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Abstract: In recent years, the acquisition of products and 

services via Internet has grown exponentially. Today, a person 

goes through different websites in search of better alternatives 

and prices. In this searching process, he/she uses social media 

applications to exam the opinions of others who have 

purchased such services or products. Also, the seller offers 

summarized information of buyers’ valuation by a satisfaction 

value on a predefined scale (expressed with a system of stars 

or linguistic labels). This number is calculated using an 

arithmetic mean and, in many cases, it does not adequately 

reflect all users’ opinions. In this article, a new consensus 

operator called Selective Aggregated Majority Ordered 

Weighted Averaging (SAM-OWA) is proposed. It is based 

on the opinions of the majority though also considering the 

opinion of the minority. SAM-OWA calculates the individual 

weights of each value of the satisfaction scale, using the 

number of votes obtained (cardinality). The mathematical 

foundation of SAM-OWA operator and some application 

examples to improve the results obtained by the arithmetic 

mean are presented. 

Keywords: MA-OWA Operator, Cardinality Dependent 

Operators, Consensus Measure, Online Valuation. 

1 Introduction 

Fast growth of internet information has diverse 

effect on daily life. It influences the way we live, think 

and behave. In this context social media provides a 

group of Internet-based applications that allow the 

creation and exchange of user-generated content 

(Kaplan and Haenlein 2010). Social media is different 

from traditional media in many ways, such as usability, 

quality, frequency and immediacy (Agichtein et al 

2008). Social media enables people to distribute a wide 

range of information (by creating and sharing content) 

across a diversity of applications and rating or question 

and answer websites (Hocevar et al 2014). Furthermore, 

social media applications use web-based technologies to 

create and manage user-generated content. They 

introduce a new view of communication between 

individuals, communities and organizations (Kietzmann 

et al 2011). 

Buying a book, selecting a camera, a hotel, a movie, 

etc., should be a decision based on online information. 

It is very common that customers wish to know the 

opinion of other customers who have already acquired 

the same product or service. When many users provide 

a review of certain popular products, it is hard to check 

the reviews from previous users. It also makes it 

difficult for the manufacturer of the product to keep 

track and to manage customers’ opinions (Hu and Liu 

2004). It is desirable to have a "consensus value" from 

everyone's opinion. 

Currently, most websites allow users to express their 

opinion about a product (or service) after purchasing it 

(or using it). The users are asked to give their feedback 

over some kind of scale that indicates their satisfaction 

level. For example, many websites (such as Amazon, 

Tripavdisor, Booking, etc.) rank books, music, hotels, 

etc. by means of users’ votes. This valuation is made by 

using a discrete scale of stars or linguistic labels (in 

general, five) to indicate the satisfaction degree. Then, 

individual opinions are aggregated in a single value by 

using an arithmetic mean. 

Although for many cases this mechanism allows to 

obtain a good idea of quality, importance, relevance or 

J. I. Peláez 

Department of Languages and Computer Sciences, University of 
Malaga, Malaga 29071, Spain 

Phone number: +34 952132751 

e-mail: jignacio@lcc.uma.es 
 

R. Bernal  -  M. Karanik 

Universidad Tecnológica Nacional – Facultad Regional Resistencia, 
Resistencia 3500, Argentina 

 

R. Bernal 
e-mail: rbernal@frre.utn.edu.ar 

 

M. Karanik 
e-mail: marcelo@frre.utn.edu.ar 
 



adequateness of certain product or service, there are 

others whose aggregated value is not representative to 

the majority’s opinion. 

Different approaches to deal with the rank 

aggregation problem have been proposed. Aggregation 

of this type of information appears in many applications 

related to the development of intelligent systems. In 

order to aggregate information, several operators (Xu 

and Da 2004), such as weighted means, quasi-weighted 

means, and ordered weighted averaging (OWA) (Yager 

1988) operators and their families (Yager 1993) have 

been introduced. 

It is often necessary to obtain an overall opinion 

which synthesizes the majority’s opinion, i.e., the 

reduction of the individual values into a representative 

value, a consensual judgment (Pasi and Yager 2003). In 

the fuzzy approaches to multi-agent decision making, 

consensus and majority concepts are modeled using 

computing with words (Herrera et al 2009) (i.e., by 

means of linguistic quantifiers, linguistic terms 

(Massanet et al 2014) and linguistic preferences 

(Alonso et al 2013)), fuzzy concepts referred to the 

quantity of elements of given reference sets (Kacprzak 

et al 1997), operators that introduce individual and 

group quantification strategies (Yager 1996; Peláez and 

Doña 2006) and models for heterogeneous group 

decision making problems guided by the heterogeneity 

criterion (Pérez et al 2014) and granulation of the 

linguistic terms (Cabrerizo et al 2013).  

Some analysis of OWA operators for modeling the 

majority concept show that usual definition of OWA 

operators based on linguistic quantifiers does not 

capture the semantic of a consensus (Peláez et al 2007). 

For the majority’s opinion, two approaches have been 

proposed (Pasi and Yager 2003), one based on induced 

ordering weighted averaging (IOWA) operators (Yager 

and Filev 1999), which obtain a scalar value for a 

majority’s opinion, and another one based on the vague 

concept of majority’s opinion (fuzzy majority) as a 

fuzzy subset (Pasi and Yager 2003). Both approaches 

appear in the context of fuzzy linguistic quantifiers.  

The direct use of conventional OWA operators does 

not always produce reasonable results and distribution 

problems may appear. In fact, most common 

aggregation operators emphasize the opinion of the 

minority at the expense of that of the majority. In order 

to deal with these problems, Majority Additive OWA 

(MA-OWA) (Peláez and Doña 2003a) operator uses a 

weight vector depending on the cardinalities of the 

aggregates, and can be interpreted as an arithmetic 

mean of arithmetic means. A linguistic aggregation 

extension of these operators has also been introduced in  

(Peláez and Doña 2003b). MA-OWA operator obtains 

more accurate results than others but they converge 

quickly to value with the largest cardinality. In order to 

face this subject, the Selective Majority Additive OWA 

(SMA-OWA) operator [Bernal et al., not published yet] 

introduces the cardinality relevance factor. Since SMA-

OWA operator does not assign individual weights based 

on other criterion, the new Selective Aggregated 

Majority OWA (SAM-OWA) operator is proposed in 

this article. SAM-OWA operator generalizes SMA-

OWA operator, allowing to use individual weights for 

aggregates. The rest of this article is organized as 

follows: Section 2 briefly reviews the types of OWA, 

MA-OWA and SMA-OWA operators, fixing the 

notation used in the rest of this paper. SAM-OWA 

Operator is presented in Section 3. In section 4, some 

numerical examples are shown. Finally, Section 5 

summarizes the conclusions. 

2 Preliminaries 

2.1 OWA Operators 

Let ( )1
,...,

n

n
a a a= R  and 

n
S  be the permutation 

group. Let 
n
S   the unique permutation such that 

(1) ( )
...

n
a a    and ( )  1

,..., 0,1
n

n
w w w=   be such 

that 
1

... 1
n

w w+ + = . An OWA operator (Yager 1988) is 

a function :
n

wF →R R , such that ( ) ( )
1

n

w j j

j

F a w a
=

= . 

It can be easily shown that 
1 ne w eF F F   where ie  

are the canonical basis vectors of 
n

R , i.e., 

( ) ( )
1

11
max  min  

ne j e j
j nj n

F a a , F a a
  

= =
 

(1) 

represent the logical or and and operators respectively. 

Hereon, this property is referred to as max-min 



boundedness. The OWA operators are always 

commutative (neutral, symmetrical, anonymous), 

monotonic (nonnegative responsive), and idempotent 

(agreeing, unanimous, reflexive). In fact, OWA operators 

have been characterized by the operators which satisfy the 

properties of commutativity, monotonicity, stability for the 

same positive linear transformations and ordered linkage. 

The definition of the last two properties, another 

characterization, and the corresponding proofs can be 

found in (Fodor et al 1995), being omitted here for brevity. 

An OWA operator is neat if its value does not depend 

on the ordering of the aggregates, i.e., 

( ) ( )
1

,
n

w j nj

j

F a w a S

=

= 
 

(2) 

For example, the arithmetic mean ( 1jw n= ) is a neat 

OWA operator. Other neat operator is the Additive Neat 

OWA (ANOWA) (Liu and Lou 2007) operator, which 

weights are defined as: 

( )

( )
1

i

i n

j

j

f a
w

f a
=

=


 

(3) 

where ( )if a  is a weighting function such that 

( ) 0
i

f a   and ( ) 0
i

f a   for at least one i  and the 

aggregation result is: 

( )

( )1 1

1

n n
i i

f i i n
i i

j

j

a f a
F w a

f a= =

=

= = 


 

(4) 

Note that the aggregation process in Eq (4) does not 

depend of the order of aggregates. The problem here is to 

select the adequate weighting function. An alternative 

proposed in (Liu and Lou 2007) is ( )i i
f a a


=  with 

( ),  − + . 

Two measures associated to OWA operators were also 

introduced by Yager (Yager 1988): the dispersion (or 

entropy) and the maxness (or logical or-ness). The 

maxness is associated with the degree of optimism of a 

decision maker, and the dispersion with the degree to 

which all the information of the argument is used in the 

aggregation (Yager 1988). 

The concept of OWA operator has been generalized by 

allowing the weight vector to be a function of the 

aggregates. A weight-dependent OWA operator is a 

function :
n

wF →R R , such that 

( ) ( ) ( )( ) ( )1

1

n

w j n j

j

F a w a , ,a a  

=

= 

 

(5) 

Where 
n

aR , nS  is an ordering permutation, and 

the vector-valued function  0,1
nn

w →R  is normalized 

such that  

( ) ( )
1

1

1
n

j

j

w a w a
=

= =
 

(6) 

It can be easily shown that the properties of 

idempotency, commutativity and max-min boundedness, 

also hold for weight-dependent OWA operators. However, 

the monotonicity property is generally lost. 

2.2 Majority Additive OWA Operator 

Peláez and Doña (Peláez and Doña 2003a) have 

introduced a new neat weight-dependent OWA 

operator, referred to as the majority additive OWA 

(MA-OWA) operator, which generalizes the arithmetic 

mean when the items to aggregate have cardinalities 

larger than one. The MA-OWA operator is a kind of 

arithmetic mean of arithmetic means. The idea behind 

MA-OWA operators is the repetition of the following 

procedure until a fixed point is found: from the set of 

values with corresponding cardinalities a new set is 

obtained, in which the aggregate (using the arithmetic 

mean) of the values is included with cardinality equal to 

one, and simultaneously the cardinalities of the rest of 

the values are reduced by one. 

In (Peláez and Doña 2003a) the bag is embedded 

into a set of aggregates with cardinalities, i.e., consider 

n n
a R N , where ( )i i ia v ,m=  represents the 

aggregate value, iv , and its cardinality, 0im  . 

Definition 1. Let ( )1
,..., ,...,

n n

i n
a a a a=   R  

with ( )i i ia v ,m=  representing the aggregated value, 
i
v , 

and its cardinality, 0
i
m  , and 

n
S  be the (aggregate) 

permutation group. Let n
S   be any permutation. A 



MA-OWA operator (Peláez and Doña 2003a) is a 

function MA:
n n

F  →R N R  defined as: 

( ) ( )MA

1

n

i ,N i

i

F a w v
=

=
 

(7) 

where 
1
max

i
i n

N m
 

=  and the weights are defined by 

the recurrence relations: 

1 1 1i ,w u n= =
 (8) 

1i ,k i ,k

i ,k

k

w
w

u

− +
=

 

(9) 

with 2 , 1k N i n     and, 

1

1 2
n

k j ,k

j

u , k N
=

= +   
 

(10) 

where: 

( )1

0 otherwise

j

j ,k

m k 
 = 

  

(11) 

Note that k  factor represents the current cardinality 

considered at moment in aggregation process. For 

example, for 2k =  aggregates with cardinality equal or 

greater than 2 are considered. The current arithmetic 

mean is calculated using these aggregates and the 

arithmetic mean calculated in the previous step. 

The correctness of this definition requires that 

1

1
n

i ,k

i

w
=

=
 

(12) 

for k N=  In fact, Eq. (12) holds for all k . The 

proof is straightforward by induction in k . The base 

case is trivially true, 

1

1

1
n

i ,

i

w
=

=
 

(13) 

by using the inductive hypothesis and Eq (9 and 10), 

11 1

1
1

1
1

n n
n

i ,k i ,ki i
i ,k n

i j ,kj

w
w

−= =

=
=

 +
= =

+ 

 



 

(14) 

and the result that follows (note that 11
1

n

i ,ki
w −=

= ). 

Moreover, from this proof also follows that 0 1i ,kw   

for all 1 k N  . 

Note that both the definition and the correctness 

proof presented here are equivalent but simpler than 

those used originally in (Peláez and Doña 2003a).  

Some properties of MA-OWA operators are: for all 

( ) ( )MA AM1im ,F a F a= = . For 1m → , and 1,Nw → , 

then ( )
1MA eF a F= . For nm → , and n,Nw → , hence 

( )MA ne
F a F= . Obviously, the maxness and dispersion 

of MA-OWA operators can be arbitrary, depending on 

the cardinalities of the aggregates. 

It can be easily shown that the properties of 

idempotency, commutativity and max-min 

boundedness, also hold for MA-OWA operators. 

However, the monotonicity property is preserved only if 

the cardinality vector is exactly the same in both 

aggregate sets, i.e., 

( )( ) ( )( ) ( ) ( )1 2 1 2

MA, MA,, , ,  ,  w w j jF v m F v m v v j  
 

(15) 

Let us illustrate the idea with examples. 

Example 1. Let us check the value of ( )MAF a  for 

this bag of aggregates by using the notation introduced 

in the definition of the MA-OWA operators:  

0 7, 0 7, 0 7, 0 7, 0 5, 0 4, 0 1, 0 1, 0 1a . . . . . . . . .=  

Its arithmetic mean, ( )AM 0 444F a .= , does not 

properly represent the opinion of the majority, since 

55% of the elements are over 0.4, and 44% of  them  are 

equal to 0.7. Using ANOWA operator with  equal to 5 

and -5 the ( ) 0.687
f
F a =  and ( ) 0.100

f
F a = . Note 

that these values do not represent the majority’s opinion 

adequately. In (Peláez and Doña 2003a) the bag is 

embedded into a set of aggregates with cardinalities  

( ) ( ) ( ) ( ) 0 7, 4 , 0 5, 1 , 0 4, 1 , 0 1, 3a . . . .=  

The calculation is made easy when using the table 

form presented in Table 1.  

 ( )1v
 

( )2v
 

( )3v
 

( )4v
  

 0.7 0.5 0.4 0.1  

 ( )1m
 

( )2m
 

( )3m
 

( )4m
  

i ,k
 4 1 1 3 ku  

1i ,  1 1 1 1 4 

2i ,  1 0 0 1 3 

3i ,  1 0 0 1 3 

4i ,  1 0 0 0 2 

Table 1. Values of i ,k  and ku for Example 1 



In Table 1 the upper row shows the values, the 

second row shows the cardinalities, the subsequent 

matrix are the values of i ,k , and the last column are the 

values ku  in Eq. (8, 9, 10 and 11). The cardinal-

dependent weights are calculated as follows: 

1 4

1 1 1 1 53
1 1 1 1

2 3 3 4 72
,w

   
= + + +  =   

   
 

2 4

1 1 1 1 1
0 0 0 1

2 3 3 4 72
,w

   
= + + +  =   

   
 

3 4

1 1 1 1 1
0 0 0 1

2 3 3 4 72
,w

   
= + + +  =   

   
 

3 4

1 1 1 1 17
0 1 1 1

2 3 3 4 72
,w

   
= + + +  =   

   
 

where the reader may notice that the transpose of the 

i ,k  yields both numbers 1 and 0 in these formulae. 

Finally, the MA-OWA operator yields 

( ) ( ) ( ) ( ) ( )MA 0 7, 4 , 0 5, 1 , 0 4, 1 , 0 1, 3

53 1 1 17
0 7 0 5 0 4 0 1 0 551

72 72 72 72

F . . . .

. . . . .

=

= + + + =
 

Example 2. Consider the following set of 

aggregates with cardinalities: 

( ) ( ) ( ) 0 4, 4 , 0 6, 2 , 0 3, 1a . . .=  

The cardinal-dependent weights are  

1 4 2 4 3 4

31 1 1
, ,

36 9 36
, , ,w w w= = =  

and the MA-OWA operator yields 

( ) ( ) ( ) ( )MA 0 4, 4 , 0 6, 2 , 0 3, 1

31 1 1
0 4 0 6 0 3 0 419

36 9 36

F . . .

. . . .

=

= + + =
 

Note that ( )AM 0 443F a .=  and using ANOWA 

operator with  equal to 5 an -5 the ( ) 0.555
f
F a =  and 

( ) 0.357
f
F a =  respectively. 

Examples 1 and 2 show more accurate results if 

cardinalities are considered using MA-OWA operator.  

2.3 Selective Majority Additive OWA Operator 

MA-OWA operator represents the most typical 

opinion with larger aggregated cardinality instead of the 

majority’s opinion, as claimed in (Peláez and Doña 

2003a). The opinion of the majority must take into 

account, partially, the opinion of the minority, but MA-

OWA aggregators delete it completely if the cardinality 

of the most typical opinion is larger than that of the rest. 

For example, for: 

Example 3. 

( ) ( ) 0 05, 70 , 0 9, 30a . .=  

( )MA 0 05F a .=  

although a slightly larger value could be preferred in 

some applications. Another example is for: 

Example 4. 

( ) ( ) ( ) ( ) 0 1, 45 , 0 15, 45 , 0 2, 45 , 0 55, 55a . . . .=  

( )MA 0 55F a .=  

but 71% of the agents have an opinion smaller than 

0.2, so MA-OWA operators do not represent the 

opinion of the majority. For this reason, it is necessary 

to define a way to handle the importance of the 

majority’s opinion. This situation occurs because 

cardinalities lower than N  generate 0i ,k =  and 

i ,Nw →  quickly for all weights except for those 

corresponding to the largest cardinality (it tends to 1) 

(see Table 1). This produces: 

( ) ( )MA 1 jF a v= 
 

(16) 

where: all ( )jv  is the largest cardinality value of a .  

In order to treat this situation the lambda factor of 

MA-OWA operator of Eq. (11) is redefined as follows: 

Definition 2. Let ( )1
,..., ,...,

n n

i n
a a a a=   R  

with ( )i i ia v ,m=  representing the aggregated value, 
i
v , 

and its cardinality, 0
i
m  , and 

n
S  be the (aggregate) 

permutation group. Let n
S   be any permutation. A 

Selective Majority Additive OWA (SMA-OWA) 

[Bernal et al., not published yet] operator is a function 

MA:
n n

F  →R N R  defined as: 



( ) ( )SMA

1

n

i ,N i

i

F a w v
=

=
 

(17) 

where 
1
max

i
i n

N m
 

=  and the weights are defined by 

the recurrence relations: 

1 1 1i ,w u n= =
 (18) 

1i ,k i ,k

i ,k

k

w
w

u

− +
=

 

(19) 

with 2 , 1k N i n     and, 

1

1
n

k j ,k

j

u
=

= + 
 

(20) 

where: 

( )

1 otherwise

j

j ,k

m k 
 = 

−   

(21) 

where: 

 is the cardinality relevance factor and 0 1   . 

Using the SMA-OWA operator, if 1 → only 

opinion with the largest cardinality is taken into account 

and the same behavior of standard MA-OWA operator 

is shown. On the contrary, if 0 →  the opinion with 

the largest cardinality is discarded. If 0 5. =  the 

arithmetic mean is obtained. Cardinality relevance 

factor does not change the calculus of MA-OWA 

operator and, consequently, its mathematical properties 

remain. 

SMA-OWA introduces a new issue about majority: 

the importance assigned to different opinions. In this 

way, situations where all opinions must be considered 

can be modeled more accurately. 

For Example 3 the variation of   is shown in Table 

2. Here, the obtained weight for value 0.9 is equal to 0 

when 1 = and its influence over result of aggregation 

is null. To see the evolution of aggregation process, a 

complete variation of   is proposed. Results are 

summarized in Table 2. In this case, cardinality of value 

0.05 is 70 and cardinality of value 0.9 is 30. Simulation 

results indicate that variation for this case is lineal, 

because the increments (and decrements) of importance 

of each value are proportional. 

When 1 = the obtained result is 0.050 (only the 

majority’s opinion is taken into account), while it is 0.9 

when 0 =  (only the minority’s opinion is taken into 

account). For 0 5. =  the result is the arithmetic mean 

of two values. 

Although for Example 4 (Table 3) the same results 

are observed for 1 = and 0 5. = , when 0 =  the 

value of the largest cardinality (0.55) is discarded and 

the result is the arithmetic mean of the rest of the values 

(0.1, 0.15 and 0.2). This situation occurs because the 

cardinality for three values is equal (45) and, once the 

largest cardinality value is discarded, the aggregation 

process provides the arithmetic mean of these values. 

Table 3 shows that the variation of SMAF  values is 

not lineal (as occurring for Example 3). Evidently, this 

behavior is due to quantity of values in the set of 

aggregates and their cardinalities. 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SMAF  0.900 0.815 0.730 0.645 0.560 0.475 0.390 0.305 0.220 0.135 0.050 

Table 2.Variation of Cardinality Relevance Factor for Example 3. 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SMAF  0.150 0.164 0.181 0.200 0.223 0.250 0.283 0.325 0.379 0.450 0.550 

Table 3.Variation of Cardinality Relevance Factor for Example 4. 

3 Selective Aggregated Majority OWA 

Operator 

The variation of cardinality relevance factor (  ) in 

SMA-OWA operator provides an appropriate 

mechanism to assign importance to all opinions. The 

weights used for aggregation process are based on the 

cardinality of each aggregate. SMA-OWA has no 

possibility of assigning individual weights based on 

other criterion, such as importance of each aggregate. 

To face this situation, the generalization of SMA-OWA 

operator is presented below. 



Definition 3. Let ( )1
,..., ,...,

n n

i n
a a a a=   R  

with ( )i i ia v ,m=  representing the aggregated value, 
i
v , 

and its cardinality, 0
i
m  , and 

n
S  be the (aggregate) 

permutation group. Let 
n
S   be any permutation. A 

Selective Aggregated Majority OWA (SAM-OWA) 

operator is a function SAM :
n n

F  →R N R  defined as: 

( ) ( )SAM

1

n

i ,N i

i

F a w v
=

=
 

(22) 

where 
1
max

i
i n

N m
 

=  and the weights are defined by 

the recurrence relations: 

1i , iw w=
 (23) 

1i i ,k k i ,k

i ,k

k

w y w
w

z

− +
=

 

(24) 

 

  

 

1

1

1

1

1 if 0

1,

  otherwise

n

j j ,k

j

nk
j ,kj

n

j ,k jj

w

y y

w

=

=

=


 =


= =  


 







 

(25) 

1

1

1

1 if 0

1,

1   otherwise
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with 2 , 1k N i n     and where: 

( )

1 otherwise

j

j ,k

m k 
 = 

−   

(27) 

where: 

 is the cardinality relevance factor and 0 1   . 

Property of Eq. (11) can be straightforwardly shown 

by induction in k . The base case is trivially true. By 

using the inductive hypothesis, either: 

 

( ) ( ) ( )11 1 1 1

1 1
1
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or 

( )11 1

1 1
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and the proof is completed. 

For both 1w e= , nw e=  and 1 =  the SAM-OWA 

operator reduces to 
1e
F  and 

ne
F , respectively. For 

1 1w n=
 
and 1 = , it reduces to AMF . 

By using SAM-OWA operator, it is possible to 

assign weights to each aggregate and, at the same time, 

to use the cardinalities in the aggregation process. Next 

Section shows how SAM-OWA operator uses weights 

and cardinalities in combination to obtain a 

representative value in valuation of any service or 

product. 

4 Simulations and Results 

In order to exemplify situations in which the 

arithmetic mean ( AM ) is not adequate to represent an 

aggregated value of users’ opinion, several cases are 

presented (in the last one AM  is adequate, but this 

situation is presented to check the correctness of SAM-

OWA operator). For all cases, five values are 

considered: 1 to 5 stars indicate very poor, poor, 

normal, good and very good. The situations are 

represented as bag of aggregates ( ), i iv m  where. 

1 5iv  indicate 1 to 5 stars (or linguistic labels) and 

im  indicates the cardinality of iv . In this way, a 

situation of valuation for a product or service is 

represented by: 

( )( )( ) ( )( ) 1 2 3 4 51, 2, 3, 4, 5, jS m m m m m=  

Where j represents the situation number. 

Example 5. Suppose the following bags of opinions:  



( ) ( )( )( )( ) 1 1, 1 2, 0 3, 0 4, 0 5, 9S =

( ) ( )( ) ( )( ) 2 1, 100 2, 100 3, 150 4, 150 5, 150S =

( )( )( ) ( ) ( ) 3 1, 2300 2, 1300 3, 2500 4, 1300 5, 300S =

( )( )( )( )( ) 4 1, 200 2, 0 3, 0 4, 100 5, 100S =

( )( )( )( )( ) 5 1, 300 2, 200 3, 100 4, 200 5, 300S =  

In 1S over ten opinions, nine (90%) correspond to 

value 5, but the AM 4 600.= . Clearly, in this situation 

the recommended value should be closer to 5. This kind 

of situation occurs when an alternative has significantly 

more votes than the rest. In 2S over six hundred and 

fifty opinions, four hundred and fifty (69%) correspond 

to values greater or equal to 3, but the AM 3 231.= . 

Here, the recommended value should be closer to 4. In

3S  over seven thousand and seven hundred opinions, 

six thousand and one hundred (79%) are below value 4, 

in which case cardinality of values 4 and 5 are not well-

represented since the AM 2 481.= . In 4S  the 

AM 2 750.= , but the number of votes of alternative 1 is 

double than 4 and 5 taken individually. Here, the 

representative value should be closer to 2. In 5S the 

AM 3 000.=  and it is a good value. This case is used to 

check adequate results of SAM-OWA operator. 

In order to use SAM-OWA operator, weights of 

individual alternatives must be stated. The key issue 

here is to determine the importance of each value of the 

valuation scale. But, how to establish the importance of 

each alternative if none is more important than another? 

I.e. 1, 2, 3, 4 or 5 stars have the same relevance between 

them and it is reasonable to use the arithmetic mean 0.2 

for all weights. On the other hand, if one hundred 

people select alternative 5, should it be the same weight 

of the alternative 1 that has one vote? To deal with these 

situations, weight iw  for each alternative is calculated 

by: 

1

n

i i j

j

w m m
=

= 
 

(30) 

where: 

iw is the weight of i-th alternative; 

im and jm are the cardinality of i-th and j-th 

alternative respectively. 

This method allows to establish weights based on 

cardinalities, and it contemplates the difference between 

alternatives based on the number of votes. 

In order to analyze the behavior of SAM-OWA 

operator (with cardinality dependent weights), all 

situations of Example 5 are considered. First, results of 

aggregation process using variation of cardinality 

relevance factor (  ) from 0 to 1 are shown in Tables 4 

to Table 8 (one for each iS  of Example 5).  

 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SAMF  1.000 3.000 3.769 4.177 4.429 4.600 4.724 4.818 4.892 4.951 4.998 

SMAF  2.500 2.568 2.647 2.742 2.857 3.000 3.182 3.421 3.750 4.229 4.992 

Table 4.Variation of Cardinality Relevance Factor for 1S  in Example 5. 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SAMF  1.500 2.000 2.400 2.727 3.000 3.231 3.429 3.600 3.750 3.882 4.000 

SMAF  1.500 1.857 2.182 2.478 2.750 3.000 3.231 3.444 3.643 3.828 4.000 

Table 5.Variation of Cardinality Relevance Factor for 2S  in Example 5. 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SAMF  2.231 2.270 2.313 2.362 2.418 2.481 2.553 2.638 2.737 2.856 3.000 

SMAF  3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 

Table 6.Variation of Cardinality Relevance Factor for 3S  in Example 5. 

  



  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SAMF  4.500 4.150 3.800 3.450 3.100 2.750 2.400 2.050 1.700 1.350 1.000 

SMAF  3.500 3.432 3.353 3.258 3.143 3.000 2.818 2.579 2.250 1.769 1.000 

Table 7.Variation of Cardinality Relevance Factor for 4S  in Example 5. 

  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

SAMF  3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 

SMAF  3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 3.000 

Table 8.Variation of Cardinality Relevance Factor for 5S  in Example 5. 

In Tables 4 to 8 the same behaviors can be observed: 

For 0 → SAMF  tends to value of lowest cardinality 

or, if there are several with the same minimum 

cardinality, it tends to the arithmetic mean of these 

values. This occurs because the weight for these values 

is the same. In the same way when 1 → SAMF  tends to 

value of largest cardinality or, if there are several with 

the same maximum cardinality, it tends to the arithmetic 

mean of these values. 

For 0 → SMAF  tends to value of lowest cardinality 

or it tends to the arithmetic mean of the values except 

for the value of highest cardinality. This occurs because 

SMA-OWA operator discards the highest cardinality. 

Analogously, for 1 → SMAF  tends to value of largest 

cardinality or it tends to the arithmetic mean of the 

values except for the value of lowest cardinality. 

 

 AM  SAMF (with 0 8. = )

 
( ) ( )( )( )( ) 1 1, 1 2, 0 3, 0 4, 0 5, 9S =

 
4.600 4.892 

( ) ( )( ) ( )( ) 2 1, 100 2, 100 3, 150 4, 150 5, 150S =

 
3.230 3.750 

( )( )( ) ( ) ( ) 3 1, 2300 2, 1300 3, 2500 4, 1300 5, 300S =

 
2.480 2.737 

( )( )( )( )( ) 4 1, 200 2, 0 3, 0 4, 100 5, 100S =

 
2.750 1.700 

( )( )( )( )( ) 5 1, 300 2, 200 3, 100 4, 200 5, 300S =

 
3.000 3.000 

Table 9. Comparison of SAM-OWA operator and AM for Example 5 

For 0 5. = SAMF  is equal to the arithmetic mean of 

all votes and SMAF  is equal to the arithmetic mean of 

values without considering the quantity of votes for 

each value. 

For balanced votes, both SAM-OWA and SMA-

OWA, provide the same result, regardless of the value 

of   (Table 8). This case was used to check the 

correctness of both operators. 

Best results are obtained using SAM-OWA operator 

with 0 8. = . This occurs because highest cardinality is 

considered for calculus without discarding the rest of 

the votes. The comparison between SAMF  and AM  for 

all situations of Example 5 is shown in Table 9. 

Clearly, SAM-OWA provides values more accurate 

than AM (which is currently used for valuation of 

services and products). 

A very important aspect of SMA-OWA operator is 

that weights do not need to be ordered, because they are 

exclusively dependent on cardinality of each value in 

the bag of aggregates. 

5 Conclusions  

In this article, new Selective Aggregated Majority 

Ordered Weighting Averaging (SAM-OWA) operator 

based on aggregate’s cardinality was presented. This 

operator uses the cardinality relevance factor to assign 

different importance levels to the majority’s opinion. In 



this way, accurate outcome for aggregation process can 

be obtained. 

SAM-OWA operator can be used to replace the 

arithmetic mean in aggregation process for online 

valuation of services and products and it is an efficient 

tool for social media applications. Using users’ opinions 

as weight of each aggregate, more accurate result are 

obtained. This mechanism is dynamic and automatic 

since weights and aggregate value are computed when a 

new vote is detected.  

The new proposed operator efficiently addresses 

situations of despair opinions and its outcome reflects 

more balance than arithmetic mean. In this sense, 

possible valuation error (see Situation 1 of Example 5) 

has not great impact over aggregation process, i.e. 

suppose a user (out of ten) makes an error in the 

evaluation of a product, his/her opinion does not 

significantly affect the final result. 

Cardinality relevance factor provides an 

adequate mechanism to handle the majority’s opinion. 

Best outcomes are obtained using SAM-OWA operator 

with 0 8. = . In this way, the majority’s opinion is 

strongly considered for calculus, but without discarding 

the rest of the opinions (if 0 5. =  SAM-OWA operator 

works as arithmetic mean). 

Finally, it can be remarked that SAM-OWA 

operator can be used with a small number of opinions. 

This is very important in social media applications since 

at the beginning of the assessment process there exists a 

small amount of users’ information to obtain reliable 

results (this is known as cold start problem). 
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