
Citation: Medina-López, A.;

Jiménez-Partearroyo, M.; Cámara, Á.

A Dynamic CGE Model for

Optimization in Business Analytics:

Simulating the Impact of Investment

Shocks. Mathematics 2024, 12, 41.

https://doi.org/10.3390/

math12010041

Academic Editors: Seyed Mojtaba

Sajadi and Mohammad Daneshvar

Kakhki

Received: 14 November 2023

Revised: 13 December 2023

Accepted: 18 December 2023

Published: 22 December 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

A Dynamic CGE Model for Optimization in Business Analytics:
Simulating the Impact of Investment Shocks
Ana Medina-López 1,* , Montserrat Jiménez-Partearroyo 2 and Ángeles Cámara 1

1 Departamento de Economía Financiera y Contabilidad, Universidad Rey Juan Carlos, 28032 Madrid, Spain;
angeles.camara@urjc.es

2 Economía Aplicada II y Fundamentos Análisis Económico Department, Facultad de Ciencias de la Economía
y de la Empresa, Universidad Rey Juan Carlos, 28032 Madrid, Spain; montserrat.jimenez@urjc.es

* Correspondence: ana.medina@urjc.es

Abstract: This study formulates a mathematical dynamic Computable General Equilibrium (CGE)
model within a rational expectations framework, adhering to neo-classical principles. It emphasizes
the significant role of agents’ expectations in determining the broader economic trajectory over time.
The model combines microeconomic and macroeconomic perspectives by merging the concept of
intertemporal choice with savings behavior. Its mathematical foundations are derived and calibrated
using data from a social accounting matrix to enhance its simulation capabilities. The paper presents
a practical simulation investigating the economic implications of a strategic investment impact within
an specific European region, Madrid as the case of study. Such demand shock affects sectors such as
electronics, food, pharmaceuticals, and education. The study models the long-term effects of height-
ened investment and persistent demand-side shocks. The research demonstrates the CGE model’s
ability to forecast economic shifts toward a new equilibrium after an investment shock, proving its
utility for assessing the impacts of extensive environmental policies within a European context. The
work’s originality lies in its detailed mathematical formulation, contributing to theoretical discourse
and practical application in business analytics.

Keywords: dynamic Computable General Equilibrium modeling; business analytics; intertemporal
optimization; economic simulation; strategic decision-making; social accounting matrix

MSC: 49-04; 65K05; 81-10; 91-10; 90-10

1. Introduction

The main objective of the article is to introduce a mathematically advanced, dynamic
CGE model to address a wide range of challenges in resource planning and business
analytics. This model seeks to optimize operations, identify market trends, and guide
strategic decision-making, with a specific focus on simulating the impact of investment
shocks on the economy. The originality of the study lies in its detailed mathematical
formulation and innovative approach to simulating long-term economic impacts, making it
an advanced and versatile analytical tool for predicting and evaluating economic dynamics
in various scenarios.

The formulated dynamic Computable General Equilibrium (CGE) model, mathemati-
cally advanced to tackle a broad spectrum of resource planning and business challenges, is
aimed at optimizing operations, identifying market trends, and guiding strategic decision-
making. This model represents an innovative approach, augmenting traditional static
CGE models with dynamic features, allowing for the simulation of long-term economic
impacts and offering a detailed view of macroeconomic adjustments over time [1]. The
study conducts a simulation to numerically analyze the economic effects of a strategic
investment move, a crucial transition in the context of sustainable growth, particularly
within Europe’s strategic framework [2,3].
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At the core of this research is the mathematical construction of the CGE model, which
embodies the microeconomic and macroeconomic foundations of intertemporal choice
and savings. The model is grounded in a full, rational expectations, forward-looking
neo-classical framework, exceeding the limitations of traditional recursive decision-making
models. This forward-looking approach is key to the model’s utility in business analytics
and long-term economic optimization, providing insights crucial for both regional and
national policy-making.

The literature review emphasizes the importance of dynamic response modeling
in capturing the complex economic effects of strategic shifts in environmental policies.
Esteemed studies, such as those found in [1] and later published in [4–6], have paved the
way for the application of CGE models to a variety of economic analyses.

A bibliometric study [7] analyzed 97 publications employing CGE (Computable Gen-
eral Equilibrium) models to examine climate change adaptation. This review highlights
the flexibility of CGE models in depicting both sectoral and regional impacts, along with
their advanced ability to track the temporal evolution of critical economic variables. In
comparison to traditional CGE models, the study referenced in [8] provides a more detailed
representation of energy and carbon emissions. It integrates environmental costs into the
model more scientifically and examines the embodied carbon emissions in trade, offering
innovative counterfactual analysis approaches. Furthermore, this paper discusses methods
for extending and adjusting the model, enabling a wide range of modelers to develop a CGE
model tailored to various requirements. All these works have demonstrated the models’
versatility in reflecting sectoral and regional impacts and their advanced capabilities in
mapping the temporal progression of key economic variables.

Building on the comprehensive insights provided by these bibliometric studies, which
establish the versatility and advanced capabilities of the CGE models, our paper takes
a deeper dive into the mathematical foundations of the CGE model. We focus on its
rigorous derivation and calibration using data from a social accounting matrix, ensuring
the model’s accuracy in simulations and optimizing its application in business analytics
and policy evaluation. This approach aims to furnish a robust analytical tool for exploring
the economic consequences of strategical investment impacts, underscoring the necessity
of such investments for fostering innovative, competitive, and sustainable growth.

Emphasizing the importance of such analytical tools in practical scenarios, the study
then shifts its focus to the real-world application of these models. Specifically, it examines
the economy of Madrid, Spain, assessing the impact of the strategic investment shift across
various key sectors. This involves a detailed exploration of the sequence of economic
adjustments following the strategic change, leading to a new equilibrium. The Community
of Madrid refers to one of the 17 autonomous communities of Spain, which includes the
city of Madrid and its surrounding metropolitan and rural areas. The paper’s concluding
section will delve into the simulation’s effects on macroeconomic aggregates, spotlighting
the key findings and their implications for future policy and economic strategy.

2. Literature Review
2.1. The Evolutionary Path of Applied General Equilibrium Models (AGEMs)

Tracing back to the mid-20th century, the field of economic modeling experienced a
paradigm shift with the introduction of linear and nonlinear planning models. Pioneers
such as Kantarovich and Koopmans [9,10] played a crucial role in this transition, moving
beyond traditional input–output analysis to embrace optimization methods. This period
marked the beginning of what would later evolve into applied general equilibrium models
(AGEMs). The first model that garnered widespread recognition as an AGEM was intro-
duced by Johansen in 1960 [11]. This era was further characterized by methodological
innovations and a surge in practical applications, notably influenced by Scarf and Hansen
in the early 1970s [12]. The AGEMs’ incorporation into mainstream economic research was
significantly propelled by Shoven and Whalley [13], who expanded the Arrow–Debreu
model to integrate aspects like government activities and international trade, previously
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unexplored in this context. Throughout the 70s and 80s, these models found extensive
application in diverse fields such as trade analysis, fiscal policies, tax reforms, development
strategies, and income distribution in developing countries. Notable studies conducted in
nations like Korea and Brazil paved the way for this expansion. AGEMs also demonstrated
their utility as tools for environmental policy simulation, particularly in researching the
dual benefits of emission reduction and welfare and employment enhancement, with a
focus on CO2 emissions and energy savings [14].

In Spain, the introduction of AGEMs was marked by their use in analyzing the eco-
nomic effects of the implementation of Value-Added Tax following the country’s accession
to the European Economic Community in 1986 [15]. This initial application paved the
way for broader usage in various economic policy analyses, including taxation, economic
integration, immigration, energy, and more.

2.2. Static versus Dynamic AGEMs: A Comparative Overview

The inception of AGEMs brought forth static models, which provided a snapshot
of the economic state at a particular moment, ignoring temporal changes or adjustments.
These models were particularly beneficial for short-term economic policy analysis, offering
insights into the immediate interactions between different sectors and agents. A noteworthy
example of this application was the use of general equilibrium models for development
policy, which highlighted the effects of changes in fiscal policy on income distribution
during a specific year, without considering future economic trajectories [16] Another
study presented a detailed framework for a static CGE model, demonstrating its utility in
contemporary economic and policy analysis [17].

In contrast, dynamic AGEMs offer a broader, long-term perspective by capturing the
intertemporal effects of policies and economic decisions. The economic growth models by
Solow (1956) and Romer (1986) [18,19] exemplify this approach, explaining how economies
evolve over time by incorporating factors like capital accumulation and technological
advancement. These dynamic models provide a richer, more detailed view of economic
processes, enabling researchers and policymakers to not only understand current impacts
but also to forecast future effects of present decisions [20,21].

2.3. Dynamic AGEMs as Tools for the Optimization in Strategic Decision-Making

Dynamic AGEMs have proven to be valuable in optimizing strategic decision-making,
especially in modeling the long-term economic implications of various policies within dy-
namic economic environments. For instance, a dynamic AGE model was utilized to assess
the economic implications of photovoltaic (PV) energy generation investment and financing
in Cameroon [22]. The model facilitated the simulation of different policy scenarios and
their economic impacts, demonstrating how staggered increases in PV investment could
accelerate industry development while minimizing economic growth impact. Further, dy-
namic trust mechanisms in financial inclusion markets were analyzed using a CGE model
to achieve equilibrium in the rural financial sector, ensuring stable development [23]. These
models have been applied at the country level for estimating reactions to technological
changes, policy shifts, or external shocks like climate risks, global price changes, and reces-
sions. Recent advancements in CGE models have been bolstered by improved micro-level
data and the integration of macro–micro simulation modeling approaches, allowing for
more detailed analysis of development policy impacts on household-level indicators such
as poverty, employment, and diet quality [24]. Shibusawa [25] developed a dynamic multi-
regional CGE model incorporating transportation networks to analyze the equilibrium and
optimization of centralized and decentralized economies. This model addressed a social
optimization problem, maximizing social welfare while adhering to intertemporal market
constraints. Diao’s study on fiscal debt management in the Turkish economy highlighted
the distortionary consequences and welfare implications of varying tax strategies [26].
Another study combined regional dynamic CGE modeling with optimal control to explore
the influence of local government taxation and expenditure on regional growth, analyzing
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three policy regimes in terms of objective function gains, income inequality impacts, and
model parameterization sensitivity [27].

2.4. AGEMs in Public and Private Sector Decision-Making

AGEMs have demonstrated their versatility and utility across both the public and
private sectors. In the public realm, they provide critical insights into the impacts of policies
like taxation or regulatory changes, and how these might influence different economic
sectors. For instance, a study estimated the potential impact of COVID-19 on the United
Kingdom’s economy, including the direct disease effects, preventive public actions, and
associated policies [28]. This analysis can guide more effective health and economic policy
formulation during a pandemic. In the private sector, AGEMs enable companies to predict
and adapt to market or policy changes. They can be used to adjust business strategies in
response to economic conditions such as demand fluctuations or operational restrictions.

In another study, the role of the production supply chain in climate policy choice
was investigated, constructing an environmental dynamic stochastic general equilibrium
(E-DSGE) model featuring multiple production stages and varying types of productivity
shocks [29]. For the public sector, this provides a basis for understanding how different
climate policies might impact supply chains and the overall economy. In the private sector,
companies can use this information to anticipate the effects of climate policies on their
operations and supply chains, enabling more informed production and logistics decisions.
Continuing with more examples, another study examined the environmental and welfare
impacts of pre-announced carbon policies using an E-DSGE model. It was found that
pre-announcing a rise in the carbon tax rate could reduce CO2 emissions but would also
decrease output and investment during the interim period [30]. This information is vital
for public sector decision-makers when formulating environmental policies, providing an
understanding of the trade-offs between emission reductions and economic impacts. In the
private sector, companies can use these insights to prepare for changes in environmental
policy and plan their investments and operations more effectively, minimizing the negative
impacts on their economic performance.

2.5. Dynamic AGEMs as Business Analytics Tools

Optimization tools like AGEMs, especially in their dynamic forms, have found a
new role as business analytics tools. Business analytics, focusing on data use, statistical
analysis, and mathematical models for informed decision-making, includes data collection,
processing, and analysis to understand and analyze business performance. Within this
framework, optimization tools are used to identify the best possible solutions or the most
effective strategies against a set of options, constraints, and business objectives. Business
analytics helps companies leverage the value of historical data by harnessing the power of
statistical and mathematical models and advanced techniques such as artificial intelligence
algorithms. As the field evolves, its applications continue to broaden, adapting to various
functional departments within enterprises and extending to non-business areas [31]. These
models, as optimization tools, integrate into the prescriptive aspect of business analytics,
enabling businesses and organizations to simulate and understand how different variables
and decisions interact within a complex economic system. They offer a holistic view
of how different elements of an economic system interact, which is crucial for business
analysis. They facilitate strategic decision-making by providing insights into the potential
consequences of various actions and policies. Lastly, they allow organizations to adapt and
plan based on changing and complex economic scenarios, which is essential in a dynamic
and globalized business environment. In a recent study that conducted a literature review
on the current concept of business analytics [31], the most used tools or techniques in this
discipline were specified. However, equilibrium models are not among them; some of the
techniques used in this area are specified, but the models of equilibrium are not.

This work not only enriches the theoretical understanding of dynamic Computable
General Equilibrium (CGE) models within a framework of rational expectations but also
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fills a critical gap in the practical application of business analytics across a variety of
strategic contexts. The originality of this study lies in its complex mathematical formulation
and its innovative approach to simulating long-term economic impacts, which is crucial
for a wide range of strategic decisions in different sectors. This model stands out as an
advanced and versatile analytical tool, capable of predicting and evaluating economic
dynamics in a variety of scenarios, including but not limited to changes in environmental
policies. Its significant contribution to the theoretical and practical discourse in business
analytics makes it a valuable resource for informed decision-making in both the public
and private spheres, contributing importantly to strategic planning and analysis in an
increasingly complex and dynamic global economic environment.

3. Materials and Methods

The evolution of economic models from input–output analysis to dynamic Computable
General Equilibrium (CGE) models represents a significant advancement in the field of
economic modeling, reflecting a progression toward greater complexity and realism.

Input–output analysis marked the beginning of this journey. It provided a mathemati-
cal framework for understanding the interdependencies between different economic sectors
using linear equations. While this model offered insights into the structural characteristics
of the economy, it was limited in scope, primarily capturing direct interdependencies
among sectors and overlooking broader income-induced effects across markets.

Building on this, Linear General Equilibrium Models emerged, utilizing the social
accounting matrix (SAM) framework. These models expanded the analytical scope to
include all transactions of goods, services, and income among various agents and sectors,
providing a more comprehensive view of economic flows. However, the linear nature of
these models imposed constraints such as constant returns to scale and fixed relative prices,
limiting their ability to reflect real-world economic complexities.

To address these limitations, applied general equilibrium models (AGEMs) were
developed. AGE, with its non-linear mathematical structure, integrated more complex
economic behaviors like optimization in competitive markets, substitution processes, and
endogenous labor market dynamics. This model represented a significant leap in capturing
the nuanced interactions and functions of various market sectors and economic institutions.

The dynamic CGE model represents the culmination of this evolution. It builds upon
the foundations laid by the earlier models but surpasses their limitations by incorporating
dynamic elements into the CGE framework. Utilizing the SAM as its database, the dynamic
CGE model can simulate the evolution of an economy over time, factoring in changes
in technology, demographics, and policy. This model’s ability to incorporate dynamic
transitions and adjustments offers a more realistic and nuanced understanding of economic
phenomena, representing the forefront of current economic modeling practices.

Upon estimating the social accounting matrix, a robust statistical framework is estab-
lished. This framework not only facilitates the calculation of linear multipliers but also
underpins the development of applied general equilibrium models. Specifically, the social
accounting matrix for the Community of Madrid, as calculated for the year 2005, offers an
appropriate database. This database is instrumental in simulating the mathematical model,
effectively applying the formulated mathematical model to real-world scenarios.

The selection of the year 2005 for the social accounting matrix in this study was
dictated by the availability of relevant data for the Madrid economy. Due to the absence
of an official matrix, the 2005 matrix was constructed using the available macroeconomic
data. The creation of such matrices is not straightforward and demands extensive research.
Specifically for this model, the Madrid 2005 matrix was meticulously estimated, signifying
a notable research endeavor. This process underscores the complexity and significance
of accessing and utilizing databases in research. The primary objective of this specific
exercise is to demonstrate that the mathematical model is functional and applicable, using
an appropriate database. By choosing this particular set of data, the study acknowledges
the ever-evolving nature of economies and prioritizes the model’s formulation over the
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mere assembly of a database, thus shedding light on the study’s core principles and
inherent constraints.

The mathematical formulation of the mathematical program is encoded with a compu-
tational algorithm that will be solved using the GAMS® software (39.1.1). The dynamic
CGE includes, among its assumptions, optimizing behavior in competitive markets and
allows for the incorporation of substitution processes, an endogenous labor market, price
incentives, and shadow prices, as well as technological differences between various sectors.

The simulation of the impact on the economy, in this case the Community of Madrid,
allows for the analysis of the transformation of its productive structure as a result of an
investment shock in each of the selected sectors.

3.1. General Structure of a Computational Applied General Equilibrium Model

Throughout various existing works on the development of CGE models, we find a
common methodology in their design. It is customary to build them in three successive
stages, each characterized by common objectives and elements (Figure 1). These stages are:

(a) Model formulation
(b) Model calibration
(c) Policy simulation in the model
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Once the problem or economic analysis to be solved is determined, the main objective
of the first stage will be the qualitative or theoretical presentation of the model. This will
require specifying, among other aspects, the functioning of the markets, the behavior of the
agents, and their classification. Additionally, this phase will conclude by determining the
concept of general equilibrium used, along with the type of closure adopted.

- Model Formulation: The first stage consists of the theoretical presentation of the
model, specifying the functioning of the markets, the behavior of the agents, and their
classification, and determining the concept of general equilibrium and the type of
closure adopted.

- Model Calibration: The second stage involves the numerical specification of the model
to represent the economy studied over a specific period or several periods, using
the accounting and statistical data collected in the social accounting matrix (SAM).
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This includes the initial resolution of the model to replicate the current economic
equilibrium.

- Policy Simulation: The last stage involves varying some exogenous variables and
solving the model’s equations to obtain a new equilibrium, thus evaluating the effects
of certain economic policies.

Foundations of the Dynamic CGE Model

It is based on the hypothesis of rational expectations of agents, including a detailed
sectorial breakdown of the main markets, as well as capital and labor factors.

The common economic agents modeled include the productive sectors, consumers,
the public sector, investment and savings, and the external sector.

- Producers: Considered maximizing agents with long and short-term objectives. The
formulation includes production functions with constant returns to scale and nested
supply structures.

- Consumers: Modeled as agents who maximize the present utility of their aggregated
utility function over their expected lifetime, subject to a budget constraint.

- Public Sector: Acts as an intermediary in certain economic flows, performing income
tax redistribution and affecting the economic sphere of the Madrid region.

- Investment and Savings: Focuses on the dynamics of investment as a component of
final demand and savings as deferred consumption.

- External Sector or the “Rest of the World”: Includes the interaction of the analyzed
economy with foreign economies, generally employing the Armington assumption of
imperfect substitution between national and imported products.

The formulation of the theoretical model is just the first step in the development of
a CGE model since one of the objectives of these models is the empirical analysis of a
specific real economy. Therefore, a second stage is necessary, consisting of the numerical
specification of the model, in such a way that it represents the economy studied for a
specific period or over several periods of time. Traditionally, this process is carried out
through so-called model calibration using the available accounting and statistical data
collected in the social accounting matrix (SAM).

The initial resolution of the model, by specifying it numerically (without varying any
of the values of the exogenous variables), offers us an initial or reference equilibrium of
the economy, replicating the current economic situation (for the analyzed period). This
will enable the achievement of the second objective of a CGE model: the evaluation and
analysis of the effects of certain economic policies.

To assess these effects, simulations will be performed in the model, varying some
of the exogenous variables and subsequently solving the model’s equations to obtain a
new equilibrium.

Here, we provide a detailed breakdown of each stage involved in constructing an
applied general equilibrium model.

3.2. Mathematical Formulation of the Dynamic Applied General Equilibrium Model

To achieve the goal of constructing applied models that accurately represent the most
significant economic sectors and capture the unique features of the economy under study,
the researcher’s approach centers around two main axes:

- The specification of the intervening agents and their assumed behavior.
- The definition or concept of equilibrium used.

Building upon these foundational aspects, policy impact simulation has recently
evolved due to modern prospective tools such as dynamic CGE models for macroeconomic
analysis. The original model is the Ramsey (1928) model and is the one which allowed
Solow [18] and Swan [32] to develop the methodological basis of later models. They
depicted the assumptions and hypotheses that are to be incorporated into such models to
capture and synthesize agents’ behavior.
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The mathematical foundations of dynamic modeling are summarized in [33], so now
we face the challenge of adapting and applying them to the wide range of situations that
are given in real economies. Since modeling involves a certain degree of approximation to
reality, these models are subject to continuous revision and updated. In the specific case
of Madrid´s region, a social accounting matrix (SAM) referring to the year 2005 [34] was
constructed so that it provides the framework linking together the economic behavior of
the representative aggregate agents.

The following figure (Figure 2) can be observed for an overview of the problem
statement and to summarize the analysis method applied in this work by means of the
dynamic CGE model:
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The present formulation of our dynamic CGE model is based on the rational expecta-
tions hypothesis of the agents; thus, the proposed architecture consists of a detailed sector
breakdown where the main markets appear, as well as capital and labor.

The assumption of rational expectations in applied general equilibrium models is a
crucial concept in modern economic theory. It refers to the hypothesis that agents within an
economy—individuals, businesses, and other organizations—make decisions based on a
rational outlook, the available information, and their past experiences. Here is a breakdown
of how this assumption plays out in these models:

1. Agents are presumed to make forecasts about future economic variables in a
way that optimally utilizes all available information. This means their predictions are
not systematically biased and are as accurate as the model and available
information allow.

2. Agents are assumed to consider all relevant and available information when form-
ing their expectations about future economic conditions. This includes historical
data, current economic indicators, and an understanding of economic policy and its
potential impacts.
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3. In a general equilibrium model, rational expectations imply that agents’ predictions
about economic variables are consistent with the model itself. Their expectations are
formed in such a way that, on average, they will coincide with the model’s predictions.

4. An important implication of rational expectations in these models is that economic
policies will not have systematic and predictable effects if agents adjust their behavior
in anticipation of these policies. For instance, if a government announces an inflation
target, agents will anticipate this and adjust their behavior accordingly, which will be
reflected in the equilibrium of the model.

5. In dynamic general equilibrium models, rational expectations also play a key role in
how economies adjust over time. Agents form expectations not just about current
conditions but also about how the economy will evolve in the future, influencing their
current decisions.

The assumption of rational expectations in applied general equilibrium models posits
that all agents in an economy make informed, forward-looking decisions that are con-
sistent with the model’s structure. This has significant implications for understanding
how economies respond to policy changes and how equilibria are formed and adjusted
over time.

Justification of the Assumptions in the Model

The dynamic Computable General Equilibrium (CGE) model presented in this section
is based on the hypothesis of the rational expectations of the economic agents. This hypoth-
esis is a crucial concept in modern economic theory and assumes that agents make decisions
based on a rational perspective, the available information, andtheir past experiences. It
is highlighted that agents make forecasts about future economic variables by optimally
utilizing all available information, implying that their predictions are not systematically
biased and are as accurate as the model and information allow.

This formulation of the dynamic CGE model is important as it captures the anticipatory
behavior of agents in the economy, allowing for a more realistic and detailed analysis of
how economies respond to policy changes and how equilibria are formed and adjusted
over time. However, the assumption of rational expectations also entails certain limitations,
as it presupposes a high level of information processing and foresight by the agents, which
may not always reflect decision-making in the real world. In addition, models based on
rational expectations can be complex and demanding in computational terms.

The assumptions of the dynamic CGE model, although strict, are fundamental for
its application and relevance in economic analysis. These assumptions allow the model
to realistically simulate how economic agents, such as individuals, companies, and other
organizations, make informed and anticipatory decisions that are consistent with the
structure of the model.

These assumptions are key to understanding how economies respond to policy
changes and how equilibria are adjusted over time. The incorporation of rational expecta-
tions ensures that the model not only simulates immediate reactions to policy changes but
also takes into account how agents adjust their behavior in anticipation of these changes.
This feature is crucial for analyzing the long-term impact of policies and investments,
especially in the context of expectations and market dynamics.

Although disciplines such as behavioral economics and institutional economics may
question some of these assumptions, arguing that agents do not always act fully rationally
or are not informed, these criticisms do not invalidate the usefulness of the dynamic CGE
model. Instead, they provide important context and highlight the need to interpret the
model’s results within a broader framework that includes behavioral and institutional
considerations. These additional considerations can enrich the analysis and offer a more
nuanced perspective on economic impacts.
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The Agents

Outlined below are the key aspects and critical decisions that a researcher must
consider in modeling the most common economic agents in any CGE model. These agents
are categorized into:

(a) Productive sectors
(b) Consumers
(c) The public sector
(d) Investment and savings
(e) The external sector

The model constructed here incorporates the conduct of these representative agents of
the economy: 31 production sectors, a representative consumer of Madrid’s households,
the owners of the production factors (capital and labor), the public sector (which collects
taxes, provides public goods and services, and performs transfers), and finally the so-called
aggregate rest of the world, which brings together the entire foreign sector as a single
aggregate account.

A comprehensive description of the equations comprising the constructed model is
provided below.

3.2.1. Producers

When modeling productive sectors, it is necessary to make adjustments not only to the
number of productive branches but also ti the type of grouping or disaggregation that is
most convenient for the analysis of the economy to be conducted. It should be considered
that excessive disaggregation of the productive sector could complicate the interpretation
of the results that the model will eventually provide.

Another assumption that must be established in the model is the functioning of the
markets for produced goods, as this will determine the behavior of each of the producers.
In relation to this assumption, there are two types of modeling in the literature: on the
one hand, traditional and more orthodox models with the concept of Arrow–Debreu
equilibrium that employ the assumption of perfect competition in all markets, and on the
other, models that incorporate the existence of imperfect competition in some markets.

Models that incorporate imperfect competition show great diversity, making it difficult
to present a common structure among them. This diversity is due to the multiple forms
of competition (monopoly, collusion, oligopoly, etc.) and the variety of rivals’ reactions,
represented using conjectural variations, Cournot/Bertrand models, etc. [35]. On the other
hand, the geographical framework in which companies compete (integrated or segmented
markets) is also relevant, as the demands and competition they face in each framework
can vary. In this work, we have included only a description of the formulation of models
with perfect competition. A detailed review of the different types of models with imperfect
competition can be found in [36].

The next consideration to be made is to determine the functional form through which
the combinations of factors and other inputs (intermediate consumption, imports, etc.) are
related to determine the production technology function of the hypothetical homogeneous
good manufactured by each of the productive branches represented in the model.

Under the assumption of perfect competition, it is usual for this productive technology
to be described using production functions that have constant returns to scale, and the
most commonly chosen forms are a Leontief or fixed coefficient, Cobb–Douglas type, CES
(constant elasticity of substitution), LES (Linear Expenditure System), and Translog.

The choice of a specific form will normally depend on how the elasticities will be used
in the model and on the availability of statistical data related to these elasticities, which
allow their numerical specification in the calibration process.

Moreover, in the description of productive relationships, there is the possibility of
incorporating nested structures of supply, thus defining different levels of combination
of the inputs of the productive process. In most of the applied models existing in the
literature, this is usually divided into three levels of nesting: at the first level, the composite
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good or added value is obtained by combining the productive factors (capital, labor, etc.).
The domestic production function is the result of the second level of nesting through the
combination of the composite good and intermediate inputs. Finally, at the third level,
in the case of open economies, domestic products are combined with imported products
to determine the total production function. This is illustrated in the diagram featured in
Figure 3.
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In the first level of nesting, we propose the total production equation of the goods
offered by each sector in each period. We adopt the Armington assumption, commonly
used in the literature on the subject in these cases, by which we define the total production
as a composite good of the domestic production and imports, combining both inputs using
a Cobb–Douglas function:

Qj(t) = β j·XD
αj
j(t)·M

(1−αj)

j(t) (1)

where β j(t) represents the efficiency coefficient of the total production function. The coeffi-
cients αj(t) and (1 − αj(t)) represent the technical coefficients of the domestic production
and imports, respectively.

In the second level of nesting, the domestic or interior production function XDj(t), of
each sector j at each moment t is obtained by combining intermediate consumption and
value-added using a fixed coefficient transformation function, Leontief-type:

XDj(t) = min
i=1...31

{
xij(t)

aij
;

VAj(t)

vj

}
(2)

With aij being the requirement of good j to produce one unit of good i and vj the
value-added component per unit of production of sector j.
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In the third level of nesting, we assume that each sector produces in perfect competition
and with constant returns to scale, which is reflected in a value-added equation VAj(t), with
Cobb–Douglas technology that combines the capital and labor factors:

VAj(t) = υjK
θj
j(t) L

(1−θj)
j(t) (3)

where Kj(t) is the capital factor of sector j in the period t, Lj(t) the labor factor used by
the sector j in the period t, and θj and (1 − θj) represent the technical coefficients of
the production factors, capital and labor, respectively. The parameter υj is the efficiency
coefficient of the added value that represents the technology with which the productive
factors are combined at this third level of nesting.

We will consider producers to be maximizing agents with two types of objectives: an
intertemporal long-term goal and, on the other hand, a set of intratemporal goals.

The last consideration refers to the behavior of firms, as rational behavior will facilitate
the determination of the demanded quantities of factors and other inputs, as well as their
corresponding prices. The rational behavior of the producers is assumed to be directed at
maximizing their profits, subject to their technological constraints.

However, specifying production functions with constant returns to scale implies that
no activity offers positive profits at market prices. Therefore, the necessary condition
for profit maximization is that producers minimize their production costs, and solving
these mathematical programs will provide the model’s equations for the demands of the
productive factors and other inputs of the productive process.

Producers will be considered maximizing agents with two types of targets: an in-
tertemporal long-term objective and, secondly, a set of intratemporal objectives solved as
in any static CGE model of a certain period.

Under the dynamic approach, and in relation to every producer´s evolution of capital,
we assume that the capital stock of each company at the beginning of each period Kj(t+1)
is equal to that in the previous period Kj(t), underestimated by the depreciation plus the
investment made INVj(t) at the end the previous period, i.e.:

Kj(t+1) = (1 − δj)Kj(t) + INVj(t) (4)

where δj is the rate of depreciation for the capital factor, whereas the capital stock for the
first period is exogenously fixed.

If the representative producer behaves under rational forward-looking expectations,
which involve no uncertainty or absence of money illusion, the producer uses in each
period an amount of labor and capital inputs such that the firm value is maximized. As a
result of this decision, the level of investment INVj(t) is obtained, which makes the degree
of capitalization of the company vary period after period.

Under this approach, we refer to the dividend payments made by the company,
calling them DIVj(t), with the value of the production of the company proving to be
PVAj(t)·VAj(t) lowered by the cost of the labor factor, taking into account social secu-
rity payments PLj(t)·Lj(t)·(1 + taxcss) and minus the costs related to investment, INVj(t)
and Φj(t).

Thus, we obtain the expression of dividend payments, which becomes:

DIVj(t) = PVAj(t)·VAj(t) − PLj(t)·Lj(t)·(1 + taxcss)−
−br·PKj(t)·INVj(t) − PVAj(t)·Φj(t)

(5)

The last two terms refer to the aforementioned costs associated with investment in
each period: the first one is associated with the part of the producer investment financed
by the retained earnings, br·PKj(t)·INVj(t), and the second term, PVAj(t)·Φj(t), represents
the adjustment costs associated with the new investments made by each firm in each
period. The latter collect losses arising, for example, in the adjustment process after the
implementation of a technological improvement in a company or any progress toward
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successful implementation, applicable to any other similar situation. The existence of such
adjustment costs implies that companies lose part of their production in the investment
process, so the desired capital stock is achieved over time gradually and not instantly, in an
abrupt way.

In the context of this long-term vision of the producer, as the objective is to maximize
the financial value of the company, labeled V0

j , it is defined as the present value of the flow
of future dividend payments by the company, proving to be its expression as follows:

V0
j =

∞

∑
t=1

t

∏
s=1

(
1

1 + rs

)
·(DIVj(t)), ∀t = 1 . . . ∞ (6)

The optimizing behavior of the producer implies achieving a balance in the financial
value of the companies using different interest rates, rs, for each period.

In this equation, rs is the interest rate at any time previous to year t, Vj(t) is the market
value of company j at time t, DIVj(t) are the dividends paid by the company j in the year t,
and V0

j(t+1) is the market value of the company j at time t + 1. So, the market value of the
company j at time t + 1 is given by the expression:

Vj(t+1) = V0
j(t+1) + VN

j(t) (7)

where VN
j(t) is the new shares issued by the company j at time t. These new shares are to be

part of the investment, which is not financed with retained earnings, i.e.,:

VN
j(t) = (1 − br)·PKj(t)·INVj(t) (8)

Given that br is the coefficient of the retained earnings by the company, (1 − br) will
then be the partition coefficient to the shareholders of the company.

With this approach and substituting in Equation (6), which represents the expression
of the dividend payments, we obtain the equation for the financial value of the company,
which turns out to be the objective function in the optimization program of the company,
subject to the constraints of added value (3) and capital (4).

V0
j =

∞
∑

t=1

t
∏

s=1

(
1

1+rs

)
·
[

PVAj(t)·VAj(t) − PLj(t)·Lj(t)·(1 + taxcss)−

−br·PKt·INVj(t) − PVAj(t)·Φj(t)

] (9)

Thus, we obtain the program for maximizing the value of the company, which the
producer faces in the long term, formulated as follows:

Pj

{
Max V0

j
s.t : Kj(t+1) =

(
1 − δj

)
Kj(t) + INVj(t)

∀j = 1, . . . , 31. (10)

where producers allocate their optimal investment strategies and use of factors,{
INVj(t), Lj(t), Kj(t), . . .

}
t=1...∞

, to maximize the present value of the company, taking into
account the expected price of sale of production, the cost of investment, and the labor costs,{

PVAj(t), PKj(t), PLj(t)

}
t=1...∞

, subject to the constraints on capital accumulation. Thus,
solving the above equations, we obtain the model equations related to the intertemporal
equilibrium values of the model variables.

Thus, by solving the previous program, we obtain the following equations of
the model:

PVAj(t)·Φ′
j(t) + PKt = λj(t+1) t = 1, . . . , T − 1 (11)
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[
PVAj(t)·αj·

VAj(t)
Kj(t)

+ PVAj(t)·Φj(t)

]
+

+(1 − δj)·λj(t+1) − (1 − rt)·λj(t) = 0 t = 1, . . . , T − 1
(12)

Kj(t+1) = (1 − δ)·Kj(t) + INVj(t) t = 1, . . . , T − 1 (13)

Lj(t) =
PVAj(t)·VAj(t)·(1 − θj)

PLj(t)·(1 + taxcssj)
t = 1, . . . , T − 1 (14)

A feature of the dynamic approach is the treatment of capital in the last period of
the formulation, which we call the final period or year “T” [37], representing the model´s
terminal period. Empirical models can only be solved for a finite number of periods, and a
numerical solution cannot be obtained in a formulation which foresees an infinite number
of periods. Thus, it is necessary to make some adjustments in order to approximate our
infinite horizon model into a finite horizon one.

A specific formulation allowing capital stock to reach its steady-state level in the
terminal period was therefore introduced. According to Lau et al. (1997), the level of
post-terminal capital stock as a variable is incorporated, and a constraint on the growth rate
of investment in the terminal period is added [37]. The advantage of using this constraint
is that it imposes growth in accordance with the previous path; hence, the constraint on
investment in the terminal period can be formulated:

INVj(T) = (g + δ)·Kj(T) (15)

PVAj(T)·Φ′
j(T) + PKT = λj(T) (16)

rT = ρ (17)

This method assumes that the economy is in a steady state after simulation by the
terminal period T; it is a method of approximating infinite-horizon choices, but it is solved
over a finite horizon, following [38].

Producers’ Intratemporal Optimization

Producers, in addition to maximizing the long-term financial value of the company,
maximize profits (or equivalently, minimize production costs, given that the production
function exhibits constant returns to scale) in each time period at each of the last two nesting
levels. The resolution of the following program for minimizing the production costs, at the
second nesting level, leads us to an optimal use of intermediate goods and added value for
each sector.

PI
j


min

n
∑

j=1
Pj(t)·xij(t) + PVAj(t)·VAj(t)

s.t. XDj(t) = min
j=1...31

{ xij(t)
aij

;
VAj(t)

vj

} ∀j = 1, . . . , 31 (18)

With the aim of optimizing the cost function of domestic production for each sector
and taking into account the Leontief technology, proposed at the second nesting level, the
demanded quantity of inputs, intermediate goods, and added value is obtained, namely:

xij(t) = aij·XDj(t) (19)

VAj(t) = vj ·XDj(t) (20)

Under the assumption of constant returns to scale, we obtain the unit price of sectoral
domestic production as the minimum average cost by substituting the optimal values into
the previous objective function (Regarding the parameters a_ij and a_ij(t), as well as v_j
and v_j(t), the subscript (t) is used to denote the computation of intertemporal equilibria.
Thus, a_ij and v_j pertain to the technical coefficients for domestic production relative
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to the intermediate consumption and value added per unit of production for the base
year and for each generic intratemporal equilibrium, respectively. They represent the
requirement of good j to produce one unit of good i and the value-added component per
unit of production of sector j for the base year and intratemporal equilibria. The terms
a_ij(t) and v_j(t) extend this representation to successive periods, reflecting the calibration
of the model’s equilibrium values over time.):

PDj(t) =
n

∑
j=1

aij(t)·Pj(t) + PVAj(t)·vj(t) (21)

On the other hand, the equilibrium levels of domestic production and imports result
from the minimization of costs corresponding to the first level of nesting:

PI I
j


min

n
∑

j=1
PDj(t)·XDij(t) + PMj(t)·Mj(t)

s.t. Qj(t) = β j·XD
αj
j(t)·M

(1−αj)

j(t)

∀j = 1, . . . , 31 (22)

By solving the previous program, these levels of production are calculated:

Mj(t) =
Qj(t)

β j
·
(

αj

1 − αj
·
PMj(t)

Pj(t)

)−αj

(23)

XDj(t) =
Qj(t)

β j
·
(

αj

1 − αj

PMj(t)

Pj(t)

)(1−αj)

(24)

Similarly to the calculation of prices at the second nesting level, we calculate the final
price of the good in each period:

Pj(t) =
1
β j

(
PDj(t)

αj

)αj

·
(

PMj(t)

1 − αj

)1−αj

· (1 − T IP
j ) (25)

The final price faced by the consumer is considered to be taxed by a tax rate, which
represents the tax on products and production and Value-Added Tax.

3.2.2. Consumers

As in the dynamic version of the general equilibrium models, we take a representative
consumer behavior of all consumers. This consumer has to find the consumption and
income path that maximizes their total utility function subject to the budget constraints for
each period. Under the approach of the dynamic Ramsey model, they faces their decisions
under the assumption of rational forward-looking expectations with an infinite horizon.

The representative consumer of the dynamic model has the goal of maximizing the
present value of their utility function over their expected lifetime, so we define the aggregate
utility function, which is to maximize the utility over an infinite horizon, with the long run
as an aggregation of the time in each of the periods:

U =
∞

∑
t=1

(1 + g)
(1 + ρ)t

(t−1)

· u(CTt) (26)

The function reflects the U value, which represents the aggregate utility function as
the aggregation over time of utility in each period; ρ is the intertemporal discount factor; g
is the long-term rate growth of the economy; and the logarithmic utility u(CTt) = ln CTt
stands for the level of utility derived from consumption in each period t.

On the one hand, the representative consumer receives income from their work,
profitability derived from capital earnings, and transfers from the government. On the
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other hand, income is allocated by consumption, savings, and paying taxes. We assume,
therefore, that in each period the consumer is subject to the budget constraint that dictates
the equation of the disposable income YH(t) of households in each moment in time t:

YH(t) =
[
W(t)·L(t) + DIVH

t +

+IPC(t)·
(

TROWH
(t) + TRGH

(t)

)]
·
(

1 − TD(t)

) (27)

This equation shows how the household’s disposable income is the result of subtract-
ing indirect taxes on income

(
1 − TD(t)

)
from the total income, which is the sum of labor

income, W(t)·L(t), returns on capital, DIVH
t , and transfers from the rest of the world and

the government,
(

TROWH
(t) + TRGH

(t)

)
.

The aggregate consumption function CT(t) is generated from the consumption of final
goods by maximizing a Cobb–Douglas utility function:

CT(t) = ∏
j

C
ηj
j(t) t = 1, . . . , T − 1 (28)

Thus, the equations of our consumer program become:

PI I I


max

T
∑

t=1

(1+g)
(1+ρ)t

(t−1)
· u(CTt)

s.t.
31
∑

j=1
Pj(t) · Cj(t) = YHt − SHt

(29)

Solving the mathematical program, we obtain the following model equation, which
incorporates the consumption Euler condition:

Ct

Ct−1
=

(1 + rt)·(1 + g)
(1 + ρ)

(30)

The Euler equation summarizes the intertemporal consumer behavior, the relationship
between today’s and tomorrow’s consumption.

3.2.3. Public Sector

In this model, we assign to the government the role of intermediary in certain economic
flows. The government represents all public institutions, whether state, regional, or local,
that carry out this task of redistributing income and affecting the economic sphere of
the Community of Madrid. Through the collection of taxes on production, labor, and
consumption, and following a principle of budgetary balance, such resources are dedicated
to providing public goods and making transfers to consumers.

The composition of the tax collection carried out by the government consists of direct
tax collection from households and their income, collection from social contributions, and
the collection of indirect taxes on products.

The following equations allow us to calculate the tax revenue collected by the govern-
ment in the Madrid economy:

RD(t) = TD
[
W(t)·LH(t) + DIVH

t + IPC(t)·
(

TROWH
(t) + TRGH

(t)

)]
(31)

RCSS(t) =
31

∑
j=1

TCSS
j ·W(t)·Lj(t) (32)

RIP(t) =
31

∑
j=1

T IP
j ·

P(t)·Qj(t)

1 + T IP
j

(33)
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With these revenues, the government finances public spending on the consumption of
goods and transfers made to the rest of the institutional sectors. Therefore, the equation for
public deficit/surplus is:

DP(t) = DIVGO(t) + RD(t) + RCSS(t) + RIP(t)−

−
31
∑

j=1
Pj(t)·CGOj(t) + IPC(t)·(TROWGO

(t) − TRGH
(t))

(34)

where DIVGO(t) represents the dividend income received by the public sector from the
productive sectors, TROWGO

(t) captures the income from transfers from the external sector,

and, finally, TRGH
(t) reflects the transfers made by the government to households.

In the model, we have considered keeping the levels of consumption of goods at the
government constant, and determining the public deficit/surplus endogenously.

3.2.4. Investment and Savings

Savings and investment have a dynamic character: the former represents a deferred
consumption and the latter affects the productive capacity of later periods. Defining
investment as the purchase of capital goods makes it a component of final demand. Equally,
it is considered that the total aggregate level of investment matches the total savings.

Regarding the composition of the investment made by each sector, we have proposed
aggregate investment, which includes the investment made by the sectors, to act as a
composite investment asset which is added to the capital stock of each of them:

31

∑
j=1

PKj(t)·INVj(t) =
31

∑
j=1

Pj(t)·Ij(t) (35)

All productive sectors buy or invest in this investment asset and add it to their
capital stock:

SH(t) + SROW(t) + DP(t) + br·
31

∑
j=1

PKj(t)·INVj(t) =
31

∑
j=1

Pj(t)· Ij(t) (36)

In short, all exposed equations describe the optimal path, reaching in every period
the neoclassical Arrow–Debreu equilibrium of Walrasian-type character, including the
government and foreign sector.

Then, to make the formulated model applicable to the empirical data, we proceed to
its calibration, that is, determining the numerical values of all parameters of the model.

The calibrated parameters’ numerical values are available for reference in Figure A4,
located in Appendix A. Additionally, specific parameters and their initial values are set,
with the scalar rho established at 5%. For this simulation, the scalar g, which represents
the steady state (long-term growth rate), has been kept constant to isolate the effect of the
impact of investment.

3.2.5. The External Sector or “the Rest of the World”

Incorporating the relationships of the analyzed economy with foreign economies
means that CGE models can differ substantially from one another, due to the wide range of
possibilities when introducing the external sector.

In this regard, the pure neoclassical model assumes perfect substitution between
domestic production and imported production, while structuralist models include imports
as complements to domestic production. In practice, an intermediate stance is often
adopted using the Armington assumption (1969), which suggests imperfect substitution
between national and imported goods and services and is usually the most suitable for
small economies.
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Considering that in a CGE model the level of sectoral disaggregation is always limited,
confined to the SAM that will be used as a database, the basket of imported products
included in each sector usually differs from the domestic one classified in the same sector;
therefore, the law of perfect substitutability between imports and domestic goods (the law
of one price) within each sector is highly unlikely. Thus, the neoclassical method presented
by Armington, with imperfect substitution, is the most widespread. In this method,
the demand for imports and domestic goods is derived from a CES-type technological
function, aggregating the demand for imported products and that of national products into
a composite good (third level of nesting, referred to when describing productive sectors).

Regarding exports, with the consideration of a small country for the economy analyzed,
the most realistic assumption tends to be to consider exports and domestic production
imperfect substitutes.

3.2.6. Consumer Price Index

Analyzing the temporal evolution of the consumer price index (CPI) in this dynamic
applied general equilibrium model involves several steps and is supported by specific
equations that capture the movement of prices over time. Here is a detailed explanation of
the process:

In the dynamic applied general equilibrium (AGE) model, the economy is depicted
using the interconnected markets and agents such as households, firms, and government,
with decisions influenced by prices, incomes, and other economic factors over multiple
periods. The consumer price index (CPI), representing the weighted average of a basket
of goods and services, is calculated by comparing the basket’s price in each period to
the baseline year. Within the AGE model, the CPI is affected by variables like produc-
tion costs, market demand and supply, policy shifts, and external factors. The model’s
dynamics are encapsulated in equations of motion, with the CPI equation formulated as
CPI(t+1) = CPIt · (1 + π(t+1)) according to the inflation rate, where CPI(t+1) is the con-
sumer price index in period (t + 1), CPIt is the index in the previous period, and π(t+1)
is the rate of inflation between period t and (t + 1). The model simulates the economy
across various periods, updating the CPI for each time period to analyze its temporal
evolution. This analysis, using GAMS, provides insights into inflation trends and the effects
of economic policies over time.

4. Simulation

To demonstrate the real-world applicability of our mathematically formulated model,
we propose a simulation exercise focusing on a hypothetical scenario within the European
Union. In this scenario, the EU implements a groundbreaking policy, triggering a need for
rapid and comprehensive transformation across diverse industries. Companies would be
required to significantly revamp their operations, modifying their production processes
to meet enhanced efficiency standards. The objective of this simulation is to evaluate and
illustrate the model’s capacity to accurately represent and forecast the impacts of such a
significant policy-induced investment shift in a realistic context.

The purpose of this simulation exercise was to visualize how such a demand shock
would jointly impact sectors including electrical materials, electronic materials, office and
precision machinery, food, pharmaceutical products, communications, business services,
and education, in the context of introducing a new strict environmental policy at the
European Union level. This is a simulation tailored to reality, to test the usefulness of
the mathematical model. This type of policy would have a profound and multifaceted
impact on various industries, through the complex network of relationships captured in
the mathematical formulation of the model. Let us first analyze the justification for the
chosen direct recipient sectors.
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4.1. Scenario

Suppose the European Union implements new legislation requiring all industries to
review their production processes to be more efficient and technologically advanced.

4.2. Sectoral Impact Simulation Exercice

• Electrical Materials: Companies need to invest in more efficient and sustainable
technologies, which may increase costs in the short term but potentially reduce them
in the long term due to energy efficiency.

• Electronic Materials: Research on and production of electronic devices with lower
energy consumption and easier recyclability are accelerated.

• Office and Precision Machinery: The use of low-consumption office equipment is
promoted, and digitalization is encouraged to reduce the need for physical machinery.

• Food: Agriculture and the food industry face an urgent need to innovate in sustainable
practices, such as organic farming, the use of renewable energies, and a reduction in
food waste.

• Pharmaceutical Products: The development of drugs and pharmaceutical processes
that use fewer resources and are more efficient is encouraged, along with tighter
regulation on the disposal of chemical waste.

• Communications: The transition to low-environmental-impact communication infras-
tructures is stimulated, and technologies like 5G networks that optimize energy use
are promoted.

• Business Services: There is a growing demand for sustainability consulting and envi-
ronmental management as companies seek to adapt to new regulations.

• Education: Curricula are revised to incorporate education on sustainability and envi-
ronmental management, and investments are made into greener educational buildings
and distance learning technologies to reduce transportation.

This phenomenon of transformation toward sustainability not only alters the internal
operations of companies but also the entire value chain, from suppliers to consumers,
triggering changes in the consumption patterns and the global competitiveness of the
European economy.

In Appendix A, Figure A2 presents the Rule for Allocating Simulated Investment
Shock. Interested readers can refer to it for the exact figures and their relative weight in
relation to total demand for simulation purposes.

Some key aspects of the simulated direct investment injection include that over the
seven years, the cumulative investment shock amounts to a total of €1835.17 million injected
into the economy of the Community of Madrid. This represents 0.40% of the region’s total
productive demand.

The investment is strategically allocated to the economic framework, targeting 8
specific sectors chosen from the 31 detailed in the Madrid SAM database. For further
reference, see Appendix A, Figure A1. Notably, three of these eight sectors—Business
Services, Pharmaceutical Products, and Communications—are particularly significant,
channeling 87.5% of the investment shock. These sectors are considered strategic within
the region.

In terms of the investment’s percentage of the total demand for each directly receiving
sector, two sectors stand out: Pharmaceutical Products, where the investment constitutes
5.5%, and Business Services, accounting for 1.91%. For the remaining sectors, this percent-
age is relatively lower. This distribution pattern is consistent with the official statistics on
investment expenditure by sector of activity, as published by the Statistical Institute of the
Community of Madrid.

5. Results

The following is an analysis of the results as the evolution of the difference between
the new temporary equilibriums in each of the 25 periods and the initial equilibrium in the
base period, corresponding to the year 2005. This model allows us to analyze an additional
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dimension compared to static models by incorporating the temporal evolution on how the
achievement of new equilibrium levels in the long term takes place.

To summarize the results obtained using the dynamic CGE model after the simulation
of the investment shock, we present the trajectory of macroeconomic aggregates such as
sectoral production, household consumption, and GDP. The temporal evolution of prices
is also incorporated to provide an interpretation of the results within the framework of
neoclassical models with Keynesian elements, in line with the behavior of the agents
formulated in this dynamic model.

The investment demand shock generates an effect on the new equilibrium levels of the
Madrid economy that is interpreted as follows: the increased investment, as a component
of aggregate demand, transfers its effects on the production levels of the various branches
of activity in such a way that new equilibriums are reached over time. In this way, the
evolution toward the new long-term equilibrium level can be observed as time passes, with
effects of varying intensity depending on the sector analyzed.

If we observe Figure 4, both aspects can be visualized, the temporal evolution and
the intensity of the variations, as the production levels reached by the different direct
recipient sectors go through different phases. In the long term, the sectors that receive
the most money experience a gradual increase in their production, highlighting the case
of sectors P22 (Communications) and P24 (Business Services). Next, we find that sectors
P13 (Pharmaceutical Products), P10 (Food), and P25 (Education) show positive increases,
although not as high as those previously mentioned. Finally, we find the smallest variations
in P6 (Electrical Material), P7 (Electronic Material), and P8 (Office and Precision Machinery)
which, on the other hand, receive the least direct injection.
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The effects on the production level of the non-direct recipient branches differ in
intensity from one branch to another but all evolve in the same direction, as can be seen
in Figure 5. Especially noteworthy, in showing a higher increase in the long term, are the
sectors P23 (Real Estate and Rentals), P17 (Construction), P18 (Wholesale Trade), and P29
(Financial Services).

Sectors with an intermediate variation in final output include P21 (Transport), P19
(Minor Trade and Repair), P27 (Recreational Services), and P2 (Energy and Mining).

The sectors that show a variation almost close to zero are P3 (Extractive Industries),
P4 (Metal Products), P5 (Industrial Machinery), P14 (Chemical Industry), P28 (Personal
Services), P15 (Non-Metallic Industry), and P16 (Other Manufacturing).

The investment shock produces a set of effects, in the short, medium, and long term as
a response from the agents involved in the different markets, on the variation of the initial
equilibrium levels, causing a sequence of adjustments until equilibrium is restored in the
long term at new levels. This is evident in the Figure 6, three temporal moments in their
evolution toward the production level of the new equilibrium in the last period.
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Figure 6. Effects on the production of non-direct recipient sectors of the investment shock—variation
from the baseline in thousands of euros. Source: own elaboration.

If we analyze the evolution of prices in the different direct recipient sectors, we observe
that in the initial years, they remain close to the initial levels, and in some cases, they even
experience a slight fall, attributable to adjustments in the aggregate supply market, as is the
case of sector P22 (Communications), which, however, is the one that recovers the fastest
to be situated in the long term at the highest level. It is observed how the increases in
the nominal value of production (Figure 6) are in line with the increases in price levels
(Figure 7) in the case of the direct recipient sectors.
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The evolution of prices measured using the CPIt (Figure 8) allows us to observe how
the staggered injection investment causes a slight fall in prices in the short term, and
from year 10, once the markets have assimilated the investment shock, they begin to rise
gradually. It is evident that the CPI follows a pattern in line with consumption.
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The analysis of the temporal path changes if we analyze the variation in real terms of
variables such as the final output of all sectors.

The following provides a concise interpretation and summary of the experimental
results that explore the effects of an investment shock on the Madrid economy, as analyzed
using a dynamic Computable General Equilibrium (CGE) model. This model’s focus con-
trasts with static models by incorporating the aspect of time, allowing for an understanding
of how economies reach new equilibrium levels in the long term.

Regarding the impact on new equilibrium levels, the investment shock leads to changes
in the equilibrium levels of various sectors in Madrid’s economy. This change is attributed
to the increased investment, influencing production levels across different sectors.
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The impact varies by sector. Sectors like Communications (P22) and Business Services
(P24) experience significant increases in production. Others like Food (P10) and Education
(P25) also show positive growth, but less dramatically. Sectors like Electrical Material (P6)
and Electronic Material (P7) witness minimal changes.

Sectors not directly receiving investment also show varied responses. Real Estate and
Rentals (P23), Construction (P17), and Financial Services (P29) exhibit notable long-term
increases. Others like Transport (P21) and Recreational Services (P27) show intermediate
variations.

In the initial years post-investment, prices in the direct recipient sectors remain stable
or slightly fall, due to adjustments in the aggregate supply market. Over time, however,
they increase, aligning with production value increases.

Regarding the impact on CPIt (Consumer Price Index t), the investment leads to
a short-term fall in prices, which begins to rise from the 10th year onward, indicat-
ing the market’s adaptation to the investment shock. The CPI pattern aligns with the
consumption trends.

The results demonstrate that investment shocks can significantly alter the equilibrium
levels in an economy. The long-term effects vary by sector, with some experiencing sub-
stantial increases in production and others less so. The overall price trends also adjust
according to the new equilibrium levels.

In this study, dynamic Computable General Equilibrium (CGE) models are utilized to
illustrate the operation of key macroeconomic indicators such as production, consumption,
and prices within an equilibrium-based economy. These models maintain both intratem-
poral and intertemporal equilibrium annually by resolving equations that represent the
behaviors of economic agents and market conditions, ensuring a supply–demand balance
in all markets for each time period. The incorporation of closure equations ensures that
markets clear and agent decisions remain coherent over time.

Although not explicitly shown in the figures, the model inherently maintains a bal-
anced economic state, effectively responding to shocks or policy changes over both the
short and long term. Programmed with GAMS, these models operate on an equilibrium
basis, a concept mirrored in the study’s figures and the balanced accounts of the SAM for
each period.

The study also examines the impact of an investment demand shock on Madrid’s
economy, finding that an increase in investment as part of aggregate demand influences
production levels across sectors, leading to new equilibriums over time. This reveals the
evolving nature of the economy toward a new long-term equilibrium, with the effects
varying by sector.

The experiment concludes that investment shocks in an economy like Madrid’s lead
to varying long-term effects across different sectors, both in terms of production and price
levels, ultimately altering the equilibrium of the economy over time.

6. Discussion

In this study, the mathematical formulation of a dynamic Computable General Equi-
librium (CGE) model is designed to capture the intricate network of industry relationships.
This model serves as a cornerstone for our simulation exercise, which is firmly rooted in
practical scenarios.

We have employed this mathematically formulated model to simulate an investment
shock scenario. The simulation’s objective is to explore the ramifications of such a demand
shock across various sectors. These include electrical materials, electronic materials, of-
fice and precision machinery, food, pharmaceutical products, communications, business
services, and education. The choice of these sectors is based on their direct relevance and
susceptibility to the proposed environmental policy changes.

The purpose of this exercise is twofold: firstly, to assess the direct impact of the policy
on these sectors, and secondly, to understand the ripple effects through the complex web
of inter-industry relationships. This approach allows us to not only gauge the immediate
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consequences but also to forecast the broader, systemic implications of such a significant
policy shift in the context of the broader European Union’s economic landscape initiative,
which would imply an investment shock in the selected sectors.

6.1. Scenario

To demonstrate the real-world applicability of our mathematically formulated model,
we propose a simulation exercise that brings into focus a hypothetical scenario within
the European Union. Imagine the EU enacts a groundbreaking policy, mandating all
industries to significantly make an investment effort to improve technology across several
sectors. This scenario necessitates a swift and comprehensive transformation across various
industries. Companies would be compelled to overhaul their operations, revising their
production processes to align with the heightened standards of efficiency and sustainability.
This simulation aims to test and visualize how effectively the mathematical model can
reflect and predict the impacts of such a substantial policy shift in a real-world context.

6.2. Strategic Sectors—Direct Recipients of the Investment Shock

To justify the selection of specific sectors receiving an investment shock in the region in
the long term, the chosen sectors, which include companies that are integral to the regional
economy, are pivotal in achieving this objective due to their potential for implementing
more efficient and sustainable technologies.

Investing in these sectors is a strategic decision, acknowledging that while there may
be increased costs in the short term, the long-term benefits align with the goal of reducing
emissions. These sectors are likely to have a significant environmental footprint and
therefore present the greatest opportunities for impactful change. By directing investment
toward them, the region can foster technological advancements and innovative practices
that are essential for a sustainable economic model.

This investment is not just about adopting new technologies; it also encompasses a
transformation in operational methodologies, encouraging a shift toward more sustainable
practices. As these sectors evolve and adapt, their progression will set a precedent for the
rest of the regional economy, influencing other sectors to follow suit. The investment thus
acts as a catalyst for widespread change, steering the region toward a sustainable future
with reduced emissions, aligning with the broader objectives of environmental stewardship
and economic resilience.

This phenomenon of technology transformation not only alters the internal operations
of companies but also the entire value chain, from suppliers to consumers, triggering
changes in consumption patterns.

6.3. Contextualizing the Results in the Previous Literature

In the context of the broader economic research landscape, the findings from this
study on dynamic Computable General Equilibrium (CGE) models represent a significant
contribution to the field of investment shocks and economic equilibria. While the evolution
of applied general equilibrium models (AGEMs) has been marked by a shift from static
to dynamic models, as described in the literature review, this study stands out in its
complex mathematical formulation and application in strategic contexts. The previous
research, predominantly focused on static models, offered snapshots of economic states
at particular moments, thereby limiting their scope to short-term analysis. In contrast,
this study’s dynamic CGE model captures the long-term economic trajectories, aligning
with the advancements made by Solow and Romer in incorporating factors like capital
accumulation and technological progress. The dynamic nature of the model aligns with
modern economic theories that emphasize the importance of understanding temporal
economic shifts and the long-term impacts of investment shocks.

Moreover, this study addresses a notable gap in the previous literature, where detailed
explanations of dynamic models are often omitted, possibly due to their complexity. In
contrast, this work not only provides a comprehensive detailing of the dynamic CGE model
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but also integrates it within the framework of rational expectations—a core concept in
modern economic theory. This approach enhances the theoretical understanding of how
consumers and businesses anticipate and react to future economic changes. The inclusion
of complete model details, especially within the model mathematical formulation, offers
a valuable resource for economists and policymakers, particularly those interested in the
policy implications of rational expectations. This comprehensive approach sets the study
apart from previous works, providing new insights and a robust tool for analyzing the
long-term economic implications of investment shocks, policy shifts, or external factors
like environmental changes, thereby enriching the discourse in both economic theory and
practical application.

6.4. Comparative Analysis of Dynamic CGE Models

It is pertinent to highlight the comparative analysis of our study on Madrid’s economy
with other dynamic Computable General Equilibrium (CGE) model-based studies. Our
research, which employs a dynamic CGE model, shares significant parallels with Dixon and
Rimmer’s analysis of the Australian motor vehicle industry, [37] as both studies underscore
the efficacy of CGE models in capturing the temporal evolution of economies in response to
various shocks. Specifically, in our Madrid-focused study, we observed differential impacts
of investment shocks across sectors, mirroring the sector-specific impacts noted in Dixon
and Rimmer’s work. This highlights the robustness of dynamic CGE models in offering
nuanced insights into the complex interplay of economic variables and policies over time.

Furthermore, our study aligns with Dixon and Rimmer’s validation of a similar model
for the USA, [37] emphasizing the utility of CGE models in detailed sectoral forecasting
and the analysis of policy impacts. Both studies underscore the capability of dynamic CGE
models to simulate and analyze specific economic impacts, such as investment shocks in
Madrid and broader economic forecasts in the USA, and validate their predictive accuracy
by comparing predictions with actual outcomes. This methodological similarity accentuates
the versatility of dynamic CGE models in economic forecasting, enhancing their value for
policy analysis in diverse contexts.

Additionally, our study bears similarities and differences when compared to “CEEEA2.0
model: A Dynamic CGE Model for Energy-Environment-Economy” [39]. While both
studies employ dynamic CGE models for complex economic scenarios with a focus on
detailed sector-specific analysis and scenario-based approaches, the CEEEA2.0 model
delves into the realms of energy, environment, and economy. It evaluates carbon and
energy tax scenarios in China and aims to enhance transparency by providing accessible
code and data. In contrast, our study focuses on investment shocks in Madrid’s economy.
The CEEEA2.0 model’s integration of detailed energy and environmental factors and
adoption of specific utility functions like the Stone–Geary function and LES demonstrate
the adaptability and varied application of CGE models in diverse research areas.

Lastly, comparing our Madrid economy study with “Assessing the impacts of China’s
environmental tax using a dynamic computable general equilibrium model,” [40] we find
both congruencies and distinctions in the approach and findings. Both studies utilize
dynamic CGE models to analyze complex economic scenarios with a focus on sector-
specific impacts. However, the China study probes deeper into the environmental and
energy aspects, assessing pollutant emissions and disaggregating the electricity sector, a
dimension not covered in our Madrid-focused research. This comparison delineates the
varied focuses of dynamic CGE models, from environmental taxation and sectoral emission
impacts in the China study to the broader economic implications of investment shocks in
our research.

6.5. Interpreting Key Findings with a Focus on Rational Expectations

The study’s key findings reveal the differential impacts of an investment shock on
various sectors within Madrid’s economy, as understood through the lens of a dynamic
Computable General Equilibrium (CGE) model grounded in rational expectations. The
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model’s intricate mathematical formulation and sector-specific analysis demonstrate how
increased investment, as a component of aggregate demand, variably affects production lev-
els across sectors over time. Significantly, sectors such as Communications (P22), Business
Services (P24), Pharmaceuticals (P13), Food Industry (P10), and Education (P25) exhibit
positive growth trends, with varying intensities and timeframes to reach new equilibrium
levels. This differential impact aligns with the assumption that businesses and consumers
in the model rationally anticipate and respond to economic changes. Such behavior is
evident in the sectors’ adaptation to the investment, reflecting their capacity to incorporate
new technologies resulting from the investment, thereby influencing their production and
growth trajectories.

The reasons behind these sectoral variations can be understood considering the ratio-
nal behavior of economic agents as posited in the dynamic CGE model. For instance, the
substantial growth in sectors like Communications and Business Services can be attributed
to their direct alignment with investment activities, leading to more efficient processes,
innovation, and, consequently, increased output. On the other hand, sectors like Electrical
Material and Office and Precision Machinery, receiving less direct investment, show mini-
mal variations. This outcome reflects a rational response to the investment distribution,
where sectors with direct investment linkages to activities exhibit a more pronounced
growth trajectory. Furthermore, the model encapsulates how these sectors, in rational
anticipation of future economic benefits, adjust their production strategies to maximize
long-term financial value. This is consistent with the model’s underlying assumption of
forward-looking, rational expectations, where sectors respond to investment not only based
on the immediate benefits but also on anticipated future economic changes and oppor-
tunities. Thus, the study effectively demonstrates the varied impacts of an investment
shock across different sectors, underpinned by the rational decision-making processes of
economic agents within a dynamic and interconnected economic landscape.

6.6. Temporal Dynamics and Long-Term Implications

The dynamic Computable General Equilibrium (CGE) model’s temporal dynamics
play a crucial role in understanding the long-term implications of economic changes, par-
ticularly in the context of an investment shock in Madrid’s economy. By incorporating the
rational expectations of agents, the model provides a nuanced view of how various sectors
adapt and reach new equilibrium levels over time. This approach is especially significant
in understanding the sequence of economic events following an investment shock, from
the immediate rise in interest rates, leading to a shift from current consumption to savings,
to the eventual stabilization of prices and production levels at a higher equilibrium. The
model’s mathematical framework, based on Hamilton’s systems and the mathematical
solution to the Ramsey problem, allows for a detailed analysis of the transition toward a
stable state, considering the intertemporal optimization decisions of the agents.

The implications of this model are profound, particularly in sectors like Communi-
cations, where price stability and subsequent changes are critical indicators of market
adjustments and sectoral responses to economic shocks. In the short term, the model
predicts a general increase in interest rates and a consequent decrease in consumption.
However, in the long run, it foresees a new equilibrium with higher price levels, increased
nominal production, and a rise in consumption and nominal GDP. This transition process,
depicted using the Ramsey model’s phase diagram, showcases the movement toward a
stable state where growth eventually stabilizes. These dynamics are vital for understanding
how investment shocks can initially disrupt the economy, but over time, lead to a new
state of balance with potentially higher levels of economic activity. This detailed analysis
is crucial for policymakers and economists who are interested in the long-term effects of
economic policies and investments, especially in the context of rational expectations and
market dynamics. The model’s capacity to elucidate these complex temporal relationships
underscores its importance as a tool for economic analysis and policy formulation.
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To conclude, we observe that the transmission mechanism of the effects of the in-
vestment shock to the economic framework can be summarized in the following chain of
effects from an aggregate perspective: in the short term, there is an excess of aggregate
demand that causes a generalized increase in interest rates. This fact induces a substitution
of current consumption for savings, leading to a decrease in consumption in the medium
term. The adjustment mechanism occurs through the rise in prices since in the long term,
a new equilibrium is reached with higher prices, higher nominal production levels, an
increase in consumption, and nominal GDP.

The investment drive in the strategic sectors constitutes a tool of economic policy,
whose effects in the short and medium term and the dynamics of transition toward equi-
librium in the long term can be foreseen through the analysis of dynamic models. These
models have a great capacity for impact analysis and scenario planning in the medium and
long term at the sectoral and regional level and can be extended to a national and even
multinational comparative scope, taking into account the dynamics of interactions between
markets and agents. Policy simulations with these models provide detailed results on a
large number of macroeconomic and sectoral variables, making them a highly precise tool
for business analytics.

This is a complex multisectoral model that requires programming skills, rigor, detail,
time, and effort.

6.7. Technical Complexity and Model Resolution

The technical complexity of the dynamic Computable General Equilibrium (CGE)
model developed in this study, as detailed in the mathematical formulation, reflects a
sophisticated understanding of the economic framework and its resolutions. The model
intricately captures the essence of General Equilibrium Theory, tracing its roots from
early exponents like Cournot and Walras through to the more advanced formulations
by Arrow and Debreu. The model’s foundation is grounded in the rational expectations
hypothesis, allowing for an in-depth analysis of the economic behavior of various agents
within Madrid’s economy, including consumers, businesses, and governmental entities.
By incorporating a detailed sector breakdown, the model adeptly handles the complex
interplay between supply and demand across 31 production sectors, a representative
consumer group, capital and labor owners, government activities, and the foreign sector.
Section 2.2 provides comprehensive details of the mathematical formulations used, making
the model’s intricate structure and resolution accessible not only to experts in the field but
also to those with a more general understanding of economic models.

For economists interested in the policy implications of rational expectations, the
detailed resolution of this model is of paramount importance. The model’s approach, based
on the rational expectations hypothesis, offers insights into how economic agents make
optimization decisions under various hypotheses, particularly considering their perfect
knowledge of the past, present, and future states of economic variables. This detailed
understanding allows for a nuanced analysis of intratemporal and intertemporal decisions,
shedding light on how investment shocks, like the investment shock elaborated, impact the
economy across different sectors. Moreover, the model’s capability to simulate the economic
impact of policy changes in both the short and long term provides valuable foresight for
economic planning and policy formulation. By accurately capturing the dynamic nature of
economic interactions and agent behaviors, the model presents itself as a crucial tool for
understanding the ramifications of investment in innovation and technology on economic
growth, sectoral development, and overall welfare.

6.8. Broader Economic Implications and Policy Relevance

The simulated investment effort in the strategic sectors in this study is geared toward
adding value to processes, products, and services. It promotes the integration of diverse
applications ranging from the primary sector and industry to human health, including
biotechnological applications. This approach, under a socio-economic lens, can contribute
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to improving human health, enhancing agricultural productivity, and boosting indus-
trial processes, while promoting environmental sustainability. An investment strategy
focused on strategic sectors would facilitate the implementation of low-carbon initiatives
in the Community of Madrid within a reasonable timeframe, showing positive effects on
macroeconomic variables such as production, consumption, and GDP.

The findings from our research highlight the significant positive impact of expansive
investment policies on key macroeconomic aggregates such as production, consumption,
and prices over the long term. Specifically, the results demonstrate that such investments
can lead to a favorable evolution in GDP in the Community of Madrid.

Dynamic models are particularly effective in analyzing the impact and scenario plan-
ning for medium- to long-term periods, both at the sectoral and regional levels. This
approach can be extended to national and even multinational comparative contexts, con-
sidering the dynamics of the market and agent interactions. Policy simulations with these
models provide detailed results on a wide array of macroeconomic and sectoral variables.

Our simulations of investment using complex multisectoral models necessitated pre-
cision, detail, time, and effort. An extension of the dynamic CGE could involve disag-
gregating the capital production factor to include the other components specific to each
productive sector. This would enable a more nuanced assessment of the economic impact
stemming from improvements in this component.

Reflecting on regional investment stimulus policies in recent years, it is pertinent to
note that if not well orchestrated, such policies could potentially hinder economic growth.
Translating this analysis into investment in key sectors in the Community of Madrid, there
is a possibility that such investments may not be prioritized in the short-term policy horizon,
given other pressing issues.

However, from a long-term perspective, and as a responsibility in terms of resource
management—be it natural, human, or economic—the research conducted in this thesis
presents an applied, aggregated, multisectoral, and dynamic view. This is particularly
useful for regional policy simulation within the economic and financial policy guidelines
set by the European Union. The ongoing economic and societal transformation underscores
the need to adapt to evolving circumstances.

6.9. Contribution to the Field of Business Analytics

This dynamic CGE model demonstrates significant applicability in the field of strategic
decision-making within both public and private entities. Its ability to simulate various
economic and market conditions makes it a valuable tool for predicting outcomes and
evaluating policies before implementation. For instance, in the energy sector, this model
could aid in forecasting the impact of changes in pricing policies on the economy and the
environment. In response to a stringent new environmental policy at the European Union
level aimed at reducing carbon footprint, our model can effectively visualize the impacts on
diverse sectors such as electrical and electronic materials, office and precision machinery,
food, pharmaceuticals, communications, business services, and education. It enables a
detailed analysis of how such a policy shift affects these interconnected industries, assisting
policymakers and businesses in making more informed, sustainable decisions.

The model offers a robust framework to support strategic decision-making. It enables
users to explore different scenarios and better understand the potential consequences
of their decisions, which is essential in a business or governmental environment where
decisions can have wide-reaching implications.

When compared with the existing business analytics tools, our model stands out for
its comprehensive approach and ability to model complex economic interactions. Unlike
traditional static models, our dynamic approach allows for a deeper understanding of how
strategic decisions affect long-term equilibriums in various sectors. While other business
analytics tools may focus on descriptive or diagnostic analysis, our CGE model excels in its
capability to perform predictive analysis and policy simulations. This allows users not only
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to comprehend current trends but also to anticipate future changes and accordingly adjust
their strategies, both in public and private entities.

One of the strengths of our model is its potential for integration with other analytical
tools, such as artificial intelligence systems and machine learning. This integration could
significantly enhance the model’s ability to process large volumes of data and provide more
accurate insights.

A key advantage of the model is its adaptability to different sizes and types of organi-
zations. From small businesses to large corporations and governmental entities, the model
can be scaled and tailored to meet specific needs, reinforcing its utility across a variety
of contexts.

6.10. Limitations and Future Research Directions

The simulation analysis, as the only alternative for examining significant policy
changes in complex models, comes with inherent limitations. While the models employed
in this study are adept at handling large-scale policy changes, they require explicit specifi-
cation of key parameters like substitution elasticity in production and labor supply. The
accuracy of these parameters, ideally sourced from empirical literature, plays a crucial role
in the realism and validity of the model’s outcomes. The reliance on numerical parameters
for realism highlights a potential constraint in the model’s ability to adapt to diverse or
unexpected economic scenarios.

Future research could benefit from incorporating additional variables and factors that
could enhance the understanding of investment shocks and economic dynamics. This
includes a more detailed exploration of household and business expectations, the role
of the government in savings and growth, and the integration of future products and
consumption patterns into the models.

There is a need to develop models that better account for forward-looking behavior
and the impact of changing economic conditions over time. Research in this direction could
lead to more robust models that accurately reflect the dynamic nature of economies and
the complex interplay between policies and expectations.

While the current study makes significant strides in understanding the impact of
investment on macroeconomic variables, future research should aim to address these
limitations and expand the scope of economic modeling to better capture the dynamic
and multifaceted nature of economies. As the model is utilized and feedback is obtained,
we anticipate continuous improvements. Future research also could focus on optimizing
algorithms for handling real-time data or expanding the model to encompass external
factors such as political or climatic changes.

Furthermore, while the dynamic Computable General Equilibrium (CGE) model
provides valuable insights into the economic impact of investment shocks, there are inherent
limitations to its application. These constraints stem from the model’s reliance on specified
parameters and its ability to adapt to unforeseen economic scenarios. Addressing these
limitations is essential for a comprehensive understanding of the results, as they could
affect the interpretation and generalizability of the findings presented in the text. Future
research should consider these aspects to enhance the model’s robustness and applicability
in various economic contexts, including incorporating greater uncertainty, such as adopting
a stochastic model approach.

7. Conclusions

This study provides significant insights into the dynamics of investment shocks within
a dynamically evolving economic context, particularly when viewed through the lens of
rational expectations and recent advancements in economic modeling.

A key takeaway from our study is the critical role played by the assumption of ratio-
nal expectations in applied general equilibrium models. This concept underscores how
agents—individuals, businesses, and organizations—make decisions based on a rational
outlook, incorporating all available information and past experiences. Our findings high-
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light that agents’ forecasts about future economic variables are not systematically biased
and are as precise as the model and available information permit.

The research emphasizes the importance of rational expectations in shaping the out-
comes of economic policies. In scenarios where agents anticipate policy changes and
adjust their behavior accordingly, the effects of these policies may not follow a systematic
or predictable pattern. This finding is crucial for policymakers, as it suggests that pol-
icy effectiveness depends significantly on how well agents’ expectations are understood
and managed.

Our study also sheds light on the dynamic adjustment process in economies. Agents
form expectations about both the current conditions and the future evolution of the econ-
omy, which influence their current decisions. This aspect is vital in understanding how
investment shocks propagate over time and how economies adjust to these shocks.

While rational expectations offer a robust framework for economic modeling, our
study acknowledges the critiques associated with this assumption. The level of information
processing and forward-looking behavior assumed may not always mirror real-world
decision-making. Additionally, models based on rational expectations can be complex and
computationally demanding.

This research underlines the significance of understanding investment shocks in a
dynamically evolving economic landscape. The incorporation of rational expectations into
general equilibrium models provides a more nuanced understanding of how economies
respond to various shocks and policy changes. It highlights the need for continuous
advancements in economic modeling to capture the complexity and dynamism of modern
economies more effectively.

This study therefore contributes to a deeper understanding of the economic dynamics
at play, offering valuable insights for both economists and policymakers in navigating and
responding to investment shocks in an ever-evolving economic environment.
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Nomenclature

Agents Variables and Parameters Interpretation
Kj(t) Capital factor (capital stock)
Lj(t) Labor factor
VAj(t) Added value
xij(t) Intermediate consumption
XDj(t) Domestic production
Mj(t) Imports
Qj(t) Total production
β j(t) Efficiency coefficient of the total production

function
αj(t) Technical coefficient of the domestic production

function
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aij Intemediate comsumption of good i
to produce good j

vj Added value amount per unit of domestic
production of good j

υj Efficiency coefficient of the added value
θj Technical coefficient of capital factor
(1 − θj) Technical coefficient of labor factor
δj Depreciation rate of capital

Producers INVj(t) Productive investment of each company
IT(t) Total investment
Φj(t) Adjustment cost parameter
PVAj(t) Added value price
PLj(t) Labor factor price
PKj(t) Capital factor price
Pj(t) Domestic production price
PMj(t) Imports price
taxcss Tax rate on contributions to social security
br Percentage of retained earnings
T IP

j Product and production rate and VAT
DIVj(t) Dividend payments
rs Interest rate for each period
Vj Market value of the company
VN

j(t) Value of new shares issued by the company
Consumer CT(t) Total utility function

g Long-term growth rate
ηj Consumption coefficient of each productive

sector
ρ Intertemporal discount factor
YH(t) Household disposable income
SH(t) Household savings
DIVH(t) Dividends from productive sectors
IPC(t) Consumer price index
TROWH

(t) Transfers from the foreign sector
TRGH

(t) Government transfers to households
TD(t) Direct taxes on household income

Government RD(t) Collection of direct taxes on household
income

RCSS(t) Social security contributions
RIP(t) Collection of indirect taxes on products
DP(t) Government deficit/surplus
DIVGO

(t) Dividends from productive sectors
TROWGO

(t) Transfers from the foreign sector to
government

Source: Own compilation.
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  P1 P2 P3 P4 P5 P6 P7
P1 12,631 9,602 10 14 342 114 502
P2 13,081 740,408 86,360 59,331 17,690 25,981 17,736
P3 0 4,766 55,004 745,427 129,040 48,926 110,730
P4 4,095 20,509 57,827 923,448 401,792 108,304 5,282
P5 1,354 21,067 27,662 2,974 143,543 21,956 86,036
P6 41 5,576 2,313 92,402 428,453 649,366 28,505
P7 31 549 19 3,210 116,192 5,708 794,536
P8 71 7,585 329 5,682 13,264 55,680 50,055
P9 142 21,281 1,672 55,638 19,009 60,523 972
P10 73,481 5,425 22 241 558 403 2,274
P11 247 21,118 1,012 464 145 28 75
P12 425 99,536 5,502 15,972 12,520 8,216 10,678
P13 12,336 980 6 40 3,578 860 439
P14 26,440 76,195 45,753 87,536 4,687 1,957 1,521
P15 283 23,239 275,327 23,687 10,463 2,815 540
P16 2,093 22,279 55,446 50,624 42,142 65,277 35,578
P17 8,474 22,483 18,402 182,953 8,637 630 3,123
P18 14,183 66,067 36,608 31,485 142,279 23,443 50,308
P19 3,823 221,924 10,460 9,022 10,348 8,232 2,848
P20 150 14,300 1,080 5,213 4,848 39,202 4,692
P21 5,100 76,203 24,736 68,047 47,609 52,209 101,454
P22 421 66,513 14,410 18,603 15,623 5,951 12,068
P23 3,447 81,224 4,816 39,771 23,987 11,071 17,745
P24 1,354 247,940 22,864 183,106 93,635 61,551 67,881
P25 1,437 26,763 13,005 1,060 6,735 134 399
P26 9,033 2,841 458 1,145 3 4 0
P27 12 1,228 30 343 153 1 1,829
P28 1 0 605 9 348 0 277
P29 4,902 52,374 15,031 49,054 39,088 22,280 25,631
P30 1,921 27,998 159 136 2,481 46 1,828
P31 0 0 0 0 0 0 0
LAB 111,528 902,354 103,204 615,254 550,618 258,420 385,128
CSS 20,021 336,160 32,360 175,702 179,573 96,261 116,693
IMP -11,843 305,315 5,750 27,785 14,280 13,699 9,027
KAP 56,470 2,241,117 71,294 262,624 245,503 149,407 116,238
HOG 0 0 0 0 0 0 0
SOC 0 0 0 0 0 0 0
GOB 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0
ROW 4,381,164 4,617,160 2,173,620 6,595,228 4,819,949 3,506,982 5,770,359

Figure A1. Cont.



Mathematics 2024, 12, 41 33 of 40Mathematics 2023, 11, x FOR PEER REVIEW 35 of 42 
 

 

 

  P8 P9 P10 P11 P12 P13 P14
P1 451 2 1,380,181 25,968 1,689 7,880 635
P2 11,999 25,411 70,236 15,581 198,372 14,032 33,506
P3 13,816 339,053 29 102 31,699 7 610
P4 24,468 89,537 92,583 51,651 48,153 9,220 26,830
P5 47,769 14,965 1,905 70 99,923 1,382 1,390
P6 21,957 8,020 460 216 3,729 1,265 2,143
P7 189,300 1,793 206 91 3,274 103 1,234
P8 443,870 221,098 695 1,063 3,536 84,024 447
P9 3,162 2,987,867 8,404 90 2,332 564 902
P10 1,512 3,018 818,930 412 802 1,023 632
P11 48 810 493 933,721 1,566 475 13,630
P12 2,815 2,569 65,332 9,129 2,099,790 24,243 80,461
P13 4,047 1 61,329 424 577 829,564 202
P14 5,072 124,377 295,763 17,895 634,235 361,892 1,483,464
P15 132 15,627 11,549 19 225,183 7,634 12,823
P16 111,499 131,536 99,067 57,040 90,723 40,274 143,060
P17 2,835 45 4,692 2,014 5,866 533 779
P18 32,334 39,706 94,134 33,684 358,112 18,614 33,474
P19 4,433 60,217 22,618 2,742 36,363 28,793 31,464
P20 4,302 1,733 6,144 4,705 8,825 10,411 7,247
P21 51,142 79,446 292,014 57,807 283,047 80,607 159,018
P22 8,634 20,816 17,480 10,480 40,333 10,909 17,345
P23 35,492 90,201 62,423 24,508 41,511 34,629 14,167
P24 145,980 206,366 323,637 63,502 334,330 328,343 242,483
P25 249 65 721 116 2,803 2,441 88
P26 0 0 628 510 749 176 171
P27 0 148 473 6 687 64 49
P28 0 1 289 60 45 25 10
P29 24,952 59,718 64,854 24,077 88,151 45,230 43,061
P30 256 0 3,004 545 102 255 102
P31 0 0 0 0 0 0 0
LAB 316,436 659,119 698,326 383,281 1,247,047 427,369 324,679
CSS 90,552 229,750 214,280 116,534 356,984 140,111 117,586
IMP 10,510 256,598 161,035 9,492 27,384 21,614 18,501
KAP 149,515 272,222 474,673 66,810 783,853 266,055 230,609
HOG 0 0 0 0 0 0 0
SOC 0 0 0 0 0 0 0
GOB 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0
ROW 5,055,356 16,431,736 6,202,772 2,215,759 4,075,223 2,607,877 4,610,386

Figure A1. Cont.
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  P15 P16 P17 P18 P19 P20 P21
P1 44 162 9,638 45,584 33,436 367,803 748
P2 485,770 52,274 463,574 190,861 389,969 151,529 952,500
P3 22,833 209,176 379,101 49,225 1,336 35 4,221
P4 38,813 334,529 2,516,425 86,655 2,355 26,246 100,652
P5 10,714 3,645 594,250 68,822 18,632 450 10,443
P6 1,939 36,290 1,526,395 99,012 30,560 6,989 39,608
P7 145 129,080 237,895 105,077 20,606 8,017 17,041
P8 2,313 17,093 223,822 180,315 10,867 57,605 94,595
P9 1,766 19,164 356,502 516,481 1,077,745 463 1,096,026
P10 128 959 5,703 70,033 125,105 1,494,865 4,116
P11 866 10,453 5,405 19,323 3,646 60,748 53,269
P12 18,020 138,290 11,163 84,210 10,249 44,415 30,013
P13 150 47 1,983 177,548 7,500 24,493 1,642
P14 39,650 87,350 47,757 194,137 17,826 158,705 917,668
P15 676,604 14,184 5,795,925 73,816 3,982 64,195 19,709
P16 43,297 1,392,974 123,069 105,657 74,700 328,930 194,251
P17 23,745 596 2,285,431 250,230 235,565 6,109 38,875
P18 97,473 130,615 487,835 1,119,628 81,352 207,957 18,500
P19 33,847 19,436 281,348 175,674 234,206 113,704 1,027,759
P20 4,572 5,690 61,997 136,336 29,700 17,895 122,369
P21 345,222 171,237 474,637 1,759,035 540,120 117,890 1,883,203
P22 30,732 17,894 289,881 334,219 239,695 51,579 1,294,852
P23 64,159 56,238 2,084,805 1,147,193 1,335,528 743,350 1,174,412
P24 95,862 274,057 1,548,641 2,513,586 1,570,455 765,623 2,408,693
P25 1,043 61 3,914 90,417 1,462 121 58,473
P26 201 15 404 559 1,983 105 2,132
P27 0 4 2,371 259 786 276 187,053
P28 16 18 257 42,186 152 125 823
P29 45,413 56,180 502,422 468,308 429,317 159,687 809,809
P30 139 182 15,302 425,925 3,251 11 300
P31 0 0 0 0 0 0 0
LAB 377,051 783,367 7,142,559 5,193,033 4,975,031 2,090,729 3,949,097
CSS 119,317 220,606 2,059,328 1,475,048 1,464,355 600,331 1,206,060
IMP 35,889 40,969 410,274 453,035 347,539 134,344 7,836
KAP 344,313 294,374 5,448,910 4,122,366 3,334,229 611,853 2,196,231
HOG 0 0 0 0 0 0 0
SOC 0 0 0 0 0 0 0
GOB 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0
ROW 6,920,004 4,672,975 0 151,357 163,433 0 5,419,795
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  P22 P23 P24 P25 P26 P27 P28
P1 8,181 1,310 11,391 19,099 2,473 73,705 23,912
P2 753,713 203,370 546,008 132,767 141,023 272,925 70,115
P3 12,304 18,581 145,808 722 138 1 41
P4 12,810 342,860 230,139 2,939 17,735 41,775 1,166
P5 336,658 351,670 1,379,168 3,101 272 20,670 11,510
P6 534,810 82,561 395,872 4,113 3,318 23,640 5
P7 732,411 239,655 2,402,310 66,404 15,212 118,595 91
P8 555,252 448,115 1,801,489 133,482 547,642 51,478 662
P9 29,589 1,062,990 284,737 33,039 633 186 964
P10 780 395 126,620 114,930 225,829 799,969 7
P11 163,967 6,584 72,265 11,026 26,584 56,993 1,894
P12 239,216 516,631 1,775,669 142,749 34,674 773,028 82
P13 49,742 100 36,797 9,447 1,009,763 11,363 1,237
P14 22,171 83,927 248,129 14,054 160,767 264,522 90,931
P15 418,854 755,899 65,225 10,256 1,143 5,422 7
P16 184,311 198,570 909,919 27,468 26,526 485,811 110,091
P17 208,922 3,821,289 290,884 19,276 10,714 173,295 974
P18 160,580 253,846 648,537 30,923 48,080 151,384 29,309
P19 38,829 235,118 192,243 44,776 36,928 150,635 9,455
P20 50,568 48,761 568,501 81,272 61,019 16,005 3,027
P21 277,448 419,196 1,131,346 255,508 67,470 188,261 4,993
P22 4,703,974 111,035 1,940,261 102,441 67,507 264,578 16,607
P23 658,681 295,368 2,837,215 227,538 116,070 1,120,785 56,999
P24 3,515,839 1,114,559 5,330,876 582,103 723,895 879,079 74,580
P25 136,930 153 188,404 111,462 426 5,786 56
P26 1 47 404,055 65,677 575,989 29,045 18
P27 72,326 434 114,357 7,036 1 1,613,302 1
P28 0 433,471 2,081 1,939 6,430 6,892 0
P29 335,232 2,230,859 1,133,146 110,655 99,172 207,841 23,912
P30 3,659 21,643 103,024 882 459 7,549 2,069
P31 0 0 0 0 0 0 0
LAB 2,033,008 2,040,548 10,781,985 4,068,926 3,475,476 3,010,027 330,991
CSS 644,954 559,651 3,077,193 1,110,495 1,010,366 773,019 90,396
IMP 334,815 314,739 330,561 190,116 393,592 187,782 10,276
KAP 6,954,718 13,963,184 4,303,135 430,867 373,889 1,752,507 83,844
HOG 0 0 0 0 0 0 0
SOC 0 0 0 0 0 0 0
GOB 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0
ROW 3,848,927 4,195,897 13,138,829 92,479 161,233 2,603,239 326,414
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  P29 P30 P31 LAB CSS IMP KAP
P1 147 2,011 17,281 0 0 0 0
P2 128,744 113,422 308,197 0 0 0 0
P3 8,018 5,452 546 0 0 0 0
P4 3,691 22,550 21,435 0 0 0 0
P5 17,005 64,742 139,707 0 0 0 0
P6 37,161 1,587 3,860 0 0 0 0
P7 68,767 525 5,584 0 0 0 0
P8 223,686 27,487 19,730 0 0 0 0
P9 17,263 28,250 181,416 0 0 0 0
P10 2 3,914 36,659 0 0 0 0
P11 2,755 65,728 45,783 0 0 0 0
P12 221,865 43,462 177,506 0 0 0 0
P13 804 460 2,988 0 0 0 0
P14 4,207 45,903 64,713 0 0 0 0
P15 47,274 1,401 3,249 0 0 0 0
P16 190,599 14,792 49,804 0 0 0 0
P17 63,830 33,573 139,294 0 0 0 0
P18 31,370 37,334 94,769 0 0 0 0
P19 48,934 60,787 58,025 0 0 0 0
P20 31,382 4,674 52,377 0 0 0 0
P21 141,317 58,210 209,475 0 0 0 0
P22 517,281 36,508 353,504 0 0 0 0
P23 312,261 108,369 80,752 0 0 0 0
P24 1,580,716 324,375 363,549 0 0 0 0
P25 11,650 3,322 23,776 0 0 0 0
P26 0 5,600 61,074 0 0 0 0
P27 4,708 4,258 22,369 0 0 0 0
P28 6,607 92 0 0 0 0 0
P29 1,718,029 76,325 78,284 0 0 0 0
P30 305 268,559 2,819 0 0 0 0
P31 0 0 0 0 0 0 0
LAB 5,077,415 2,525,259 5,124,792 0 0 0 0
CSS 1,179,692 336,973 1,508,804 0 0 0 0
IMP 550,619 190,262 101,109 0 0 0 0
KAP 6,314,901 1,036,041 1,454,923 0 0 0 0
HOG 0 0 0 62,200,654 0 0 30,105,392
SOC 0 0 0 0 0 0 25,579,592
GOB 0 0 0 0 19,659,158 19,084,110 2,721,693
I 0 0 0 0 0 0 0
ROW 3,746,699 402,422 0 7,761,403 0 0 0
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  HOG SOC GOB I ROW
P1 2,622,086 0 0 19,319 60,000
P2 2,622,535 0 0 -803 1,081,860
P3 0 0 0 56,343 770,066
P4 268,151 0 0 3,500,699 897,903
P5 476,175 0 0 1,820,220 1,749,265
P6 31,720 0 0 229,292 972,465
P7 1,015,046 0 0 212,146 1,322,136
P8 352,091 0 0 409,007 770,767
P9 3,139,554 0 0 7,529,521 3,834,724
P10 5,623,556 0 0 -9,419 2,018,473
P11 1,981,593 0 0 -5,283 572,672
P12 1,154,505 0 0 -5,299 3,289,362
P13 801,590 0 1,027,991 -61,066 1,388,679
P14 731,268 0 0 -54,388 1,347,101
P15 69,301 0 0 -5,400 1,251,680
P16 1,149,724 0 0 681,886 1,951,167
P17 170,499 0 0 27,364,355 0
P18 0 0 0 512,313 16,808,913
P19 11,384,504 0 0 33,303 2,183,875
P20 7,008,035 0 141 0 0
P21 4,641,325 0 200 85,239 11,193,003
P22 2,845,329 0 0 0 14,556,716
P23 10,174,990 0 0 218,051 11,075,260
P24 806,711 0 0 4,218,740 25,933,270
P25 2,492,231 0 5,074,265 0 0
P26 2,915,148 0 5,364,678 0 0
P27 8,821,528 0 3,055,158 25,837 2,204,007
P28 585,074 0 0 0 288,806
P29 5,187,602 0 0 0 8,079,109
P30 3,714,081 0 1,345,362 0 274
P31 0 0 10,808,153 0 0
LAB 0 0 0 0 0
CSS 0 0 0 0 0
IMP 11,886,431 0 -78,858 2,373,635 0
KAP 0 0 0 0 0
HOG 11,447,282 24,338,484 20,127,811 0 7,883,583
SOC 13,134,143 24,674,433 4,313,205 0 2,556,559
GOB 22,085,599 2,739,543 3,952,562 0 553,624
I 7,148,501 14,246,333 14,220,999 0 13,532,417
ROW 7,615,299 4,259,139 1,584,621 0 0

Figure A1. Madrid social accounting matrix database (in thousands of €). Source: own compilation.
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