoritmo para resolver funciones multivariadas
y funciones multidimensionales.

El trabajo tendrá dos partes. La primera parte está orientada a evaluar el algoritmo
en las diferentes condiciones y como los métodos de colocación trabajan. Será útil para
mostrar como hiper-parámetros afectan a su dinámica. En esta parte se llevarán a cabo
experimetnos sintéticos con soluciones conocidad pero con poca aplicabilidad en áreas de
interés.

En esta parte del trabajo, un experimento sintético aplicado se llevara a cabo. En
este experimento se aproximará el modelo de Gompertz para estimar la evolución de la
población de células tumorales a lo largo del tiempo, partiendo de una población inicial de
células y otros parámetros experimentales. Como el modelo tiene solución analítica, este
experimento será útil para validar el método como el resto de experimentos sintéticos.

Finalmente, en la segunda parte de este trabajo se realizan dos experimentos prácticos.
Una aplicación, en el campo de la monitorización del movimiento aplicada al campo de
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la rehabilitación y, la segunda aplicación en el campo del procesamiento de imágenes
aplicada a la resección hepática laparoscópica.

En rehabilitación, la estimación de la posición se obtiene utilizando la velocidad an-
gular y la aceleración dadas por una IMU. También puede estar dado por un sistema
óptico de posición que, en el caso de este experimento, permite estimar el desempeño de
un algoritmo.

En diferentes procedimientos quirúrgicos, los modelos preoperatorios son esenciales
para incorporar información de otros procesos de imagen al procedimiento. El objetivo de
la última aplicación es representar como un spline derivable un modelo preoperatorio de
tumor.
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Chapter 1

Introduction

The medical technology sector provides products, services or solutions to improve po-

pulation health. This sector currently represents the7;6 % of the total health expenditure

in Europe allowing to meliorate the life expectancy and the quality of life of the po-

pulation. In addition, this sector is characterised by a constant innovation representing

around the8 %of the average global R&D investment. In 2021,15321patents applications

were �eld with the European Patent O�ce (EPO) representing the 8;1 % of the applica-

tions and second highest industrial sector in number of applications, just below digital

communication with 15400patent applications [2].

In bioengineering, same as other engineering �elds and physics, it is essential developing

numerical tools that models di�erent phenomenons. The numerical tool developed in

this work will allow to estimate any solution of a mathematical problem modelled by

an equation, although the work is mainly focused on di�erential equations where the

unknown function and some of its derivatives are involved [3]. Along this work, solution

functions will be approximated with splines by using collocation methods. Moreover, some

algorithms will be developed to solve some bioengineering problems and other ones to

show the performance of the methods and illustrate the di�erent hyper-parameters choice

implications.

The aim of this chapter is to introduce the work and develop the structure of the essay.

This chapter is divided in three sections. Section 1.1 explains the motivation of the work,

going deeper in the mathematical view. Section 1.2, it shows the objectives of this work,

enhancing the most technical part of the work. Section 1.3, the structure of the essay is

presented.
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2 Chapter 1. Introduction

1.1. Motivation

From a mathematical point of view, the objective of this work is not only to show

the feasibility of using splines to solve these equations, but also to show the viability and

performance of higher-order splines. The technical aspects of the splines will be discussed

in Chapter 3, but to introduce the motivation, it is necessary to previously explain how

the spline order impacts on the quality of the approximations.

The order of the spline, that corresponds to the order of the piecewise polynomials

that shape the spline. In polynomial estimation, it is accepted that the higher the order

the greater the smoothness but also the greatest amount of undesired oscillations. As

a convention, it is also accepted that even-order polynomials had a better performance

than odd-order polynomials [4]. That is the reason why fourth-order polynomials are the

standard when it is being worked with splines. As, the order is even and it is low enough

to not cause oscillation and it has enough smoothness to return acceptable estimations.

At Figure 1.1 two basis splines with even-order and their derivatives are displayed.

(a) Fourth-order spline. (b) Sixth-order spline.

(c) Second derivative of fourth-order spline. (d) Second derivative of sixth-order spline.

Figure 1.1: Basis splines and their second derivatives.
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The main problem of fourth-order polynomials arrives when it is desired, not only

approximating a speci�c function, but additionally obtaining a good estimation of some

of its derivatives. At Figures 1.1a and 1.1b, the fourth and sixth-order basis splines are

represented respectively and, at Figures 1.1c and 1.1d, their second derivatives. In that

case, there could be a good approximation of the function as happen in Figure 1.1a

but there would not be enough smoothness at the derivative spline to have an acceptable

performance at their derivatives as happen in Figure 1.1c. It can be corrected by increasing

the order of the spline as happen in Figure 1.1b being the second derivative Figure 1.1d

an adequate approximating spline.

Along this work, di�erent spline-based algorithms have been developed. We divide the

experimentation in two categories, synthetic and application algorithms. The last ones

consist on applications oriented to solve di�erent bioengineering problems that will be

explained extensively below. Although, for developing these applications, it is developed

the �rst group of experiments. They are created to go deeper into the method and being

able to get an idea of how di�erent decisions taken during the process impact on the ap-

proximation. These experiments consists on estimating the solution of several di�erential

equations and obtaining some error metrics by comparing them with their analytical so-

lutions. These error metrics are compared in di�erent frameworks. Also, the aim of these

experiments is not only to be used in the development of this work applications but to be

used as a guide for the reader in the estimation of its own applications.

The last synthetic experiment that is also a simple practical application. It consists on

a non-linear ODE that depends on some parameters. This equation also has an analytical

solution so as the other experiments some error metrics could be taken. It models the tu-

mour proliferation with the number of cells at the time the estimation begins, the intrinsic

growth of cells and the carrying capacity of the tumour [5]. The Gompertz equation is the

model that allows estimating the tumour proliferation. Values from the literature and/or

values frequently used are employed for the estimation. In a more practical scenario, at

least the initial number of cells should be obtained from the tumour of study.

On the other hand, two di�erent bioengineering applications are developed. One of

the applications is is a rehabilitation application in the area of motion estimation and the

second one in the �eld of image processing. Below, it can be found two sections devoted to

explain in detail the motivation behind the two bioengineering applications. First, Section

1.1.1 explains the motion monitoring application. Second, Section 1.1.1 explains the image

processing application.



4 Chapter 1. Introduction

1.1.1. Motion monitoring application

This application is developed in the �eld of rehabilitation that can be de�ned as

the designing of intervention oriented to reduce disability and optimise functioning of

individuals in their interactions with the environment [6]. There are di�erent branches in

the �eld of rehabilitation including language training, some physiological therapies, etc.

In this application, it is being worked in the �eld of physical exercise training that is

important to improve muscle strength, voluntary movements, balance, etc.

In this kind of therapies, it is required to supervise the correct development of the

exercise to ensure the e�ectiveness. A possible way to supervise the exercise is being

supervised by a second person. The main problem with this approach is that hiring a

personal coach is expensive. Another problem that could arise is the availability of trai-

ned stu� in some places. In this context, virtual coaches are an alternative to perform

the supervision. Virtual coaches could support by using the displacement in the three

dimensional axis and interpret this information [7].

Generally, the process of obtaining the displacement directly is not a functional ap-

proach. It could be done through an optical reference system although it has the incon-

venience of installing the equipment. Also, inertial measurement can be used to obtain

this displacement through solving some di�erential equations. At this work, these displa-

cements will be represented as splines. Then, the estimation will be compared with the

displacements acquires through the optical system.

The exercises to monitor consists on a set of movements commonly prescribed in

di�erent physical therapies, that have demonstrated functional improvements in studies

[8]. Concretely, three exercises focused on the lower-limbs will be monitored.

Knee �ex-extension (KFE): The subject is sat with a position of 90º of knee �exion.

The subject extends the knee in the sagital plane until the maximum. It is performed

between ten and twenty repetitions.

Squats (SQT): The subject is standing, sits on a chair and return to a standing posi-

tion. The subject avoids lateral bending of knee or hip. It is performed between eight and

�fteen repetitions.

Hip abduction (HAA): The subject is standing up and moves one of the legs in the

frontal plane plane while the other leg remains straight. It is performed between ten and

twenty repetitions.

The IMU device will be located at the shin and the reference to the optical system is

also in the IMU.
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1.1.2. Image processing application

The image processing application is developed in the �eld of surgical planning. Surgical

planning are the method previous to a surgical intervention to de�ne the surgical steps

and to collect information in the context of computer-assisted surgery. In this �eld, it is

useful performing some image acquisition before the surgery [9]. These acquisition will

give an initial approach of the problematic to threat.

Pre-operative model: The pre-operative model consists on a virtual duplicate of a

body component. It is created by segmenting an image acquisition, generally, it is ex-

tracted from a CT (Computed Tomography) or from a MR (Magnetic Resonance). It

represents the boundaries of the component in a three dimensional way, returning the

shape information at the time of the acquisition. Moreover, it is an enabling technology

for advanced surgical systems [10].

Liver and liver tumour: The work is realised in the context of liver surgery and in liver

tumour. The liver is an organ that can be found in vertebrate animals. Among its function,

it can be found the detoxi�cation of the organism and the synthesis of proteins [11]. When

a tumour grows in the liver, it is needed to eliminate the tumour and laparoscopic surgery

is an option that allows the surgeon to access without large incisions in the skin.

Registration techniques: This procedure is characterised by introducing a light source

and a camera in a tube called laparoscope. Registration techniques are needed to fuse the

information from the pre-operative imaging and the laparoscope images. Concretely, it is

useful these reconstruction techniques to recover the shape from the laparoscopic image.

As the laparoscopic image is not enough informative itself, it is useful to use it to estimate

the deformation from a given pre-operative model [12].

Generally, these models are geometry objects including a set of points and its trian-

gulation that shape a mesh. This could limit the registration technique as intermediate

points are not available with a good estimation and also it does not provide derivatives

with enough quality. This is relevant since in registration method, di�erential equation

are a powerful tool to achieve these alignments.

This registration methods were compared in the �eld of Laparoscopic Liver Resec-

tion [13]. It was provided a clinical Data-set that include pre-operative models of fourth

patients livers and tumours. In this work the tumour models will be represented as spline

and it will be evaluated by using the points provided by the model.
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1.2. Objectives

As previously explained, a numerical algorithm will be developed to estimate functions

through splines. These functions will be solutions of an equation that models a problem

and, with the exception of the image processing application explained at Section 1.1.2,

the work will be focused on the resolution of di�erential equations. Along this work,

error metrics along the domain will be taken and the method will be evaluated in its

di�erent framework. Along Chapter 3 the method will be explained in detail, introducing

hyper-parameters related to the basis and di�erent properties. At the beginning, these

characteristics are evaluated. We present the following speci�c objectives:

1. This work will show that the method is scalable in terms of variate nature, being

able to approximate univariate functions and multivariate functions which domain

has higher number of subset. Multivariate functions will be approximated at the

synthetic experiments to show this property.

2. It will be shown the ability if the method not only solving di�erential equation, but

also, solving systems of di�erential equation. Other synthetic experiments will be

developed showing this property and the solution will be expressed as a a multidi-

mensional spline, corresponding each of the dimensions to the di�erent solutions of

the system.

3. Also, at the synthetic experiments, the linearity of the equation is explored. In these

experiments, linear and non-linear equations are solved illustrating the capability of

the method for reaching a solution in both scenarios.

4. Following with the nature of the problem, another target of the synthetic experi-

ments is intercalating initial value problems and boundary problems indicating the

capability of the method of solving di�erent problems formulations. Moreover, these

experiments will measure the impact of other decisions taken.

5. The Gompertz equation will consists in a non-linear di�erential equation. Also,

the function is univariate and unidimensional. It will be solved with a sixth-order

spline with the parameters extracted from the literature and it will be compared as

the other prove of work experiments with its analytical solution. It will show the

feasibility of using splines to estimate the tumour growth along time.

6. Motion monitoring: The application illustrates the feasibility of using splines to

obtain the displacements from inertial measurements. Then, the position is expressed

through a di�erential equation that depends on the acceleration and that assumes

that the object moves from an initial position in zeros and from being quiet. Then,
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the position is compared with the one provided directly from the optical reference

system that is used for comparison. This estimation requires to obtain the orienta-

tion of the accelerometers provided from the angular velocity that represents how

fast the angular position of an object changes with time. A non-linear three dimen-

sional equation matches the angular velocity with the Euler's angles that describe

the object's orientation in a �xed coordinate system

7. Image processing: The tumours provided in the database [13] are provided as a

set of point in a Cartesian coordinate system. So, the set of points is centred in the

coordinate centre and it is transformed into spherical coordinates. Then, the tumour

is represented as a bivariate spline which domain are azimuth and elevation and its

codomain is the radius.

1.3. Memory structure

The bachelor thesis book essay is divided in six chapters presented at Table 1.1.

Table 1.1: Bachelor thesis book.

Chapter Title Description

1 Introduction
General presentation that gives an brief
overview of the whole project It includes
the incentives and goals of the work.

2 State-of-the-art

It is shown the highest and most re-
cent developments regarding these appli-
cations. It includes recent development
with splines as other ways of solving these
kind of problems.

3 Mathematical background

The technical basis of the tool is speci�ed.
It is deeply explained the mathematical
nature of each of the elements included
at this work, including the spline, the co-
llocation method, etc.

4
Methodology and develop-
ment

A procedure overview is presented. It in-
cludes all the tools used to develop this
work, the information used and it presents
the general way of handling a problem.

5 Results and discussion
Each of the individual experiments that
shape this work are detailed. The discus-
sions of each of the results are developed.

6
Conclusion and Future Li-
nes

A general view of the outcomes and its
interpretation is presented. It is included
the next steps that should be addressed
to keep improving the work.



Chapter 2

State-of-the-art

To begin with an historic perspective, the term spline comes from the East Engalia,

where in the 18th century the Oxford English Dictionary found its �rst recorded usage.

The term spline refers to a wide class of functions that are essentially de�ned piecewise

by polynomials. It is agreed that he term spline in connection with smoothness and

piecewise polynomial approximation was �rst presented by the mathematician Isaac Jacob

Schoenberg in his article a �rst class of analytic approximation formulas in 1946 [14].

The ideas behind have their roots at the aircraft and shipbuilding industries. It was

desired to design in small model and then create larger ones. Lofting was technique used

by the British Aircraft industry that creates this larger models by passing thin wooden

strips through the discrete points generated by the smaller model.

Then, in the late 1950s and in the early 1960, the mathematical spline was developed

in the context of the automotive industry. Some parallel independent beginnings occurred

with Paul De Casteljau at Citroën, Pierre Bézier at Renault, Garrett Birkho�, Paul

Garabedian and Carl De Boor at General Motors. One of the De Casteljau paper was

published in 1959, De Boor published several papers in early 1960 from its work at General

Motors and the work at General Motors was also described by Birkshof.

At this work, the splines are used in the context of di�erential equations, an approach

that was introduced by Carl the Boor at the book `A practical guide to splines' [15] where

it is presented the Collocation methods to solve di�erential equations. These splines are

estimated from the basis splines which are explained in Boor's book `Box Splines' [16].

At this chapter, we present some similar works in the literature. The articles has

been found with the browser Google Scholar. At the research some keywords including

`Spline', `Bioengineering', `Motion monitoring' and `Image processing' are used to �nd the

articles. The criterion for including it at the state-of-the-art has been the closeness to the

application developed, the impact expressed by the number of citation, how recent it is

8
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prioritising articles which publication date was less than �ve years and the how innovative

the article is.

Due to the nature of this work, the chapter is divided in two sections. Section 2.1

presents other work similar to the motion monitoring application applications. Section

2.2 contains parallel approaches to the image processing application.

2.1. Motion monitoring

Motion monitoring is not only relevant in the �eld of rehabilitation, it is also key in

�elds like robotics' automated driving technologies. In all these �elds, it is essential to have

a good estimation of the position to feed the system determining its good performance. As

in the work presented, when it is worked with inertial measurements, the �rst objective

is to provide a good orientation estimation, which also allows integrating the acceleration

and obtaining the position.

It is proposed a uniform B-spline fusion based approach to fusion data in [17]. In the

same way that in our work, angular velocities and linear acceleration are fused to obtain

pose, velocity and acceleration. In contrast to our work, it is used a axis-based approach

for obtaining the rotation representation. Once the rotation is obtained, it is computed

the acceleration in a similar way than this work. Finally, it compares the results with the

ones obtained with pose-graph-based methods that requires pre-integration showing the

feasibility of the method.

A most expanded approach was proposed in [18] where it is proposed not only the

IMU data fusion but to the fusion with Light Detection and Ranging (LiDAR) to improve

modelling and location accuracy. In this case, neither Angel-Basis, neither Euler angles

but Quaternions based approach was used to estimate the rotations. Splines are also used

to model the trajectories of the IMU information and then the information is corrected

with the LiDAR data. The authors concluded that with the simulation performed, their

algorithm can solve e�ectively the parameter calibration and the fusion localisation.

Another expanded approach was proposed in [19] which fuses the IMU data with visual

information. The work estimates the position of the camera with the objective of obtaining

an scale factor without the need of a second camera. One interesting aspect is that it uses

the rotation derived from the position without scale obtained from the vision algorithm

and complementing the one provided by the angular velocity and reducing the drift. At

the article, both approaches are compared one spline-based and another discrete approach

founded on an extended Kalman �lter. Both approaches provide accurate results in the

quality of scale estimation.
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Following the same line, the work [20] also proposes a camera-IMU fusion system to

compensate the Rolling Shutter that is an image distortion e�ect caused by the motion

between the camera and the scene. The calibration method uses splines to allow con-

sidering the Rolling Shutter continuous in the time domain and it introduced the IMU

information in the derivatives of the spline as an axis-based approach. This approach leads

to a more accurate and consistent calibration.

The inverted problem using splines is threaded at [21]. It is tried to �nd informa-

tion of motion parameters from the estimation of the position to be used in the motion

compensation of remote sensing loads. It is concluded that it can successfully obtain the

information and obtain better performances than other methods actually used as transfer

alignment.

2.2. Image processing

Splines had been successfully applied in computer vision discipline, that is the �eld

that acquires, processes and analyses digital images or videos and, among its sub-�elds, it

can be found object detection, motion estimation, image restoration, 3D pose estimation,

etc. Besides splines allow solving di�erential equations, splines decrease the computational

capacity needed by removing in many instances the necessity of additional smoothness

constraints and the correlation windows centred at each pixel [22].

As previously explained, splines are useful in the �eld of image registration. In [23]

a B-spline mesh was used to model the deforming geometry of the intestine where the

surface deformation were computed through Green-Lagrange strain �elds. A non-linear

optimization scheme was used to mitigate the tracking errors. It was obtained that the

Root-Mean-Square error stays under1 % and it was reduced the rate of strain error on 1

97 %during the synthetic tests.

Also in the �eld of registration, and also in the �eld of registration images of livers it

is proposed a non-rigid registration scheme in [24] to fusion Computed Tomography and

Ultrasound. The main di�erence with respect our application is that the registration is

oriented directly to the CT, not the pre-operative model from the CT. It is successfully

compared with an approach that uses gradient orientation information.

Another non-rigid registration deformation, in this case oriented to 2D/3D registration

is proposed [25] where lungs and phantom data were used to test the method. It allows

the alignment with two orthogonal angle projections. The splines are used to create Thin

Plate Spline that is used to interpolate the small deformations. It was obtained a Dice

greater than 0.97 and a cross-correlation greater than 0.92, showing the ability of the

model to track lung tumours.
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Also, in the �eld of geometry representation it can be found a work [26] where splines

are used to design a geometry kernel of Group convolutional neural network (G-CNN).

These kind of networks are equipped with the geometry and the spline is used to crea-

te a basis for any arbitrary Lie group. This allow to solve the limitations that implies

other approaches like using a mesh limited to discrete groups that leads the grid intact

or compact groups. It was studies in two datasets, cancer detection and histopathology

improving the results of traditional approaches in both cases.

Moreover, in the �eld of clinical image segmentation at the work [27] splines are pro-

posed to be used for Transrectal Ultrasound (TRUS) segmentation. Also, a Magnetic

Resonance Image is segmented through nnU-Net. The aim of the article is to be able to

compare both images in prostate cancer. The splines are used for �tting a super-ellipse

and segmenting the TRUS image, obtaining a DICE coe�cient greater than87 % in all

cases.

At [28] it is developed an application in the �eld of the reconstruction of the k-spaces

called B-spline Parameterised Joint Optimisation of Reconstruction and K-space Trajec-

tories (BJORK). It is an MRI application where splines are used to parameterise trajec-

tories. It is used to reduce the number of parameters and it makes local improvements

possible through enabling multilevel optimization. The algorithm presented also inclu-

des a neural-network based reconstruction that makes improvements on image quality

through compensating sensing-based reconstruction. It also leaves for a future line to de-

�ne the objective function for the trajectory optimization. Finally, at the work [29] the

BJORK approach is used for comparing their projection-based scheme for obtaining the

k-trajectories in non-Cartesian acquisition settings.

After an overview of splines in the literature and the recent advances in the topics

covered at this work it is important to highlight that splines are not the main state-of-

the-art tools when working on this problems. Other types of numerical tools are currently

more used and more covered.



Chapter 3

Mathematical Background

This chapter is devoted to explain the fundamentals needed for developing this work.

It is an overhaul of the mathematical base used. Section 3.1 gives an introduction of

approximations problems. Section 3.2 details the spline theory that is the heart of this

work. Section 3.3 gives an overview of di�erential equation and the ways to solve them.

Section 3.4 explains the background needed in the motion monitoring application.

3.1. Introduction to the problem of unknown functions

The use of spline �ts in a problematic where it is desired to expand over a predeter-

mined domain some information that previously it was not completely known over that

domain. In fact, it is desired to �nd a function that turnouts the information [16].

There are di�erent reasons that explained the necessity of estimating this function.

One reason is it does not exist an analytical solution to the problem it is being faced.

Another reason could be that there exist a function that ful�ls the requirements but it is

too complex and it is not computationally e�cient to work with it.

Among the practical situations where this problem emerge is data �tting. In data

�tting, it is obtained a collection of information of an unknown function and from the

data obtained it is desired to obtain a function over a desired domain. Another practical

situation, is to �nd a solution to a di�erential equation where the initial values or the

contour are known.

3.1.1. Polynomial interpolation and approximation

A �rst initial approach to �nd this solution is to �t a polynomial according the data

known. A polynomial is an expression where a dependent variable depends on independent

12
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variables, independent coe�cients and the operations of addition, subtraction, multipli-

cation and positive integers [4].

Example of polynomial:

p(x) = a0 + a1x1 + a2x2 + ::: + anxn (3.1)

The polynomial is characterised by the coe�cients that are constants that are not

indeterminate and in the example are represented with the lettera. The polynomial is

also characterised by its order, that it is given by the largest variable exponents, being in

the example a polynomial of grade n and ordern + 1.

The order of the polynomial gives the degrees of freedom of the polynomial. It entails

that the order gives the number of independent constraints that a polynomial can fully

comply. For example, in a data �tting problem where six samples are given, if it is desired

to ensure that the polynomial �ts exactly the six points a sixth-order polynomial should

be found. This kind of estimation is called interpolation.

It is not feasible to �nd an unique polynomial with less constraints than degrees of

freedom. Nevertheless, it is possible to �nd a polynomial with higher constraints than

degrees of freedom. In this case, instead of �nding a polynomial that �ts exactly the

restrictions given, it is �nd a polynomial that makes the error of the �tted data minimum.

This kind of estimation is called approximation.

The residuals are the di�erence between the given constraint and the results of the

estimation. There are di�erent methods to perform the approximation depending on the

way it handles the residuals and minimises them. The most standardised is the method

of Least Squares. In this method, the sum of the squares residuals is minimised by setting

the gradient of the loss to zero [30].

In the case of Linear Least Square the regression model is set as:

f (x; � ) =
mX

j =1

� j � j (x) (3.2)

Then, letting:

X ij = � j (x i ) (3.3)

The loss function of the data is computed as:

L(D; � ) = kY � X� k2 = ( Y � X� )T (Y � X� ) = Y T Y� Y T X� � � T X T Y+ � T X T X� (3.4)
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Then, the loss gradient is:

dL(D; � )
d�

=
d(Y T Y � Y T X� � � T X T Y + � T X T X� )

d�
= � 2X T Y + 2X T X� (3.5)

Finally, setting the gradient to zero as in Equation (3.6):

� 2X T Y + 2X T X� = 0 =) X T Y = X T X� =) �̂ = ( X T X )� 1XY (3.6)

3.1.2. Advantages and disadvantages of polynomials

As a summary of this kind of estimation, it can be highlighted some advantages. These

advantages mainly relies in the simple nature of polynomials developed before. However,

this simple nature can also lead to some characteristics that makes polynomials a poor

estimator [4].

Among the advantages, the computational cost that implies working with them is

relatively low. Due to its nature, the estimation of the coe�cients is computationally

simple, in the case of interpolation, it is just required to solve a linear systems. Also, in

the case of approximation, some methods like, the explained before Linear Least Squared

allows to compute them e�ciently.

Moreover, the evaluation of the polynomials is also easily performed since it only

requires simple basic operation as multiplications and additions. Other operations could

be more computationally ine�cient, for example, the evaluation of trigonometric functions

have a higher computational cost.

Also related with the nature of the polynomials, it is really easy to takes integrals or

derivatives of the polynomials. This property is really useful and it is essential for the

development of this work. Therefore, it is important to highlight that this property is

restricted by the order of the polynomial, since when a derivative is taken the estimation

polynomial is of a �rst lower-order.

On the other hand, the simplicity of these polynomials could involve some disadvan-

tages that made the estimation worse as it is needed to increase the domain or work. One

case is the estimation of bounded function, as the limit of polynomials tends to in�nity or

minus in�nity when x tends to in�nity. Another issue consists on the fact that even-order

polynomials cannot be only positive or only negative functions although this property

could be necessary in the estimation.
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3.1.3. Runge's phenomenon

Another well studied problem derived from polynomial approximation is the Runge's

phenomenon. It consists on the oscillation of edges that occurs in higher-order polynomials

[31]. It is a typical problem that occurs in interpolation with equidistant evaluation points.

These phenomena leads to obtain an incongruous estimation with signi�cant errors out

of the evaluation points.

Among the possible solutions it could be considered changing the evaluation points to

the Chebyshev nodes that are the ones that minimises the Runge's phenomenon e�ects.

If it is not to possible due to the sampling nature an alternative could be using S-Runge

algorithm without resampling that map the original set of nodes on the set of Chebyshev

nodes [32].

Another intuitive solution could be performing approximation where this kind of phe-

nomenon is easier to handle. It can be performed approximation with a lower-order poly-

nomial than the one that presents the oscillations. Also, the Bernstein polynomials can

uniformly approximate functions in closed intervals but they are computationally more

expensive.

Other families of approaches try to solve this problem by working with additional

constraints. The external fake constraints interpolation introduces additional constraint

of type P00(x) = 0 outside and at the extremes of the work interval [33]. As well, it can

be performed constrained minimisation, an example could be interpolating a polynomial

with a �rst derivative that has a minimal L2 norm.

These are interesting ways of handling oscillation caused by Runge's phenomena since

these methods keep most of the advantages of working with polynomials. Nevertheless,

they are less useful with the �rst family of problems explained derived of the necessity of

working with a great domain of X.

Moreover, there is another approach that allows to keep most of the advantages of

polynomials at the same time that it is able to handle the Runge's phenomenon while

it works well in large range of X. This method consists on using piece-wise polynomial

function instead of using a single polynomial function. This function is called spline.

3.2. Spline theory

A spline consists on a numeric function determined by piece-wise polynomial functions.

Then, for characterising a spline, it is required to have a strictly non decreasing set of

point in the domain of x that divide the domain in sub-intervals called sequence of breaks.
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The spline function turnout a value of zero outside the interval and in each sub-interval

the spline is de�ned by a speci�c polynomial function [15].

One way to describe a spline, called Piece-wise Polynomial form (ppform), is in term

the breaks and the local coe�cients. So, to construct a spline withl pieces, sequence

of breaks"1; :::; " l+1 , a local coe�cients matrix of size lxk , where each row contain the

coe�cients of each local polynomial, and orderk, order of the components polynomials,

it could be described as:

pj (x) =
kX

i =1

(x � � j )k� i cji ; 1 � j � l (3.7)

This way of representing the spline could be really interesting as it makes really easy

and intuitive to interpret the curve to the human mind. Nevertheless, it is computationally

ine�cient since it requires more, or in the best case equal, coe�cients than degree of

freedom of the curve.

3.2.1. Smoothness of the spline

The reason is that the spline is not just a set of polynomials merge together. The spline

is a curve where continuity and di�erentiability could be desired and it is characterised

by the sequence of knots.

This smoothness, inside the sub-interval, is given by the nature of the polynomials

selected. A polynomial is by de�nition a continuous function and it is possible to take

derivatives until the order of the polynomial where the derivative becomes zero. All these

previous derivatives will have the property of continuity.

By the nature of the spline, the maximum smoothness it is achieved at the breaks

is until k � 1 order. If k order derivative were reached, then the adjacent polynomials

will be merged. When it is forced this smoothness, some degrees of freedom are lost. For

example, to achieve continuity over all the curve,l + 1 degree of freedom are lost since at

each break it is given the constraint that both polynomials should be equal. Moreover, if

it is desired to be continuous and one time di�erentiable,2(l + 1) degrees of freedom will

be lost by the same reason.

In the spline literature, this smoothness constraint are de�ned by the knots sequence.

The knots sequence consists in a non-decreasing sequence of points in the domainx where

only the breaks points can belong to that sequence and all the breaks belongs to that se-

quence. These smoothness constraints are speci�ed through the number of times a break

is in the knots sequence. If a break is only once it means that at that breaks there is the
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maximum smoothness possible, and each time the break is repeated a smoothness cons-

traint is lost. The order in which this constraints are lost are from the deepest derivative

until the continuity.

Due to this, each breaks should be at least once in the knots sequence and a maximum

of k times that means that at that break the function is neither di�erentiable neither

continuous. One common scenario is that the curve is desired to have the maximum

smoothness possible along all the intervals and to not have any kind of smoothness at the

extreme. In this case, the knots sequence will consist on all the breaks inside the interval

repeated one time and the external breaks repeatedk times.

Then, to calculate the degrees of freedom of the spline, it is needed to take into account

that without the smoothing constraints each spline hask degrees of freedom. That as there

is one polynomial between each sub-interval there arel polynomials. The knots sequence

could be interpreted as the real degrees of freedom that each polynomial gives to the

spline, as the number of times it is present are smoothness constraints that are not given.

Although, as there is one more break than polynomialk must be subtracted to the number

of knots to obtain the real degrees of freedom of the spline.

3.2.2. B-spline

Instead of using Piece-wise Polynomial form, that will requirelxk coe�cients inde-

pendently of the degrees of freedom of the polynomial. Basis spline (B-spline) functions

can be used being able to work with a coe�cient matrix that have the same number of

coe�cients than the spline degrees of freedom.

B-spline of order k with sequence of knotst0; :::; t j is a piece-wise polynomial function

that is unique for a given sequence of knots and satisfy the following conditions:

B j;k (x) =

(
0 if x < t j or x > t j + k

non � zero otherwise
(3.8)

X

i

B j;k (x) = 1 (3.9)

These B-splines are basis function in a way that all possible spline function with the

same-order and the same knots sequences can be constructed in an unique way as a linear

combination of B-splines. Then, this curve is constructed multiplying the spline function

by a vector-valued constantsai that can be called control points or also B-coe�cients. It

is obtained a resulted B-spline form (B-form):

f (x) =
nX

j =1

B j;k aj (3.10)



18 Chapter 3. Mathematical Background

These functions can be evaluated by using the called De Boor's algorithm. It consists

on a generalisation of De Casteljau's algorithm for Bézier Curves that allows to evaluate

numerically stable splines in B-form. There are faster variants of the algorithm that su�er

from lower stability.

It is performed the following recursion formula:

B j; 0 =

(
1 t j < t < t j +1

0 otherwise
(3.11)

B j;k (x) =
x � t j

t j + k� 1 � t j
B j:k � 1(x) +

t j + k � x
t j + k � t j +1

B j +1 ;k� 1(x) (3.12)

In contrast to ppform, B-form is less intuitive to interpret but fundamentally they are

two di�erent ways to represent a spline and each spline has an unique way to be represented

in ppform and in B-form. So each way of representing the spline has an equivalent way of

representing it in the other form.

The main di�erent relies in the fact that while in ppform the smoothness information

is in the coe�cients matrix as it is de�ned by its breaks, as the B-form allow to represent

by its knots the coe�cient matrix could be smaller.

The stable recurrent relations in the Boor's algorithm also allow to obtain the pp-

form coe�cients from the B-form and it is possible to obtain the B-coe�cients from the

coe�cients in ppform by using the following conversion:

aj (s) =
X

i<k

(� D)k� i � 1 (yj +1 � � ):::(t j + k� 1 � � )
(k � 1)!

D i s(� ) (3.13)

Along the work, it has been worked with splines in B-form so throughout the essay

when using the term spline it will be considered that B-form is being used unless the

opposite is speci�ed.

As it had been explained, one of the most interesting properties of polynomials is

the fact that it can be taken derivatives of the polynomial and keep a simple polynomial

expression. In the same way it is possible to take derivative of the spline obtaining another

spline of order one less.

The derivative of the B-spline:

DB j;k (x) = k(
Bk;k � 1(x)
t j + k � t j

�
Bk+1 ;k� 1(x)
t j + k+1 � t j +1

) (3.14)
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Then the derivative of the spline will be:

Df (x) = D
nX

j =1

B j;k aj =
nX

j =1

k
aj � aj � 1

t j + k � t j
B j;k � 1 (3.15)

With respect to the spline of the derivative it is important to highlight that it could

have the same number of knots if the original spline was continuous over allx or could

have less nodes if it was not continuous over some breaks. As well the order changes,

it is one less, the degrees of freedom of the spline and in consequence the number of

B-coe�cients changes.

3.2.3. Tensor product splines

Splines are mainly used to estimate functions. During the essay, it has been considered

univariate splines that are useful to estimate univariate functions. Then, it is needed a

solution for being able to estimate multivariate functions.

These multivariate splines came in the form of tensor products of univariate splines.

The background idea consist on creating a multivariate function with a product of univa-

riate function so if f 1(x) is a function of x and f 2(y) is a function of y, it can be obtained

function of x and y asf (x; y) = f 1(x)f 2(y).

In this way, instead of having a vector of coe�cients as in the univariate spline. An

array with a dimension equal to the number of variables is used to de�ne the spline.

Then a multivariate spline could be de�ned as:

f (x1; :::; xv) =
mX

i =1

:::
nX

j =1

B i;k :::B j;k ai;:::;j (3.16)

In that case, it has been treated one dimensional splines, but it could exist the necessity

of approximating functions that have more than one dimension. In this case, it is used

a similar approach than the one used before by generating each of the dimension with a

spline.

By convention, the arrays of coe�cients of the di�erent are ensemble so a �nal array

of coe�cients with a �rst dimension corresponding to the dimensions of the spline and

the rest of the dimensions corresponding to the variate nature.

To sum up, splines are a powerful mathematical tool commonly used in the estimation

of unknown functions like in interpolation, approximation, noise reduction, etc. During

this work, the main area of work is numerical analysis for solving di�erential equations.



20 Chapter 3. Mathematical Background

3.3. Di�erential equations

Di�erential equations consists on equations that can be dependent on functions and

on the derivative of those functions. If the function is univariate, it is called Ordinary

Di�erential Equation (ODE). If the function is multivariate, it is called Partial Di�eren-

tial Equation (PDE). Solving this di�erential equations consist on �nding an analytical

solution or an approximation of the function that satisfy the equation [34].

Prior to �nding the function, it is important to verify that the problem is well-posed. It

means that the solution exists, it is unique and change continuously with the constraints

given. Then, it is established that the functionf (x) and its derivative functions involved

in the di�erential equation are continuous in an open interval inR and that the points x0

given as a conditions belong toR.

The di�erential equation can also be characterised by its order. The order of the

di�erential equation is the highest order of the function derivative that arises at the

equation. Along the work, �rst order and second order di�erentials equations are solved.

The order of the di�erential equation determines the constraints needed to verify that the

solution exists and that it is unique. Along this work two kind of di�erential equations

problems are threaten Initial Value problems and Boundary Value problems.

Initial value problem: In these problems, an unique point in the domain, that

correspond to the lower boundary, is given. The Picard-Lindelöf theorem veri�es the

existence of an unique solution iff is continuous in the region andy0 veri�es the Lipschitz

condition [35]. In an univariate �rst-order di�erential equation with a solution can be

expressed as:

(
y0(t) = f (t; y(t))

y(t0) = y0
(3.17)

It can be expanded to multivariate equations: This kind of problem can be expanded

to multivariate functions and one of the boundaries must be given, it can be expressed:

(
y0(t; x ) = f (t; x; y (t))

y(t0; x0) = y0
(3.18)

It can be expanded to higher-dimensions:

(
y0(t) = f (t; y1(t); :::; yn (t))

y1(t0); :::; yn (t0) = y1;0; :::; yn;0
(3.19)
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It can be expanded to higher-orders:

(
yn (t) = f (t; y(t); y0(t); :::; y(n� 1)(t))

y(t0); y0(t0); :::; y(n� 1)(t0) = y0; y0
0:::; y(n� 1)

0

(3.20)

Boundary value problem: In these problems, the way of working is similar to the

initial value problems. Nevertheless, the di�erential equation ful�ls the constraints given

at the extreme of the working zone. As initial value problems, it can be expanded to

multivariate functions, to higher dimension functions and to higher-order equations. With

respect to the order, it can be expressed as a boundary value problem from second-order

di�erential equations since �rst-order only requires one constraint [36].

By extrapolation an example of a second-order ordinary di�erential equation. In initial

value problems, two constraints in the lower boundary are needed, one corresponding to

the value of the function and another corresponding to the value of the derivative of the

function. In parallel, the problem can be rewritten as boundary value problem with two

constraints that correspond to value of the function in both extremes.

(
y00(t) = f (t; y(t); y0(t))

y(t0); y(t1) = y0; y1
(3.21)

Other property that de�nes a di�erential equation, and that has impact on the way it

is solved, is the linearity. A linear di�erential equation consists on a linear polynomial on

its function and its derivative functions. It can be expressed in the following way:

a0(x)y + a1(x)y0+ ::: + an (x)y(n) = b(x) (3.22)

3.3.1. Solutions to di�erential equation

Above all, there are two ways of �nding a solution to a di�erential equation. The �rst

one consists on �nding an analytical solution to that function. The other one consists on

processing the problem as an estimation problem. The last approach is called �nding a

numerical solution [37].

The main advantage of the �rst approach is that the error, given by the function at its

evaluation, could be done unlimited small as there is not an estimation error. The main

disadvantage is that this kind of functions are often either not possible to calculate, either

computationally really expensive to evaluate, either not handy to calculate the analytical

solutions.

Numerical methods consist on an approximate computer tool designed for solving a

mathematical problem. The numerical methods are generally used when this problem
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either does not have an analytical solution or either this solution requires a high compu-

tational cost and a numerical method can provide a enough quality solution with a much

lower computational cost. That is the reason why the most common approach is the

second one.

In this context, several numerical methods are used for di�erent purposes like com-

puting values of functions, interpolation, regression, extrapolation, solving equations and

system of equations, solving eigenvalues or singular value problems, optimization, evalua-

ting integrals or solving di�erential equations.

In the case of numerical methods, an approximation of the ordinary di�erential equa-

tion, with only a single independent variable, or the partial di�erential equation, multi-

variate function with partial derivatives, is found. Spline based methods allow to �nd an

approximation that is composed of several piecewise polynomial functions. These methods

are widely used in computational �uid dynamics and in engineering disciplines like com-

puter vision.

In this approach, the numerical method refers to the mathematical tool created to

solve the problem. The numerical algorithm is the implementation of a numerical method

in a programming language. For a general numerical methods, at least, two properties are

desired stability and convergence [38].

1. Stability: The numerical method is considered stable if the errors do not add up

along the domain.

2. Convergence: The numerical method is considered convergent if when the steps

or the interval sizes tend to zero the solution converges to the analytical one.

The method is also characterised by the way it performs the estimation, the kind

of problems it is able to solve and if it requires re�nement iterations. During this work

collocation method presented at Section 3.3.2 are selected. It performs the estimation

using splines and it is able to solve initial value problems and boundary problems in ODE

and PDE. It is a method that does not require iteration when solving linear di�erential

equations and requires them when non-linear di�erential equations are solved. Previously,

a brief overview of the most common methods is presented.

Euler's method The Euler method is the simplest method and it allows solving

ordinary di�erential equations in the case of initial value problems. Mainly, �rst-order

di�erential equation. It obtains the estimation iterative in a set of points separated by a

distance h. It is interpreted as a di�erential equation consisting on a formula by which

the slope of the tangent line to the curve [39]. There are four variants presented.
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The points can be expressed as:

tn+1 = tn + h (3.23)

Table 3.1: Variants of Euler method.

Method xn+1

Explicit method: xn+1 = xn + hf (tn ; xn )
Implicit method: xn+1 = xn + hf (tn+1 ; xn+1 )

Improved method: xn+1 = xn + hf (tn + h
2 ; xn + hf (tn ; xn ))

Modi�ed method: xn+1 = xn + h
2 (f (tn ; xn ) + f (tn+1 ; xn + hf (tn ; xn )))

Taylor's method The Explicit Euler method can be seen as a �rst-order Taylor

expansion ofx(t). In the same way, if the function is di�erentiable enough, it can be

obtained a method of a higher-order than one [40].

xn+1 = xn + hx0
n +

h2

2
x00

n + ::: +
hp

p!
x(p)

n (3.24)

Runge-Kutta's method The main problem of Taylor's method is that it is not

practical to evaluate in derivatives higher than the third-order. To solve this in a di�erent

way, Runge-Kutta's method is based in evaluating the function in several point of each

interval so it is equivalent to higher-order Taylor's methods [41]. The classical method is

the fourth evaluation one:

Table 3.2: 4th Taylor's method.

xn+1 xn + h
6 (K 1 + 2K 2 + 2K 3 + K 4)

K 1 f (tn ; xn )
K 2 f (tn + h

2 ; xn + h
2K 1)

K 3 f (tn + h
2 ; xn + h

2K 2)
K 4 f (tn + h; xn + hK 3)

3.3.2. Collocation method for solving DE

In contrast to this methods, Carl de Boor presented an spline based method called

collocation's method [15]. At a �rst mention, it is needed to highlighted that some authors

considerate collocation's method as an alternative way to achieve implicit Runge-Kutta's

method. Although, the great di�erences in the way it is computed and the way the outcome

is expressed it is commonly treated separately. To establish some parallel lines, the order

of the spline would be the parallel to the order of the RK method and the domain of
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each sub-spline will the h. The improvements with respect to more classic RK and other

methods like the one previously explained are numerous.

Continuous domain: It provides an estimation based on a continuous function in

all the domain. It reduces the computational cost in general terms in the evaluations.

Specially, since it allows evaluating outside the nodes, it allows estimating for an h that

is enough small to establish a good estimation but it is not constricted to be small by the

evaluations needed.

Easily extrapolated: In contrast to the family of methods, where the previous be-

long, it does not required a great amount of variant when it is changed the nature of the

function, the order of the di�erential equation, the type of problem, etc. For example,

regarding the order, it is only needed to be taken into account that the spline must be

at least �rst-order higher than the di�erential equation. It provides a general framework

that could be intuitive changed for any kind of problem.

This work can be seen as an extension that goes in depth in the method and it allows

to have in a more condensed and practical way the nature of splines and the way to

estimate through them any function that depends on an equation. Among the ways the

work it is extended:

Nature of the functions: De Boor's books only provided an example to solve a

non-linear di�erential equation. Partial di�erential equations that leads to multivariate

functions and systems of equations that leads to multidimensional functions are also

discussed on this work.

Engineering applied works: The work developed by De Boor does not included

any kind of application and it does not provide any support for equation depending on

sampled information. At this work, two di�erent applications are developed including

a motion monitoring and an image processing. It also relatively easy to extrapolate to

another applications if it desired.

Collocation method consists on a spline-based numerical method that allows giving

a solution to ODE, PDE and integrals. It also allows di�erent kind of numerical pro-

blems including initial value problems and boundary problems. It is able to solve di�erent

di�erential equations independently of its order and of its linearity.

The method is based on deforming a spline by choosing adequately the coe�cient until

that spline provides a solution to the equation. The �rst step consists on creating a spline,

setting initially its coe�cients to ones, that ful�l the requirements of the function to be

estimated. That spline is uniquely de�ned by its sequence of knots.

It has been previously explained previously what a sequence of knots is and how to

create it. The �rst think it should be taken into account is that the sequence of knots must

be coherent with the domain and the image of the function, it must have the same variate
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nature and the same dimensional nature. The most important thing of the sequence of

knots is that it should have the less smoothness possible at the extremes of the function

domain. Regarding, the smoothness of the breaks and the distance between breaks, there

is no a general rule. By default, it is common that the breaks are selected equidistantly and

the number of breaks depend on the �exibility the spline need to estimate the function.

Regarding the smoothness of the breaks, it is also not closed but at the work the maximum

smoothness is given.

Regarding the order, the unique thing that is closed is that the spline must be at least

one-order higher that the di�erential equation. At the work, higher-order splines are used

to improve the estimation of the estimation derivatives.

The collocation sites are the points where the di�erential equation is ful�lled if the

coe�cient will be interpolated or quasi-ful�lled if they are approximated. The selection of

this points is critical in the quality of the estimation. If they can be selected, the optimal

convergence is given by the Legendre Quadrature as in Equation 3.25 being� the zeros of

the Legendre polynomial of order equal to the number of collocation points per interval.

Those are also the sites used in the standard Gauss quadrature rule.

� =
" i +1 � " i + � (" i +1 � " i )

2
(3.25)

The number of points per interval is also a non-closed topic. Parallel to the number

of breaks, increasing the number of collocation points improves the quality of estimation,

but at certain point the improvement becomes neglectuble while the computational cost

keeps increasing in a linear way.

Then, to be able to shape the spline, it is needed to estimate the coe�cients. By

evaluating the spline, or the derivative splines, in the constriction points but taking the

coe�cients as ones, it is possible to express the equation in function of the coe�cients.

In the case of tensor product splines it could be done through the Cartesian product

in each of the domains. In case of the multidimensional splines, the coe�cients must be

concatenated, so each equation depends on all the coe�cients. Then, a system of equation

is generated through the constraint of the di�erential equation at each collocation points

and the others restrictions provided by the problem.

The system is transformed into a linear equation in function of the coe�cient. If a

linear di�erential equation is being solved, the system will be linear by its nature. If not,

a linear viscosity term is added and the newton method is applied to the coe�cients.

It consists on a �rst-order Taylor expansion with respect to this term [42]. The linear

system must have at least as many equations as coe�cients and it must be ensured that

it is possible to estimate all the coe�cients.

The linealization process in the non-linear di�erential equation required an initial
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guess of the coe�cients. Obtaining the initial guess is challenging and key for obtaining

an estimation that converges, although the literature leaves it open. At this work, it is

mainly worked by expanding the additional constraints of the di�erential equation.

Viscosity term: In the literature the viscosity term is usually vanished in an iterative

way but it also can be set directly to zero in some equations. As the initial guess, there

is not a closed guide to what value should be set or how it should be vanished if it is

needed [42].

Once the coe�cients are estimated, to have the estimating spline they should be re-

turned to the shape that correspond to the nature of the function. Once, the coe�cient

matrix is obtained and reassembled, the spline is fully constructed and the solution to the

di�erential equation is been achieved.

For obtaining the value of the di�erential equation as a point, the point is evaluated

in De Boor's recursive formula and it is used the coe�cients previously estimated.

3.4. Motion monitoring estimation

One of the application developed at this work is the motion monitoring using the

information from Inertial Measurement Units (IMUs). An IMU consists in an electronic

device composed by accelerometers, gyroscopes and sometimes magnetometers. It provides

information of speci�c forces and angular rate and orientation (if the magnetometers are

included) in three orthogonal axis. At Figure 3.1 there is a 3D IMU gyroscope.

Figure 3.1: IMU gyroscope [1].
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3.4.1. Orientation estimation

In the motion monitoring estimation a �rst step consists on the estimation of the

orientation. At this process, the orientation at a time point is set as a reference and along

the time the orientation is estimated with respect to that point.

The gyroscope is a mechanical device that measures the angular velocity. It consists

on a spinning disc where an spin axis is free to assume of any orientation by itself and it

is not a�ected by the tilting or the rotation of the mountain based on the conservation of

the angular momentum. At the IMU, there is a mounted three gyroscopes measuring the

angular velocity in each of the axis. The gyroscope allows to know the orientation of the

system with respect to the initial frame at all the time.

In a 3D Cartesian's coordinate system, a change in the the relative orientation is des-

cribed by an orthogonal three times rotation matrix. This matrix can be parameterised

through the Euler angles. It uses three successive rotation to describe the relative orien-

tation. To understand the fundamentals of Euler angles, it is needed to take into account

that the rotations over the three axis a�ect the three axis and only in an in�nitesimal way

it could be that the rate of change of the Euler angles equals the body-referenced rotation

rate. Then, the way that the Euler angles relates to the angular velocity is described

as [43]:
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Those angles are obtained through solving the non-linear di�erential equation. At the

work, collocation methods are used to estimate in a spline the orientation. The system

is solved as a non-linear multidimensional univariate spline that depends on the time.

Then, at any point the rotation can be obtained by calculating the total matrix rotation

of the system. This matrix is obtained by multiplying the three individual inverse rotation

matrices of each of the angles.

M =

2

6
4

cos cos� sin cos� � sin�

� sin cos� + cos sin� sin� cos cos� + sin  sin� sin� cos� sin�

sin sin� + cos sin� cos� � sin sin� + sin  sin� cos� cos� cos�

3

7
5

(3.27)
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3.4.2. Motion estimation

Once the rotation is estimated, it is possible to estimate the motion displacement. The

second step consists of integrating the acceleration using the body reference of time zero

to estimate the position.

The accelerometer is a device that measure the combination of forces under it is

subjected. Concretely, it measured the linear acceleration that is a linear combination

of the acceleration associated to the movement and the gravity. The IMU is composed

by three accelerometers aligned with the gyroscopes and they allow the estimation of the

position through the integration of the movement acceleration [44].

The �rst step to estimate the position is being able to to bring all the accelerations

obtained to one body-reference. The accelerations are multiplied by the rotation matrix

obtained form the Euler angles also obtained at the time the acceleration has been sam-

pled. In this way, it is possible to obtain the acceleration referenced at the initial time.

As the gravity is also measured in the accelerometer, it must be estimated and sub-

tracted from the linear acceleration. Obtaining precise estimation of the acceleration is

challenging. A �rst approach could be assume that at the beginning the IMU is not sub-

jected to any force and subtract the o�set. Another approach is to take the mean of a

period where the IMU is not subjected to a great displacement and assume it as the

gravity.

The position is estimated as the second integral of the clean acceleration. At this

work it is proposed to use a bias estimator, concretely the Ridge estimator, to obtain

the coe�cients allowing to interpret the bias as an estimation of the gravity and taking

advantage of the stability constraint it imposes to the estimation to mitigate the e�ect

of the error in the gravity estimation. The coe�cients are calculated by using a Ridge

regression and it is added one standard deviation of the coe�cients to them assuming

that statistically hat part does not correspond to the gravity.
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Methodology and development

This chapter speci�es the tools and the methodology used in this work. Section 4.1

explains the tools going from the software tools to the mathematical ones. Section 4.2

explains both databases used for the practical experiments. Section 4.3 shows in general

terms the methods in a general overview. Section 4.4 gives the information related to the

codes provided.

4.1. Tools

At an algorithmic level, the di�erent tools used to create the estimation spline will

be explained. The object of this section is to aid the reader in the interpretation of the

di�erent scripts created along the work and understanding the data nature of the di�erent

arrays present in middle steps.

4.1.1. MATLAB

MATLAB (MATrix LABoratory) consists on a multi-paradigm programming language

widely used in numerical analysis. MATLAB is also a proprietary software that allows

running MATLAB scripts. MATLAB is a weakly typed programming language that allows

declaring variables without declaring their type, it also allows working with vectors and

matrices. Mainly, two type of �les extension are distinguished, `.m' extensions with script

�les and `.mat' extensions with data �les. It exists other types of extensions connected

with the environment that are not used at this work. As other programming languages

MATLAB allow loops, where `While' loops remain iterating until a condition become false

and `For' loops that iterates over a given vector.

Functions: These functions return outputs from given inputs. There are a great

amount of established functions that improves the time of the work development at the

29
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time it helps avoiding errors. Function can also be declared by the developer, and it should

be declared in a script with the same name of the function and located in the same folder

it is going to be called.

Data structures: It consists on structures of di�erent arrays. Each array in the

structure is attached to a name and this array can be called by calling the data structure

and its name connected by a point. These data structure can also be saved in a `.mat'

extension �le mentioned before.

Visualisation tools: MATLAB provides some visualisation tools that are useful to

present the di�erent results. The visualisation tools displays some array of results against

an array that represents the domain. Among the di�erent functions, it is highlighted plot

that represents a vector y in the domain of a vector x and surf a three dimensional plot

that represents a dimensional array against two bi-dimensional arrays x and y.

4.1.2. Spline MATLAB structure

Each spline in MATLAB consists on a data structure that describes an unique spline

that can be evaluated and di�erentiated. There are some functions provided by MATLAB

that allow creating spline. In this work it is used the function `spmak' that creates the

spline from the knots sequence and the coe�cient matrix. This data structure is composed

by six �elds, three that de�ne the spline and other three with information.

Form: It only accept `B-' meaning that the spline us de�ned in basis form or `pp'

meaning that the spline is in piece-wise polynomial form. In this work, it is only worked

with basis form which is also the way `spmak' returns the spline.

Knots: The spline knots sequence, it is represented with the knots vector in each of

the variables. It is the �rst argument in the `spmak' function, in the case of univariate

splines the vector is given and in the case of multivariate spline all the vector are between

bracelets `' and separated by comas.

Coe�cients matrix: The array corresponding to the coe�cient matrix of the spli-

ne. It must be one dimension higher than the number of knots vector, keeping the �rst

dimension to assemble the coe�cients corresponding to each dimension of the spline and

the rest of the dimension to each of the variables. It is the second argument in the spmak

function.

Number: It is a vector with length of number of variables in the spline that gives the

information of the number of coe�cients that has each variable.

Order: It is a vector with length of number of variables in the spline that gives the

information of the order of the spline at each variable.

Dim: It informs of the dimensionality of the spline.
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4.1.3. Knots

The knots sequence is conditioned by the break sequence and the break sequence is

also conditioned by the knots sequence. In the case of synthetic experiment, the breaks

sequence is chosen �rst with equidistant breaks along the domain. The function `linspace'

performs this vector introducing as a �rst argument the initial point in the domain, the

last point as a second argument and the number of breaks as a third argument. Then

the knots sequence is chosen so there is a maximum smoothness in the internal breaks

and no smoothness in the external one. The function `augknt' allow creating this vector

by introducing the sequence of breaks as a �rst argument and as a second argument the

order of the spline.

The knots can also be obtained from a spline, generally previously created in a previous

iteration, that it is assumed to be closed to the estimation spline. The function `newknt'

return a sequence of knots that makes the image of the last derivative of the spline given

as a �rst argument equidistant. With an optional second number allows changing the

number of knots. The function `knt2brk' gives a breaks sequence corresponding to a knots

sequence.

In synthetic experiments, the collocation points are calculated from the breaks sequen-

ce but in the case of practical experiments, where this point are constrained by a sampling,

the breaks sequence is calculated from these points. The initial and the �nal points give

the boundary of the work zone. The breaks are selected from a set of points composed by

the midpoints between collocation points and an equal number of collocation points per

B-spline are given.

4.1.4. Collocation points

The collocation points consists on a vector where the spline is constrained with the

desired equation. If the collocation points can be selected, the roots of the Legendre

polynomial are used. A own creation function called `functiontau' is used to calculate the

collocation points by introducing the vector of breaks as a �rst argument and the number

of collocation points per spline as a second argument.

The function calculate the zeros of the Legendre Polynomial of order number of points

per B-spline plus one. One the roots are calculated, they are scaled and centred at each

of the intervals given by the breaks sequence. Finally, the initial and the �nal point of the

work zone are added to the list.
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4.1.5. Collocation matrix

The collocation matrix is mainly de�ned by a spline and a set of collocation points, it

is the matrix that when multiplied by the coe�cient matrix return the value of the spline,

or its derivative at the collocation point. It is calculated by evaluating the natural spline,

spline with one's coe�cient matrix corresponding to a given set of knots and order, at the

collocation points.

he function `spcol' return a collocation matrix of the spline and its desired derivatives.

So, each column correspond to a coe�cient and each row correspond to a collocation point,

being the �rst row the spline evaluation, ans the next rows the successive derivative chosen,

and then, the next collocation point. The knots are introduced as a �rst argument, the

order as the second one and the collocation points as a third one specifying the derivatives

desired by repeating the collocation points for each derivative desired.

4.1.6. Other functions used:

System solver (`mldivide'): It is the function chosen to solve the coe�cients. It

is able to solve linear systems, in our case as it is overdetermined it provides the least

squares solution.

Derivative spline (`fnder'): It is a function that perform the derivative of a spline,

it is introduced the spline as a �rst argument and as a second argument it is introduced

the vector with the order of the derivatives with respect each of the variables.

Point evaluation (`fnval'): It is the function that returns the evaluation of the

spline at given points. As the function `spcol' it used the De Cox-Boor algorithm with the

di�erence that it uses the coe�cient matrix of the spline. The spline is introduced as a

�rst argument and the points where the spline is evaluated as the second argument.

4.2. Databases

Another family of tools used consists on the databases used in this work. Both expe-

riment have been developed by using data from external databases. At this section, it is

presented the PHYTMO database used in the motion monitoring experiment at Section

4.2.1 and the Liver database used in the image processing experiment at Section 4.2.2.

4.2.1. PHYTMO database

The PHYTMO database [8] is a database of physical therapies exercises used for

obtaining the data for the motion monitoring exercises. It includes inertial measurement
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information and an optical reference systems. It includes the exercises performed by thirty

volunteers including six exercises and three gait variations of each volunteer. The volun-

teers were aged between twenty and seventy years old and the age is speci�ed with the

height, the weight, the sex and the presence of any motor condition.

The acquisition was performed in the in the Motion Capture Laboratory of the Uni-

versity of Alcala. It was included the information of four IMUs, two situated at the two

upper limbs and two situated at the two lower limbs. The IMUs used are NGIMU23 IMUs

(X-io Technology, Bristol, UK), the information provided is presented at Table 4.1. The

optical system is placed with the Y-axis pointing to the ceiling and the XZ-plane parallel

to the �oor plane. The optical system used is the OptiTrack24 system (NaturalPoint Inc),

the information provided is presented at Table 4.2.

Table 4.1: Information provided by the inertial system.

Label Content

Time (s) It is the time assuming the zero the start of the recording.
Gyroscope (º/s) It is the angular velocity at each of the coordinates.

Accelerometer (g)
It is the linear acceleration at which the IMU is subjected
in each of the coordinates.

Magnetometer (�T )
It is the magnetic force at which the IMU is subjected in
each of the coordinates.

Table 4.2: Information provided by the optical system.

Label Content

Object position (m) It is the Cartesian position of the IMU.
Object orientation Quaternion orientation of the IMU in the 3D space.
Skeleton position (m) It is the Cartesian position of the skeleton segment.
Skeleton orientation Quaternion orientation of the skeleton in the 3D space.

Among the exercises, there are three legs exercises including `Knee �exion-extension

(KFE)', `Squats (SQT)' and `Hip abduction (HAA)'; there are also three are three arm

exercises including `Elbow �ex-extension (EFE)', `Extension of arms over head (EAH)' and

`Squeezing (SQZ)'. Among the gait variation it is found ` Gait (GAT)', `Gait describing

in�nity symbol (GIS)' and ` Gait with heel-tiptoe (GHT)'. For this work it is chosen the

three legs exercises of one participant.

Regarding the information obtained for performing the estimation, it is selected from

the IMU the information of the time, for having the time domain, the gyroscope for esti-

mating the orientation and, the acceleration for obtaining the position. From the ground

truth, it is extracted from the optical system the object position and the orientation for

contrasting their estimation.



34 Chapter 4. Methodology and development

4.2.2. Laparoscopic liver resection database

The Laparoscopic liver resection dataset [13] consists on a clinical dataset created for

evaluating registration method to register preoperative data in laparoscopic liver registra-

tion and laparoscopic in general. The dataset consists on four patients with liver tumour.

Those four patients has been undergone a pre-operative CT and a laparoscopic liver re-

section where it has been acquired a laparoscopic image and a laparoscopic ultrasound.

At the dataset it is included some script for the registration techniques and for eva-

luating the registration techniques. It is also presented the results of the registration

techniques presented at the article. The main part of interest for the project is the da-

taset with the data used to achieve perform the registration. That data consists on four

folders, corresponding to each of the patients and at each folder it is provided the following

information presented at Table 4.3.

Table 4.3: Information provided in the dataset.

Label Content

Lap Images
The images taken by the camera during the LLR in png
extension and a �le with the camera parameters.

Lap augmented by LUS
The laparoscopic image augmented with the laparosco-
pic ultrasound in png extension.

LUS images The laparoscopic ultrasound images in jpg extension.

LUS segmentation
The human segmented tumour in the laparoscopic ul-
trasound in jpg format. An automated segmentation is
also included but it does not report any information.

LUS calibration and POSE
The laparoscopic ultrasound parameters of calibration
and position in mat extension.

Preoperative model

Preoperative model of the liver and the tumour gene-
rated from the CT. The vertex collection is achieved in
ply format and the geometry including the triangula-
tion in stl format.

At this work, it is used the tumour preoperative models of the four patients. It includes

the set of vertex used to recreate the model and the geometry that can be used to generate

the preoperative model mesh.

4.3. Methodology

This section is devoted to explain the general procedure of the construction of the spli-

ne. The development of the experiments, the error metrics obtaining and the singularities

behind each experiment are expanded in Chapter 5.
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The main events in the assembling of a spline are summarised in the �ux diagram in

Figure 4.1. It is deeply explained with the intermediate steps and expanded in Section

4.3.1 and Section 4.3.2.

Figure 4.1: Critical events in the spline assembling.

4.3.1. Spline design

The �rst step in the process is creating a basis spline that cal ful�l the function

properties. It is important to analyse the function to estimate and design the spline

accordingly. The basis spline is de�ned by a sequence of knots, at the same time de�ned

by a sequence of breaks. The �rst two things to take into account to create the sequence

of breaks are the variate nature and the domain.

Variate nature: It de�nes the number of sequences of breaks, it is needed as many

sequences of breaks as independent variable the function had.

Domain: It de�nes the extremes of the sequences of breaks, the extremes of the

sequence of breaks must lie on the extremes of the function domain.

To end the breaks sequences, it is needed to de�ne the internal breaks. Taking this

decision is not trivial, it should be taken into account that it should be taken as many

breaks as elasticity it is needed to transfer to the spline. In contrast, the number of

breaks increase considerable the computational cost especially in multivariate functions.

This is one of the decisions where the synthetic experiments could assist to design other

experiments. It also must be taken into account when the function depend on external

information to ensure that the spline is well conditioned.

Spline order: Prior to generate the sequence of knots, the spline-order should be

selected. The order is other decision that it is explored along the work. Along the work,

the most used basis spline is the sixth-order one. As general recommendation, it is recom-

mended to use even-order splines to approximate the function and it is also desirable to

use the lower-order possible but ensuring that the lower derivative to use is approximated

at least with a fourth-order spline.

Sequence of knots: A sequence of knots with the maximum smoothness at the

internal breaks and without smoothness at the external breaks is generated by using the

Matlab function augknt explained at Section 4.1.3.
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4.3.2. Coe�cient system

Once the basis spline is designed, it is needed to obtain the coe�cients that deform the

spline to obtain the desired estimator. Then, it is necessary to select the collocation points,

that is the points where the spline is constricted, according to the criteria explained at

Section 4.1.4 if they can be selected and, if the function is constrained in the time domain,

those points will be the collocation points.

In the case of multivariate functions, each of the points should be dependent on each

of the domain variables. If the collocation points are not restricted, the tensor product of

the collocation points of each breaks sequence is selected.

By using the collocation points, the collocation matrix from Section 4.1.5 is computed.

In the case of multivariate spline, the collocation matrix correspond to the Cartesian's

product of the collocation matrices of the spline at each variable. If the collocation points

is selected as the tensor product of the collocation points, the tensor product of the

collocation matrices is used. In the same way that the one variable collocation matrix

provides the evaluation at the derivatives, the evaluation at the partial derivatives is

obtained by performing introducing these derivatives at the product.

To illustrate with an example, let F be a three variable function and(xp; yp; zp) the

collocation point. The second �rst partial derivative respect toy and second respect toz

can be computed in this way:

d3F (xp; yp; zp)
dydz2

= ( F (xp) �
dF(yp)

dy
�

d2F (zp)
dz2

) (4.1)

If the di�erential equation is linear, then, the coe�cients can be obtained, by solving

the linear system composed by the function at all the constriction points and the other

constrains introduced by the equation. Two things should be highlighted. Due to the li-

near nature of the coe�cients, although the function depends on several derivatives the

collocation matrix can be added asac+ bc= ( a+ b)c and in the case of multidimensional

splines the coe�cients are merged in a same system to allow the multidimensional cons-

trictions and solved together. By default, mldivide is used to solve the system although

other way of solving can be considered depending on the application.

With respect to the non-linear di�erential equations, a previous step of linearization is

needed. At this linearization, an additional linear viscosity term is added to the equation.

This term is �rst-order higher than the di�erential equation order. Then, the Taylor ex-

pansion of this term with respect to the coe�cients is developed until a linear polynomial.

"dn+1 y = F (x; :::; y; :::; yn ) � F (ck) +
dF(ck)

dy
(c � ck) + ::: +

dF(ck)
dyn

(c � ck) (4.2)
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Iterative procedure: In contrast to linear equations, it requires an iterative procedu-

re. First, an initial guess is set, then, the coe�cients are solved with respect to that initial

guess. The next steps, the system is solved with respect to the previous step. Analysing

the number of steps needed to solve an equation could be complex, convergence criteria

consisting in takes error metrics using the next step as a ground truth could be illustrative

of the solution obtaining. In general cases, around �ve iteration could be a good choice

it it is preferred to avoid the analysing of the convergence. At each iteration, optimising

the number of knots with respect to the previous spline with `optknt' is recommended.

Viscosity: The role mainly depends on the nature of the equation. Since the non-linear

nature of the equation, extraordinary elasticity demand should be taken into account.

There is not a general rule, but discontinuities, other lack of smoothness and asymptotes

are the main cause of these extraordinary demand. If there is not extraordinary elasticity

demand, the viscosity could be set to zero and solve the coe�cients in the iterative

procedure. When there is an extraordinary demand of elasticity, viscosity that allows

obtaining a result should be selected, the system is solved for that viscosity and it is used

as a initial guess for a lower viscosity. The viscosity should be vanished until obtaining a

desired solution but taking into account that it would not be possible to solve for a" = 0.

The function `optknt' with an increase in the number of breaks is recommended when

vanishing the viscosity to increase the elasticity of the spline.

4.3.3. Spline setup

In the case of these iterative procedures, or in the case it is desired to work with

the estimation solution, it is necessary to assemble the spline. The function `spmak' can

assembled the spline in `B-form' as explained in Section 4.1.2. Then, that Matlab structure

representing an unique spline.

Before assembling the spline, the coe�cients should be transformed from the vector

form that is returned from solving the system to the dimension of the coe�cients arrays

corresponding to the Spline. It is important to understand the way Matlab handle this

information to avoid errors from discordant criteria. It is considered the knots matrix as

the tensor product of the knots in the order introduced. It had repercussions on the way

product collocation matrices are computed and the way the coe�cients are restored to

the coe�cient matrix.

Collocation matrices: When computing the tensor or the Cartesian's product of

some collocation matrices the product order must be the same than the order the knots

are introduced at `spmak'.

Coe�cient matrix rearrangement: At the rearrangement, the �rst step is to chop

the concatenated coe�cients corresponding to the di�erent dimensions. Then, at the va-
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riate nature, the function `reshape' can be used. It should be taken into account, that

the �rst new dimension correspond to the expected dimension, number of knots minus

order, of the variable which knots were introduced �rst. Then, the di�erent dimensions

are concatenated at the �rst dimension of the coe�cient matrix.

Finally, as explained at Section 4.1.6, the function `fnder' can be used to obtain the

derivative spline and the function `fnval' can be used to evaluate the spline at di�erent

points.

4.3.4. Error metrics:

Once the experiment is completed, it is important taking the error metrics that allow

to to evaluate the experiment. Obtaining these error metrics is challenging, and the �rst

thing needed is a ground truth. In the synthetic experiments, the analytical solutions will

be used as a ground truth; in the motion monitoring experiment, the position given by

the optical system will be used as a ground truth and; the image processing experiment

will have the same pre-operative model as a ground truth as no other external sample

is provided although as it is a �tting experiment it is enough to evaluate part of its

performance.

Sampling of the domain: In both practical systems the points of error evaluation

are constricted, in one case by the optical system sampling and in the other by the pre-

operative models. In the synthetic experiments, a vector or a mesh is generated as a set

of the points of error evaluation. In the univariate experiments, a vector which extremes

lie on the domain extreme and with one thousand equidistant points is used. In the

multivariate spline, a grid of vectors with �fty equidistant points in the domain of each

variable used. In the case of bivariate splines, the ones used at this work, two thousand

�ve hundreds points per splines are used.

Error at each point: The error at each point is taken as the absolute value of the

subtraction of the estimation evaluated at that point and the analytical function at that

point exposed in Equation (4.3). In some experiments, where the image is in values far

from an intuitive range, the relative error is used exposed in Equation (4.4).

e(t) = js(t) � f (t)j (4.3)

e(t) =
js(t) � f (t)j

jf (t)j
(4.4)

Finally, to characterise the estimation, three global metrics are computed.
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Mean error: The mean error estimated at Equation (4.5) allows to understand the

error in which the estimation is moving.

� e =
P N � 1

i =0 e(i )
N

(4.5)

Standard deviation error: The standard deviation error computed at Equation

(4.6) allows a parameter of the dispersion of the error. It should be taken into account

that for considering an estimation the sum of the mean error and the standard deviation

error should be considered acceptable.

� e =

s
P N � 1

i =0 (e(i ) � � e)2

N
(4.6)

Maximum error: The maximum error at Equation (4.7) is the highest value among

the errors computed. If the sampling criteria is enough it could give an idea of the quality

of the estimation since it is sensible to higher errors in small localised regions of the

domain.

max(e(i )) (4.7)

4.4. Experiments dataset

At this Section, it is explained how it is structure the GitHub repository where it is

updated the work performed by this work. There is an initial division in three folders

corresponding to the three families of experiments realised at this work. One folder called

`Synthetic experiments', a second folder called `Motion monitoring experiment' and a

third folder called `Image processing experiment'.

Table 4.4: Folders content of the repository.

Folder name Content

Synthetic experiments
It contains all the experiments performed as
synthetic experiments.

Motion monitoring experiment
It contain the three experiments that consist
on the motion estimation of three di�erent
exercises.

Image processing experiment
The four experiments of the four preoperative
models of the fourth patients.

At each of the folder intuitive names are given to the experiments following the cri-

teria from Chapter 5. The synthetic experiments are called according to its properties
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(_/N)L(1/M)D(1/M)V representing the �rst part if it is linear or non-linear, the second

part if its unidimensional or multidimensional and, the third part if it is univariate or mul-

tivariate. If there is more than one experiment its numerated. The Gompertz experiment

it is called by its name.

The motion monitoring experiment is called by the name of the exercises monitored

`KFE' for the Knee �exion-extension, `SQT' for the squats and `HAA' for the Hip Ab-

duction. The Image processing experiments are called Tumour(1/2/3/4) according to the

number of patient.

Each one of the folders is at the same time composed by four folders that structure

each of the experiments:

Table 4.5: Folders content of the experiments.

Folder name Content

Codes

It contains the codes where it is developed the di�erent
experiments of the work. It consists on Matlab codes that
following the requirements of each experiments generate
the approximating splines. The obtaining of the error me-
trics and results displaying are also included.

Results

The results are Matlab structures generated by each ex-
periment codes where it is displayed the comparison with
the ground truth. It is included the domain in which it is
compared, the evaluation in the ground truth and in the
approximation, the error along the domain and the error
metrics computed. The �les are `mat' extensions.

B-splines

It consists on the Matlab structures, presented at the Sec-
tion 4.1.2 and generated by the code. So, if it is desired
to import the Spline it could be done and it is possible to
work in Matlab with it. The �les are `mat' extensions.

Graphs
It is composed by the graphic content of each experiment
that is also displayed at the essay. They are generated in
the code and compressed in EPS format.

The codes can be found in the following GitHub repository:https://github.com/

RealARamirez/Bachelor_thesis.git and the display of the results of each experiment

can be consulted at Chapter 5.
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Results and Discussion

At this chapter, all the experiments including the results and its interpretation will

be presented. Among the di�erent characteristics that refers to the experiments, the �rst

distinction is done respect to the ones restricted with sampled information. At Section 5.1

all the synthetic experiments, that correspond to the experiment without this restriction,

are developed. The next two sections correspond to the two practical cases, that have this

restrictions, corresponding Section 5.2 to the motion monitoring experiment and Section

5.3 correspond to the image processing experiment.

5.1. Synthetic experiments

This section will include all the synthetic experiments. The experiments will be divided

in sections corresponding to the other criteria respected to the nature of the equation

and the function. The �rst characteristic is the nature of the equation, the second the

dimension of the function and, the third, the variate nature of the function. That is the

criteria to subdivide the di�erent sections. Although, the Gompertz model is a nonlinear

unidimensional univariate equation, it is left separately at the end in the Section 5.1.7 so

it is explained in detail also as an application.

5.1.1. Linear-unidimensional-univariate experiments:

At this section it is explored the most simple cases that consists on solving linear

equations with unidimensional univariate functions. At this section is where most hyper-

parameters are explored. It is divided in three di�erent experiments.

Experiment 1: This experiment consists on a simple initial value problem of a �rst-

order di�erential equation where it is evaluated the selection of collocation points. Both

41
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results are compared with the analytical solution.

The di�erential equation is presented on Equation (5.1):

(
y � y0 = 0;

y(0) = 1
(5.1)

The solution of the di�erential equation of Equation (5.1) is set on Equation (5.2):

y(x) = ex (5.2)

With respect to the characteristics of the spline, it is a fourth-order spline with four

breaks in the domain [0, 1].

This experiment shows the great di�erence caused in the approximation caused by the

location of the collocation points. Figure 5.1 exhibits the performance of the exponential

approximation by using the break sequence as collocation sites. It is visually assessed that

the approximation is worse than the one in Figure 5.2 where the same approximation is

estimated only changing the location of the collocation points to the Legendre zeros.

Figure 5.1: Exponential approximated using breaks as collocation points.
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Figure 5.2: Exponential approximated using legendre zeros as collocation points.

The results from the graph are supported by the error metrics that are displayed at

Table 5.1. The results states that at this estimation there is an improvement around104

times consistent at all the metrics. It is caused by a better choice in the location of the

collocation points.

Table 5.1: Error metrics with respect to the place of collocation points.

Collocation points Mean error Max error Std error

Breaks 0.56 1.15 0.27
Legendre zeros 7.91e-05 1.86e-04 5.65e-05

Experiment 2: This experiment consists on an initial value problem of a second-order

ordinary di�erential equation where it is evaluated the number of breaks and collocation

points. The results are compared with the analytical solution and the best solution is

exposed.

The di�erential equation is presented on Equation (5.3):

8
><

>:

y + y00= 0;

y(0) = 0;

y0(0) = 1;

(5.3)

The solution of the di�erential equation of Equation (5.3) is set on Equation (5.4):

y(x) = sin x (5.4)
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With respect to the characteristics, it is a sixth-order spline in the domain [0, 2� ] with

one collocation point per interval.

The �rst part of the experiment is devoted to orientate the number of breaks needed to

approximate a sine in a period. At Table 5.2, the sine approximation results are displayed.

The results exhibits how the error metrics improve when increasing the number of breaks

and it concludes that, in this case, �ve breaks per period is an acceptable choice.

Table 5.2: Error metrics with respect to the number of breaks.

Number of breaks Mean error Max error Std error

3 0.35 0.89 0.29
4 0.19 0.56 0.16
5 0.01 0.03 0.01

Then, the characteristics of the spline are, it is a sixth-order spline with �ve breaks in

the domain [0, 2� ].

The second part of the experiment �nds the error related to the number of colloca-

tion points while it maintains the previously concluded �ve breaks per period. Table 5.3

provides the results concluding that the error decreases until three collocation points per

interval and then there is not an improvement. In similar cases, four collocation points

per interval is considered a good choice.

Table 5.3: Error metrics with respect to the number of collocation points.

Number of collocation points Mean error Max error Std error

1 0.01 0.03 0.01
2 0.0028 0.0076 0.0023
3 0.0025 0.0071 0.0024
4 0.0028 0.0078 0.0027

Figure 5.3 portraits the sine estimation and the sine function over a period. The

estimation uses the values indicated, �ve breaks per period and four collocation points

per interval between two breaks.
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Figure 5.3: Sine approximated with �ve breaks per period and four collocation points per
interval.

Experiment 3: This experiment consists on an boundary value problem of a second-

order di�erential equation where it is evaluated the impact of the order. The problem is

solved with splines with di�erent order and the results are compared.

The di�erential equation is presented on Equation (5.5):

8
><

>:

y + y00= 0;

y(0) = 1

y(2� ) = 1

(5.5)

The solution of the di�erential equation of Equation (5.5) is set on Equation(5.6):

y(x) = cos x (5.6)

With respect to the characteristics, it is a spline with �ve breaks in the domain [0, 2� ]

and with four collocation point per interval.

The Table 5.4 exhibits the error metrics in the fourth-order spline and how it increases

when the derivative is higher. It appreciates that the results could be acceptable at the

cosine approximation, bad at its �rst derivative and useless in the case of the second

derivative. The results corroborates the hypothesis that third-order and specially second-

order splines does not have the required smoothness for having acceptable performances.

Table 5.4: Error metrics with respect to the successive derivatives of a fourth-order spline.

Spline derivative Mean error Max error Std error

0 0.02 0.04 0.01
1 0.04 0.08 0.02
2 0.09 0.18 0.05
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In Table 5.5 the criteria is switched so fourth-order spline is guaranteed at the second

derivative by choosing a sixth-order spline for the cosine approximation. The results are

much better than the ones displayed at Table 5.4 and both derivatives have acceptable

performances. By default, at this work the other approximations use sixth-order splines

but the main criteria is guaranteeing the last target derivative at least a fourth-order

spline.

Table 5.5: Error metrics with respect to the successive derivatives of a sixth-order spline.

Spline derivative Mean error Max error Std error

0 0.0014 0.0026 7.14e-04
1 0.0018 0.0032 0.06e-04
2 0.0053 0.0053 0.0027

At Figure 5.4 the results can be appreciated in a more visual way. The left �gures

correspond to the fourth-order spline and the right to the sixth. The �rst row is the

approximation, the second its �rst derivatives and the the third the second derivatives.

It is seen, in concordance with the results, that the right �gures approximate better the

function, increasing the improvement as the derivative increases.

(a) Fourth-order spline cosine. (b) Sixth-order spline cosine.

(c) First derivative of fourth-order spline. (d) First derivative of sixth-order spline.

(e) Second derivative of fourth-order spline. (f) Second derivative of sixth-order spline.

Figure 5.4: Sine splines and successive derivatives.
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As a conclusion of these experiments. It is shown the feasibility to approximate linear

di�erential equation with one dimensional one variable function. Also, at Section 5.1.1

it has been shown that choosing the Legendre zeros is a good choices for the collocation

point location. At Section 5.1.1, it is shown that four points of collocation points per

interval is a good choice and an association of how the number of breaks a�ect the error

is also shown. At Section 5.1.1, it is shown that, selecting an even-order spline that left

the last derivative to approximate in a fourth-order spline is a good choice to ensure that

all the derivatives are well estimated.

5.1.2. Linear-unidimensional-multivariate experiments:

At this section it is explored the cases that consists on solving linear equations with

unidimensional multivariate functions. At this section, three bivariate functions that co-

mes from solving the 2D Poisson equation with di�erent conditions and comparing with

the analytical solution that were provided by other authors [45].

The characteristic of the splines are sixth-order with ten breaks and four collocation

points per interval in the domain x:[0, 1] and others in y:[0, 1].

The general di�erential equation is presented on Equation (5.7):

d2z
dx2

+
d2z
dy2

= f (x; y) (5.7)

The speci�cations for the �rst experiment are presented on Equation (5.8):

8
>>>>>><

>>>>>>:

f (x; y) = 10( x � 1) cos (5y) � 25(x � 1)(y � 1) sin (5y)

z(0; y) = (1 � y)5y

z(1; y) = 0

z(x; 0) = 0

z(x; 1) = 0

(5.8)

The solution for the Equation (5.8) is set on Equation (5.9):

z(x; y) = (1 � x)(1 � y) sin (5y) (5.9)
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The speci�cations for the second experiment are presented on Equation (5.10):

8
>>>>>><

>>>>>>:

f (x; y) = f (x; y) = sin x� siny�

z(0; y) = 0

z(1; y) = 0

z(x; 0) = 0

z(x; 1) = 0

(5.10)

The solution for the Equation (5.10) is set on Equation (5.11):

z(x; y) =
sin (x� ) sin (y� )

2� 2
(5.11)

The speci�cations for the third experiment are presented on Equation (5.12):

8
>>>>>><

>>>>>>:

f (x; y) = 0

z(0; y) = 0
dz
dx (1; y) = 0

z(x; 0) = 0

z(x; 1) = sin ( x�
2 )

(5.12)

The solution for the Equation (5.12) is set on Equation (5.13):

z(x; y) = sinh (
y�
2

)
sin (x�= 2) sinh (�= 2)

2� 2
(5.13)

Table 5.6 exhibits the error metrics obtained from each of the experiments. In general

terms, the three experiments had resulted in satisfactory estimations. They provide a

reliable substitute of the analytical solutions.

Table 5.6: Error metrics of the three experiments.

Experiment Equation Mean error Max error Std error

1 (5.8) 1.51e-04 0.0029 7.14e-04
2 (5.10) 1.16e-07 3.95e-07 6.14e-08
3 (5.12) 4.31e-08 9.68e-07 9.26e-08

At Figure 5.5 the three approximation at the left and the three analytical solutions

at the right are shown. Each of the rows correspond to one experiment, the �rst row to

the �rst experiment, solving Equation (5.8), being Figure 5.5a the estimation provided

of the �rst experiment and Figure 5.5b its analytical solution. In the same way, solving

Equation (5.10), Figure 5.5c corresponds to the second experiment and Figure 5.5d. Fi-

nally, solving Equation (5.12), Figure 5.5e shows the third experiment and Figure 5.5f its
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analytical solution. The graphs corroborate the results obtained and they aid to visualise

the bivariate approximation performance. At these experiments it has been shown the

feasibility to use multivariate splines �r estimating multivariate functions.

(a) Estimation of Equation (5.8). (b) Solution Equation (5.9).

(c) Estimation of Equation (5.10). (d) Solution Equation (5.11).

(e) Estimation of Equation (5.12). (f) Solution Equation (5.13).

Figure 5.5: Laplace functions approximation and analytical solutions.

5.1.3. Linear-multidimensional-univariate experiments:

At this Section it is explored the cases that consists on solving linear systems equations

that leads to multidimensional univariate functions. Concretely, it is solved a bidimensio-

nal function, the error at each dimensions are computed and it is also shown the result of

representing one dimension in function of the other one.

The di�erential equation system is presented on System (5.14):

8
>>>><

>>>>:

x0 = x + y

y0 = 4x � 2y

x(0) = 2

y(0) = � 3

(5.14)
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With respect to the characteristics of the spline, it is a sixth-order spline with �ve

breaks in the domain [0, 1] and four collocation points per interval.

The results displayed at Table 5.7 shows that the method provides coherent results

with the ones obtained from single equations when approximating a system of equation.

It concludes that the estimation is successful.

Table 5.7: Error metrics with respect to the spline dimensions.

Dimension Mean error Max error Std error

1 1.69e-06 4.02e-06 1.11e-06
2 5.79e-06 1.37e-05 3.74e-06

At Figure 5.6 it is shown both the y with respect t and the x with respect t. It is

compared with their analytical solution. It visually assesses the fact that both estimation

have a good performance.

(a) Spline �rst dimension. (b) Spline second dimension.

Figure 5.6: Spline system independent solutions compared with analytical solutions.

In this cases it is frequent to demand the result as a representation of the dimensions

of the spline. In this case, the spline compacted withy(t) with respect x(t) is represented

at Figure 5.7.
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Figure 5.7: Spline compact system solution compared with the analytical solution.

5.1.4. Linear-multidimensional-multivariate experiments:

At this section, it is explored the case of multidimensional multivariate splines. In this

case, it is not solved di�erential equation, it is solved some functions to corroborate the

properties of the spline. At the section there are two experiments.

Experiment 1: The goal of this experiment is to create an spline that transforms

cardinal coordinates into polar coordinates. It will be a bidimensional bivariate spline that

it is obtained through solving with spline the equations that perform the transformation.

The equation for obtaining the radius is presented on Equation (5.15):

r =
p

u2 + v2 (5.15)

The equation for obtaining the angle is presented on Equation (5.16):

! = arctan
v
u

(5.16)

With respect to the characteristic of the splines, it is a sixth order spline with ten

breaks and four collocations point per interval in the domain of x:[0, 1] and another in

y:[0, 1].

Table 5.8 gives the error metrics for both of the bivariate dimensions. The results are

good and coherent with the past results concluding that the approximation of multidi-

mensional multivariate functions is feasible.
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Table 5.8: Error metrics with respect to the spline dimensions.

Dimension Mean error Max error Std error

1 2.26e-06 2.93e-04 1.13e-05
2 1.48e-04 0.02 0.0011

Figure 5.8 displays graphically the results. With the same criteria of Section 5.1.2 at the

left column it is seen the approximation and at the right column the analytical solution.

The �rst row represent the radius dimension being Figure 5.8a our approximation and

the second row the angle dimension being Figure 5.8c our approximation.

(a) First dimension spline approximation. (b) First dimension solution.

(c) Second dimension spline approximation. (d) First dimension solution.

Figure 5.8: Both spline dimensions with its solutions.

Experiment 2: At this experiment a plane is represented. The peculiarity of this expe-

riment is that the domain of the function is also represented as an outcome of the spline.

Although this application is not much explored at this work, it is interesting since allow

working with the domain.

With respect to the characteristic of the splines, it is a sixth order spline with ten

breaks and four collocations point per interval in the domain of x:[0, 1] and another in

y:[0, 1].

At Table 5.9 it can be seen that the approximation error allows perfectly to express

the domain as an outcome of the spline. The �rst two dimension represents the domain

of the plane and the third dimension the outcome of the plane. At Figure 5.8 it is shown

the result of the plane.
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Table 5.9: Error metrics with respect to the spline dimensions.

Dimension Mean error Max error Std error

1 1.94e-16 1.66e-15 2.16e-16
2 1.82e-16 1.55e-15 1.97e-16
3 1.91e-16 1.88e-15 2.29e-16

At Figure 5.9 the plane is displayed. It can be seen that the plane result is the equivalent

than the plane that could be obtained by generating the grids as it had been generated

at the previous bivariate experiments.

Figure 5.9: Plane represented compactly as a spline.

In this section, it has been provided the feasibility of multidimensional spline, and how

it can be worked with them. Although, it has not been used dimensional equation, the

collocation method for solving will be the same, but it would probable have error metrics

more similar to Section 5.1.3 since this error metrics are closer to the approximation of

functions not constricted by a di�erential equation.

5.1.5. Non-linear-unidimensional-univariate experiments:

At this section, it is started with the most simple case regarding non-linear di�erential

equation solving. As it has been previously explained, this solving is more complex since it

requires a procedure to make the function linear, an initial guess and an iterative process.

Also, in some cases it requires another iterative procedure to vanish in case it cannot be

set to zero. Two experiments are developed, one to show a case where the viscosity can

be set to zero and other where it cannot be. Also, the second experiment is used to show

the potential of knots redistribution that was not used previously.
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