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ABSTRACT

Recent observational missions have uncovered a significant number of compact multi-exoplanet systems. The tight orbital
spacing of these systems has led to much effort being applied to the understanding of their stability; however, a key limitation of
the majority of these studies is the termination of simulations as soon as the orbits of two planets cross. In this work we explore the
stability of compact, three-planet systems, and continue our simulations all the way to the first collision of planets to yield a better
understanding of the lifetime of these systems. We perform over 25 000 integrations of a Sun-like star orbited by three Earth-like
secondaries for up to a billion orbits to explore a wide parameter space of initial conditions in both the co-planar and inclined
cases, with a focus on the initial orbital spacing. We calculate the probability of collision over time and determine the probability
of collision between specific pairs of planets. We find systems that persist for over 10° orbits after an orbital crossing and show
how the post-instability survival time of systems depends upon the initial orbital separation, mutual inclination, planetary radius,
and the closest encounter experienced. Additionally, we examine the effects of very small changes in the initial positions of
the planets upon the time to collision and show the effect that the choice of integrator can have upon simulation results. We
generalize our results throughout to show both the behaviour of systems with an inner planet initially located at 1 and 0.25 AU.

Key words: methods: numerical — planets and satellites: dynamical evolution and stability.

1 INTRODUCTION

The now retired NASA Kepler Space Telescope is responsible for
observations leading to the confirmation of hundreds of multiplanet
systems (Lissauer et al. 2014; Rowe et al. 2014). Of these systems,
as many as 6 per cent are thought to be compact (Wu et al. 2019),
containing planets that are much more closely spaced than the inner
planets of our own Solar System. These discoveries have naturally
led to many questions being asked about the long-term stability of
compact exoplanet systems. Indeed, it is even possible that compact
planetary embryos existed interior to Venus’s current orbit that
have subsequently been expelled from this region due to orbital
instabilities (Molk & Gladman 2015). Within the class of observed
compact systems, a large population of planets have been observed
with a mass (Mayor et al. 2011) and radius (Petigura, Howard &
Marcy 2013) between that of Earth and Neptune. Moreover, the
observed orbital architecture is such that mutual inclinations are
small, typically in the region of 1°-2° (Fabrycky et al. 2014),
while eccentricities are also found to be small, on average e = 0.04
(Xie et al. 2016). An archetypal example of these systems, albeit
containing six planets, is Kepler-11 (Lissauer et al. 2011). Exoplanet
systems with orbital spacings much greater than that required for
stability are also present in the Kepler data set. It is a favoured
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hypothesis that this orbital architecture is a result of dynamical insta-
bilities in much more compact systems leading to close encounters
and orbital reconfiguration (Pu & Wu 2015). Understanding of the
stability and evolution of compact exoplanet systems is therefore
not only important for making sense of observations but also for
understanding the planetary formation process as a whole.

Characterization of the stability of three or more planet systems
can be approached in several ways. Analytical models have been
built that can predict the lifetime of three-planet systems based upon
resonance overlap (Wisdom 1980; Quillen 2011; Petit et al. 2020).
Recently, machine learning approaches have also been developed
that, after being guided by a training set of 10° yr integrations, can
use far shorter integrations to predict with surprisingly high accuracy
that given exoplanet systems will remain stable for a billion orbital
periods (Tamayo et al. 2016, 2020). However, the most common
approach to the problem, and the one employed in this paper, is the
use of n-body simulation (Chambers 1999; Smith & Lissauer 2009;
Obertas, Van Laerhoven & Tamayo 2017; Hussain & Tamayo 2020;
Lissauer & Gavino 2021).

The majority of studies performed take a subset of the possible
input parameter space for a compact near-circular near co-planar
system of a given number of planets and then evolve this system
forward in time checking for either the first close approach, typically
specified as one Hill radius, ry, or waiting for an orbital crossing to
occur: this is then termed the instability event. Throughout this work
we will use orbital crossing as our definition of an instability event
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and refer to the time at this point as the crossing time. Rice, Rasio &
Steffen (2018) found that systems containing four Neptune-size and
Neptune-mass planets initially located at 1 AU can continue to evolve
after an instability event for over 10 million dynamical periods before
a collision of planets, meaning that the commonly used instability
metric may not capture the entire evolution of the system. Given that
the manner in which these planets collide determines the final orbital
architecture it is important properly to understand this phase of the
exoplanet system life cycle.

Our study builds upon the work done by Rice et al. (2018)
and Lissauer & Gavino (2021) by considering the post-instability
evolution of compact, Earth-analogue, three-planet systems across
a large range of initial orbital separations equally spaced in units
of mutual Hill radii. We create three integration suites called the
standard suite, perturbed suite, and inclined suite, and perform 4835
integrations each in the first two and a further 16 800 in the final one.
We continue integrations up until the time of first collision between
planets or for 108 or 10° orbits depending on the experiment.

In Section 2 of this paper we describe the methodology used for our
integrations including the initial conditions for each integration suite,
the integration packages used, and the termination criteria. Section 3
contains the results of all standard suite integrations: Section 3.1
details the time-scales for orbital crossing and collision between pairs
of planets, and details collision probabilities over time for various
initial configurations of systems; the effects of small changes in
initial orbital longitudes upon these results are then examined in
Section 3.2; and, finally, Section 3.3 examines the probabilities of
particular pairs of planets colliding. Section 4 introduces the results
of inclined suite integrations: in Section 4.1 we explore the heating of
what are initially dynamically cold systems that eventually enables
orbital crossing and collision; here, we find that the three-planet
Earth-mass systems behave in a similar manner to the four-planet
Neptune-mass case but follow a different power law. Section 4.2
examines the time-scales leading to collision in the inclined case and
shows that the survival time after crossing can be a non-trivial fraction
of the main-sequence lifetime of stars. In addition, this section also
looks at the effects on lifetime of systems dependent on the distance
from the innermost planet to the star and the initial inclination. We
summarize our findings in Section 5.

2 METHODS

We have chosen to simulate three-planet systems comprising of
analogues from our own Solar System. The central body in each
of our systems is a one solar mass star, my = 1 M . Each of the
planets within the systems are Earth mass, m; =1 M where j =
1, 2, 3 with a planetary radius also equal to that of Earth, R, =R .
Planets are placed on initially circular orbits orbiting the star in a
common direction with the innermost planet located at 1 AU. Time
throughout this work is provided in units of initial orbital period of
the innermost planet; this means that the crossing time is invariant to
rescaling of the system so long as initial orbital period ratios between
bodies are maintained along with mass-ratios of planets and star.

2.1 Initial semimajor axes

Initial semimajor axes a; of systems are evenly spaced in terms of
mutual Hill radii. The mutual Hill radii are defined as

1

mj + Mj4q Qj +aj+1

j—1
mo+ 42 Mk 2
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This allows for a dimensionless value 3 to be defined to specify
the even spacing of adjacent planetary orbits in units of their mutual
Hill radii as

B=

Re i Y @)

rHj J+1

Therefore, the initial semimajor axes of adjacent planets are chosen
to be such that

A1 =35 + Pry

_ B mj+mjsy
_aj 1+ = -

B mj + Mj4q
e 1- B MiTMiv .(3)
2 my+ k=1 Mk 2

-1
mp + f<=1 M

The innermost planet is placed such that it has a semimajor axis of
1 AU, and all other semimajor axes are chosen through equation (3).
We refer to this configuration as a system at 1 AU. Likewise, later on,
when results are generalized to include systems with an innermost
planet located at 0.25 AU with other planets spaced as per equation (3)
we refer to it as a system at 0.25 AU.

2.2 Stopping criteria and integration packages

We have opted to use the Terrestrial Exoplanet Simulator (TES) *
package to perform our integrations (Bartram & Wittig 2021). TES is
a new numerical integration package written in c++ for propagating
exoplanet systems. This package combines an integrator that follows
Brouwer’s law (Brouwer 1937) with a new special perturbation
method to allow for reduced run-times and decreased numerical
error resulting in, e.g. improved energy conservation. Additionally,
this tool has been designed to allow for integration all the way to
collision of terrestrial mass planets to machine precision. TES can be
run using c++ directly, or through a PYTHON interface allowing for
ease of use and for multiple integrations to be performed in parallel.
Throughout our simulations we have opted to use TES with a non-
dimensional tolerance of 1 < 1078 that has ensured that the relative
energy error inall simulations, even after collision, and for the longest
lived systems, is maintained below 1 < 1072, To validate our own
results, we also repeated all of our standard suite integrations making
use of 1As15 (Rein & Spiegel 2015) within the REBOUND package
(Rein & Liu 2012). The results from this comparison can be found
in Appendix A.

As mentioned before, time is measured by periods of the innermost
planet in the system throughout this work, meaning that all times are
specified in units of orbits or dynamical periods. Integrations run until
either a collision is detected or the simulation reaches a maximum
time of 10% or 10° dynamical periods, depending on the experiment.

In order to detect an orbital crossing, the orbital elements of each
planet are calculated at every step within each integration. These
are then compared to determine the time at which the apoapsis of a
planet crosses the periapsis of the exterior adjacent planet. We define
this as the crossing time and denote it t.. Moreover, also at each step,
the mutual separations of each of the planets are calculated so that
collisions can be detected. The metric of two planets coming within
2R of one another is used for collision detection. We define the
time at which this occurs as the impact time and denote it t;. We also
define the post-crossing survival time, ts, of a system to be the time
that the system persists without a collision after the point of orbital
crossing,

L=t —t.

LCode available at https://github.com/PeterBartram/TES
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Table 1. Summary of all simulation event time symbols

used.

Symbol Definition

te Crossing time

tj Impact time

ts Post-crossing survival time
te Closest encounter time

All encounters closer than any experienced previously are recorded
such that it is possible to generalize the collision results to systems
with planetary radii greater than that of the Earth or, equivalently,
initial orbital radii closer than 1 AU. We use this generalization to
consider systems at 0.25 and 1 AU for all integration suites. We also
define the time of closest encounter prior to collision as the closest
encounter time, t.. To ensure bit-wise identical initial conditions as in
Lissauer & Gavino (2021), initial conditions are specified as orbital
elements that are then entered in to the MERCURY (Chambers 1999)
integration package in order to generate an initial state vector that is
then provided to either TES or REBOUND. Table 1 contains a summary
of all symbols related to simulations event times.

2.3 Standard integration suite

The first suite of integrations is composed of 4835 orbital configu-
rations and is termed our standard suite. In this suite systems are on
initially circular co-planar orbits with an initial mean anomaly for

. . . 1 = .
the ju planet M; = 2mjA radians where A= - 1+ 5 ,ie. the

golden ratio, and are merely chosen to avoid special orientations. As
we wish to study the effects of the initial spacing of planets upon
impact time-scales we choose a high resolution in 3 such that there
are 1 < 108 integrations per unit 3 over the range B = [3.465, 8.3].
Generally, integrations are terminated after 10° orbits if a collision is
not encountered. However, in certain areas we have chosen to limit
integrations to 108 orbits to save on computation; these regions are
clearly marked on any plots.

2.4 Perturbed integration suite

The second integration suite is termed our perturbed suite and is also
composed of 4835 integrations. The only difference between the
initial conditions of the standard suite and the perturbed suite is that
in the latter case the innermost planet is perturbed by 100 m along
its orbital arc. We strictly terminate integration at 1 < 108 orbital
periods of the innermost planet in this suite. This suite is used to
examine the effects of very small changes in initial conditions upon
crossing and impact time.

2.5 Inclined integration suite

The final integration suite is the inclined suite and is composed of
16 800 integrations. Of these, 15 did not complete in the available
CPU time and have been excluded from the data set. This is equivalent
to 0.09 per cent of inclined integrations, and we therefore do not
believe this will have biased the data set in any meaningful way. We
choose initial conditions across a subset of the available parameter
space manually rather than randomly and perform integrations for a
maximum simulation time of 1 < 108 orbital periods of the innermost
planet. To make best use of computational resources we limit this
study to the range 3 = [3.5, 6.3] and perform experiments uniformly
spaced in B with 50 values per unit B. At each value of B we
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perform 120 experiments where the initial values of semimajor axis,
eccentricity, and mean longitude are the same as in the standard suite.

Planets are, however, inclined relative to each other in one of four
ways: one of inner, middle or outer planet inclined above the orbital
plane of the system, and also with the middle planet above and the
outer planet below. For each such configuration of relative inclination
15 initial values of inclination are logarithmically spaced between
ip = 0.06° and iy = 0.58", yielding an initial orbital height ranging
from 0.10 ry to ry. The distribution of initial inclinations within this
range is such that ten values are used between iy = 0.24° and ip =
0.58° and five values are used over the region ip = 0.06° and iy =
0.24°. Finally, two values are chosen for the ascending nodes
either according to the golden ratio in Section 2 such that M; =
or equally spaced such that j = [0°, 1207, 240°].

The full state vector of each simulation is output to file once every
10000 orbital periods; additionally, each planetary flyby closer than
any other previously observed is also recorded.

3 STANDARD INTEGRATION SUITE

This section contains results from the standard integration suite
described in Section 2.3. Additionally, the results of the perturbed
integration suite, described in Section 2.4, are analysed in Section 3.2.

3.1 Time-scale to planet—planet collision

The crossing and impact times for the standard suite are plotted in
Fig. 1. Inspection of the crossing time with respect to the initial
orbital spacing shows the clear upwards trend present in other works
(Smith & Lissauer 2009; Obertas et al. 2017; Hussain & Tamayo
2020; Tamayo et al. 2020; Lissauer & Gavino 2021). We also capture
the large-scale variations about the trend that for the most part are
a result of mean motion resonances as discussed in Obertas et al.
(2017). Additionally, we replicate the finding of Lissauer & Gavino
(2021) in the discovery of a highly stable configuration around =
5.74 that they attribute to the distance of this configuration from any
strong resonances.
Throughout this work we used a linear logarithmic fit of the form

logio(t) =bp +c (4)

in several places where B =3 — 2\/§ and is used to reduce the
dependency of the y-intercept upon the slope. We fit this model to
three data sets such that t = t., tj or t; and state explicitly which at
the time of use. Unless otherwise stated, we only include data points
in the region B = [3.465, 6.3] in the fits to avoid biasing the results
due to systems that did not experience an orbital crossing within
the maximum simulation time. For t = t., over this region, we find
that b = 1.352 and ¢ = 2.067 which is in strong agreement with
Lissauer & Gavino (2021) and confirms the functionality of the TES
tool. For impact times t; we findb = 1.192 and ¢ = 2.42.

Fig. 1 highlights that the post-crossing survival time is very small
compared to the crossing time for the majority of systems observed.
The log scale of the plot and the relatively small magnitude of t;
means the bulk of the impact time data points are hidden in this
figure. The only exception is in the region of small 3 where the ratio
ti/t; is large due to the relatively small size of t.

Finally, it can be seen that for a small subset of integrations
collisions can occur before an orbital crossing has taken place. A
cumulative sum showing the numbers of occurrences is shown in
Fig. 2 where we believe that the increase between systems at 1 and
0.25 AU is not dependent purely on the physical cross-sectional
area of planets but rather the enhanced cross-sectional area due to
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Figure 1. Plot showing the crossing time, tc, and impact time, tj, for all integrations in the standard suite for systems at 1 AU. Simulations are run for up to
10° orbits in general but some are terminate at 108 orbits to save on computation. Orbits are specified by the initial period of the innermost planet. Impacts that
take place before a crossing are highlighted by a green diamond whereas systems that did not cross within the maximum simulation time are marked with a red
triangle. Models fitted to the crossing and impact times according to equation (4) are shown as a dashed black and a dashed red line, respectively.
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Figure 2. Cumulative sum of integrations with a collision before orbital
crossing for various initial values for semimajor axis of the innermost planet.
The flat region between beta 3 = 7 and B = 8 is due to systems not
experiencing an orbital crossing within the maximum simulation time in
that region and integrations being terminated early (see the red triangles in
Fig. 1). A large fraction of integrations with an initial spacing 3 > 6.3 were
stopped at 108 orbits so results beyond this value cannot be considered to
have been drawn from a uniform sample.

gravitational focusing (Safronov 1972). It is likely that a symplectic
integrator, configured to use the standard step size of 1/20th of the
smallest dynamical period, would miss these collisions. However,
given the small number of occurrences relative to the number of
integrations typically performed in stability studies, it is unlikely
that these missed collisions will have biased the data sets in any
statistically meaningful way.

Fig. 3 shows the post-crossing survival time for all systems within
the standard suite against (3; Fig. 5 is identical but plotted against
t.. We find two main populations of post-crossing survival times

MNRAS 506, 6181-6194 (2021)

present: those surviving for less than two orbits, and those surviving
for more than ten orbits with very few outliers in between. Within the
long surviving population, it can be seen that there is a clear increase
in the post-crossing survival time of systems with respect to both 3
and t.. We fit models of the form of equation (4) to both the long-
lived population and the population in its entirety, we call these data
sets long and all, respectively. The model coefficients b and ¢ can
be found in the top two rows of Table 2. Similarly, we also fit linear
models to the two data sets present in Fig. 5 for logio(ts) against
logio(tc). The model coefficients b and ¢ can be found in the bottom
two rows of Table 2. In all cases, we calculate the Pearson correlation
coefficient (PCC) and also calculate the standard deviation, g, of the
data minus the fitted model, e.g. o (logio(ts) — (b B + ¢)). Clearly,
there is a tendency for systems to persist for longer after an orbital
crossing when the initial mutual spacing between them is greater,
with a difference of a factor of three in median post-crossing survival
time over the entire beta range. However, even given this increase,
the post-crossing survival time for systems simulated did not ever
exceed one million orbits. Given that this represents roughly one
ten-thousandth of the main sequence lifetime of solar-mass stars it
is possible, although very unlikely, that we could observe a compact
exoplanet system that has undergone an orbital crossing but has not
yet experienced a collision between planets, even if it were a truly
co-planar system.

In the case of the short-lived population, there is a further
subdivision of different behaviours: those systems that experience a
collision almost immediately following a crossing, e.g. those bodies
whereby t; < 1071, and those that persist for longer than this but less
than a couple of orbits. In the former case, we have observed that
the trajectories of two planets about the star simply cross, leading to
straightforward collisions, and also triggering an orbital crossing in
the process. However, in the latter case, we find that the trajectories of
the planets about the star are such that a very close encounter occurs
that causes the two planets to become temporarily gravitationally
captured. These two planets then remain within approximately a Hill
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Figure 3. Post-crossing survival time of systems initially at 1 AU against (3. Blue dots indicate the same pair both crossed orbits and collided; orange indicates
the pair that collided was not the pair that crossed; green indicates a collision between the inner and outer planets. The ts model (bold dashed black) is fitted
to all data points with a survival time greater than two orbits. The insets show the planet separation for the marked systems between crossing time, tc, (dashed
orange) and collision time, t;, (dashed green). Additionally, the Hill radius at 1 AU is shown (dashed red).
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Figure 4. Normalized histograms of post-crossing survival time, log(ts), for different regions of initial spacing, B. The top row of plots is for systems initially at
1 AU while the bottom one is at 0.25 AU. Log-skew-normal probability density functions, shown in orange, are fitted to the data through a maximum likelihood
estimator. The mean W, standard deviation g, and the skew ¢ are included for each distribution as N (i, 0, {). Systems that did not experience a crossing were
excluded from these distributions.

radius of one another before finally experiencing a fatal collision
a fraction of an orbit later. These behaviours are shown in the
satellite images in Fig. 3. It can be seen here that temporary

gravitational capture is not the cause of collision in the case of
the outliers with a post-crossing survival time between two and ten

orbits.
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Figure 5. Post-crossing survival time, ts, against orbital crossing time, tc,
for systems initially at 1 AU. Blue dots indicate the same pair both crossed
orbits and collided; orange indicates the pair that collided was not the pair
that crossed; green indicates a collision between the inner and outer planets.
The ts model (dashed black) is fitted to all data points with a survival time
greater than two orbits.

Table 2. Fitted model coefficients for ts against 8 and t;. Plotted models are
fitted to the long-lived population, long, only but additional fitted models for
the full data set, all, are included in this table as well. PCC is the Pearson
correlation coefficient. o is the standard deviation of the data set from the
fitted model.

ts model  Data set b c b ¢ PCC o

Fig. 3 Long - - 0.111 2.84 0.197 0.680
All - - 0.165 249 0.176 113

Fig. 5 Long 0.0781 2.693 — — 0.183 0.682
All 0.118 2.27 — - 0.167 1.13

To give consideration to whether these results generalize to other
systems of planets we have calculated t; and ts for a system with
the inner planet initially placed at 0.25 AU. This is equivalent to
artificially inflating the radius of all planets in systems at 1 AU by
a factor of four. When thought of this way, this is akin to placing
planets with a radius approximately the same size as Neptune at
1 AU; t. is invariant to the initial location of the inner planet. The
probability, calculated as the cumulative fraction of systems that have
experienced collisions over the total number of systems, of collision
over time for both settings are shown in Fig. 6. The separation
between dashed and solid lines indicates that a given collision
probability is reached sooner in systems composed of planets with a
larger radius. The difference in time remains about constant over all
values of (3, even if the log scale suggests otherwise.

Fig. 4 contains normalized histograms of t; within different regions
of B for systems with the inner planet initially at 1 and 0.25
AU. We find that the distribution of post-crossing survival times
is log-skew-normal distributed across all systems; we confirmed
this using a Kolmogorov—Smirnov test with a precision parameter
of a = 0.005. The skew-normal distribution is a generalization
of the normal distribution that allows the class to be extended to
include distributions with non-zero skewness through the addition of
a shape parameter (Azzalini & Capitanio 1999). Log-skew-normal
probability density functions, shown in orange, are fitted to the data
through a maximum likelihood estimator. We calculated the mean
W, standard deviation ¢, and the skew { for each distribution; we
use the Fisher—Pearson coefficient of skewness throughout. We find
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Figure 6. Probability of having experienced a collision over time for various
regions of initial spacing, 3. The probability is calculated as the cumulative
fraction of systems that have experienced collisions over the total number of
systems. Solid lines show the probabilities for systems initially at 1 AU while
the dashed lines are initially at 0.25 AU.

that | increases with increasing B range, and also find the same
pattern for o in all but one case. In all cases, { is negative indicating
a skew towards shorter post-crossing survival times as compared
to a normal distribution. This means that there is a preference for
systems to collide sooner rather than later after an orbital crossing
as compared to the most frequent survival times. There is a slow
build up in the number of systems experiencing collisions over
time after an orbital crossing but a much sharper cut-off after the
peak density of collisions. This highlights the difficulty for systems
to persist for long time-scales after an orbital crossing in the co-
planar case. Systems with a shorter mean post-crossing survival
time show a skew of a smaller magnitude than those with a longer
survival time, e.g. at 1 AU ¢ = —0.14 for B < 4.0 whereas for 3
> =4.0 the smallest, in magnitude, value observed is { = —0.57.
We find that the distributions of post-crossing survival times at
0.25 AU are less skewed than those at 1 AU, indicating that the
survival times of systems in this case are closer to a lognormal
distribution.

3.2 Sensitivity to initial conditions

To examine the sensitivity to initial conditions of the results of our
simulations we use our perturbed suite of integrations described in
Section 2.4. The crossing and collision times of each integration
between the standard suite and the perturbed suite are compared to
determine the effect of the perturbation. Table 3 contains the results
of that comparison for the time of orbital crossing. Tables 4 and 5
contain the same comparison for but for the impact time of systems
at 1 and 0.25 AU, respectively.

In general, the comparison between crossing times in Table 3
aligns closely with Lissauer & Gavino (2021). Percentages between
the two studies rarely differ by more than a few points despite the
different integration tools used: TES and MERCURY. One notable
difference between the two studies is in the initially wider spaced
systems. In the regions B = [5.0, 5.999] and B = [6.0, 6.33] we
find roughly double the number of initial orbital spacings where the
standard and perturbed suite integrations experience orbital crossing
times within 10 per cent of one another. Given the precise orbital
evolution required in order for standard and perturbed suite systems
to experience a crossing at the same time it is unlikely that numerical
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Table 3. Comparison of crossing times of systems using identical values of initial spacing, B, in mutual Hill radii for the standard and perturbed initial
longitudes.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
Number of runs in the range 535 1000 1000 331 2866

< log, (standard) — log;, (perturbed) > 0.006 —0.001 —0.011 —0.014 —0.004

< |logy (standard) — log;_(perturbed)| > 0.039 0.182 0.306 0.356 0.219
te(perturbed) < 0.5t (standard) 7 (1.31%) 92 (9.20 %) 200 (20.00 %) 75 (22.66 %) 374 (13.05 %)
0.5t¢(standard) < tc(perturbed) < 2t;(standard) 524 (97.94%) 812 (81.20 %) 580 (58.00 %) 173 (52.27 %) 2089 (72.89 %)
te(standard) < 0.5t¢(perturbed) 4 (0.75 %) 96 (9.60 %) 220 (22.00 %) 83 (25.08 %) 403 (14.06 %)
Within 10 per cent of standard systems 398 (74.39 %) 217 (21.70 %) 100 (10.00 %) 27 (8.16 %) 742 (25.89 %)
Within 1 per cent of standard systems 333 (62.24 %) 68 (6.80 %) 10 (1.00 %) 7(2.11 %) 418 (14.58 %)

Table 4. Comparison of collision times of systems using identical values of initial spacing, 3, in mutual Hill radii for the standard and perturbed initial longitudes
both with the innermost planet initially at 1 AU.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
Number of runs in the range 535 1000 1000 331 2866

< logy, (standard) — logy, (perturbed) > 0.015 —0.012 —0.010 —0.012 —0.006

< |logy, (standard) — log,, (perturbed)| > 0.429 0.302 0.294 0.349 0.328
tj(perturbed) < 0.5t;(standard) 145 (27.10%) 189 (18.90 %) 185 (18.50 %) 76 (22.96 %) 595 (20.76 %)
0.5tj(standard) < tj(perturbed) < 2t;(standard) 260 (48.60%) 614 (61.40 %) 598 (59.80 %) 175 (52.87 %) 1647 (57.47 %)
tj(standard) < 0.5t;(perturbed) 130 (24.30%) 197 (19.70 %) 217 (21.70 %) 80 (24.17 %) 624 (21.77 %)
Within 10 per cent of standard systems 108 (20.19%) 110 (11.00 %) 99 (9.90 %) 25 (7.55 %) 342 (11.93 %)
Within 1 per cent of standard system 79 (14.77%) 17 (1.70 %) 8 (0.80 %) 5 (1.51 %) 109 (3.80 %)

Table 5. Comparison of collision times of systems using identical values of initial spacing, 3, in mutual Hill radii for the standard and perturbed initial longitudes
both with the innermost planet initially at 0.25 AU.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
Number of runs in the range 535 1000 1000 331 2866

< log, (standard) — logy, (perturbed) > —0.005 —0.010 —0.010 —0.011 —0.009

< |logy, (standard) — logy, (perturbed)| > 0.297 0.243 0.301 0.353 0.286
ti(perturbed) < 0.5t;(standard) 98 (18.32 %) 141 (14.10 %) 187 (18.70 %) 75 (22.66 %) 501 (17.48 %)
0.5tj(standard) < tj(perturbed) < 2t;(standard) 335 (62.62 %) 701 (70.10 %) 592 (59.20 %) 176 (53.17 %) 1804 (62.94 %)
ti(standard) < 0.5t;(perturbed) 102 (19.07 %) 158 (15.80 %) 221 (22.10 %) 80 (24.17 %) 561 (19.57 %)
Within 10 per cent of standard systems 142 (26.54 %) 130 (13.00 %) 99 (9.90 %) 25 (7.55 %) 396 (13.82 %)
Within 1 per cent of standard system 108 (20.19 %) 19 (1.90 %) 10 (1.00 %) 7(2.11 %) 144 (5.02 %)
error would ever cause an increase in this statistic. We therefore take 3.3 Which planets collide?

this as an indication that TES has maintained a higher precision than
the symplectic Wisdom-Holman (Wisdom & Holman 1991) scheme
within MERCURY. To further validate TES in this setting we have also
repeated the standard suite integrations with 1As15 from the REBOUND
package for comparison. We find very good agreement in results
between the two routines. Detailed results from this experiment are
included in Appendix A.

The right-most summary column for the full range of B = [3.465,
6.33] in Table 4 shows there is a marked decrease in the number
of collisions occurring within a factor of two, and within ten and
one percent of one another; as compared to the orbital crossing
times in Table 3. The largest reduction is seen in the within-a-
factor-of-two row where a reduction of over 15 percentage points
highlights the sensitivity to close approaches in this setting. The
majority of this difference in collision times is seen in the initially
closely spaced systems where a reduction of almost 50 percentage
points can be seen for integrations finishing within 10 per cent of one
another. However, once the crossing times exceed approximately
1 = 10* orbits at B = 5 the effect of the perturbation disappears
and values between crossing and collision times for the two data sets
converge.

We find a slight discrepancy between the prevalence of orbital
crossings in our standard integration suite, with the innermost pair
triggering 48 per cent of crossings compared to 52 per cent for the
outermost pair. These percentages were calculated using n = 4835
integrations and the expected stochastic variation, about the mean, i.e.
50 per cent, is therefore approximately 0.72 per cent (Dobrovolskis,
Alvarellos & Lissauer 2007).

In the following, we designate the specific pair of planets that
collide as the collision pair, and analogously we refer to the pair of
planets that experienced an orbital crossing as the crossing pair. We
find that across all values of 3 a collision between two planets is
almost twice as likely if the same two planets were also involved in
the orbital crossing. Fig. 7 highlights clearly that this is the case with
between 48 per cent and 62 per cent of collision events occurring
between the crossing pair for systems at 1 AU depending on the
initial orbital spacing. Moreover, these percentages appear to be
invariant as to whether the inner or outer pair was involved in the
orbital crossing. A clear trend can be seen with respect to 3, where
an increase in the initial orbital spacing between planets leads to an
increased probability of collision between the crossing pair.
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Figure 7. Probability of collision per pair of planets broken down by the
pair of orbits that initially crossed and initial spacing, [3, range. Probability
is calculated as the fraction of collisions between a given pair of planets over
the total number of collisions. The top panel is for systems initially at 1 AU
while the bottom panel is initially at 0.25 AU. Inner and outer refer to the
innermost and outermost pairs of planets, respectively. Extrema refers to the
pair comprising the innermost and outermost planets.

== same-pair == other-neighbouring-pair == extrema-pair

250
2 200 )
O 150 <
b —
= 100 Il
3 [ &
50 A l
oL atlylile,, — tLLLL
250
2
2 200 b
S 150 Q
5 ;
= 100 o
o Il
© 504 Bl
©

-1 [o] 1 2 3 4 5 6
logio(ts) (orbits)

Figure 8. Post-crossing survival time distribution of collisions between
different pairs of planets. Blue bars indicate the same pair both crossed
orbits first and collided; orange indicates the pair that collided was the other
neighbouring pair; green indicates a collision between the inner and outer
planets. The top panel is initially at 1 AU while the bottom panel is initially
at 0.25 AU.

Figs 3 and 5 are coloured based on the collision and crossing
pair for each system. As first crossings can only ever occur between
neighbouring planets, it is possible to use only three colours for
this: blue for same-pair systems whereby the same pair was involved
in both the first orbit crossing and the collision, orange for other-
neighbouring-pair systems to indicate that the colliding pair was the
neighbouring pair that did not first cross, and green for extrema-pair
systems to indicate a collision between the inner and outer planets.
Across the whole range of B it can be seen that for systems with a
ts below the t; model fit line collisions are predominantly between
the first crossing pair. Fig. 8 shows how these three combinations of
events are distributed over time. Collisions that take place within a
single orbit of orbit crossing are almost exclusively found in same-
pair systems due either to simple immediate collisions or to the
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temporary gravitational bounding of planets discussed previously.
Same-pair collisions are the most likely outcome for all systems at 1
AU, shown in the top pane, until t; = 10* orbits, followed by other-
neighbouring-pair systems, with extrema-pair systems being the least
likely. However, after this period the probability of collision between
any combination of planets becomes almost identical, indicating that
the mixing of planetary orbits after crossing is sufficient to overcome
the increased probability of same-pair integrations due to the initial
orbital configuration. Interestingly, the peak of other-neighbouring-
pair and extrema-pair systems do not align, instead the former peaks
first. This can be understood as the mixing process taking longer to
cause the inner and outer planets orbits to overlap than to excite the
middle planet enough to cross the orbits of both of its neighbours.
In the bottom pane, it can be seen that at 0.25 AU the behaviour
is similar; however, the number of collisions taking place within a
single orbit roughly doubles.

4 INCLINED INTEGRATION SUITE

In the co-planar case, no systems survived for more than a million
orbits after the first orbital crossing. However, Rice et al. (2018)
observed a number of non-co-planar systems that survived for their
maximum simulation time of 10 million orbits. Therefore, we now go
on to examine the behaviour in the non-co-planar case described by
the inclined suite of initial conditions in Section 2.5. As a reminder,
these initial conditions include 15 initial inclinations ranging from
an initial orbital height of 0.10 ry to ry.

4.1 Dynamic heating

The systems studied in the inclined integration suite begin with
modest inclinations and no eccentricities, making them dynamically
cold. Fig. 9 shows how the system heats up over time by plotting
the root-mean-square (RMS) inclination and eccentricity over time.
We calculate the mean over all runs that have experienced an orbital
crossing, and fit a linear model to this mean which is shown as the
solid green line. Individual integrations are shown in purple until
they experience an orbital crossing and in grey thereafter. For clarity,
in Fig. 9 results of individual integrations are only shown for 80
integrations in the inclined suite for 3 = 5.98.

Rice et al. (2018) found that, for four-planet Neptune-mass
systems, there are two distinct growth modes of RMS eccentricity
before and after an instability event: eccentricity evolves rapidly to a
quasi-equilibrium at a value of 10~2 at which point encounters begin.
After a period of mixing as a result of close approaches, systems
transition into a new evolutionary phase during which eccentricity
growth follows a power-law form approximately ~ t“®. In the three-
planet Earth-mass case, our systems reach a quasi-equilibrium value
of e = 1072 before a period of chaotic mixing and rapid growth,
which finally settles into the new growth phase approximately ~ t'/s.

The RMS inclinations in Fig. 9, on the other hand, while similar
are different to the four-planet Neptune-mass case. We also observe
that the inclination of the systems remains at roughly the initial value
until the first encounter, at which point they are rapidly excited before
entering a new growth mode. This rapid excitation is in keeping
with the findings of Matsumoto & Kokubo (2017). These behaviours
can be seen by the horizontal inclination lines in the population
of systems before crossing and in the power-law growth in the
population afterward. Rice et al. (2018) stated that the trend towards
long-lived systems depends upon only the RMS inclination being
greater than the averaged ratio of Hill radius to semimajor axis; this
is called the critical inclination and is marked on this plot. We also
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