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Abstract

An index of an effective number of variables (ENV) is introduced for model selection
ested models. This is the case, for instance, when we have to decide the order of a

ynomial function or the number of bases in a nonlinear regression, choose the number of
ters in a clustering problem, or the number of features in a variable selection application
name few examples). It is inspired by the idea of the maximum area under the curve
C). The interpretation of the ENV index is identical to the effective sample size (ESS)

ices concerning a set of samples. The ENV index improves drawbacks of the elbow
ectors described in the literature and introduces different confidence measures of the
posed solution. These novel measures can be also employed jointly with the use of
erent information criteria, such as the well-known AIC and BIC, or any other model
ction procedures. Comparisons with classical and recent schemes are provided in different
eriments involving real datasets. Related Matlab code is given.
ywords: Model selection, elbow detection, information criterion, Effective Sample Size
S), Gini index, uncertainty analysis, variable importance.

troduction

lection is absolutely a fundamental task of scientific inquiry [1, 2, 3, 4]. It consis
one model among many candidate models, given some observed data. We can disting
in frameworks in model selection. The first scenario is when completely different m
ared. The second setting is when several models defined by the same parametric fa
dered (namely, these parameters of the model are tuned). The third setting is relat
ous one but, in this scenario, the family contains models of different complexity sinc
f parameters can grow (i.e., the dimension of the vector of parameter grows, building
models). This last case, also known as nested models, is what we address in this w
s of model selection in nested models are the order selection in polynomial regressio
ssive schemes, variable selection, clustering, and dimension reduction, just to name a
, 9]. Other important applications in signal processing are the number of source s

ersidad Rey Juan Carlos, Campus de Fuenlabrada, Madrid
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n [10] and the structured parameter selection [11].
lection of nested models, the decision is driven by the so-called bias-variance trade
o choose a compromise between (a) the model performance and (b) the model comple
e concept of selecting the best model is, in some sense, related to a proper mathema

of a ‘good enough’ model. Hence, the issue is to properly describe in terms of equa
quial expression ‘good enough’ [12].
erature, there are two main families of methods for model selection, which are comp
ain sub-families, as depicted in Figure 1. The first class is formed by resampling met
ain sub-family is given by the bootstrap and cross-validation (CV) techniques [13, 14

licity, we focus here on CV. More specifically, CV is based on the splitting of the da
and test sets. The training set is used to fit a model and the test set is to evalua
the proportion of data to use in training (and/or in testing) must be chosen by the

critically affect the results in terms of penalization of the model complexity. More
ing process should be repeated several times, and the performance can be averaged
(that is computationally costly).

1: Classes of methods for model selection (standard ones and more recent approach

nd family is given by the so-called probabilistic statistical measures, which employ diff
evaluating the different models considering directly the entire dataset (unlike in
ily is formed by two main sub-classes: the information criteria [16, 5, 17, 18] and
likelihood approach (a.k.a., Bayesian evidence) used in Bayesian inference [19, 4,
ous information criteria are the Akaike information criterion (AIC), which is base

py maximization principle [21], and the Bayesian information criterion (BIC) whi
idge with marginal likelihood approach, since BIC is derived as an approximation o
likelihood [22]. Other very similar or completely equivalent schemes can be also f
5].
formation criteria (IC) consider the sum of a performance measure and a penalty o

ty. More specifically, they employ a linear penalization of the model complexity, w

-variance trade-off could appear also in scenarios with non-nested models.
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ter λ represents a positive slope value of this penalty. They differ for the slope λ of
nalization term [26] (see, for instance, Table 1). The choice of this slope is justifie
theoretical derivations, each one with several assumptions and approximations. Cle
ts depend on this choice [26, 27]. Some considerations regarding the consistency o
und in this survey [28]. The last approach is based on the marginal likelihood, w
ed in Bayesian inference for model selection purposes. The model penalization in
likelihood is induced by the choice of the prior densities [29, 4].

e, in the three main approaches described above, (a) CV, (b) information criteria, an
likelihood computation, we have always a degree of freedom (proportion of split
and choice of the prior densities) that affects the final results of the model selec
reason, other recent approaches have been also investigated in the literature, b
etric considerations: some of them propose an automatic detection of an “elbow
int” in a non-increasing curve describing a metric of performance of the model versu
ty [30, 31, 32, 33]. In [30], the authors provide four different and equivalent geom
ns showing: (a) the elbow detectors in [30, 31, 32, 33] are equivalent (providing the
nd (b) this result can be obtained as an optimization of an information criterion
choice of λ (given in [30]), i.e., this geometric approach can be also expressed a

ion criterion. On the other hand, another recent information criterion, called spe
ion criterion (SIC) [27], has been also introduced in the literature: this criterion
ossible values of λ, thus also contains the rest of IC as special cases, and returns a
e measure of the proposed solution.

ork, we extend one of the derivations proposed in [30] designing an index of an effe
of variables (ENV). Note that, throughout all the work, we use the words varia
nts, features, and/or parameters of a model as synonymous [34, 35]. The resu
inspired by the concept of maximum area-under-the-curve (AUC) in receiver oper
istic (ROC) curves [12, 36] and the Gini index, widely used in economics [37, 38, 39
, the underlying idea and interpretation are exactly like the effective sample size (
oncerning a set of samples [41, 42]. An important property of the ENV index is
the elbow detectors removing the dependence on the maximum number of variabl
d in the analysis [30, 31, 32, 33].
, we introduce measures of reliability and uncertainty of the proposed results, relat
index, similar to the SIC outputs. They provide quantities associated with how

ution, in terms of possible information lost by constructing a ‘too’ parsimonious m
ortant to remark that the novel confidence measures can be employed also for diff
ion criteria, such as AIC and BIC (to name a few), or other feature importance and m
schemes [43, 44], not only when the elbow detectors are applied. In order to define t
e measures, we also introduce some variable importance measures (see also the sensib
in [45]) that are in some way related to other relevant concepts already proposed in
, such as the Shapley values and feature importance ideas, which are currently a
topic [46, 47]. The fact that several information criteria and feature importance sch
n introduced in the literature (depending on the specific context and application)

3
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al that confidence measures for the results are required.
of the work is structured as follows. In Section 2, we define the main notation and r
kground material. The ENV index is derived and analyzed in Section 3. Addit
s of the ENV index are given in Section 4. Furthermore, in the same section, we intro
fidence measures based on the derivation of the ENV index. In Section 5, we
numerical experiments. We provide some final conclusions in Section 6. Addit

ion is also contained in two appendices.

amework and main notation

he error curve V (k) as a figure of merit

applications in signal processing and machine learning, we desire to infer a vect
rs θk = [θ1, ..., θk]

> of dimension k given a data vector y = [y1, ..., yN ]>. A likeli
p(y|θk) is usually available, and often derived from a related physical model [20,
scenarios, also the dimension k is unknown and must be estimated as well. This i
umerous applications, for instance when k can represent (a) the number of cluste
ing problem, (b) the order of a polynomial in a non-linear regression problem, (c
f selected variables in a feature selection problem, (d) the main number of dimen

ension reduction problem, to name a few. In all these real-world application probl
reasing error function (i.e., a metric that characterizes the performance of the sys
fitting measure),

V (k) : N→ R, k = 0, 1, 2, ..., K,

btained. Note that k = 0 represents the scenario of ‘no dependence’, or ‘absen
r the simplest possible model. Namely, V (0) represents the value of the error fun
ding to the simplest model, for instance, a constant model in a regression problem
luster (for all the data) in a clustering problem. For instance, in polynomial regres
V (0) could correspond to the variance of the data, i.e., the mean square error (M
rediction using a constant value θ0 (equal to the mean of the data) as the model.
, more complex models - with more parameters, i.e., the vector θk = [θ0, θ1, ..., θk]

>

dimension k - provide smaller errors in prediction/classification. We consider the
model having K parameters on top of the simplest model the simplest case with onl

[θ0, θ1, ..., θK ]>. Without loss of generality, we are considering an integer variable k
g step of one unit. Clearly, more general assumptions could be made. In a variable/fea
problem, we assume that the order of the variable inside the vector θk is well-ch
is built after ranking the variables/features in a decreasing order of relevance [8].

s of possible choices of V (k) are the following:

the literature, when a likelihood function is given, a usual choice is

V (k) = −2 log(`max), where `max = max
θ

p(y|θk),

4
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., as in [17, 22, 21, 20].

) could be directly the MSE, and/or the mean absolute error (MAE) or transforma
hem (as log MSE, etc.). For instance, in the linear and additive Gaussian noise ca
ossible to show that the choice V (k) = −2 log(`max) is equivalent to V (k) = N log

ere the MSE represents also an estimation of the noise power in the system (e.g., see [

) can be any other error measure in classification or clustering, for instance. See Se
for an example.

tions. Generally, V (k) should be a non-increasing error curve, i.e., for any pair of
integers n1, n2 such that n2 > n1, then we have V (n2) ≤ V (n1).

2 Indeed, V (k)
rm that decreases as the complexity of the model (given by the number k of parame
herefore, we have V (0) ≥ V (k),∀k. Note that V (k) plays the same role as the so-c
urve in the definition of the Gini index [37, 38]. This general approach is similar to
k used for defining the Shapley values [43, 44]. See Figure 2 for a graphical examp
applications, the score function V (k) should be also convex (as in Figure 2), i.e.
s V (k + 1) − V (k) will decrease as k increases. This is the case of a variable sele

if the variables have been ranked correctly. However, this work does not require condi
the concavity of V (k).

ust for the sake of simplicity and without loss of generality, we assume that minV (
0. Clearly, This condition can be always obtained with a simple subtraction.
given a generic non-increasing function V ′(k), we can define V (k) = V ′(k)−minV ′(
′(K) so that minV (k) = 0.

(a) (b)

(a) Example of error function V (k) where K = 6, (b) Construction with two str
the areas A1, A2, and A3.

ondition could be also relaxed. We keep it, for the sake of simplicity.

5
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he universal automatic elbow detector

ction, we briefly recall one of the derivations (all based on geometric arguments) o
automatic elbow detector (UAED) given in [30]. Here, we need to recall the deriva
nected to the AUC approach [12, 36]. The underlying idea is to extract geom

ion from the curve V (k) by looking for a geometric “elbow” ke in order to determin
umber of components (denoted as ke ∈ {0, 1..., K}) to include in our model.

der the construction of two straight lines passing through the points (0, V (0)), to (k, V
(k)), to (K, 0) as shown in Figure 2(b) (where k ∈ {0, 1, ..., K}). Hence, we have p
r approximation of the curve V (k) with these two straight lines. The goal is to mini
under this approximation. More specifically, the total area under the approximati
of the two triangular areas (A1 and A3) and the rectangular area (A2) in Figure
we have

A1 =
k(V (0)− V (k))

2
, A2 = kV (k), A3 =

(K − k)V (k)

2
,

e optimal number of components ke (location of the “elbow”) is defined as

ke = arg min
k
{A1 + A2 + A3}.

e algebra, we arrive at the expression

ke = arg min
k

{
V (k) +

V (0)

K
k

}
, for k = 1, ..., K,

are assuming V (0) 6= 0 and K 6= 0.

. It is important to remark that, since k belongs to a discrete and finite set, so
ization above is straightforward.

. If V (k) is convex, ke is unique. Convexity of V (k) is a sufficient but not nece
for the uniqueness of the solution.

. If V (k) is not convex, we can have several global minima. For instance, havin
minima, k∗1, k

∗
2, ..., k

∗
M , the user can choose the best solution (within the M possible

to some specific requirements depending on the specific application. Here, we sug
he most conservative choice, i.e., ke = max k∗j , for j = 1, ...,M .

with the information criteria. The cost function employed by the UAED is

C(k) = V (k) +
V (0)

K
k,

= V (k) + λk,

e slope of the complexity penalization term is λ = V (0)
K

. Therefore, this cost function
he same form as the cost function used in the information criteria like BIC and AIC

6
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ear penalization of the model complexity and selecting λ = V (0)
K

. In AIC and or BIC
) = −2 log `max. Therefore, when V (k) = −2 log `max, the UAED can be interpreted a

ion criterion with the particular choice of λ = V (0)
K

. Table 1 summarizes this informa

Information criteria in the literature, with the corresponding choices of V (k) and λ.
enotes the number of data points and `max is the maximum value reached by a likeli
The ENV index represents the scheme presented in this work.

Information criterion (IC) Choice of λ V (k)
Bayesian-Schwarz [22] logN −2 log `max

Akaike [21] 2 −2 log `max

Hannan-Quinn [49] log(log(N)) −2 log `max

Universal Automatic Elbow Detector [30] V (0)
K

any
Spectral IC (SIC) [27] all any

Eff. num. of variables (ENV) — any

(a) (b)

(a) We can consider that V (k) is like a sampled curve obtained from sampling - in a signal proc
ontinuous function V (x) where x ∈ R (shown in dashed line) is an auxiliary continuous variable
function V (x) possibly does not exist and can be just a theoretical tool to define the area AV . (

e have access to V (k), k ∈ N, which allows us to obtain the approximation Â ≈ AV .

n index of the effective number of variables (ENV)

w detectors provide very good performance in several different scenarios, as show
s proves the strength of the geometric approach compared to other information cri
in the literature.
all the elbow detectors presented in the literature [30, 31, 32, 33] have a depend

aximum of variables analyzed, i.e., K. This is due to the slope of the linear compl
eing λ = V (0)

K
. See also Section 5.1, for a numerical example. In some applicat

er K is the maximum value strictly defined by a limitation of the system/mode

7
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(a) (b) (c)

Special ideal cases. (a) V (k) reaches zero already at k = 1. Only the first component is relevant,
l choice k∗ = ke = 1. (b) V (k) is a straight line connecting the points (0, V (0)) and (K, 0). All var
in the same way to the decay V (k), hence the optimal choice k∗ = ke = K (in figure K = 6). (c

(k) is a straight line passing through the points (0, V (0)) and (k∗, 0), that is V (k) = V (0) − V (0
k∗

) = 0 at some point k∗ < K. Clearly, the point k∗ = ke = 3 is an optimal choice: the first 3 var
ame contribution to the decay V (k) and completely explain the drop.

meworks, K could be increased: if a new possible component is added even with a s
n the decrease of error function V (k), since the slope λ = V (0)

K
becomes smaller, the e

could suggest a bigger value as the optimal number of components. On the other h
del selection analysis is performed by reducing the possible total number of compon
e, the elbow detectors would suggest a smaller value as the optimal number of variab
, in several applications, it is also important to obtain a confidence measure for the m

, jointly with the elbow detection. In the next sections, we try to address these issu

erivation of the ENV index

ction, we extend the geometric approach employed by the UAED designing a new i
reduces the dependence on K and (b) helps us to provide confidence measures

o the chosen elbow. The main idea is formed by two parts: (Part-1) to obtain a b

ation Â (w.r.t. the derivation of the UAED) of the area under the curve V (k), den

nd shown in Figure 3(a), (Part-2) then we have to normalize the obtained valu
ing some ideal scenario). We provide more details below.

Looking Figure 3, we can observe that a better approximation of the area AV u
ion V (k) can be easily obtained as sum of K trapezoidal pieces, as shown in Figure

y, there is also a dependence of V (0) and, more generally, the result depends on the choice of error
ell.

8
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lines:

Â =
K−1∑

k=0

V (k) + V (k + 1)

2
,

=
V (0)

2
+
V (1)

2
+
V (1)

2
+
V (2)

2
+ ...+

V (K − 1)

2
+
V (K)

2
,

=
V (0) + V (K)

2
+

K−1∑

k=1

V (k),

=
V (0)

2
+

K−1∑

k=1

V (k),

the last equality, we have used the assumption that V (K) = 0 and the step of inc
is 1 (without loss of generality). A graphical example is depicted in Figure 3(b).

In order to design a normalized index effective of the number of components, we
be an ideal scenario: let us assume that all entire drop of V (k) is already reache
step with a linear decay, i.e., we have already V (1) = 0 and by assumption the re
e also zero, V (1) = V (2) = ...V (K) = 0, as shown in Figure 4(a). In this case, the
component is relevant whereas the rest of the variables do not give any contributio
y of V (k). Therefore, the correct decision as effective as the number of componen

1.4 The approximated area under the curve V (k) in this case is Â(1) = V (0)
2

. Thu
e index of an effective number of variables (ENV) as:

IENV =





0, when V (0) = 0,

Â

Â(1)
=

2

V (0)
Â, when V (0) 6= 0.

t, when V (0) 6= 0, we can then write

IENV = 1 + 2
K−1∑

k=1

V (k)

V (0)
, (for V (0) 6= 0).

ehavior of IENV in ideal cases

ction, we check the behavior of the ENV index in different extreme and ideal cases

the ideal scenario above shown in Figure 4(a), i.e., when V (0) 6= 0 but we have alr
) = 0 and V (1) = V (2) = ...V (K) = 0, the correct decision is k∗ = 1. Hence, note

t Â = Â(1). In this case, from (6) or from (7) we get IENV = 1, as desired.

uppose a continuous function that sampled at each step 1 generated the curve V (k), the result k∗ = k
for us, even if the function decays faster than a linear decrease, but only because we have not acc
oints between 0 and 1 (i.e., we have no information about the faster decay between 0 and 1); see F
ng more information, i.e., more points between 0 and 1 (hence an increase in k smaller than 1), the
sult would be k∗ < 1 (if we have a decay as the dashed line in Figure 4(a)).

9
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other ideal scenario is when V (k) is a linear straight line connecting the points (0, V
(K,V (K)), as shown in Figure 4(b). In this situation, all the variables contribu
same way as the decay of V (k) (i.e., each variable has the same influence on the

rease), so that the correct decision is k∗ = K (all the components are relevant, with

e importance). The area under the curve V (k) in this case is Â(K) = KV (0)
2

. In this

equality Â(K) = AV also holds. With Eq. (6), we also obtain Â = KV (0)
2

therefor

V index is IENV = 2
V (0)

KV (0)
2

= K, exactly as expected.

other extreme case is when all the components are independent of the output y. In
ation, theoretically V (k) should be a constant (i.e., there is not any drop), V (k) =
all k, namely V (0) = V (1) = ....V (K) = 0 due to our assumption V (K) = 0, wit
ng any generality. Hence, the correct decision is k∗ = 0 and the area under the fun
) is Â(0) = 0. In this case, Â = 0 so that IENV = 0, again as desired.

re generally, consider that at some integer k∗ we have V (k∗) = 0, and the V (k)

ight line passing through the points (0, V (0)) and (k∗, 0), that is V (k) = V (0) − V

en,

IENV = 1 + 2
k∗∑

k=1

V (0)− V (0)
k∗ k

V (0)
,

= 1 + 2
k∗∑

k=1

(
1− k

k∗

)
,

= 1 + 2k∗ − k∗(k∗ + 1)

k∗
,

= 1 + 2k∗ − (k∗ + 1),

= k∗.

actly as expected and desired. This can be also easily obtained by looking at F
): indeed, in this scenario we can write Â = k∗V (0)

2
and the ENV index wi

= 2
V (0)

k∗V (0)
2

= k∗.

e have an index such that

0 ≤ IENV ≤ K.

ditional properties and observations are given below and in Appendix A.

terpreting and using the ENV index

ection, we introduce some properties of the ENV index, and their effects are show
.1. An interesting behavior of IENV in ideal scenarios is described below and depict
More generally, we explain how to interpret and use IENV.

10
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Propert .., K,
and assu efine
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irst considerations

y 1. Let us consider a generic non-increasing function V ′(k), with k = 0, .
me to have a horizontal asymptote, i.e., limK→∞ V ′(k) = C. We can always d
′(k) − minV ′(k) so that V (K) = 0 for each possible K. Note that the ENV ind

depends on K (hence we use the notation here IENV = IENV(K)) but, when K → ∞
t stability property, i.e.,

lim
K→∞

IENV(K) = ĪENV,

NV index converges to a stable fixed value ĪENV, that represents a geometrical featu
V (k). This is because adding infinitesimal portions of the area to AV virtually doe

e values of AV itself and Â; see Figs. 3(a) and 3(b). Generally, this is not the beh
ow detectors [30, 31, 32, 33] in (non-ideal) real scenarios. See the numerical examp
.1.

y 2. Moreover, another property is that

IENV ≥ 1, for V (0) 6= 0,

n observe clearly from Eq. (7). This is due to the fact that k is a discrete var
easing step of 1, i.e., k = 0, 1, ..., K, and if V (0) = 0 we have V (k) = 0 for all k
on.5

y 3. V (0) = 0 implies that IENV = 0, as also shown in Eq. (6). This is becau
we have V (k) = 0 for all k, by assumption. See also Appendix A.

y 4. IENV is invariant to linear scaling of the curve V (k). Namely, a different c
aV (k) with a > 0 has the same value IENV of V (k). Indeed, we have:

I ′ENV = 1 + 2
K−1∑

k=1

V ′(k)

V ′(0)
= 1 + 2

K−1∑

k=1

aV (k)

aV (0)
= 1 + 2

K−1∑

k=1

V (k)

V (0)
= IENV.

g the number of components. The derivation of the ENV index is based on exten
D derivation, providing a better approximation of the area under the curve V (k). T
ow detector, the ENV index can be employed for choosing the number of componen
selection problem just by defining

k∗ = bIENVe,

ve access only to a “sampled” curve V (k) (sampled in the sense of sampling a continuous signal to o
signal). We do not know V (x) where x ∈ R that possibly defines a theoretical area AV , as sho
f, in a specific problem, we have access to V (x) then IENV could take any intermediate values also be

11
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e represents the rounding operation of replacing an arbitrary real number a by its ne

ting IENV. Figure 5 shows 4 ideal cases of V (k) with a blue solid line. In all c
V (k) is composed of two straight lines yielding an elbow at ke = 14. A well-desi

tector as in [30, 31], always picks ke = 14 as a solution, since this is the position o
ence this is the correct result for an elbow detector). The ENV index IENV is shown
gles: it is able to discriminate the 4 different scenarios. The effective number of vari
ke = 14 in the lowest line and becomes greater and greater as V (k) becomes c

r to the red line (that represents the ideal scenario where all components are eq
.

onfidence measures for the decision

index can be employed to detect the quality of a decision provided by an elbow dete
ation criterion, or another model selection procedure. For instance, as discussed ab
index IENV is able to discriminate the 4 different scenarios in Figure 5, and deter

dence in the choice of the model with ke = 14 parameters. In the lowest curve V (k)
= 14 is clearly an optimal point, since V (k) already reaches zero at k = 14. How

dence in this choice decreases as the blue line becomes closer and closer to the red
e IENV (depicted in red triangles) becomes more and more distant to the elbow pos

is to design some mathematical tools/measures for evaluating the robustness and d
ty of the decision (i.e., the model choice). Before introducing some confidence mea
on IENV, we provide a definition of variable importance based on the same geom

tions behind the ENV index.

importance. The underlying idea behind the UAED and the ENV index is to asso
e of the importance of each variable/component, defined as a value proportional t
ion to the decay of V (k), i.e.,

wk = V (k − 1)− V (k), k = 1, ..., K.

k represents the importance of the k-th component. We can normalize these we
at the following result:

w̄k =
wk∑K−1
i=1 wi

=
V (k − 1)− V (k)

V (0)
,

have used that
K−1∑

i=1

wi = V (0)− V (K) = V (0),

12
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unique st
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) = 0 by assumption. In the case of equally important variables, given when V (k)
raight line as in Fig. 4(b) or the red line in Fig. 5, we have

V (k) = V (0)− V (0)

K
k,

wk = V (k − 1)− V (k) = −V (0)

K
(k − 1) +

V (0)

K
k =

V (0)

K
,

he same value for all k (as expected) and, as a consequence, w̄k = 1
K

for all k.
of variable importance has been already applied with success in [45].

tive importance (CI). We can compute the importance accumulated using the
k components,

CI(k) =
k∑

i=1

w̄i =

∑k
i=1wi
V (0)

=
V (0)− V (k)

V (0)
= 1− V (k)

V (0)

0, ..., K. Note that 0 ≤ CI(k) ≤ 1, CI(0) = 0 and CI(K) = 1. If the zero val
or a k∗ ≤ K, i.e., V (k∗) = 0, we have CI(k∗) = 1. This cumulative sum of norma
an play the same roles as the cumulative sum of normalized weights in SIC (i.e.,
/safety measure), although the computation of the weights follows a completely diff

e [27]. In the case of equally important variables we have CI(k) = k
K

. The CI ca
d an accuracy measure: closer to 1 we have more accuracy, i.e., we have safer and
ecisions. Hence, as a consequence, 1 − CI(k) is an uncertainty measure (the amou
rtance, lost choosing a model with only the first k components), and we can define
lative uncertainty as

CU(k) = 1− CI(k) =
V (k)

V (0)
.

t CU resembles the definition of the so-called Sobol’s indices [50, 51]. We can rewrit
ex as the sum of the cumulative uncertainties,

IENV = 1 + 2
K−1∑

k=1

CU(k), for V (0) 6= 0.

5, from the bottom to the upper curve, the strengths of the 4 elbows at ke = 14
1, 0.87, 0.67, and 0.50, respectively.
ity of the decision. Other indicators of the reliability of the decision can be desig
he value IENV provides the effective number of variables/components in our model sele
Clearly, the decision to use k < IENV variables is less safe (in terms of loss of informa

ormance) instead of using a model with k > IENV. In this sense, a suitable indicato
ility of the decision could be defined as

RD = min

[
1,

ke
IENV

]
.

13
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any elbow position ke such that ke − IENV > 0 can be considered in a safe region (
sing more variables than the effective number of variables), i.e., according to the
ore parsimonious models could be chosen. An alternative to these confidence mea
introduced in [27]; see Appendix B for some details.

0 10 20 30 40 50
k

0

5

10

15
V

(k
)

V(k)
Elbow - UAED
ENV index

: Ideal cases of four curves V (k) (blue solid lines) where an “elbow” is well-define
This is exactly the result that we obtain with the application of an elbow det

2, 33] (green circles), whereas the results provided by the ENV index are shown by
. Note that, in all cases, IENV > ke.

umerical experiments

ction, we test the ENV index in different frameworks, including experiments with arti
first one) and two real datasets (the last two experiments). We will see that IENV pro

d performance and presents more robustness with respect to other alternatives in
and we show the behavior of the confidence measures proposed above.6

ynthetic experiment where V (k) is an analytic function

of this example is to show the behaviors of the elbow detectors [30, 31, 32, 33] and
ex in a synthetic framework but that is not an ideal scenario (as in Figure 5 wher
well-defined). We consider the function

V ′(k) = e−0.1k, k = 0, 1, 2..., K.

der different values of K. For each possible value of K ∈ {20, 50, 500, 5000}, we d
′(k) − minV ′(k) = e−0.1k − e−0.1K , so that V (K) = 0. We apply the elbow dete

2, 33] and the ENV index obtaining the following results:

atlab code and datasets of the experiments are available at http://www.lucamartino.altervi

C_ENV_CODE.zip.

14



Journal Pre-proof

hence, th ex is
an intrin both
confidenc and
both mea We
can also ative
importan

5.2 V

In a regr ector
xn = [xn We
consider

(15)

where εn ore
specifical data
points xi ocus
on the fir `max)
with `ma the
likelihood ther
informat d on
the comp sults
provided

The first bles,
and the that
exhaustiv -C]),
other 7 re ance
[8, Sectio Note
that the line

7The n y SIC
which deli n has
a greater d
Jo
ur

na
l P

re
-p

ro
of

Methods K = 20 K = 50 K = 500 K = 5000

Elbow detectors 8 16 39 62
ENV index 13.756 19.338 20.016 20.016

CI 0.58 0.78 0.98 0.99
RD 0.58 0.83 1 1

e ENV index converges to the value ĪENV = 20.016. This stable value of the ENV ind
sic geometric property of the analyzed curve V (k). Moreover, we can observe that
e indices are quite smaller than 1 when the elbow is smaller than ĪENV = 20.016,
sures approach 1 as the elbow position becomes greater and greater, as expected.

see that the index of reliability of the decision RD is more optimistic than the cumul
ce (CI).

ariable selection in a regression problem with real data

ession problem, we observe a dataset of N pairs {xn, yn}Nn=1, where each input v

,1, . . . , xn,K ] is formed by K variables, and the outputs yn ’s are scalar values [35].
the case that K ≤ N and assume a linear observation model,

yn = θ0 + θ1xn,1 + θ2xn,2 + . . . θKxn,K + εn,

is a Gaussian noise with zero mean and variance σ2
ε , i.e., εn ∼ N (ε|0, σ2

ε ). M
ly, in this real dataset [8, 52, 53], there areK = 122 features andN = 1214 number of
. The dataset presents two outputs: ”arousal” and ”valence”. In this section, we f
st output in the dataset (“arousal”). In this experiment, we can set V (k) = −2 log (

x = maxθ p (y|θk) with k ≤ K, after ranking the 122 variables (see [8]), where
function p (y|θk) is induced by the Eq. (15). Thus, here we can compare with o

ion criteria given in the literature, shown in Table 1 and a standard method base
utation of p-values [54]- [55]. The ENV index returns a value of 12.74. Thus, the re
by each method are given in the table below:

Scheme p-value AIC BIC HQIC UAED SIC-95 SIC-99 ENV
ke 71 44 17 41 11 7 17 13

CI 0.98 0.97 0.92 0.96 0.88 0.84 0.92 0.90
RD 1 1 1 1 0.86 0.55 1 1

Ref. [55] [21] [22] [49] [30] [27] [27] here

line represents the methods, the second line gives the number of suggested varia
last line contains the corresponding references. In [8, Section 4-C], the results of
e analysis suggest that there are 7 very relevant variables (level 1 of [8, Section 4
levant variables (level 2 of [8, Section 4-C]) and other 2 variables in a level 3 of import
n 4-C], hence, totally 16 variables among very relevant, relevant and important ones.
suggested numbers of SIC-95, SIC-99,7 BIC, the UAED and the ENV index are in

umbers 95 and 99 are associated with the sum of some normalized weights (0.95 and 0.99) built b
vers a degree of confidence in the decision, as a confidence measure [27]: closer to 100, the decisio
egree of assurance; see also Appendix B.

15



Journal Pre-proof

with this d, on
the oppo D so
that ke =
Note tha more
optimisti d by
SIC with arns
that with .74).

5.3 V eal
d

In [56], a iable
for predi sible
features. cular
Risk Uni dom
forest (R s (of
dimensio and
consideri ls of
insulin, a
Here, we

as a figu nary
classifica Note
that with eria,
as shown sults
are given

ENV giv also
provide r es of
the confi r the
decision t are
in the sa 2, 4,
and 9 (ex ssing
almost 5
 Jo

ur
na

l P
re

-p
ro

of

exhaustive analysis. ENV seems to provide a good compromise between SIC-95 an
site side, SIC-99 and BIC. The result provided by ENV is quite close to the UAE
11 with a high degree of reliability of RD = 0.86.

t, in this experiment, the confidence measures provided by SIC show that SIC is
c suggesting of a more parsimonious model: for instance, the choice ke = 7 is fostere
95% of reliability, whereas CI = 84% and RD = 55%. Specifically, the RD index w
ke = 7 we are missing 45% of the effective number of variables (the ENV index is 12

ariable selection in a biomedical classification problem with r
ata

feature selection analysis has been performed in order to find the most important var
cting patients at risk of developing nonalcoholic fatty liver disease among 35 pos
The authors have collected data from 1525 patients who attended the Cardiovas

t of Mostoles University Hospital (Madrid, Spain) from 2005 to 2021, and used a ran
F) technique as a classifier to yield a ranking of the components of input vector
n 35). They found that 4 features were the most relevant according to the ranking
ng the medical experts’ opinions: (a) insulin resistance, (b) ferritin, (c) serum leve
nd (d) triglycerides.
consider

V (k) = 1− accuracy-in-class(k),

re of merit (where we set V (0) = 0.5, which represents a completely random bi
tion). The curve is obtained after ranking the 35 features [56]-[27, Section 5.5].

this choice of V (k) we cannot apply BIC, AIC, and other standard information crit
in Table 1. However, the UAED [30], SIC [27], and ENV can be applied. The re
in the Table below:

Scheme UAED SIC-90 SIC-95 SIC-99 ENV
ke 3 2 3 9 4

CI 0.91 0.88 0.91 0.98 0.92
RD 0.84 0.56 0.84 1 1

es a value of 3.5851, then suggests k∗ = 4 as the experts in [56]. the UAED and SIC
esults in line with this solution. In this experiment, in terms of confidence, the valu
dence measures provided by SIC and the measures proposed here are very close: fo
ke = 3 SIC provides as a confidence measure of 0.95, and CI = 0.91, RD = 0.84 tha
me line (high values similar to 0.95). The same observation can be done for ke =
cept the RD value - 0.56 - for ke = 2, which alerts of a less confident decision mi

0% of the effective number of variables).
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also the properties in Section 4.1 and due to the discrete nature of k, we cannot have v
1, but we can have IENV = 0, IENV = 1, and any value in the intervals j−1 ≤ IENV ≤

, ..., K. In summary, the values that the ENV index are the following IENV ∈ {0, [1,
kes sense since there is even a small decrease between k = 0 and k = 1 in V (k),

least one component deserves to be considered in the model.

onfidence measure by SIC

ttempt to provide a confidence measure has been given in the recent proposed spe
ion criterion (SIC) [27] which returns:

uggestion regarding the position of the elbow ke (as the other information criteria);

also provides a degree of certainty in the decision (as a confidence measure).

ciates to its decision with a number that is a sum of some normalized weights (e.g.,
0.99): closer to 1 (100%), the decision is more safe, meaning that we are confide
g the K − ke variables/components in the construction of the model.
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n  index of an effective number of variables (ENV) is presented, 
pired by the concept of maximum area-under-the-curve (AUC) in 
eiver operating characteristic (ROC) curves and the Gini index, 
ely used in economics

The underlying idea and interpretation of the ENV index are exactl
the effective sample size (ESS) indices concerning a set of 
ples.

The ENV index is that improves the elbow detectors removing the 
endence on the maximum number of variables K considered in the 
lysis.

ovel confidence measures of the results based on the ENV index are
roduced.

he novel confidence measures can be employed also for different 
ormation criteria, such as AIC and BIC (to name a few), or other 
ture importance and model selection schemes, not only when the 
ow detectors are applied.

umerical simulations with a synthetic experiment and experiments 
h two real-world datasets are provided, demonstrating the 
petitiveness of proposed method.
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